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WHAT THIS BOOK IS FOR 


For as long as physics has been taught in schools, students 
have found this subject difficult to understand and learn. 
Despite the publication of hundreds of textbooks in this field, 
each one intended to provide an improvement over previous 
textbooks, students continue to remain perplexed, and the 
subject is often taken in class only to meet school/departmental 
requirements for a selected course of study. 

In a study of the problem, REA found the following basic 
reasons underlying students' difficulties with physics taught in 
schools: 

(a) No systematic rules of analysis have been developed 
which students may follow in a step-by-step manner to solve the 
usual problems encountered. This results from the fact that the 
numerous different conditions and principles which may be 
involved in a problem, lead to many possible different methods of 
solution. To prescribe a set of rules to be followed for each of 
the possible variations, would involve an enormous number of 
rules and steps to be searched through by students, and this 
task would perhaps be more burdensome than solving the 
problem directly with some accompanying trial and error to find 
the correct solution route. 

(b) Textbooks currently available will usually explain a 
given principle in a few pages written by a professional who has 
an insight into the subject matter that is not shared by students. 
The explanations are often written in an abstract manner which 
leaves the students confused as to the application of the 
principle. The explanations given are not sufficiently detailed 
and extensive to make the student aware of the wide range of 
applications and different aspects of the principle being studied. 
The numerous possible variations of principles and their 
applications are usually not discussed, and it is left for the 
students to discover these for themselves while doing exercises. 
Accordingly, the average student is expected to rediscover that 








which has been long known and practiced, but not published or 
explained extensively. 

(c) The examples usually following the explanation of a topic 
are too few in number and too simple to enable the student to 
obtain a thorough grasp of the principles involved. The 
explanations do not provide sufficient basis to enable a student 
to solve problems that may be subsequently assigned for 
homework or given on examinations. 

The examples are presented in abbreviated form which 
leaves out much material between steps, and requires that 
students derive the omitted material themselves. As a result, 
students find the examples difficult to understand--contrary to 
the purpose of the examples. 

Examples are, furthermore, often worded in a confusing 
manner. They do not state the problem and then present the 
solution. Instead, they pass through a general discussion, never 
revealing what is to be solved for. 

Examples, also, do not always include diagrams/graphs, 
wherever appropriate, and students do not obtain the training to 
draw diagrams or graphs to simplify and organize their thinking. 

(d) Students can learn the subject only by doing the 
exercises themselves and reviewing them in class, to obtain 
experience in applying the principles with their different 
ramifications. 

In doing the exercises by themselves, students find that 
they are required to devote considerably more time to physics 
than to other subjects of comparable credits, because they are 
uncertain with regard to the selection and application of the 
theorems and principles involved. It is also often necessary for 
students to discover those "tricks" not revealed in their texts 
(or review books), that make it possible to solve problems 
easily. Students must usually resort to methods of 
trial-and-error to discover these "tricks," and as a result they 
find that they may sometimes spend several hours to solve a 
single problem. 


(e) When reviewing the exercises in classrooms, instructors 
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usually request students to take turns in writing solutions on 
the board and explaining them to the class. Students often find 
it difficult to explain in a manner that holds the interest of the 
class, and enables the remaining students to follow the material 
written on the board. The remaining students seated in the 
class are, furthermore, too occupied with copying the material 
from the board, to listen to the oral explanations and 
concentrate on the methods of solution. 

This book is intended to aid students in physics to 
overcome the difficulties described, by supplying detailed 
illustrations of the solution methods which are usually not 
apparent to students. The solution methods are illustrated by 
problems selected from those that are most often assigned for 
class work and given on examinations. The problems are 
arranged in order of complexity to enable students to learn and 
understand a particular topic by reviewing the problems in 
sequence. The problems are illustrated with detailed step-by- 
step explanations, to save the students the large amount of time 
that is often needed to fill in the gaps that are usually found 
between steps of illustrations in textbooks or review/outline 
books. 

The staff of REA considers physics a subject that is best 
learned by allowing students to view the methods of analysis and 
solution techniques themselves. This approach to learning the 
subject matter is similar to that practiced in various scientific 
laboratories, particularly in the medical fields. 

In using this book, students may review and study the 
illustrated problems at their own pace; they are not limited to 
the time allowed for explaining problems on the board in class. 

When students want to look up a particular type of problem 
and solution, they can readily locate it in the book by referring 
to the index which has been extensively prepared. It is also 
possible to locate a particular type of problem by glancing at 
just the material within the boxed portions. To facilitate rapid 
scanning of the problems, each problem has a heavy border 


around it. Furthermore, each problem is identified with a number 
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immediately above the problem at the right-hand margin. 

To obtain maximum benefit from the book, students should 
familiarize themselves with the section, "How To Use This Book," 
located in the front pages. 

To meet the objectives of this book, staff members of REA 
have selected problems usually encountered in assignments and 
examinations, and have solved each problem meticulously to 
illustrate the steps which are usually difficult for students to 
comprehend. Gratitude for their patient work in this area is due 
to Michael Abrams, Philip Druck, Metin Durgut, Steven 
Landovitz, Rae Mendelson, and Daniel Wyschogrod. Anthony 
Longhitano deserves special praise for his contributions and 
conscientious efforts. 

Gratitude is also expressed to the many persons involved in 
the difficult task of typing the manuscript with its endless 
changes, and to the REA art staff who prepared the numerous 
detailed illustrations together with the layout and physical 
features of the book. 

Finally, special thanks are due to Helen Kaufmann for her 
unique talents in rendering those difficult border-line decisions 
and in making constructive suggestions related to the design 
and organization of the book. 


Max Fogiel, Ph.D. 
Program Director 


HOW TO USE THIS BOOK 


This book can be an invaluable aid to physics students as a supplement 
to their textbooks. The book is subdivided into 37 chapters, each dealing 
with a separate topic. The subject matter is developed beginning with 
fundamental concepts of vector quantities and extending through all major 
fields currently studied in physics. For students in science and engineering, 
advanced problems and solution techniques have been included. 


Each chapter in the book starts with a section titled “Basic Attacks and 
Strategies for Solving Problems in this Chapter.” This section explains the 
principles which are applicable to the topics in the chapter. By reviewing 
these principles, students can acquire a good grasp of the underlying 
techniques and strategies through which problems related to the chapter may 
be solved. 


HOW TO LEARN AND UNDERSTAND 
A TOPIC THOROUGHLY 


1. Refer to your class text and read the section pertaining to the topic. 
You should become acquainted with the principles discussed there. These 
principles, however, may not be clear to you at the time. 


2. Then locate the topic you are looking for by referring to the 
“Table of Contents” in the front of this book. 


3. Turn to the page where the topic begins and review the problems 
under each topic, in the order given. For each topic, the problems are 
arranged in order of complexity, from the simplest to the more difficult. 
Some problems may appear similar to others, but each problem has been 
selected to illustrate a different point or solution method. 


To learn and understand a topic thoroughly and retain its contents, it 
will be generally necessary for students to review the problems several 
times. Repeated review is essential in order to gain experience in recogniz- 
ing the principles that should be applied, and to select the best solution 
technique. 
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HOW TO FIND A PARTICULAR PROBLEM 


To locate one or more problems related to particular subject matter, 
refer to the index. In using the index, be certain to note that the numbers 
given there refer to problem numbers, not to page numbers. This arrange- 
ment of the index is intended to facilitate finding a problem more rapidly, 
since two or more problems may appear on a page. 


If a particular type of problem cannot be found readily, it is recom- 
mended that the student refer to the “Table of Contents,” and then turn to the 
chapter which is applicable to the problem being sought. By scanning or 
glancing at the material that is boxed, it will generally be possible to find 
problems related to the one being sought, without consuming considerable 
time. After the problems have been located, the solutions can be reviewed 
and studied in detail. 


For the purpose of locating problems rapidly, students should 
acquaint themselves with the organization of the book as found in the 
“Table of Contents.” 


In preparing for an exam, it is useful to find the topics to be covered 
in the exam from the “Table of Contents,” and then review the problems 
under those topics several times. This should equip the student with what 
might be needed for the exam. 
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UNITS CONVERSION FACTORS 


This section includes a particularly useful and comprehensive table 
to aid students and teachers in converting between systems of units. 


The problems and their solutions in this book use SI (Interna- 
tional System) as well as English units. Both of these units are in ex- 
tensive use throughout the world, and therefore students should develop 
a good facility to work with both sets of units until a single standard 
of units has been found acceptable internationally. 


In working out or solving a problem in one system of units or the 
other, essentially only the numbers change. Also, the conversion from 
one unit system to another is easily achieved through the use of con- 
version factors that are given in the subsequent table. Accordingly, the 
units are one of the least important aspects of a problem. For these 
reasons, a student should not be concerned mainly with which units 
are used in any particular problem. Instead, a student should obtain 
from that problem and its solution an understanding of the underlying 
principles and solution techniques that are illustrated there. 


For the reverse, 











To convert multiply by 
aa EOE DEN E square feet 4.356 x 104 2.296 x 10-5 
e EE tacessniesserice square meters 4047 2.471 x 10-4 
ampere-hours .............. coulombs 3600 2.778 x 10-4 
ampere-turms ............... gilberts 0.7958 
ampere-turns per cm. .. | ampere-turns per inch 2.54 0.3937 
angstrom units............. inches 3.937 x 10-9 2.54 x 108 
angstrom units............. 10-10 10 
atmospheres 33.90 0.02950 
atmospheres inch of mercury at 0°C 29.92 3.342 x 10-2 
atmospheres kilogram per square meter 1.033 x 104 9.678 x 10-5 
atmospheres millimeter of mercury at 0°C..... | 760 1.316 x 10-3 
atmospheres 1.0133 x 108 0.9869 x 10-5 
atmospheres pounds per square inch 14.70 0.06804 
DAIS aean atmospheres 9.870 x 10-7 1.0133 
BANS AE TOE dynes per square cm. .............. 108 10-6 
DAIS a 105 105 
DAS uneen 14.504 6.8947 x 10-? 
PU PAN EA 1.0548 x 1010 9.486 x 10-1! 
Bliana 778.3 1.285 x 10°3 
Maina j 1054.8 9.480 x 104 
y T PA caces ear EOE AERA 0.252 3.969 
calories, gram.............. 3.968 x 10-3 252 
calories, gram .............. 3.087 0.324 
calories, gram.............. j 4.185 0.2389 


OE ni (°C x 9/5) +32 =°F_| (°F - 32) x 5/9 = °C 


























COB PORRES T EREE: oe h O LS ARE °C + 273.1 =K 

centimeters ................. angstrom units ..........ccecseeseees 1x108 

centimeters ................-. SA eer AAEE ot SA ENIN 0.03281 

centistokes ................... square meters per second........ 1x 10-6 

Circular mils ................. square centimeters................... 5.067 x 10-6 

Circular mils ..............0+ BURGAS E E 0.7854 

cubic feet gallons (liquid U.S.) «0... 7.481 

cubic feet a ES EE bsscs 28.32 

cubic inches ................. cubic centimeters .................+. 16.39 

cubic inches GUNG TOC EE E A kbd Secs 5.787 x 10-4 

cubic inches Sibicsmeters «2902.22. 5....... 1.639 x 10-5 

cubic inches .............-0+. gallons (liquid U.S.) ...........0.. 4.329 x 10-3 

cubic meters .... cubic feet 35.31 

cubic meters ................ CUBIC Yards a OA Ki aiios 1.308 

CE deona coulombs per minute ............... 1.1 x 10? 

cycles per second ........ MERZ. 1 

degrees (angle) ............ BEG EAEE s ATENT $, 17.45 

degrees (angle) ............ 1.745 x 10-2 
2.248 x 10-6 
1.602 x 10-19 
7.376 x 10-8 
10-7 
10-7 

ergs per square cm. ..... watts per square CM................. 103 

Fahrenheit ..............:0000 (°F + 459.67)/1.8 

Fahrenheit ...............00065 PORNE.. issia kii ilasa °F + 459.67 = °R 

ampere-hours .........ccessecesseeeeees 
centimeters 











EA A EA NAR 10.764 
toot lamberts candelas per square meter ....... 3.4263 
foot-pounds Qram-centimeters ............s.0. 1.383 x 104 
foot-pounds horsepower-hours.................... 5.05 x 10-7 
foot-pounds ................. kilogram-meters .............0cs0cs000 0.1383 
foot-pounds ................ kilowatt-hours 3.766 x 10-7 
foot-pounds ................. OUNCE-INCHES...............cceseccesseeee 192 
gallons (liquid U.S.) ..... | Cubic meters ..........ccsecscseesee. 3.785 x 10-3 
gallons (liquid U.S.) ..... | gallons (liquid British Imperial) | 0.8327 
DAMMA|S EE MINS ITE RT A s A 10-9 
a A E lines per square cm. ................. 1.0 
GAUSGOS AON lines per square inch................ 6.452 
Qausses:.............ts0a RESINS RE AE E- Vi es oats 10-4 
QAUSSOS .......sscsscseoeeestoe) webers per square inch............ 6.452 x 10-8 
QUDGMS .....:........atieu GUIDOFGS DRN: tedden chives 0.7958 
HAUS EOE E a NETE > 1- E D 1.571 x 10-2 
d, PE I AT. i E AEE: E a 0.06480 
r A ES PNT ONSE | S R A Vin 
ND iori ini a PEDERE 5. 3E os 980.7 
e a PAE A ET a P EE clecce 15.43 


For the reverse, 
multiply by 


K - 273.1 =°C 
1x 10-8 
30.479 

1 x 108 
1.973 x 105 
1.273 
0.1337 
3.531 x 10-2 
6.102 x 10-2 
1728 

6.102 x 104 
231 

2.832 x 10-2 
0.7646 

0.91 x 10-12 
1 

5.73 x 10-2 
57.3 

4.448 x 105 
0.624 x 1018 
1.356 x 107 
107 

107 

108 

1.8K - 459.67 
°R - 459.67 = °F 
3.731 x 10-2 
3.281 x 10-2 
3.281 

8.333 x 10-5 
1015 

0.0929 
0.2918 
1.235 x 10-5 
1.98 x 108 
7.233 

2.655 x 108 
5.208 x 10-3 
264.2 

1.201 

109 


7000 
1.02 x 10-3 
6.481 x 10-2 




















QFAINIS E EE OUNCES (AVA) iBT. 3.527 x 10-2 
DMG sencccsnaccac® RUINS iinic taaa 7.093 x 10-2 
me Eo. AOA EET EOS AE $ -LATS ? PROA 2.471 
horsepower .................. Btu per minute 42.418 
NOrsepOwer ..........-.e-.+-: foot-pounds per minute ........... 3.3 x 104 
horsepower .................. foot-pounds per second........... 550 
hOrsepower .............000 horsepower (metric) ................ 1.014 
horsepower .............0+ Ca ce is 0.746 
INCNOS E E centimeters am | 2.54 
NACHOS PERENE PE, AEE el Aay a. A AE 8.333 x 10-2 
r O 1 A 2.54 x 10-2 
INCHES 0... eseeseeseseeseesees 1.578 x 10-5 
INCHES soesssssccsnnccmeGtes 108 
INCHES Sis ccccaccavesrtectrce 2.778 x 10-2 
JOUNES EE A 0.7376 
a E 2.778 x 10-4 
kilograms ..........ceseeseeeee 9.842 x 10-4 
kilograms ccsissseesiosssnses {ons lehor). rdh s 1.102 x 10-3 
kilograms issii 
kilometers ................0068 
kilometers ..........0-cc0006 o ES Pi Da begins 3.937 x 104 
kilometers per hour-...... feet per minute................0...... 54.68 
kilowatt-hours PRONE SD AEA PRs loses 3413 
kilowatt-hours fOOt-POUNAS ..........esseecsecseesseenee 2.655 x 108 
kilowatt-hours horsepower-houls................+ 1.341 
kilowatt-hours Jonia ..... fc Id RSh in dn 3.6 x 108 
MNO nanna feet per second .......... cesses 1.688 

de PORES Per ROUT ...:.:.6:6%2.08.54.000 1.1508 
lamberts ...........cccceeeee candles per square cm. ............ 0.3183 
lamberts candles per square inch ........... 2.054 
liters cubic centimeters ...............000+ 108 
liters gubie inches ...........25.000.4.... 61.02 
liters gallons (liquid U.S.) ..... ee 0.2642 
liters pints (liquid U.S.) ee 2.113 





lumens per square foot | foot-candles 
lumens per square meter} foot-candles 
NG E EAER, oP foot-candles 










maxwells n.se kilolines 

nas RG EA SEA ee eto D 3.28 
MOIS siriiiriiiisisnis O o EENET: O ER 39.37 
NGS EPEE, 


miles (nautical) ............ 
miles (nautical) 
miles (statute) ..... 
miles (statute) ..... 
miles (statute) ..... 
miles per hour... 
miles per hour............... 
millimeters ...............0+ 











For the reverse, 
multiply by 


28.35 

14.1 

0.4047 
2.357 x 10-2 
3.03 x 105 
1.182 x 10-3 
0.9863 
1.341 
0.3937 

12 

39.37 

6.336 x 104 
10° 

36 

1.356 

3600 

1016 

907.2 
0.4536 
3.408 x 10-4 
2.54 x 105 
1.829 x 10-2 
2.93 x 10-4 
3.766 x 10-7 
0.7457 
2.778 x 107 
0.5925 
0.869 

3.142 
0.4869 

10° 

1.639 x 10-2 
3.785 
0.4732 

1 

10.764 
10.764 

108 

108 

30.48 x 10-2 
2.54 x 10-2 
1609.35 
0.9144 
1.646 x 10-4 
5.4 x 104 
1.894 x 10-4 
0.6214 
1.1508 
0.6818 
1.152 

103 







HUIS... e ae ass E ie a ar 
l E ceaescoasiccastos E ianiai 
minutes (angle)............ E iannu es 
minutes (angle) ............ radians .... PERF 
OWIOING aiseanna VINES EE e A E EEE 
NOMONS neciesa BRS o U AEREO 
newtons per sq. meter . | pascals 0.0.0... ceseeescececeeeees 
MEWIONS ......:..cccccsseeeene POUNdS (AVAD) DAAE 
E C E AORE E SE amperes per meter....... 
ounces (fluid) ............... GUARE, a 

ounces (avdp) ............. DODMOS' Aass: 

DUES fossa E AE quarts (liquid U.S.)....... 
poundals i... csSencsteoe WEES AE 

poundals ...............00000 pounds (avdp)...... 

a A ET grams........... s 

pounds (force) ............. MOWIONS saioei aiiisatssesssses 
pounds per square inch | dynes per square cm.... 
pounds per square inch | pascals.............cc..0 

quarts (U.S. liquid)....... cubic centimeters ..... 

FACETS «af a a Ly eee ee eA 

TAME ainiin minutes of arc ...... 

radians.. issiro seconds of arc.......... e: 
revolutions per minute . | radians per second................... 
roentgen zessin coulombs per kilogram ............ 
o PE AAIE u AEE E E A 
AE T O E Pounda (aVdD) mesrine 
square feet ................46 square centimeters .…................. 
square feet .................. square inches ................csee 
Square feet ................0 Square MUSE o iisas 
square inches............... square centimeters................... 
square kilometers......... square miles .......... ce eseeeceeseseeees 
RUD MOS ss Spratt eyscartedecsteces square meter per second ......... 
tons (metric) ............... RUDGE AAE PAN E E 
tons (Short) esris BUI a ais cases sis caes 
ROVES aona, newtons per square meter ....... 
WEES E R a TE E OEE 
WAS EAE EEE A PES, foot-pounds per minute ........... 
m A S PEA E e a E I ES 
watt-secondS .…............. DOGS Eran ni 
WEDGES socana MO a ipei 
webers per Square Meter} gausses ...............csscsesseeseeeeeess 


106 


0.2248 
7.9577 x 10 
3.125 x 10-2 
6.25 x 10-2 
0.50 

1.383 x 104 
3.108 x 10-2 
453.6 
4.4482 
6.8946 x 104 
6.895 x 108 


3.438 x 108 


144 


6.452 


2000 

133.32 
3.413 

44.26 

1.341 x 10-3 





For the reverse, 
multiply by 


3.94 x 104 
0.2909 

60 

3484 

105 

9.807 

1 

4.448 

1.257 x 10-2 
32 

16 

2 

7.233 x 10-5 
32.17 

2.205 x 10-3 
0.2288 
1.450 x 10-5 
1.45 x 10-4 
1.057 x 10-3 
10- 

2.909 x 10-4 
4.848 x 10-6 
9.549 

3.876 x 108 
0.6854 
3.108 x 10-2 
1.076 x 10-3 
6.944 x 10-3 
27.88 x 10° 
0.155 

2.59 

10-4 

10 

5 x 10-4 

7.5 x 10-3 
0.293 

2.26 x 10-2 
746 

1 

10-8 

10-4 





CHAPTER 1 


VECTORS 










Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 4 to 
21 for step-by-step solutions to problems. 


Physics deals with many geometric objects such as scalars, vectors, 
and tensors. A scalar is a quantity which has only a magnitude such as 
length, temperature, and speed. A vector (see Figure 1) is a quantity which 
has both magnitude and direction such as displacement, velocity, and 
force. The magnitude is given by the length of the vector and a suitable 
scale, and the direction by the arrow in the figure. Except in relativity, in 
physics vectors have two (in two dimensions) or three (in three dimensions) 
components. 


Tensors are more general quantities akin to matrices and are written 
asX,,X,,,, etc. Some examples are the Kronecker delta tensor 5, (see Chapter 
7, GYROSCOPIC MOTION), the strain tensor € and the conductivity 
tensor o, . A scalar is a tensor of rank zero (written as x with no index) and 


vector is a first rank tensor (written as x, with one index). 


Consider two displacement vectors represented in Cartesian coordi- 
nates as 
A=Ax+Ay=(A,A), and B=Bx+By = (B, B). 


The first notation is called unit vector notation. The second is called co- 
ordinate, or point notation. The magnitude of either vector (see Figure 2) 
may be found by the theorem of Pythagoras 


>} 





Figure 1 Figure 2 





A-|A|=/A2+A? 


and the direction by the tangent rule tan 6 = A,/A,. Equivalently, one may 
use sin 8 = A,/Aorcos 9 = AJA. 


The two vectors A and B may be added (See Figure 3) to get the 
resultant, or sum 


R = (R, R) =(A,+B,,A, +B). 


The direction is again given by finding 9 = Arctan (R,/ R,) such that tan 
6=R,/R,. A similar rule applies for finding the difference. Note thgt this 
is equivalent to walking first along vector A and then along vector B to get 
to the resultant location R. This method of adding the components and 
using the Pythagorean theorem and trigonometry is called the component 
method. It can easily be generalized to adding more than two vectors or 
dealing with higher dimensions. For example, in three dimensions, one 
would get 


R = (A, + B, + Cx + (A, + B, + C,)y + (A, + B, + Cz 
in unit vector notation. 


The other equivalent way to add vectors is by Newton’s parallelogram 
rule. One connects the vectors head to tail, just as in the component 
method. One could then find the magnitude of R and the direction angle 
0 graphically using a ruler and protractor as in a force table laboratory 
exercise. Anayltically, one can use geometry and the laws of cosines and 
sines. From geometry and Figure 3, LR = 0, + 180° -6,. The law of cosines 


then gives 
Real A s B 2AB R 


The law of sines states that sin ZR/R = sin ZB/B. One may thus find ZB 
and from it get the direction of the resultant 9 = 0,+ ZB. 





Figure 3 





Vectors cannot be multiplied or divided as scalars can. However, there 
are two special products: the dot product and the cross product. The dot 
product, or two vectors A and B, is a scalar C = A-B = AB cos 0 = A B, + 
A,B, + A,B, The dot product may be used to find the work done by a force 
exerted over a certain distance, for example. The cross product is more 
complicated and is given by C = A x B where 


Č = (A,B, - A,B„)3 + (AB,-A.B)y + (AB, -AB)z 


For example, if A \ points in the x-direction and B in the y-direction, then 
C=A By z = AB z. More conveniently, the cross product has a magnitude 
given by. C = AB sin 9, 0 being the angle from A to B, and a direction given 
by the right hand rule. Coil the fingers of your right hand from A to B and 
stick out the thumb; your thumb then points in the direction of C. For 
example, if Aand B are in the xy plane (Figure 4), then the cross product 
points in the z-direction. The cross product is used in physics to find the 
torque exerted by a force acting at a certain position. The cross product is 
actually a pseudo-vector. 


— 
B 


A 


Figure 4 














Step-by-Step Solutions to 
Problems in this Chapter, 
“Vectors” 






VECTOR FUNDAMENTALS e PROBLEM 1 


> > 
Find the resultant of the vectors Sı and So speci- 


fied in the figure. 





Solution. From the Pythagorean theorem, s? + s? = s2, or 


4? + 37 = s*, and so we get S, = 5 units. The direction of 
S, may be specified by the angle 8 which it makes with S,. 


S 
sin 0 = <4 = 0.60 gives @ = 37°. 
3 


Resultant 53 therefore represents a displacement of 5 
units from 0 in the direction 37° north of east. 
© PROBLEM 2 


Tunas forces acting at a point are Fi = 2i = 5 + 3k, 
F, =- Í + 35 + 2k, and F; = - i + 23 - k. Find the 
directions ana magnitudes of F, + F2 + Fs, F, - Fa + 
F;, and Fi + F, ~« Bs. 





Fig. B Fig. C 
ution; When vectors are added (or subtracted), 
their components in the directions of the unit vectors 
add (or subtract) algebraically. Thus since 
A A A A A > 
Pa =2f- 5+ hk, Be - i+ 33 + Hh, Fs = = $+ 23- K, 
then it follows that 


F, + Fy + By = (2 - 1 - It + (1 4+ 3 + 279 


+ (3 + 2 - 1)k 
= Of + 45 + 4k. 


Similarly, 


Pi- Fa +P, = (2 - (- 1) - tle + Er (3) + 3 
+ [3 =. (2): = i]k 
= 2f - 29 + Ok 
and Fy + F - Fy = Boir- oats Eits- ji 


+[3+2- (- 1k 


= 22 + 09 + 6k 
> > > 
The vector F, + F} + F; thus has no component in 


the x-direction, one of 4 units in the y-direction, and 
one of 4 units in the z-direction. It therefore has a 


magnitude of /47 + 47 units = 4 V/Z units = 5.66 units, 
and lies in the y- z plane, making an angle 6 with the 
y - axis, as shown in figure (a), where tan 0 = 4/4 = 1. 
Thus 6 = 45°, 


ae > is > 
Similarly, F, - F2 + F, has a magnitude of 2 Y2 


units = 2.82 units, and lies in the x - y plane, making 
an angle ọ with the x-axis, as shown in figure (b), where 
tan ¢ =+ 2/-2 = - 1. Thus 9 = 315°. 


> -> > 
Also, F, + F2 - F; has a magnitude of /22 + 62 


units = 2 Y10 units = 6.32 units, and lies in the x - z 
plane at an angle x to the x-axis, as shown in figure 
(c), where tan x = 6/2 = 3. Thus x = 71°34”. 

@ PROBLEM 3 


We consider the vector 


+ A A A 
A = 3x + y + 2z 


Find the length of À. i 
What is the length of the projection of A on the 


xy plane? 

Construct a vector in the xy plane and perpendicular 
to A. x 

Construct the unit vector B. j 

Find the scalar product with K of the vector ¢ = 2x. 


Find the form of A and @ in a reference frame 
obtained from the old reference frame by a rotation 


of 1/2 clockwise looking along the positive z axis. 
Find the scalar product RK - @ in the primed coordinate 


system. 
Find the vector product K x È. 
Form the vector A - é. 











The primed reference frame x', y', z', is generated from the 
unprimed system x, y, Zz, by a rotation of +1/2 about the z axis. 


Solution: (a) When a vector is given in the form 
A,X + ALY + AZs its length is given by /Ay?+ Ay?+ Az’. 


This can be seen from diagram l. Vector K has components 
in the x, y and z directions. The x and y components form 
the legs of a right triangle. By the Pythagorean theorem 


the length of the hypotenuse of this triangle is VAy? + Ay’. 
But this line segment whose length is /Ax? + Ay? is one 

leg in a right ae whose other leg is Az and whose 
hypotenuse is vector A. Applying the Pythagorean theorem 
again, we find that the length of A is VAy? + Ay? + Az?. 
Substituting our values we have /3% + 1? + 27 = /14. 


(b) We refer again to diagram 1. The projection of À 
on the xy plane is simply the dotted line which is the 
vector A,X + ALY: Its length is VAx? + Ay? by the 


Pythagorean theorem. In our problem, the length is 


¥37 + 17 = /10. 
(c) Construct a vector in the xy plane and perpendicular 
to A. We want a vector of the form 


B= BL* + BUY 


with the property A + B = 0 (since A + B = |K| |B] cos 6 
where is the angle between A and 8). Hence 


(3x + y + 2z) ° (BX + By) = 0. 


On taking the scalar product we find 
3B, + BY = 0, 


B 
or at ws 3, 
x 


The length of the vector B is not determined by the 
specification of the problem. We have therefore deter- 


mined just the slope of vector B, not its magnitude. See 
diagram 2. 


(d) The unit vector B is the vector in the B direction 
but with the magnitude 1. It lies in the xy plane, and 
its slope (By /By. ) is equal to - 3. Therefore, must 


satisfy the following two equations: 


Bi? d 2 = 1 


w w> w> 
x he < 
il 
I 
w 


Solving simultaneously we have: By? + (- 3B)? = 1 or 


B, = 1//I0 and By = - 3//I0. 
The vector B is then: 
B = (1//T0)x - (3/vIO)y 


(e) Converting the vectors into coordinate form and 
computing the dot product (scalar product) : 


(3x + y + 22) + (2x + Oy + 02) 


6+0+0= 6 


(f) Find the form of A and @ in a reference frame 
obtained from the old reference frame by a rotation of 


1/2 clockwise ,rooking along the positive z ns ge ane new 


unit vectors x , y , Z are related to the old x, Ş, 2 
by (see fig. 3) 
^ A A A A A 
x sy; y == 2; 2 =z. 
A i ^ 
Where x appeared we now have - y’; where y appeared, we 


now have 2, so that 
A i A 
Awe) os des Ce = ay. 


(g) Using the results of part (f), we convert the 


vectors A and È into coordinate form in the primed co- 
ordinate system, giving us the following dot product: 
A 


i A A A A A 
K-G@= (x! - 3y' + 2z2') + (Ox! - 2y’ + 0z) = 
0+ 6+ 0 = 6 
This is exactly the result obtained in the unprimed system. 


(h) Find the vector product Å x È. In the unprimed 


system A x @ is defined as 
A A A 
oy SZ 
A A 
3- 1 2) = 4y <— -22. 
2 70>.0 








(i) Form the vector x. È. We have 
K-@2= (3-28 +9 4+ 2=R+ 9 + 22. 
e PROBLEM 4 


Show that the area of a parallelogram, whose sides are formed by 
the vectors A and B (see figure) is given by 


Area = |~Ax B| . 








h 
e D An 
Solution: The area of the parallelogram shown in the figure is 
Area = bh 
But h= lzi sin® and b= |B | 
Area = la | iB] sin 9 (1) 


The left side of (1) is the magnitude of Ax B, hence 
Area = IN x BI} = la | |B| sin 9 
If we are interested in obtaining a vector area, we may write 


Area = A x B sag cts 
where the direction of the area is the direction of AX B . Such 
vector areas are useful in defining certain surface integrals used in 
physics. 


DISPLACEMENT VECTORS 
@ PROBLEM 5 


Two hikers set off in an eastward direction. Hiker l 


travels 3 km while hiker 2 travels 6 times the distance 
covered by hiker 1. What is the displacement of hiker 
2? 





; From the information given the displacement 
vector is directed east. The magnitude of the displace- 
ment vector for hiker 2 is 6 times the magnitude of the 
displacement vector for hiker 1. Therefore, its magnitude 


is 6 x (3 km) = 18 km 


© PROBLEM 


Two wires are attached to a corner fence post with the 
wires making an angle of 90° with each other. If each wire 
pulls on the post with a force of 50 pounds, what is the 
resultant force acting on the post? See Figure. 





Solution: As shown in the figure, we complete the par- 
allelogram. If we measure R and scale it, we find it is 


8 


equal to about 71 pounds. The angle of the resultant is 
45° from either of the component vectors. 


If we use the fact that the component vectors are 
at right angles to each other, we can write 


R? = 50? + 50? 
whence 


R = 71 pounds approximately at 45° to each wire. 
@ PROBLEM 7 













If a person walks 1 km north, 5 km west, 3 km south, 
and 7 km east, find the resultant displacement vector. 





Solution: The vector diagram is shown in figure (a). 
The resultant displacement vector is labelled R. The 
magnitude of this vector is 2.8 km. The direction, as 
measured with a protractor, is 45° south of east, or 
the tangent may be used to find the direction, since 
a right triangle is formed. 


We shall also compute the solution analytically. 

In figure (b) a closeup of the resultant vector R 
is shown. We can see from the graph that side A and 
side B each equal 2 km. Thus, by the Pythagorean 
theorem: 

R? = A? + B? = (2 km)? + (2 km)? = 8 km? 


R = 2 Y2 km = 2(1.4)km = 2.8 km 


tan 6 = 5—— = ql, Ə = 45° 


© PROBLEM 













An army recruit on a training exercise is instructed to 
walk due west for 5 mi, then in a northeasterly direction 
for 4 mi, and finally due north for 3 mi. When he 
completes his exercise, what is his resultant displace- 


ment R? How far will he be from where he started? 










Solution; The recruit's path is shown in the figure, 
where each division on the graph represents one mile. 

We find R by first adding the components of his individ- 
ual displacements which we regard as vectors. We will 
let E and N, representing east and north, be our unit 
vectors, regarding western and southern displacements 

as being negative eastern and negative northern dis- 
placements, respectively. Assume north and east are 
given equal weights. Then NE is as shown in the diagram. 
Thus, the sum of the components is: 


> > 
E N 
- 5 mi 0 mi 
4 cos 45° mi 4 sin 45° mi 
0 mi 3 mi 
(4 cos 45° - 5)mi (4 sin 45° + 3)mi 


w+ 
ii 


pearle alapala 


(2.8 - 5)mi È + (2.8 + 3)mi N 


=- 2.2 mize +58mi Ñ 


The recruit's final orgie | from the starting 
point will be the magnitude of R: 


R = /(= 2.2 mi)? + (5.8 mi)? = 6.20 mi 
© PROBLEM 9 


One of the holes on a golf course runs due west. When 
playing on it recently, a golfer sliced his tee shot 
badly and landed in thick rough 120 yd. WNW of the tee. 
The ball was in such a bad lie that he was forced to 
blast it SSW onto the fairway, where it came to rest 


75 yd. from him. A chip shot onto the green, which 
carried 64 yd., took the ball to a point 6 ft. past 
the hole on a direct line from hole to tee. He sank 
the putt. What is the length of this hole? (Assume the 
golf course to be flat.) 











22h") 674° 


Solution; Since the course is flat, all displacements 
are in the one horizontal plane. Since we know that 

the hole is due west of the tee, we only need to 
calculate its easterly component which is the sum of 
the easterly components of the ball's displacements 
(see figure). We take east to be the positive 

abscissa of the axes shown, and the direction angles 

ġ of all displacement vectors will be measured counter- 
clockwise from the positive east-axis. 


Since we know that WNW means 22° west of north- 
west, or ọ = 1574°, and that SSW means 22° south of 
southwest, or > = 247°; 
x easterly components = 120 cos 157° yd + 75 cos 247° yd 


+ 64 cos 6 yd + 2 yd 


= 110.9 yd - 28.7 yd + 64 cos 6 yd 
+ 2 yà 


- 137.6 yd + 64 cos 6 yd 


We can solve for 0 by noting that the sum of the 
northerly components of displacement must equal zero: 


Z northerly components = 120 sin 157° yd + 75 sin 247%° yd 


+ 64 sin @ yd = 0 


; = 120 sin 157° - 75 sin 247%° _ = 45.9 + 69.3 
sin 0 OS es — eee 
64 64 
_ 23a 
= 368 
Thus: 6 = 158.6° 
cos 6 = - 0.93125 


Finally, inserting this into the equation for the 
sum of the easterly components: 


= easterly components = - 137.6 yd + 64(- 0.93125)yd 


- 137.6 yd - 59.6 yd 


- 197.2 ya 


Thus, the hole is 197.2 yd due west of the tee. 
@ PROBLEM 10 


Consider an airplane trip which takes place in four 
stages. Each stage is represented by a vector as 
follows (see figure). 


A to B AB 120 mi $1 30° 
Bi to C “Be 50 mi $2 


C to D CD 700 mi 3 





11 


D to E DE = 400 mi od, = 90° 


The angle describing these vectors is with respect to 
the positive x-axis. Find the resultant displacement 
vector. 





y(miles) 200 





-500 -400 -300 -200 +100 
Solution: First we can calculate the x- and y- 


components., 
(AB) , = AB cos $1 (AB), = AB sin 6 
= 120 cos 30 = 60 ¥3 mi = 120 sin 30 = 60 mi 
(BC) z = BC cos $2 (BC), = BC sin $2 
= 50 cos 60 = 25 mi = 50 sin 60 
= 25 ⁄3 mi 
(CD), = CD cos $3 (CD), = CD sin 6; 
= 700 cos 210 = 700 sin 210 
= - 350 ¥3 mi = - 350 mi 
\(DE) , = DE cos 6, (DE), = DE sin $, 
= 400 cos 90 = 0 = 400 sin 90 
= 400 mi 


These components are summed to find the x and y 
components of the resultant. 


x-component y-component 
AB 104 mi 60 mi 
BC 25 mi 43 mi 
CD - 606 mi = 350 mi 
DE 0 mi 400 mi 
Resultant AE - 477 mi 153 mi 


The magnitude of the resultant is therefore, by 
the Pythagorean theorem: 


AE? = (= 477)? + (153)? 


AE = 501 mi 


and its direction is given by the angle $ where 


sin > = 501 = 0.305 
cos $ = At = - 0.952 
¢ = 17.8° 


The same thing can be found by making a graph (see 
figure). The resultant vector, AE, is drawn from the 
starting point A to the end point E of the trip. 


@ PROBLEM 11 


A ship leaving its port sails due north for 30 miles and 
then 50 miles in a direction 60° east of north. See the 


Figure. At the end of this time where is the ship relative 
to its port? 








Solution by Parallelogram Method: 





The figure shows the parallelogram completed by the 


dashed vectors Å' and B'. Also shown is the resultant R 
which is found to represent about 70 miles. Angle r is 
found to be about 38.2° east of north. 


Solution by Component Method: 


The figure also shows the vector B resolved into 
the components M and By which are found to be 43 miles 


and 25 miles, respectively. (By trigonometry 


B = 50 miles x cos 30° = 43 miles, and 


By = 50 miles x sin 30° = 25 miles) .Since È and B lie 
along the same direction in this problem, we add them 
directly to get 30 miles + 25 miles, or 55 miles. We 
then have a right triangle with one side equal to 

55 miles and the other side equal to 43 miles. From 
these data we find the resultant R according to the e- 
quation: 


R? = 55? + 43? 
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whence 
R = about 70 miles 


Solution by the Cosine Law: 


In solving this problem by means of the cosine 
law, we write 


R? = A? + B? + 2 AB cos 9 


R? 30? + 50? + 2 x 30 x 50 x 0.5000 


4900 


whence the magnitude of R is 
R = 70 miles 


B sin @ _ 50 x 0.866 
tan r= 27+ B cos 6 30+ 50 x 0.500 


0.788 


whence 


38.2° approximately. 


K 
li 


@ PROBLEM 12 





The crew of a spacecraft, which is out in space with 
the rocket motors switched off, experience no weight 
and can therefore glide through the air inside the 
craft. 


The cabin of such a spaceship is a cube of side 
15 ft. An astronaut working in one corner requires a 
tool which is in a cupboard in the diametrically oppos- 
ite corner of the cabin. What is the minimum distance 
which he has to glide and at what angle to the floor 
must he launch himself? 


If he decided instead to put on boots with magnetic 
soles which allow him to remain fixed to the metal of 
the cabin, and thus enable him to walk along the floor 
and, in the absence of gravitational effects, up the 
walls and across the ceiling, what is the minimum 
distance he needs to get to the cupboard? 


Solution; Figure (a) shows the cabin. Axes have been 
set up with the x, y and z directions coinciding with 
the length, breadth, and height of the room. The 
astronaut must get from point A to point B. The vector 


È going from the origin 0 to point A is 
Å = (15 ft, 0, 0) 
The vector from 0 to point B is: 
B= (0, 15 ft, 15 ft) 


The vector going from A to B is then: 
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Big, C 


Wr 
| 
my 
i] 


(O5485. 26, T5eft).— (15; Ft; 0,0) 


(="TS*ft,- ES ft, LS EE) 


Its length is: 





|B = A] = VC 15ft)? + (15 ft?) + (15 ft) = 15/73 ft 
=.26 ft 
This is the distance the astronaut must glide. 


The angle to the floor at which he launches him- 
self is 6, where tan 6 = BC/AC. Point C has coordinates 
(0, 15 ft, 0). Thus BC has length 15 ft and AC has 
length /VY15% + 157 ft = 15 V2 ft = 21.2 ft. 


. tan @ = ———— = — = 0.707 or -0.-= 35325". 
15 #2 ft V2 


Figure (b) shows the cabin minus the roof in an 
exploded diagram; points A, B, and C are again marked 
in. For convenience a new set of coordinate axes has 
been chosen. The astronaut walks the same distance 
along the walls from A to B by any particular route 
whether the walls are upright or flat as in the ex- 
ploded diagram. But in the diagram it is much easier 
to see that the minimum distance from A to B is the 
straight-line path between the two points. The vector 


B - A has components 15 ft in the x-direction and 30 
ft in the y-direction. Distance |B = À| therefore equals 
V152 + 30? ft = 33 ft 6% in. 


Note that B' is the same point as B in the exploded 
diagram; AB' is thus an alternative route. There is a 
further alternative route AB" which can be seen most 
clearly in figure (c) in which the wall marked I in 
figure (a) has been removed and the cabin exploded in 
a different way. 
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In figure (d), figure (a) is redrawn showing the 
routes the astronaut takes in figures (b) and (c) 
instead of his direct flight across the cabin. 

In the first route, the astronaut crosses the 
floor and climbs a "breadth" wall; in the second, he 
crosses the floor and climbs a "length" wall; and in 
the third he crosses neither floor nor ceiling, but 
climbs two different walls. In this particular problem, 
since the cabin is cubical, all these routes are of 
the same length. In a problem in which the length 2&, 
breadth b, and height h are all different, the three 
routes correspond to vectors having components (2; 

b +h), (b;% +h), and (h;2 + b). The shortest of 
these will be the one in which the x-component is the 
longest dimension and the y-component the sum of the 
other two. 


VELOCITY VECTORS 


© PROBLEM 13 


An aircraft is climbing with a steady speed of 200 m/sec 
at an angle of 20° to the horizontal (see figure). What 
are the horizontal and vertical components of its 
velocity? 








<+ 


V¥_ = 200sin20° 
y ¥ = 200m /sec. Y 


<t 


Pig. A 20 ¥.= 200cos20° Fig. B 


x 


Solution: Using trigonometric relations for right 
triangles, the velocity can be broken down into two 
components perpendicular to each other. 


Horizontal component = 200 cos 20° 
Vertical component = 200 sin 20°. 
Trigonometric tables tell us that 
cos 20° = 0.9397 and sin 20° = 0.3420 


Therefore, horizontal component 200 x 0.9397 


= 187.94 m/sec 


Vertical component = 200 x 0.3420 
= 68.40 m/sec. 


Notice that the sum of 187.94 and 68.40 is not 
200, but you can check that (187.94)? + (68.40) 2 
= (200)?. This occurs because the horizontal and 


vertical components, Ü and V rof the velocity are 


vectors and must be added accordingly. Since they 
are pernependicular to each other, forming a right 


triangle with Ÿ as the hypotenuse, 
2 Eora 
Vg + Vy vV 
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@ PROBLEM 14 


An automobile driver, A, traveling relative to the 
earth at 65 mi/hr on a straight, level road, is ahead 


of motorcycle officer B, traveling in the same direction 
at 80 mi/hr. What is the velocity of B relative to A? 
Find the same quantity if B is ahead of A. 





Solution: The velocity of B relative to A is equal 
to the velocity of B relative to the earth minus the 
velocity of A relative to the earth, or 


VBA = VBE - Var = 80 mi/hr - 65 mi/hr 


= 15 mi/hr 


If B is ahead of A, the velocity of B relative 
to A is still the velocity of B relative to the earth 
Minus the velocity of A relative to the earth or 
15 mi/hr. 


In the first case, B is overtaking A, and, in 
the second, B is pulling ahead of A. 


@ PROBLEM 15 


At t, = 0 an automobile is moving eastward with a velocity 


of 30 mi/hr. At t2 = 1 min the automobile is moving north- 


ward at the same velocity. What average acceleration has 
the automobile experienced? 
fe 





Av 


V2= 30 mi/hr 


Vv, = 30 mi/hr 


Solution: Since velocity is a vector quantity, vector 
addition must be used to solve this problem. Geometrical- 
ly, when two vectors are added, the tail of the second 
vector is placed at the head of the first and the re- 
sultant vector is drawn from the tail of the first to the 
head of the second. To find the difference between the 
two velocities, we write 


> > > 

V2 - Vi = Av 
Changing the expression above into one including only 
addition: 

Vo = Avt+ Vy 


This is shown in the accompanying vector diagram. 


The magnitude of Av is (refer to the figure and use 
the Pythagorean theorem) 


Av = Y(30 mi/hr)~ + (30 mi/hr) 2 
Y¥1800 (mi/hr) 2 


Ii 
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= 42.4 mi/hr 


The magnitude of the average acceleration is 


JOLENE 
a = it 
= 42.4 mi/hr 
60 sec 


0.71 (mi/hr)/sec 


The direction of Av,and hence the direction of a is, 
from the figure, in the direction northwest. 


@ PROBLEM 16 


City A is 100 miles north and 200 miles west of city B. An air- 
plane flies in a direct line between the cities in a time of one hour. 
What are the vectors that describe the distance of A from B, and the 
velocity of the airplane? 





-200 0 +100 +200 


Solution: We will define first a coordinate system with B at the 
origin (see the figure below). The x-direction is east and the y- 
direction is north. The vector BA is specified by its coordinates 


x = -200 mi 
y = 100 mi 
or by its magnitude and direction 
(BA)? = X + y¥? 
= (200)? + (100)*)mi* 
BA = 100/5 mi 
sin ð = s = 12 Js a i 
3 V5 
6 = 26.5 


d= 180 - 6 = 153.5. 


The velocities are given in a similar way. Since they are constant 


x -200 mi _ _ 
vi l hr lhr 200 mi/hr 


v= tao AE = 100 mine 


V= e + v =((-200)? + (100)°)mi? /hr* 





V = 100 /5 mi/hr 
>= 153.5° 


18 


è PROBLEM 17 









A certain boat can move at a speed of 10 mi/hr in still 
water. The helmsman steers straight across a river in 
which the current is 4 mi/hr. What is the velocity of 
the boat? 


= V (net) 
“Current 
ee oe 

Ve =4mi/hr 





Solution; The boat eas a psy of Vp, = 10 mi/hr per- 


pendicular to the river due to the power of the boat. 
The current gives it a speed of i 4 mi/hr in the 


direction of flow of the river. The boat's resultant 
velocity (having both magnitude and direction) can be 
found through vector addition. 

MaS en Pte: 

VEINE we 
The magnitude of the velocity which is the speed of the 
boat is found using the Pythagorean theorem (see figure). 


v= WEE VE 
= /(10)7 + (4)7 = Y1II6é 


10.8 mi/hr. 


The angle 6, which determines the direction of the 
velocity is, 3 
0 = tan ? 








£ 
Vb 
4 


-, (_4 
tan Fa 


A boy can throw a baseball horizontally with a speed of 
20 m/sec. If he performs this feat in a convertible that 


is moving at 30 m/sec in a direction perpendicular to the 
direction in which he is throwing (see figure), what will 
be the actual speed and direction of motion of the base- 
ball? 





» 30m/sec. 30m/sec. 





“an 20m/sec. Rm/sec. 
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Solution; Since the baseball is originally travelling 
with the convertible, it has the speed of 30 m/sec in 
the direction the car is travelling. When the boy throws 
the ball perpendicular to the car's path, he imparts an 
additional velocity of 20 m/sec in that direction. The 
ball's velocity is then 30 m/sec in the direction the 
convertible is moving and 20 m/sec perpendicular to this 
movement. Its resultant velocity can be found through 
adding vectors as shown in the diagram. 

If the resultant velocity is R m/sec at an angle 9 
to the direction in which the convertible is moving, then 


R? = (20)? + (30)? = 1300 
R = Y1300 = 36.06 m/sec 


Also, tan 0 = 2 = 0.666 


From tables of tangents, 0 = 33.69°. Therefore, the ball 
has a speed of 36.06 m/sec in a direction at an angle of 
33.69° to the direction in which the convertible is 
travelling. 


© PROBLEM 





An airplane, whose ground speed in still air is 200 mi/hr, 
is flying with its nose pointed due north. If there is a 


cross wind of 50 mi/hr in an easterly direction, what is 
the ground speed of the airplane? 


Vairplane| /v 


E 


Solution: The cross wind causes the plane to travel 

50 mi/hr to the east in addition to its speed of 200 mi/hr 
to the north. To find its speed with respect to ground, 
use vector addition. Vectors are quantities that have 

both magnitude and direction; and velocity fits this 
specification. Using the Pythagorean theorem, we can 

find the magnitude of the resultant velocity v. This 
magnitude is the plane's speed. Speed does not have 
direction (note that speed is not a vector). 


AT VYairplane a Vwind 
¥(200)7 + (50)2 


¥42,500 
206 mi/hr. 


@ PROBLEM 








The compass of an aircraft indicates that it is headed due north, 
and its airspeed indicator shows that it is moving through the air at 
120 mi/hr. If there is a wind of 50 mi/hr from west to east, what is 
the velocity of the aircraft relative to the earth? 





Solution: Let subscript A refer to the aircraft, and subscript F 
to the moving air. Subscript E refers to the earth. We have given 


Var = 120 mi/hr, due north 


Yee = 50 mi/hr, due east, 


and we wish to find the magnitude and direction of v 
of addition of velocities = 3 2S AE 
“AE YAF” Ypg“ 


By the law 
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V = 
FE 


50 mi/hr, 
due cast 


N Y„g™130 mi/hr, 


120 mi/hr, 22.5°E of N 
due north 


The three relative velocities are shown in the figure. It follows from 
this diagram that 


Ive = 130 mi/hr. 


Furthermore, 50 mi/hr 
tan ? = 190 mi/hr 
tan 9 = .4167 
and o 
ọ = 22.5 


The airplane travels at a speed of 130 mi/hr at an angle of 22.5° east 
of due north. 


© PROBLEM 21 


A plane has an airspeed of 120 mi/hr. What should be the 
plane's heading if it is to travel due north,relative to 


the earth, in a wind blowing with a velocity of 50 mi/hr 
in an easterly direction? 





East 


North 





VPE 
Solution: The figure shows the situation. The plane 


has a velocity relative to the air, y 


PA’ of 120 mi/hr in 
a direction of 6 degrees west of north. The air has a 
velocity relative to the earth of aS (50 mi/hr east). 
We require the plane to travel with speed Vpa due 

north. From the figure 


3 
ğ v 
tan 0 = +AEl = AR 
Vv (Via EY 2 ys 
PE PA AE 


Here, we have used the Pythagorean theorem. 


ban o 7 50 mi/hr 


(120 mi/hr)? - (50 mi/hr)?) 


50 mi/hr 
109.09 mi/hr 


tan ! (.4584) x 24°38°. 
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CHAPTER 2 


STATICS 






Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 25 to 
60 for step-by-step solutions to problems. 


Statics is the study of the condition of objects (usually at rest) with 
especial regard to the forces involved. Fundamental to physics is the 
concept of a force. Intuitively, a force is a push or a pull acting on some 
object. More precisely, Newton’s laws help us to define a force. Newton’s 
first law states that an object at rest remains at rest and an object in motion 
remains in motion with constant velocity in the absence of external forces. 
Newton’s second law is the basis of dynamics, but one consequence of it is 
that the weight force of any mass is W = mg, where g is the gravitational 
acceleration = 9.8 m/s? near the surface of the Earth. Newton’s third law 
says that for every action force there is an equal and opposite reaction force. 


Other than weight, several important forces are tension (the force in a 
string or cable), the normal force N acting perpendicular to a surface, the 
force of static friction (F < y, N), the force of kinetic friction (F, = uN), and 
a pivot or reaction force R acting at an angle 0 with respect to the surface. 
For example, in standing on the floor, you exert a force of magnitude W on 
the floor; the floor responds by exerting a force N = Ron you. The reaction 
force of the floor prevents you from falling through the floor. 


Inorder to solve a statics (or any) physics problem, first write down the 
information in terms of numbers and symbols. Then draw a figure 
showing the relevant objects and angles. Next, choose points in the system 


NIN 


Figure 1 
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and draw free body diagrams for those points. For example, in Figure 1, 
two important free body diagrams are shown for the case of a mass 
suspended by a cord from a ceiling. 


In statics, we now apply the two conditions of equilibrium. The first 
condition, that of translational equilibrium, is that the sum of the forces 
is zero: = F = 0. The equilibrium is said to be static if also the velocity v ya 
0. For example, in Figure 1, choosing the positive direction as down, we 
get 

ZF =W-T=0andT-R=0. 
Hence, T = W and R = T; the weight determines both the tension in the 
string and the reaction force of the ceiling. In Figure 2, a force F pulls an 
object of mass m on a flat but rough surface with coefficient of static 
friction u, and coefficient of kinetic friction p,. Resolving F into its Car- 
tesian components, we find F, = F cos 8and F= F sin 0. Static equilibrium 
in the y-direction gives 


ZF =F +N-W=0 or N=mg-Fsin9 


to find the normal force. Note that the normal force is not always equal to 
mg! If the object starts out at rest, then it will begin to move when 


ZF, =F -F,=0 or Fcos® = pN. 
If the object is moving at constant velocity, then 


ZF =F,-F,=0 or uN =F cos8. 





Figure 2 


The second condition, that of rotational equilibrium, is that Er- 0 
where the torque t =r x F is a cross product. Note that position vector T 
where the force acts and the force F must be drawn with a common origin 
of find the angle ® between them; then the right hand rule is used to find 
the direction of the torque. Figure 3 shows a standard boom problem, 
where the boom has weight B = m,gand the person has weight W = mg. The 
first equilibrium condition gives 
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2 F, =R, -T,= 0; hence R, = T cos 0. 
Also, 
ZF, = R,-T,-W-B=0orR, =W+B-Tsin@. 
If R and T are unknown, one cannot find them just from these two 
equations. Hence, choose the point where the boom contacts the wall as the 
origin for calculating torques. Rotational equilibrium then implies 
X1t=ZrF sind 

= (0) (R) — xW sin 90 - d/2 B sin 90 + dT sin (180 — 6) 

=0 
or solving for the tension T = (xW + Bd/2)/(dsin 0). The positiveand negative 
directions come from the right hand rule. The angles come from moving 


the position vector such that it and the force have a common origin (Figure 
4). 


The concept of rotational equilibrium can also be used to locate the 
center of gravity or gravitational center of a system of objects. This is just 
the pivot point where the system balances as in the childhood seesaw. More 
importantly, the center of gravity often coincides with the center of 
mass of an object where Tà =5 mr / =m. In the beam problem, Figure 3, 
we assumed the weight of the beam acted at the center of mass of the beam 
d/2. 





7 
R 
6 
Ww 
B 
Figure 3 
T T 
180 -0 
8 
o o 
Figure 4 





Step-by-Step Solutions to 
Problems in this Chapter, 
“Statics” 







FORCE SYSTEMS IN EQUILIBRIUM 
© PROBLEM 22 


A block hangs at rest from the ceiling by a vertical 


cord. Find the forces acting on the block and on the 
cord. 





(a) Block hanging at rest from vertical 
cord. (b) The block is isolated and 
Action- all forces acting on it are shown. (c) 
Reaction Forces on the cord. (d) Downward force 
on the ceiling. Lines connect action- 
reaction pairs. 


(a) (b) (c) (a) 


Solution: Part (b) of the figure is the free-body 
diagram for the body. The forces on it are its weight 


Wi and the upward force ty exerted on it by the cord. 
If we take the x-axis horizontal and the y-axis 
vertical, there are no x-components of force, and the 


y-components are the forces Wi and f,. Then, from the 
condition that IF, = 0, we have 


igi aie) a E ha T: = w; 


from Newton's first law. 


In order that both forces have the same line 
of action, the center of gravity of the body must 
lie vertically below the point of attachment of the 
cord. 

Let us emphasize again that the forces Wi and *, 
are not an action-reaction pair, although they are 
equal in magnitude, opposite in diregtion, and have 
the same line of action. The weight w, is a force of 
attraction exerted on the body by the earth. Its 
reaction is an equal and opposite force of attraction 
exerted on the earth by the body. The reaction is one 
of the set of forces acting on the earth, and therefore 
it does not appear in the free-body diagram of the 
suspended block. 
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The reaction to the force $, is an equal down- 
ward force, TI, exerted on the cord by the suspended 
body. 

T, = T] (from Newton's third law). 

The force T/ is shown in part (c), which is the 
free-body diagram of the cord. The other forces on 
the cord are its own weight We and the upward force 
Tz exerted on its upper end by the ceiling. Since 
the cord is also in equilibrium, 

IF. =T2z-w -Tj=0 

y 2 2 1 
T: = w, + T] . (lst law) 

The reaction to T is the downward force T} in 

part (d), exerted on the ceiling by the cord. 


T: = T; (3rd law) 


As a numerical example, let the body weight 20 lb 
and the cord weigh 1 1b. Then 


Ti =w = 20 lb, 


T{ = T, = 20 1b, 


c] 
N 
li 
= 
N 
+ 


T; = 1 1b + 20 1b = 21 lb, 


T} = T2 = 21 1b. 


@ PROBLEM 23 















Three forces acting on a particle and keeping it in 
equilibrium must be coplanar and concurrent. Show that 
the vectors representing the forces, when added in 
order, form a closed triangle; and further show that 
the magnitude of any force divided by the sine of the 
angle between the lines of action of the other two is 
a constant quantity. 





Fig. A 


4 
Let the three forces be P, é, and S, at 
angles a, 8, and y to one another as shown in figure 


(a). In order that the three forces shall be in equi- 
librium, the resultant R of Pp and re} must be equal and 


> 
opposite to ŝ. The vectors P, 6, and S are concurrent 
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and, since the vector R is in the same plane as P and 
Ò, they are coplanar. 

But the resultant of P and ò is obtained by vector 
addition, as in figure (b). That is, R is the third 
side of the triangle formed by placing the tail of 6 
at the head of P. The force $ is equal and opposite to 


R and thus will occupy the same space as R, the third 
side of the triangle, but will be opposite in di- 


rection to R. Thus P + e] + Š taken in order,form a 
closed triangle and their sum is of necessity zero. 
Applying the law of sines to the triangle of figure 





(D)) po sg nee 

sin ð sin ọ sin w 
e P = Q EER E TS 
° * sin (180 - a) sin (180 - 8) sin (180 - y) 


. P ea 


—— = — >> = —— = const. 
sin a sin 8 sin y 


© PROBLEM 24 


A 200 1b man hangs from the middle of a tightly stretched rope so 


that the angle between the rope and the horizontal direction is 5°, as 
shown in Figure A. Calculate the tension in the rope. (Figure B). 











Fig. A 
mg 


Solution: Since the two sections of the rope are symmetrical with 
respect to the man, the tensions in them must have the same magnitude, 
(Fig. B.) This can be arrived at by summing the forces in the horizon- 
tal direction and setting them equal to zero since the system is in 
equilibrium. Then 


L Fe = Ti cos 5 - T, cos 5 = 0 


Ti = T, =T 
Considering the forces in the vertical direction, 


EF =Tsin5 +T sin 5 - 200 1b=0 


and 


200 1b = 2T sin 5. = 2T(0.0871) 


_ (200 
(2) (0.0871) 


Note the significant force that can be exerted on objects 
at either end of the rope by this arrangement. The tension 
in the rope is over five times the weight of the man. Had 
the angle been as small as 1°, the tension would have been 


T = 1150 lbs. 


p= 00i sizi Ra 25157302188. 


2 sin 1° (2) (0.0174) 
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This technique for exerting a large force would only be useful to move 
something a very small distance, since any motion of one end of the 
rope would change the small angle considerably and the ten- 

sion would decrease accordingly. 


© PROBLEM 25 







Find the tension in the cable shown in Figure A. Neglect the 
weight of the wooden boom. 





Fig. A Fig. B: Force Diagram 


Take the directions of the tensions in the cable and 
the boom to be as shown in the force diagram(fig.B). We assume 
at this point, that the given directions are correct. However, 
the forces may turn out to point in the opposite direction. If 
this is the case, our solutionsfor the tensions will be negative. 
We can thus correct ourselves at the end of the problem. The 
first condition of equilibrium yields 


x Fa = T, cos 60 - Ti cos 30 = 0 (1) 
EF =T, sin 60° - T, sin 30° - 2000 = 0 (2) 
We wish to find Th the tension in the cable. Solving for T, in 


terms of T, in equation (1) gives 


1 b 
Ti cos 30 
T aes tg, 

2 cos 60 


Substituting this in equation (2), 


1 
cos 60 


T, cos 30° 


sin 60 - T, sin 30° = 2000 


Solving for Ty: 


T, (cos 30° tan 60° - sin 30°) = 2000 
2000 2000 


cos 30° tan 60° - sin 30° (0.8660)(1.7321) - (0.5000) 








T = 


2000 
“1.5 - 0.5 
Since our answer is positive, the force acts in the direction assumed 
in the beginning. 


= 2000 1b 


© PROBLEM 26 


In figure A, a block of weight w hangs from a cord 
which is knotted at O to two other cords fastened 
to the ceiling. Find the tensions in these three 


cords. Let w = 50 lb, 02 = 30°, and 63 = 60°. The 
weights of the cords are negligible. 











(a) (b) (c) 
(a) A block hanging in equilibrium. (b) Forces acting on 
the block, on the knot, and and the ceiling. (c) Forces 
on the knot 0 resolved into x- and y- components. 


Solution: In order to use the conditions of 
equilibrium to compute an unknown force, we must 
consider some body which is in equilibrium and on 
which the desired force acts. The hanging block is 
one such body and the tension in the vertical cord 
supporting the block is equal to the weight of the 
block. The inclined cords do not exert forces on 

the block, but they do act on the knot at O. Hence, 
we consider the knot as a small body in equilibrium, 
whose own weight is negligible. 


The free body diagrams for the block and the knot 
are shown in figure B, where Tı, T2, and T, represent 


fhe oo exerted on the knot by the three cords and 
i.» TS ». and T} are the reactions to these forces. 


Consider first the hanging block. Since it is in 
equilibrium, 


Ti =w= 50 lb 
Since È, and Fy form an action-reaction pair, 
Ti) =T, 

Hence T, =-50 Ib. 


To find the forces D, and T;, we resolve these 


forces (see fig. C) into rectangular components. Then, 
from Newton's second law, 


Fe = T2 cos 6, - T3 cos 63 0, 
Ei: Pe cae Poi Te Gin Ae REA 


We have T2 cos 30° - T, cos 60° = 0 


T2 sin 30° + T, sin 60° = 50 


or 0.866 T2 - 0.500 T3 0 


0.500 T2 + 0.866 T; 


Il 
o 
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Solving these equations simultaneously, we find 
the tensions to be 


T2 = 25 lb, T, = 43.3 lb. 


Finally, we know from Newton's third law that the 
inclined cords exert on the ceiling the forces T} and 


T}, equal and opposite to T, and T, respectively. 


e PROBLEM 27 






A yule log is being dragged along an icy horizontal 
path by two horses. The owner keeps the log on the path 
by using a guide rope attached to the log at the same 
point as the traces from the horses. Someone in the 
adjacent woods fires a shotgun, which causes the horses 
to bolt to opposite sides of the path. One horse now 
exerts a pull at an angle of 45°, and the other an 
equal pull at an angle of 30°, relative to the original 
direction. What is the minimum force the man has to 
exert on the rope in order to keep the log moving 

along the path? 


F sin 45° 


F cos 45° 


F cos 307 


F sin 30 
Solution: The figure shows the forces exerted on the 
log by the horses at the moment they bolt. These forces 
can be resolved into components along the path and at 
right angles to the path. Thus the total forces in the 
x- and y-directions are 


F cos 45° f + F cos 30° ¢ 


Š 
IF 
x 
3 
and IF; = F sin 45° 4 = F sin 30° f 


where F is the magnitude of the force that each horse 
exerts. 

To keep the log on the path the man must counteract 
the unbalanced force in the y-direction, È y! by an 


equal and opposite force - =F_. We can see that any 


force he may have exerted to keep the log moving along 
the path, exerted in other than the y-direction of the 
figure, would not have been the minimum force possible. 
Any otherwise directed force would have an x-component 


as well as - IF.. But the latter alone could keep the 
log moving along the path. The magnitude of the result- 
ant force would then have a greater magnitude than - oF. 
Hence the minimum force he must exert has magnitude 
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i x 1 1 
P F(sin 45° - sin 30°) =F - 
et fe 3| 
= 0.207 F, 
and must be directed in the negative y-direction, i.e., 
at right angles to the path. 


In the above analysis, frictional forces have been 
ignored. The frictional force acting along the path does 
not affect the solution. The frictional force trying to 
prevent motion at right angles to the line of the path 
reduces the magnitude of the force the man need apply. 
It is, however, assumed that on an icy path this 
frictional force is small in comparison with F, and 
its effect is therefore ignored. 


EQUILIBRIUM CONDITIONS FOR FORCES AND MOMENTS 
© PROBLEM 28 


A light horizontal bar is 4.0 ft long. A 3.0-1b force 


acts vertically upward on it 1.0 ft from the right- 
hand end. Find the torque about each end. 


e 4 ft. l 





Force on Bar 


F = 3 1b.A t1 ft.4 


Solution: Since the force is perpendicular to the 
bar, the moment arms are measured along the bar. 


About the right-hand end 


3.0 lb-ft clockwise 


Le = 3.0 lb x 1.0 ft 


About the right-hand end 


i, = -3.0° Ibs x ~320 £5 9.0 lb-ft counterclockwise 


1 


The torques produced by this single force about 
the two axes differ in both magnitude and direction. 
This causes the bar to twist through an angle 6 
which is proportional to the torque. 


© PROBLEM 29 









A rigid rod whose own weight is negligible (see figure) is 
pivoted at point O and carries a body of weight Wy at 


end A. Find the weight Wo of a second body which must be 


attached at end B if the rod is to be in equilibrium, and 
find the force exerted on the rod by the pivot at O. 
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Solution: The question states that the rod is in equili- 
brium. in this case, the net force on the rod must be zero, 
and the net torque on the rod about the pivot must also be 
zero. 

The forces on the rod are Ty and To, the weights of 
masses l and 2, respectively, and P, the force of the pivot 
on the rod. Hence 


Ti + T3 > P=0 


or T) + T3 = P (1) 


The torque about a point O is 
T=rxF 


where T is the vector from O locating the point of applica- 
tion of F. The net torque about O is 


TL - T121 =0 
since the torque due to T, is opposite in direction to the 


torque due to T}. Then 


T, = T12 (2) 


Substituting (2) in (1) 
Tet 


AiL 
1° 
2 
1 
i lek 
But Ti = Wir and t 
P = 412 t 
2 
If Ly = 3 ft, Lo = 4 ft and = * 4 


ry eee a ies 


4 
Tih, 
Furthermore, T bnp 5 


Since T, = Wars and Ti = w 


2 1 


wik 
mi pe T al a 
Wo i (4 wf 3 1b 


© PROBLEM 30 


What scale readings would you predict when a uniform 
120-1b plank 6.0 ft long is placed on two balances 


as shown in the figure, with 1.0 ft extending beyond 
the left support and 2.0 ft extending beyond the 
right support? 
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ee, 





—I Cael 
Ift a a 2ft 
a) Beam with Supports b) Diagram of Forces 


Solution: From the first condition for equilibrium, 
the forces upward must equal the forces downward, 


Fa i - 120 1b = 0 
The plank is uniform, meaning that the center 

of mass is at the center of the beam, three feet 

from each end. This is the point at which the 120 1b 

gravitational force can be considered to act. 


Torque about a point is defined as the tendency 
of a force to cause rotation about the point. The 
Magnitude of the torque is given by the product of the 
magnitude of the force and the perpendicular distance 
of the line of action of the force (the line along 
which the force acts) from the point of rotation. The 
direction of the torque can be found using the right 
hand rule. Place the fingers of the right hand in 
the direction of the distance vector. Rotate the 
distance vector into the direction of the force vector. 
If this rotation is in the clockwise direction, the 
torque is negative. For counterclockwise rotation, the 
torque is positive. For equilibrium, the sum of all 
the torques about any point in the body must equal 
zero. 

To apply this second condition for equilibrium, 
we may choose to write torques about an axis through 
A, noting that the center of mass of the plank is 
2.0 ft from A. 


=- 220 ib.x 2.0 EC, F, (3.0 ft) = 0 or Fa 7 80 1b 


Substitution of 80 1b for Fa in the first 


equation gives Fa = 40 lb. Alternatively, we may write 


a second torque equation,this time about an axis 
through B. 


+ 120 lb x 1.0 ft - F (3.0 ft) = 0 or F, = 40 lb. 
© PROBLEM 31 


(a) At what point should a uniform board 100 cm long be supported so 
that it balances a 10 gram mass placed at one end, a 60 gram mass on 


the other end, and a 40 gram mass 30 cm from the 10 gram mass (see 
figure). (b) What is the magnitude of the supporting force F? 





——100-A—— m A 
Pees 60 


Ocm 
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Solution: If the board is to balance, the sum of the moment about any 
point along the board must equal zero. A torque T with respect to 
the point is defined as 
T=rxF 
where the direction of the torque is given by the right hand rule for 
the vector product of two vectors. For a two dimensional problem, such 
as this one, we note whether each torque produced is clockwise or count- 
erclockwise; with clockwise torques taken as negative. This is done by 
noting the direction in which the fingers of the right hand must curl 
in order to swing r into F through the smaller angle © between 
them. The magnitude of the torque is given by 


T= rF sin®. 


For this problem, r and F are perpendicular so that the magnitudes 
of the torques are just rF. Since the force F produced at the sup- 
port is unknown, we take moments about this point. In this 

case, F does not contribute to the net torque since its displacement 
vector is zero. We have 


(10) (g) (100-A) + (40) (g) (100-A-30) - (60)(g)(A) = 0 


where g is the acceleration due to gravity. We solve for A, the 
distance of point of support from the 60gm mass: 


1000 - 10A + 4000 - 40A - 1200 - 60A = 0 


110A = 3800 
A = 34.5 cm 


(b) The force F can be found by applying the first condition of 
equilibrium in the vertical direction. 


E F, = 0 = F - (10)(g) - (40)(g) - (60) (g) 


L anu 


= (110)(g) = (110 gm) (980 cm/sec”) = 1.078 x 10° dynes = 1.078 Newtons 
@ PROBLEM 32 


Locate the center of mass of the machine part in the 
figure consisting of a disk 2 in. in diameter and 1 in. 


long, and a rod 1 in. in diameter and 6 in. long, con- 
structed of a homogeneous material. 





kresem 
j E C aare Ma a 
igp epn E 


w2 
Solution; By symmetry, the center of mass lies on the 
axis and the center of mass of each part is midway be- 
tween its ends. 
The volume of the disk is: 
va = nE h =n(l in) (1 in) = 7-10" 


The volume of the rod is: 


T in? 


njw 


v me7h = t(% in)? (6 in) = 


r 


Since the disk and the rod are both constructed of the 
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same homogeneous material, the ratio of their masses 
will equal the ratio of their volumes: 

mass of disk _ Ma $ = 2 
mass of rod m pv 3 F. 


where p is their common density. 
The formula for the distance of the center of mass 
from a given origin 0 is: 
s ma Xq + me Xy 
mq + m- 


where Xa and Xr are the distances of the centers of 


mass of ma and me respectively from 0. 
Take the origin 0 at the left face of the disk, on 


the axis. Then Xq = 4 in., and Xp = 4 in. Since m3 = 
2/3 me 
2 , ` 
=. ee (% in) + m, (4 in) 
a A 2.6 in. 
Rg *, 


The center of gravity is on the axis, 2.6 in. to the 
right of 0. 


© PROBLEM 33 


A uniform eccentric drive wheel is circular and of 
radius 4 in. It has a circular hole cut in it, of 
radius ķ in., for the drive shaft. The center of the 


hole is 5 in. from the center of the wheel. What is 
the location of the center of gravity of the drive 
wheel? 








Solution: By symmetry the center of gravity myst lie 
on the diameter AB which passes through O and X, the 
centers of the circular wheel and circular hole. Set 
AB horizontal and let Y, which is a distance x from 
O, be the location of the center of gravity of the 
drive wheel. Weights acting vertically are now at 
right angles to AB. 

If the circular piece removed to form the hole 
were replaced, the resultant of the ess fe W -w 


of the drive wheel plus the weight w of the piece 


replaced would have to be the weight W of the whole 
circle which acts at O. But the moment of the re- 
sultant weight about any point in the plane of the 
wheel must be equal to the sum of the moments about 
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the same point of the individual forces making up the 
resultant. For simplicity let this point chosen be 


The weight of the circle replaced must act at 
X (see figure). 

The moment of the resultant weight about O is 
zero. Hence (W - w)x - w x 5 in. = 0. 





J. xk in. xg x = (1) 


But w = mg 
w-ws= (M- mg 


where m is the mass of the piece originally occupying 
the space of the hole, and M - m is the mass of the 
drive wheel minus the hole. Then 


x= 4 in. x p= (2) 


If o is the surface density of the material of which 
the drive wheel is composed 

m = om (% in.)? 

M-m=omn ((4 in.)? - (% in.)?) 

Using this in (2) 
o m (% in?) 


x = kķ in. x 
om (16 - %)in? 


C> 


rly 


; 1/4 _ ’ 
4s in. x 6374 = 1236 r- 


i] 


x 


The center of gravity of the drive-wheel is thus 
(4 - 1/126)in. = 3.992 in. from point A in the figure. 


© PROBLEM 34 


Two men lift the ends of a 20 ft beam weighing 200 1b 
onto their shoulders. Both men are of the same height so 
that the beam is carried horizontally, but one is much 


the stronger of the two and wishes to bear 50% more of 
the weight than his mate. How far from the end of the 
beam should he put his shoulder? 








Solution: The beam exerts downward forces on the shoulders 
of the 2 men. This total downward force is just the weight 
of the beam and,since the beam is uniform, the weight 
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acts through its center (see figure). The 2 men exert up- 
ward forces R, and Ry the former at distance x from one 


end and the latter at the other end. The beam is in 
equilibrium vertically since it experiences no motion in 
that direction. Therefore we can apply the first condition 
of equilibrium in the vertical direction. 


y = Ra + Ro - 200 lb = 0 
Rot SS 200 lb. (1) 
But we were given in the problem that one man, (the one on 


the right end) carries 50% more of the weight than his 
mate. Therefore 


lb = 
Ro = Too Bm 
or R.=2R (2) 
m 3° e 


Substituting equation (2) in (1), we find 


$ R. + R_ = 200 lb 
c e- 
Š R = 200 lb 
3 =e 
R, = 120 1b 


Note that we solved for Ro since it is this force's 


distance from end D that we wish to know. Since the beam 
is in equilibrium rotationally, the second condition of 
equilibrium can be applied. Taking moments about end A, 


the magnitude of the force Ra is not needed. We have 


>a = (Ra) © + R, (20 ft - x) - (200 lb) (10 ft) = 0 


2000 ft-lb 2000 ft-lb _ 2 
26 Star. XS. Sse os n 20 ib = 16 3 ft. 


à 
ft 3 5 ft 


x 
" 
N 
o 
hh 
ct 
1 
H 
a 
wiry 


© PROBLEM 35 


A uniform wooden beam,of length 20 ft and weight 200 lb, 
is lying on a horizontal floor. A carpenter raises one 
end of it until the beam is inclined at 30° to the horiz- 


ontal. He maintains it in this position by exerting a 
force at right angles to the beam while he waits for his 
mate to arrive to lift the other end. What is the magni- 
tude of the force he exerts? 





37 





Solution: Consult the diagram: AB is the beam and C its 
Midpoint. The weight W acts through C, since the beam is 
uniform and the two other forces acting on the beam are 
the force F exerted by the carpenter at B at right angles 
to AB and a total force P exerted by the floor at A in an 
unspecified direction. 

Since the beam is acted on by three forces which 
maintain it in equilibrium, the lines of action of the 
three forces must be concurrent. Thus, the direction of 
force P is from A to the point D at which F and W meet. 

Since the board is not in motion, the second condition 
of equilibrium can be applied. Taking moments about point 
A, we have 


dtc Px O+ Fx AB- Wx AE = 0 


_ wy AE _ g AC cos 30 _l >A 
rake = 3 r T W cos 30 


N 


«e°... F = 86.6 lb. 
@ PROBLEM 36 


A rope C helps to support a uniform 200-lb beam, 20 ft 
long, one end of which is hinged at the wall and the 
other end of which supports a 1.0-ton load. The rope 
makes an angle of 30° with the beam, which is horizont- 
al. (a) Determine the tension in the rope. (b) Find 


the force F at the hinge. 








Solution: Since all the known forces act on the 20-ft 
eam, Iet us consider it as the object in equilibrium. 
In addition to the 200- and 2000-1b forces straight 
down, there are the pull of the rope on the beam and 
the force F which the hinge exerts on the beam at the 





wall. Let us not make the mistake of assuming that the 
force at the hinge is straight up or straight along 

the beam. A little thought will convince us that the hinge 
must be pushing both up and out on the beam. The exact 
direction of this force, as well as its magnitude, is un- 
known. The second condition for equilibrium is an ex - 
cellent tool to employ in such a situation for if we use 
an axis through the point O as the axis about which to 
take torques, the unknown force at the hinge has zero 
moment arm and therefore, causes zero torque. The remark- 
able result is that we can determine the tension T in the 
rope without knowing either the magnitude or the direction 
of the force at 0. 


(a) The torques about an axis through O are 
(200 1b) (10 ft) = 2000 lb-ft counterclockwise 
(2000 1b) (20 ft) = 40,000 lb-ft counterclockwise 


The moment arm of T is OP = (20 ft) (sin 30°) 
= 10 ft. Thus we have 


T (20 £t) sin 30° = T(10 £t) clockwise 


Since the beam is in equilibrium, the torque about any 
point of the beam is zero. We can then say 


- T(10 ft) + 2000 lb-ft + 40,000 lb-ft + F(O ft) = 0 
or T = 4200 lb = 2.1 tons 


The trick just used in removing the unknown force 
from the problem by taking torques about the hinge as 
an axis is a standard device in statics. The student 
should always be on the lookout for the opportunity to 
sidestep (temporarily) a troublesome unknown force by 
selecting an axis of torques that lies on the line of 
action of the unknown force he wishes to avoid. 


(b) Using the first condition for equlibrium, 


IF = 0 = T cos 30° - F cos 6 


IF. = 0 T sin 30° + F sin 6 + W - 20001b 


y 


The above two equations can be solved simultaneously, 
since there are two unknowns. Substituting numerical 
values, 


F cos 0 = T cos 30° = (4200 lb) (0.866) = 3640 lb 
F sin 0 =-W + 2000 lb - T sin 30° 
= 200 lb + 2000 lb - (4200 1b)(0.500) = 100 lb 


Dividing the first equation by the second, 


F cos 0 _ _ 3640 _ 
oan ae. cot 6 = A106... 36.4 


C Ea PE 
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Since 0 is almost zero, we have from the first equation 


F cos 1.5° = F cos 0° = F = 3640 lb. 


© PROBLEM 37 


The quadrilateral ABCD is a square of side 1 ft which can 
rotate about the fixed point 0, which is the midpoint of 
the diagonals. Forces 2, 3, 2, and 1 1b act along sides 
AB, BC, CD, and DA, respectively. Find the magnitude and 
line of action of a single force which would produce the 
same effect as these four forces. 





Solution: At first sight this may not appear to be a 
problem in equilibrium, but the easiest method of solution 
is obtained when it is changed into one. 


Add a fifth force E, the force necessary to produce 
equlibrium. This force is just sufficient to negate the 
translational and rotational effects of the resultant 


force. E (see diagram) acts at the angle 0 to AB, ata 
distance of x from A. The resultant reguired in the 
problem must be equal and opposite to E, since the single 
force equivalent to the four given forces must, with 


E, produce equilibrium. 
Resolve the five forces parallel to AB and at right 
angles to AB. Since the forces are in equilibrium, 


2 lb - 2 1b - E cos 8 = 0 

and 1 1b - 3 lb + E sin 6 = 0. 
E cos 6 = 0 and E sin 6 = 2 lb. 
6 = 90° and E = 2 lb. 


Taking moments about 0 and using the condition for 
equilibrium, one obtains 


=- 21bx i ft - 3 lb x i ft - 2 1b * & ft - 1b x & ft 


+ E(x - k ft) 0 


E(x - 3 ft) = 4 ft + 1b 


x- y ft = {FS IP = 2 tt or x = 2 ft. 

Thus, the equilibrant has a magnitude of 2 lb and 
acts at right angles to AB in a direction away from 0, 
along a line passing through a point at a distance of 
24 ft from A. The resultant required has thus the same 
Magnitude and position but acts at right angles to AB 
toward 0. 
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© PROBLEM 38 


A 1000 1b weight is suspended from the wooden boom (see the figures) 
which has a weight of 200 lb. Calculate the tension in the supporting 
cable, and the compression in the boom. This compression is the force 
exerted by the boom on the wall and the force exerted by the boom at 

the point of connection of the two cables. 










Solution: Figure (B) shows all the forces acting on the boom. Note 
that the force R exerted on the boom by the wall cannot be assumed to 
act along the boom if the weight of the boom is not neglected. This 
force R has been broken up into x and y components, as shown. 

Since R is unknown, we find the tension T in the cable by taking 
moments about point 0 at the left end of the boom. About this point, 
R does not contribute to the net torque. Though the length of the boom 
is not given, all distances can be expressed as some fraction of this 
length L, so that L appears on both sides of the moment equation and 


cancels. = 
The second condition of equilibrium, applied about 0,yields 


(200)(5 ) + 1000L = T(sin 40°)L = (0.6428T)L 
1100 = 0.6428T 
T = 1711 lbs. 


> 
The horizontal component of R can be obtained using the first 
condition of equilibrium. 


x Fe =0= Re - T cos 40° 
R, = T cos 40° = (1711) (0.7660) 
R7 1311 1bs. 
For the vertical component of K, Z ¥y =0= -7 +T sin 40° - 
1000 - 200 
R = 1000 + 200 - T sin 40° = 1200 - (1711) (0.6428) 


Ri = 1200 - 1100 = 100 1bs. 


From vector summation, we know 


R= Se $ K, = J(311)* + (100)? = 1314 lbs. 


rhe angle is found from 


eye e 
tan 0 R Si 0.0763 
@ = 4.33 
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© PROBLEM 


Figure A shows a strut AB, of length 2 , pivoted at end A, at- 
tached to a wall by a cable, and carrying a load w at end B. The 


weights of the strut and of the cable are negligible. Suppose the weight 


w, and the angles 8 and eo, are known. What is the direction of 





+ Fig. B 
Solution: The system shown in figure A is in equilibrium. Hence, the 
net external force on the system must be zero. Also, the net external 


torque acting on the system about any point must be zero. Then, using 
figures (a) and (b) 


Ti + T, +C=0 (1) 
and, taking torques about point A 
UT, sin 6, i A(T, sin 6, )=0 (2) 
Changing (1) into 2 scalar equations using figure B, 
C sin p + T, sin i = Ti sin 2 (3) 
C cos 9 = T, cos BT + Ti cos 8, 


To find the direction of c, we must solve for 9. Using (3) 


C sing = Ti sin Py - T, sin igi 


C cos p=T cos 0, + T, cos 0, 


1 
Dividing these last 2 equations 


Ti sin ð, - T, sin i 


Ti cos 0, + T, cos 8 


tan 9 = (4) 


Solving (2) for T 


T, sin 8 
T 1 


PE ke 
1 sin Py 


Substituting this equation in (4) 


T, sin 0 
(22a sin 8, - T, sin 0 


sin 03 ? 
tan ọ= ~s 
T, sin 0 

a eee cos 8, + T, cos 0 
sin 8, 2 2 1 

tan ọ = 0 

and 
p= 0 


Hence, C is directed along the strut AB. 
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@ PROBLEM 40 


A uniform drawbridge has a weight W of 3600 lb and is 
20 ft long. It is hinged at one end and a chain is 
attached to the center of the other end. The draw- 
bridge is lowered by letting out the chain over a 


pulley which is located in the castle wall 34.6 ft 
above the hinge. When the drawbridge is horizontal 
but has not yet touched the ground, what is the force 
F acting on it at the hinge? 





34. 6ft 





Solution: In the position stated in the problem, 
three forces are acting on the drawbridge: the weight 
acting downward, the tension in the chain, and the 


reaction at the hinge. The direction of W is as shown 
in the figure, and must act through the center point 
of the drawbridge, since the drawbridge is uniform. 


The tension Ť acts along the chain which makes an 
angle 6 with the drawbridge, where tan 0 is the height 
of the chain's pulley above the hinge divided by the 
length of the drawbridge: 


Sas One —_ 
tan 9 = — a 2 ts 


Thus: 0 = 60° 


Since the three forces are in equilibrium, the 
horizontal component of F must be equal and opposite 


to that of Ť (since W has no m a component) and 
the sum of the vertical components of and must equal 


W. The latter bit of information alone doesn't help us 


to solve for the vertical component of F. However, we 
know that the moments about any point in the drawbridge 
must cancel. Taking moments about point C, we note that 


the vertical components of Ť and F both act over moment 
arms of the same length (10 ft). This being the case we 


know that the vertical components of t and F must be 
equal. Since both the horizontal and vertical components 
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of F are equal in magnitude to those of t, F must also 
make an angle 0 = 60° with the drawbridge. 
Thus, since we know that the vertical component of 


È equals half the weight of the drawbridge: 
F sin 6 = i W 





W _ 3,600 1b _ 3,600 1b _ 
P= Lees te ee ee 1b. 


2 3g 


© PROBLEM 41 





A non-uniform bar of weight W is suspended at rest in a 
horizontal position by two light ropes as shown in the 
figure. One rope makes an angle of 30° with the vertical 
and the other an angle of 60°. If the length 2% of the 
bar is 10 m compute: (a) the tension in each rope and 
(b) the distance X from the left-hand end of the bar 
to the center of gravity. 












. For the bar to be in equilibrium the sum of 
the forces that act on it and the sum of the torques 
must equal zero. 


(a) We will treat the forces in terms of their 
horizontal and vertical components. The sum of the 
components in these directions must equal zero. The 
sum of the components in the horizontal direction is: 


T, sin 60° - T, sin 30° = 0 sin 60° = 73/2 and 
sin 30° = . Then 
v3 


“eo 


k% Ty 


Ti = B T2 


where T, is the tension of the wire making an angle of 


30° with the verticle and Tz is the tension of the other 
wire. Forces pointing to the right are taken as positive 
and those pointing to the left as negative. 


The sum of the components in the vertical direction 
is: 
T2 cos 60° + T, cos 30° - W= 0 


w- Sr +e m= G 3T) +47 


då 


=$ Tth Tm =27 


T= kk W 


T, Bauw-4u0 


where forces pointing upward are taken as positive and 
those pointing downward as negative. 


(b) To calculate X, we set the sum of the torques 
equal to zero. Torque is defined as: 


T=rxF 

tT = xr F sin 6 
where r is the distance of the point of action of the 
force F from an arbitrary reference point. The sum of 
the magnitudes of the torques about the point of appli- 
cation of the force W is: 

T2 (2. =X) sin 150° - Ti`X sin 120° = 0 


sin 150° = =, sin 120° = 0.866 ee aS Then 


>r, -%9 = X> rx 

1/1 1/1 E V3 (V3 

= (Zw) (20 m - > (g= -T ( - n)x 
£ wx= 2 wm, x= >m 


© PROBLEM 42 






In the figure, a ladder 20 ft. long leans against a verti- 
cal frictionless wall and makes an angle of 53° with the 
horizontal, which is a rough surface. The ladder is in 
equilibrium. Its weight is 80 lb. and its center of 
gravity is in the center of the iadder. Find the magni- 

> > 
tudes and directions of the forces Fi and Fo: 










b-6£t—+—S ft + 
Solution: If the wall is frictionless, f is horizontal. 
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The direction F, is unknown (except in special cases, its 


direction does not lie along the ladder). Instead of con- 
sidering its magnitude and direction as unknowns, it is 


simpler to resolve the force F, into x- and y-components 
> 
and solve for these. The magnitude and direction of F3 


may then be computed. The first condition of equilibrium 
states that the net horizontal component of force on an 
object is zero. Similarly for the net vertical component. 
Hence, from the figure, 


IF = F, cos 6 - F) = 0, 
(lst condition) 
IF, = F, sin @ - 80 1b. = 0. 


The second condition of equilibrium states that the net 
torque acting on a body is zero. If the body is in trans- 
> 
lational equilibrium (Fret = 0) we may compute the 
torques about any axis. (Torques coming out of the plane 
of the figure will be considered positive) The resulting 
equation is simplest if one selects a point through which 
two or more forces pass, since these forces then do not 
appear in the equation. Let us therefore take moments 
about an axis through point A. 


It, = F] * 16°ft. - 80 lb. x 6 ft, = 0. 


(2nd condition) 


From the second equation, F3 sin 0 = 80 lb., and from the 
third, 
_e48Orlbe> Etien 
En sat lestetioe pcos" 


Then from the first equation, 


F3 cos 0 = 30 lb. 


F = 
2 jiso 1b)? + (30 1b)? = 85.5 1b. 


a = tan? eT = 69.5°. 


Hence, 


@ PROBLEM 43 


A man is using a uniform ladder of weight W = 75 lb, 
one end of which is leaning against a smooth vertical 
wall, the other end resting on the sidewalk. It is 
prevented from slipping by rubber suction pads rigid- 
ly attached to the feet of the ladder and stuck firmly 


to the concrete. If the man of weight w = 150 1b is 
standing symmetrically three-quarters of the way up 
the ladder, and if the normal force Ñ exerted by the 
wall on each leg of the ladder is 43.3 lb, what is 

the force exerted on the ladder by each suction pad? 








Solution: The ladder is uniform and thus its weight 
acts as its center. The man is symmetrically placed 
on the ladder. Hence, by symmetry, the normal forces 
exerted by the wall on the two legs of the ladder 
are equal, as are the forces exerted by the two 
suction pads. 


Let the force exerted by either suction pad on 
the ladder be resolved into component forces FY and 


Fy along the sidewalk and normal to it, respectively. 


The complete force system acting on the ladder is as 
shown in the figure, the man exerting a force equal 
to his weight on the ladder. The ladder, of course, 

exerts an equal and opposite force on him, since he 

is in equilibrium. 


The whole system is in equilibrium. It follows 
from Newtons Second Law that 


2F,. = 2N, Fy. = N = 43.3 1b 


and 2R g corneas F = Hew. 731b 150 1b = 112.5 1b 


The total force exerted by each suction pad on the 
ladder thus has magnitude 


F = 7 Fy = ¥(43.3 1lb)2 + (112.5 1b)2 = 120.6 lb 


and it acts at an angle 6 to the horizontal, where 


F 
canes ese aD. 


ew oer ere 


@ PROBLEM 44 


In figure (a), block A of weight w; rests on a friction- 


less inclined plane of slope angle 6. The center of 
gravity of the block is at its center. A flexible cord 
is attached to the center of the right face of the 
block, passes over a frictionless pulley, and is attach- 
ed to a second block B of weight w2. The weight of the 


cord and friction in the pulley are negligible. If wı 
and ð are given, find the weight w2 for which the system 


is in equilibrium, that is, for which it remains at rest 
or moves in either direction at constant speed. 
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Fig. A Fig. B 





Solution: The free-body diagrams for the two blocks 
are shown in figure (b) and to the right of fig. (a). 
The forces on block B are its weight wz and the force 


T exerted on it by the cord. Since it is in equi- 
librium, the block has no acceleration and 


T- we = 0 


by Newton's Second Law. 


Block A is acted on by its weight Wig the force T 
exerted on it by the cord and the force N exerted on it 
by the plane. We can use the same symbol (T) for the 
force exerted on each block by the cord, because these 
forces are equivalent to an action-reaction pair and 
have the same magnitude. The force N, if there is no 
friction, is perpendicular or normal to the surface of 
the plane. Since the lines of action of w, and T inter- 
sect at the center of gravity of the block, the line 
of action of N passes through this point also. It is 
simplest to choose x- and y-axes parallel and perpend- 
icular to the surface of the plane, because then only 
the weight wi needs to be resolved into components. 

The conditions of equilibrium for block A give, since 
it isn't accelerated, 


(i 
oO 


Fe = T - w, sin 6 


LF = N - w, cos 6 = 0. 


Thus, if wi = 100 lb and 0 = 30°,we have from the 
first equation above 


w2 = T = wi sin ð = 100 lb x 0.500 = 50 1b, 
and from the second equation above 


N = wi cos 6 = 100 lb x 0.866 = 86.6 1b. 


Note carefully that in the absence of friction the 
same weight w2 of 50 lb is required whether the system 
remains at rest or moves with constant speed in either 
direction. This is not the case when friction is present. 


© PROBLEM 45 


For the block and tackle shown in the figure (a) find 


the displacement ratio. (b) What force,F, must be exerted 
on the free end of the rope to lift a 200 lb load? 








Solution: (a) When F pulls down the rope by an amount 
L, pulley 2 moves up by kL (as shown in the figure) since 
the shortening of the rope is shared by the two segments 
of rope that hold the pulley. Therefore, the ratio of 
the displacement of load to the displacement of the rope 
is 

kL _ 

” ly i 

(b) From the figure,we see that the load is held 

up by a force 2T where T is the tension in the rope. 


Hence, in order to lift the load, the minimum tension 
should satisfy 


W = 2T 
or T = kW 
where W is the weight of the load. 
F is equal to T as long as the rope does not break 
gince the stress in the rope is caused by the action of 


F. We have 


F=T 


N|= 


_ 200 1b 


7 = 100 1b. 


STATIC & KINETIC FRICTION 
@ PROBLEM 46 


The force required to start a mass of 50 kilograms moving 


over a rough surface is 343 Nt. What is the coefficient 
of starting friction? 





Solution: The coefficient of starting friction is given 
by the relation 
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where F is the force of friction, Use is the coefficient 


of starting friction, and N is the force normal to the 
direction of travel. Since we assume the object is 
travelling on a horizontal plane, the normal force is 
simply the force of gravity, by Newton's Second Law. 
This force is 


N = mg 
N = 50 kg(9.80 m/s?) = 490 Newton 
Therefore 


343 nt = Hgt x 490 nt 


r T 0.70. 


@ PROBLEM 47 


A box is dragged up and down a concrete slope of 15° to 
the horizontal. To get the box started up the slope, it 
is necessary to exert six times the force needed to get 
it started down the slope. If the force is always 

parallel to the slope, what is the coefficient of static 


friction between the box and the concrete? 








ite ° 
wi WW cos 15 


FIGURE A FIGURE B 

Solution: When the box is about to slide down the slope, 
the forces acting on it are as shown in (figure (a)). 

The weight of the box W acts vertically downward, the 
frictional force which attempts to prevent the motion 
acts up the slope, and the concrete exerts a normal 
force at right angles to the slope. When the box is 
just on the point of moving, F = UN’ where Us is the 


coefficient of static friction required. 


ott o 
WY 41W cos 15 


Let us resolve the force Ñ into its components 
along, and at right angles to, the slope. Since the 
angle between the slope and the horizontal is 15°, 
this is also the angle between the normal to the slope 
and the normal to the horizontal (i.e., the vertical). 


Thus W has components W cos 15° at right angles to the 
plane and W sin 15° down the plane. 


The box is just in equilibrium. From the conditions 
for equilibrium, we know that 


N = W cos 15°. 


and P + W sin 15° = F= UN = u" cos 15°. 
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5 P = UW cos 15 - W sin 15°. 


Figure (b) shows that, when the box is about to 
slide up the slope, the situation is very similar. The 
box is in equilibrium once more, so that 


N = W cos 15° 
and P' = W sin 15° + F = W sin 15° + UN 
= W sin 15° + ugW cos 15°. 
But we know that the force P' = 6P. 
hae W sin 15° + uW cos 15°= 6 (UW cos 15° - W sin 15) ` 
"a 5u W cos 15° = 7 W sin 15°. 


op el Gen 150 = z x 0.268 = 0.375. 


a 
uw 


© PROBLEM 48 


A man hangs from the midpoint of a rope 1m long, the 
ends of which are tied to two light rings which are 
free to move on a horizontal rod (see the figure). What 


is the maximum possible separation d of the rings when 
the man is hanging in equilibrium, if the relevant co- 
efficient of static friction is 0.35? 








HY 


7 cos0Y 





Since the man hangs from the midpoint of 

the rope, by symmetry the tensions in the two portions 
of the rope must be equal and have magnitude T, and each 
portion will be inclined at the same angle @ to the 
vertical. Thus the system of forces acting on each ring 
will be the same. 

Now consider one of the rings. Three forces are 
acting on it: the tensional pull on the ring due to 
the rope, the normal force exerted upward by the rod, 
and the frictional force attempting to prevent motion 
of the ring toward its fellow. Since the ring is light, 
its weight may be ignored. If the ring is too far out, 
slipping will occur. At the maximum distance apart, 
each ring is just on the point of slipping. Hence 
F= uN. 

s 


> . . . : 
When we resolve T into its horizontal and vertical 
components, the equations for equilibrium become 
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= perpendicular forces = N - T cos 6 0 


Z parallel forces T sin 0 -F= 0 

where we take the positive perpendicular direction as 
pointing upward and the positive parallel direction as 
pointing to the right. Then: 


N = T cos 9 and F = uN = T sin 6. 
u_N P 

U e 8. a Sin 6s,, z 

T T cos 6 tan 9 0; 35 


or 6 = 19.6° 


Finally, we solve for d: 


sin 6 = sin 19.6° = H = dm? 


0.33 = d w7} 


d = 0.33m 
which is the maximum separation permissible. 


Note that 0 and d do not depend on T and therefore 
the ring separation is not dependent on what it is that 
is hanging from the midpoint of the rope. 


e PROBLEM 49 


In the figure, suppose that the block weighs 20 1b., that the 
tension T can be increased to 8 lb. before the block starts to slide, 
and that a force of 4 1b. will keep the block moving at constant speed 


once it has been set in motion. (a) Find the coefficients of static and 
kinetic friction. (b) What is the frictional force if the block is at 
rest on the surface and a horizontal force of 5 1b. is exerted on it? 





mg 
Solution: a) There are 2 forces of friction which can act on a body. 
These are the forces of kinetic and static friction. If a body, such 
as that in the figure, is initially at rest and we begin pulling on it 
with a variable force T, the block will remain at rest. This means 
that no matter what force T we apply to the body, the frictional force 
f always balances it. However, at some value of T, the frictional 
force no longer balances it, and the block begins translating. We may 
describe this static frictional force by 


f s uN (1) 


where Ps is the coefficient of static friction and N is the normal 
force of the table on the block. (The equality holds when the block 
begins translating). Once the block begins translating, the static 
frictional force stops acting and the kinetic frictional force takes 
over. This force is 


fi = HN (2) 
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It is also found that fk < fs STEN and that once the block starts moving, 


we may reduce T and the block will still move. Applying the Second 
Law to the block of mass m 


N - = ma 
oy 


T-f = ma, 


Here a. and 3 are the x and y components of the block's acceler- 
ation. Because the block coesn't leave the surface of the table, a, = 0. 


Hence 
N = mg (3) 
T-f= ma. (4) 
The block is initially at rest, and just begins to slip when T = 8 lb. 
If we examine the block just before it moves, a. = 0, and f is the 
maximum force of static friction. Then, using (1) 
T-f = 0 
s max 
T= HN 
8 1b = WN 
Using (3) _81ib_8ib 
Ps mg 20 1b 
Once translation at constant velocity begins, T = 4 1b, a, = 0 


and f in (4) is fk = HN. Hence 


T- fg =0 


=.4 


By ae th” cee 
b) Note that, if the block is initially at rest, a force of 8 1b is 
needed to start the motion of the block. Hence, if we pull the block 
with a force of 5 lb., a. = 0 and, the force of static friction is act- 


ing. Then, from (4) 
T-f =0 
s 
T=f =5 1b. 
s 
© PROBLEM 50 


(a) What force T, at an angle of 30° above the horizontal 
is required to drag a block of weight w = 20 lb to the 
right at constant speed along a level surface if the co- 
efficient of sliding friction between block and surface 


is 0.20? (b) Determine the line of action of the normal 
force N exerted on the block by the surface. The block 
is 1 ft high, 2 ft long, and its center of gravity is 
at its center. 





spsk (a) There can be no net vertical force because 
there is no accelerated motion upwards; similarly, there 
is no net horizontal force because the block moves with 
constant velocity. If T is the rope tension, N, the 
normal force, and f, the force of friction,we have 
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using Newton's Second Law, 
= FP, = T cos. 30° - fy = 0, 


(1) 
= Fy = T sin 30° + N - 20 lb = 0 


A body may experience translational equilibrium 
without experiencing rotational equilibrium. The general 
condition for rotational equilibrium is that the sum of 
torques taken about the center of mass of the body be 
zero. However, if no net external force acts, this con- 
dition is less stringent. The condition in this case 
is that the sum of torques taken about any point 
(i.e. C) be zero. 

Let x represent the distance from point 0 (see 
diagram) to the line of action of N, and take moments 
about an axis through 0. Then, from the condition of 
rotational equilibrium, the net torque about 0 must be 
zero, or 

T sin 30° x 2 ft - T cos 30° x 1 ft+Nx x 


- 20 lb x 1 ft = 0. (2) 
We may now solve for N. From (1) and (2) 
T sin 30° = 20 lb-N (3) 


T cos 30° 


fy (4) 


(2 £t)(T sin 30°) - (1 ft) (T cos 30°) + (x) (N) 
= 20 ft ° 1b (5) 
But fy = Uy N, where Uk is the coefficient of static 
friction. Hence 


T cos 30° = N =..2 N (5) 


Uk 
Dividing (3) by (5) 


20 1b - N 


o 
tan 30 -2 N 


¥3 _ 20 lb-N 


3 «2 WN 


(252) n+ = 20 1 


ot la a 8 (6) 


.2v3 
ve es 


Substituting (6) into (5), we obtain 


T = = .2(17.9 1b) 
or T= (17.9 lb) = 4.15 1b (7) 


-4 
V3 
Using (6) and (7) in (5) 


(2 ft) (4.15 1b) (4) - (1 ft) (4.15 1b) (¥3/2) + x(17.9 1b) 


= 20 ft-lb 
x(17.9 lb) = (20 ft + lb) - (4.15 ft + lb) + (3.6 ft + 1b) 
— (20 ft + lb - 4.15 ft + 1b + 3.6 ft + 1b) 
(17.9 1b) 
x= 1408 TE 


Therefore, the line of action of N must be .08 ft 
to the right of the center of mass if the block is to 
maintain its rotational equilibrium. 


@ PROBLEM 51 














If the coefficient of sliding friction for steel on ice 
is 0.05, what force is required to keep a man weighing 
150 pounds moving at constant speed along the ice? 


—+> Ftorward 


+ Friction 





N=1501b. 
Solution: To keep the man moving at constant velocity, 
we must oppose the force of friction tending to retard 
his motion with an equal but opposite force (see 
diagram). 


The force of friction is given by: 


F= N 


Ukinetic 
By Newton's Third Law 


F eorward F Feriction 
Therefore 


F forward = Uķinetic N 


Eedrwaca (205) (IS0S1Ib) = 7:5- 1p; 
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© PROBLEM 52 


A 1200-1b sled is pulled along a horizontal surface at uni- 
form speed by means of a rope that makes an angle of 30° 


above the horizontal (see figure (a)). If the tension in 
the rope is 100 lb, what is the coefficient of friction? 


cl 
mal 7 
sled 
Tig Frriction | x 
F ® 









Since the sled is being pulled at constant velo- 
city, there are no unbalanced forces. We break up the ten- 
sion in the rope into components parallel and perpendicular 
to the horizontal (see figure (a)). By Newton's second law 


IF, = 0 therefore F = uN = T cos 30° (1) 


friction 
IF, = 0 therefore N + T sin 30° = 1200 

N = 1200 lb - T sin 30° (2) 
From CLs u = Z cos 30° 


Substituting (2) into this expression, 


$ T cos 30° (100 1b) (.866) 

= [200 Ib = T sin 30" ~ 
1 T SIn 1200 1b - (100) (%)1b 
= ua = 0.0753. 


© PROBLEM 53 








Suppose the coefficient of friction between a horizontal 
surface and a moving body is u. With what speed must a 
body of mass m be projected parallel to the surface to 
travel a distance D before stopping? 





Surface 


mg 

Solution: In this problem, we actually want to describe 
the motion of m, for we want it to travel a distance D 
before stopping. Our task is to determine the initial 
velocity which the mass must have in order for this to 
be possible. 


We are seeking to describe the properties of the 
motion of m, such as its acceleration. Therefore, we 
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apply Newton's Second Law, F = ma, to both the vertical 
and horizontal directions for the mass m (see the free- 
body diagram). In the horizontal direction, Newton's 
Law becomes 


F, = ma, (1) 


where FY represents the sum of all forces acting 
horizontally on m, and a, represents the resulting 


acceleration in the x direction due to these forces. From 
the figure, we see that f, the force of friction, is the 
only horizontal force acting on m. Therefore, substitut- 
ing into equation (1) we find 


- f= ma, (2) 


where the minus sign appears because f acts in the 
negative x direction. (We are taking a, to be positive in 


the positive x direction). Writing Newton's Second Law for 
the vertical direction, we find 


F = ma (3) 


where Fy is the sum of all forces acting on m in the y 
direction, and a, is the resulting acceleration of m in 


the y direction. The only forces which act on m in the 
vertical direction are N, the normal force of the surface 
which pushes on m, and mg, the weight of the mass, which 
points downward. Substituting into equation (3), we 
obtain 

N - mg ma, (4) 


where the minus sign indicates that the two forces point 
in opposite directions. Furthermore, note that ay must be 


zero since the mass never rises off the surface on which 
it slides. Substituting this into equation (4), we have 


Now, the frictional force law is given by 


f = uN (6) 


where u is the coefficient of sliding friction between m 
and the surface, and N is the magnitude of the normal 
force. Substituting equation (5) into equation (6), we 
obtain 


f = umg (7) 


Inserting this into equation (2), 
- mg = ma, (8) 


Solving for a, 
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ee Oe (9) 


Note that because y and g are constants, a, is also 


constant. Hence we may use the kinematical equations for 
constant acceleration to describe the position of the 
mass. The equation needed is 


E . Yen = be 
Ve va 2a, (X¢ x.) (10) 


where X5 and Vo are the initial positiion and velocity of 


m, respectively, and Xr Vg are the final position and 
velocity of m, respectively. For this problem: 


Xo = 0 Xg = D 


pia =? Ve = 0 


Ve is 0 because the mass is at rest after travelling to 


(11) 


its final position, which is D. Substituting these values 
into equation (10), 


0 - v2 = 2a, 0 - 0) (12) 
JO UP 
or V 2a P (13) 


Then, substituting equation (9) into equation (13), 
we obtain 


2 


y5 = 2ug D 
or Vo = Y2ugD (14) 


for the initial velocity of m needed so that it may 
travel a distance D before stopping. 


@ PROBLEM 54 






In the figure, a block has been placed on an inclined plane and 
the slope angle © of the plane has been adjusted until the block 
slides down the plane at constant speed, once it has been set in motion. 
Find the angle 90. 







Solution; The forces on the block are its weight w and the normal and 
frictional components of the force exerted by the plane. The angle 96 
of the inclined plane is adjusted until the block slides down the plane. 
Since motion exists, the friction force is fk =» N. Take axes per- 
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pendicular and parallel to the surface of the plane. Then, applying 
Newton's Second Law to the x and y components of the block's motion, 
we obtain (see figure) 


iF = HN -wsin® =0 


IF =N-weos9?=0. 
7. 
where EF and ZF are the x and y components of the net force 
on the bléck. Both’ of these equations are equal to zero because the 
block accelerates neither parallel nor perpendicular to the plane. 
Hence 


HN w sinô , 


N=woeos@. 
Dividing the former by the latter, we get 
HW, = tan O ze 

It follows that a block, regardless of its weight, slides down an in- 
clined plane with constant speed if the tangent of the slope angle of 
the plane equals the coefficient of kinetic friction. Measurement of 
this angle then provides a simple experimental method of determining 
the coefficient of kinetic friction. 


@ PROBLEM 55 


A boy is sledding on a snowy slope and looks very weary 
as he drags his sled up again after each run down. A 
helpful physics student who is passing by, and who knows 
that the coefficient of kinetic friction between a sled 
and snow is around 0.10, points out to the boy that he 
is exerting pull on the tow rope at an incorrect angle 
to the ground for minimum effort. At what angle to the 
slope should the pull be exerted? 





Solution: There are four forces acting on the sled, as 
shown in the diagram; the weight W, the normal force N 
exerted by the slope, the frictional force Fe exerted by 
the snow down the slope opposing the motion, and the 


upward pull P exerted by the boy at an angle 9 to the 
slope. The sled is moving with uniform velocity up the 
hill and thus the forces are in equilibrium, and Fe = 


WAN, where Uk is the coefficient of kinetic friction. 


Let us now resolve all the forces into components 
parallel and perpendicular to the surface of the slope. 
We will take forces going up the slope as positive 
in the parallel direction, and forces pointing upward 
out of the slope as positive in the perpendicular 
direction. Imposing the conditions of equilibrium, we 
have: 
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=F, = P cos 8 - W sina - uN = 0 (1) 


EF, 


N + P sin 0 - W cos a = 0 (2) 


where a is the angle of the slope's incline. We can 
thus solve for P. 


From equation (2) 
N = W cos a - P sin 90 
From equation (1) 


P cos 0 = W sina + yN 


W sina + Hy (W cos a = P sin 6) 
P(cos 6 + u, sin 0) = W sina + uW cos a 


W sina + uW cos Q 


P = 
cos + Uk sın 


We see now that P is a function of 0 alone since 
W, a, and Uy are constants. Thus, to find the angle 9 


at which the boy must exert the minimum force, we use 
the calculus to find the value of 0 at which a minimum 
occurs for P. These minima occur when the derivative 
of P with respect to @ is zero. Since the numerator is 
constant with respect to 9: 


ap W sin a + UW cos Q 


ao 7 p sin 6 + Uk cos 8) = 0 


(cos 6+ Uy sin à è 


or sin 9 


tan 9 


6 = 557° 


Thus the boy should drag his sled up in such a way 
that the rope makes an angle of 5.7° with the slope. 


It might have seemed at first sight that a force 
parallel to the slope would be most efficient. It is 
now clear that this is not so. Any component of the 
pull P at right angles to the slope decreases_the 
normal force N and thus the frictional force F. The 
best compromise between maximum forward force and 
least frictional force is achieved at the angle 
PN lade 
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CHAPTER 3 


KINEMATICS 





Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 64 to 
96 for step-by-step solutions to problems. 






Kinematics is the study of motion using mathematics and the concepts 
of space and time, without regard to forces. The displacement of a particle 
r, the instantaneous velocity v, and the instantaneous acceleration a are 
the important physical quantities. 


Consider the special case of constant or uniform acceleration a = 
dv / dt = constant. In one dimension, the statement would be that a = 
constant and the acceleration-time curve is given by Figure la. The 
average acceleration would be <a> = Ay} At = (V — v) / (t — 0). Then, by 
integrating we find 


x —> t - > > 
f+- =f adt or v =v, =at. 
Vo 0 


The meaning of this physics problem-solving technique is that the area 
under the acceleration-time curve is the change in velocity (hatched area 
in Figure 1a). 


In one dimension the first important kinematic equation would be v = 
v, + at. Hence, if one knows the change and velocity and the time, the 
acceleration can be found. This means that the slope of the velocity-time 
curve (Figure 2a) is the acceleration. Note that the outlined procedure can 
be used when a = alt) just by inserting the correct function and integrating. 


Now, the definition of velocity is V= dr/ dt. The average velocity is <v> 
=Ar/ At=(r¥- T) / (t- 0). Hence, if one knows the distance covered and 
the time taken, one can find the average velocity. For the special case of 


a a 


t t 
Figure 1 
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uniform acceleration only, <v> =(v+ v) / 2, as one would expect for an 
average nahy By ii i we obtain 


k dr = -f CA + at)dt or rer, +v. jt +1286". 


We have ae , the fact that the area under the velocity-time curve is the 
change in position (hatched area in Figure 2a). 


In one dimension, the second important kinematic equation is that x 
=X, + Vt + 1/2 at?. (See Figure 3a for the position-time curve.) Note that 
the slope of the position-time curve at any time is the instantaneous 
velocity. 


A third important kinematic formula is obtained by solving for the 
time t = (v—v,) / a and substituting into x — x, = < V > t to get 


v? =v? + 2a (x —x,). 


This formula is useful if the time is not part of the given information in the 
problem. 


Rotational kinematics is very similar to the above case of translational 
motion. The important observables are angular acceleration a = dw / dt, 
angular velocity w = d9 / dt, and angular displacement 0 in radians. The 
important formulae are 


w=, + at 


0=6,+@,t+1/2 at? 


< 
= 


Vo Wo 


Cana 
-e 


Figure 2 
x 8 
Xo 85 
t t 
Figure 3 
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w? - w? = 2a (8 -8,). 


The angular acceleration-time, angular velocity-time, and angle-time, 
curves are shown in Figures 1b, 2b, and 3b, respectively. The way to attack 
the problem is to write down the given information using appropriate 
symbols, draw a picture, and then choose from the small number of 
kinematic formulae to find the solution. Each formula involves only three 
variables; hence the numerical value of two of these must be known to find 
the answer. 


Free fall in one dimension is a special case of constant acceleration 
translational kinematics. If the direction downward is taken as negative, 
then a =—g=-9.8 m/s’, and the first two formulae become v = v,- gt and 
Y =Y, + Vt- 1/2 gt”. The displacement-time curve is thus a parabola. Ifan 
object is projected upwards with a positive initial velocity, the time to reach 
the apex where v = 0 is just t = v,/g. 


Projectile motion in two dimensions follows from keeping track of the 

components in the first two kinematic formulae 
v,=Vv,,-gt and y=y,+v,t— 1/2 gt? 
v,=V,,=constant and x=x,+v,t. 

The y versus x curve may be shown to be parabolic. Note that because 
velocity is a vector, v,,=v,cos 8andv,, =v, sin 0, where is the initial angle 
of projection (see Figure 4). The time to reach the apex of the path is again 
t = Vy / g and the height may be found by substituting into the y = y(t) 


equation. Also, the range is found by substituting tp = 2t into the equation 
x =X, + v,t. 


Vo 


Zo 


Vox 


Figure 4 
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Step-by-Step Solutions to 
Problems in this Chapter, 
“Kinematics” 





FUNDAMENTALS OF VELOCITY & ACCELERATION, FREE FALL 


© PROBLEM 56 


A car covers a distance of 30 miles in hour. What is its 


speed in miles per hour and in feet per second? 





Solution: 
oi TTO: mi is F 
Vaveraga E >i nr 76 mi per hr 


60 mi | 5280 ft „, _l hr 


— 


hr mi 3600 sec 


88 ft per sec 


This useful relation, that 60 miles per hour equals 
88 feet per second, is one you should commit to memory. 


© PROBLEM 57 


An eastbound car travels a distance of 40 min 5 s. 


Determine the speed of the car. 





The observables of distance, d = 40 m, and 
time interval, t = 5 s, are given. We know that, since 
the velocity v of the car is constant, 


Here, d is the distance travelled in time t. The speed 
of the car is 8 m/s. 


@ PROBLEM 58 


A car starts from rest and reaches a speed of 30 miles per 


hour in 8 seconds. What is its acceleration? 





Solution: v= at for constant acceleration. We 
shall convert the velocity in miles per hour into feet 
per second. A useful conversion factor to remember is 
that 60 mph is about 88 ft. per second. Therefore, 
30 mph is about 44 ft. per second. Substituting we have: 
a= final _ 44 ft 
5 sec X 8 sec 
5.5 ft per sec per sec. © PROBLEM 59 


A car starts from rest and reaches a speed of 88 feet per 


second in 16 seconds. How far does it travel during this 
time? 





Solution 1: In this problem we assume constant 
acceleration. 
The acceleration of the car is 


_ 88 ft F 
a =g eec x sec 5-5 ft per sec? 
Then 
E 5 eet a 5 x 5.5 +& x (16 sec)? = 704 ft. 
sec? 


Solution 2: 
The average velocity of the car is 


Cee a eS 
o n eset initial 
average & 


_ 88 ft sec- 0 ft/sec _ _ 44 ft per sec. 


Then 


s= Vaverage x time = 44 ft per sec x 16 sec 


An object, starting from rest, is given an acceleration 


704 ft 


of 16 feet per second’ for 3 seconds. What is its speed 
at the end of 3 seconds? 





Solution: Since the acceleration is constant, we have 


Yeinal ` Vinitial 
anue S n 


` PAC ey + 
OF Veinal initial at 


But Vj ,itial = 0 for the object started from rest. There- 
fore 
= = 6. ft = 
Vegans fy t= a x 3 sec = 48 ft per sec. 


sec 
e PROBLEM 61 


Suppose that the first half of the distance between two 
points is covered at a speed Vea 10 mi/hr and,that during 


the second half,the speed is v, = 40 mi/hr. What is the 
average speed for the entire trip? 





Solution: The average speed is the total distance traveled 
divided by the total traveling time. The average speed is 


not 
Ca 10 mi/hr + 40 mi/hr _ 25 mi/hr. 
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Let 2x be the total distance traveled and let ty and t3 de- 


note the times necessary for the two parts of the trip. 
Then, 2x 
ty + ts 


v= 


Since only the velocities are known, the average velocity 
must be expressed in terms of these variables. In order 
to eliminate unknown variables, we see that 

x x 


tse Sasi. ta. 565s 
I Vy 2 Vp 
tud TEE E x( vı Š v2) 
1 oa Se. V.V X 
1 2 a2 
Therefore, 2 
ie 2x ba ae 
v= av tv.) Vv. Fv 
1 2 l > 
Ag 
_ 2(10 Dibr) (40 aie _ 800 , 
mi/hr + mi/hr 50 mi/hr 
= 16 mi/hr. 


è PROBLEM 62 


A car travels at the constant speed of 30 mph for 20 miles, at a 


speed of 40 mph for the next 20 miles, and then travels the final 20 
miles at 50 mph. What was the average speed for the trip? 





Solution: For situations in which the speed is variable, the rate at 
which distance d is traveled as a function of time, t, can be de- 
scribed by the average speed. The average speed Vv is equal to that 
constant speed which would be required for an object to travel the same 
distance d in the same time t. Therefore 


Sak 
ti 
The total time the car travels is the sum of the times for each segment 
of the trip. d d d 
t=t, +t, +t, = 21,424 
YE ae 


- 20 mi + 20 mi + 20 mi 
30 mph 40 mph 50 mph 


The total distance is 
d =d, +d, +d, = (20 + 20 + 20)mi = 60 mi 


t = (0.67 + 0.50 + 0.40)hr = 1.57 hr 


1 2 3 
Therefore, the average speed is 
eeu 0G. 60min, 
“ig Santee Gf oe 


© PROBLEM 63 


à An automobile accelerates at a constant rate from 
15 mi/hr to 45 mi/hr in 10 sec while traveling in a straight 


line. What is the average acceleration? 


Solution. The magnitude of the average acceleration, or the 
rate of change of speed in this case, is the change in speed 
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divided by the time in which it took place, or 


= = 45 mi/hr -.15 mé/hr = 30 mi/hr 
i 10 sec - 0 sec’ 


Changing units so as to be consistent, 


30 mi) — {5280 ft hr 


x 


a hr mi 3600 sec} _ 44 ft/sec 2 
SET 0 sec = aes = 4.4 ft/sec 


This statement means simply that the speed increases 4.4 
ft/sec during each second, or 4.4 ft/sec”, 
i @ PROBLEM 64 


An automobile traveling at a speed of 30 mi/hr 
accelerates uniformly to a speed of 60 mi/hr in 10 sec. How 


far does the automobile travel during the time of accelera- 
tion? 





Solution. Converting to ft-sec units, 


mi .,mi . 5280 £t ie 
Ostaa X “Ty * F600 sec” 44 ft/sec 


60> = 88 ft/sec. 
Uniform acceleration can be found from the change in 
velocity divided by the time elapsed during the change. 


~ Av — 88. ft/sec - 44 ft/sec _ 2 
a= =" 28 ft/sec -14 ft/sec 4.4 ft/sec 


= i oe 
x = vot + zat 


(44 ft/sec) x (10 sec) + $ x (4.4 ft/sec”) x (10 sex 


440 ft + 220 ft 
= 660 ft. 
Suppose next that the automobile, traveling at 


60 mi/hr, slows to 20 mi/hr in a period of 20 sec. What was 
the acceleration? 


Pe Deri = 20 mi/ny - 60 mi/hr 
Bt sec 


-2(mi/hr) /sec. 


The automobile was slowing down during this period so the 
acceleration is negative. 


© PROBLEM 65 


The graph shows a displacement-time curve for a motion 


along a straight line. What are the average velocities 
from A to B and from A to C? 
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t (sec) 
0 0 La 
: The average velocity of an object in motion 


is the distance d it travels divided by the time t it 
takes in transit. 


Looking at the figure: 


dap 

=- ABL_ 3m. 

from A to B va r 5 z 1.5 m/sec 
AC 5m 

f sa B q> & 

from A to C Ti € “ ea 0.83 m/sec. 


@ PROBLEM 66 


Using the given d-t curve calculate the velocity- 
time curve. 


2 Fv(m/sec) 








Solution; A velocity-time curve is found from a 
displacement-time curve by plotting the slope of the 
d-t curve versus time. Our task in this particular 
case is made easier by the fact that the velocity 

in each segment of the trip is constant. 


a 
AB 
From A to B v = a 
AB taB 
BEA S 
m eee T m/sec 
d 
DE 
From Dto E Va 2 —— 
DE tor 


0 a SIROT ai 
= Ta sia} sec 7 ~ 2-5 m/sec. 
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The corresponding segments on the v-t curve are 
represented by horizontal lines. The rest of the 
curve is found similarly. Note that the area under 
the v-t curve at each time gives the displacement. 
That is, 

at t = 6 sec, area = (1.5 x 2+ 0.5 x 4)m 
=5m 
at t = 14 sec, area = (1.5 x 2+ 0.5 x 4- 2.5 x 2)m 
= Om 


e PROBLEM 67 


A motion,starting from rest, has the acceleration-time 


graph shown in figure (a). Draw the v-t graph and 
calculate the net displacement. 





a (m/sec?) 


NON & 





Fig. A Fig. B Fig. C 


Solution: Between t = 0 and t = 2 sec, a = 2 m/sec’. 
Thus Av = at = 4 m/sec. Thus at t = 2, V = 4 m/sec. 

Between t = 2 and t = 6, a = 3 m/sec’; thus Av = 3 x 

(6 - 2) = 12 m/sec. At t = 6, 4 + 12 =, 16 m/sec and 
so forth. 

Having found the velocities at various times and 
plotting the points as in figure (b), we can connect them 
with straight lines, since, as we can see from the 
acceleration-time graph, all accelerations are constant 
(therefore velocity is a linear function of t). 

Since displacement equals the product of velocity 
and time, the net displacement can be found by calculat- 
ing the area under the v-t curve until t = 10 sec. In 
figure (c), we break the area under the v-t curve into 
triangles and trapezoids. The total area under the 
curve is equal to the sum of the areas of these 
figures: 

d = area = (4 x 2) + 5(4 + 16) x 4 + 16 x 2 

+ 5(16 + 8) x 2 


= 4+ 40 + 32 + 24 
= 100 m 


@ PROBLEM 68 





Suppose the motion of a particle traveling along the x-axis is 
described by the equation 


x =a + bt? 
where a= 20 cmand b = 4 cm/sec’. 


(a) Find the displacement of the particle in the time interval between 
t, = 2 sec and t, = 5 sec. (b) Find the average velocity in this time 


interval. (c) Find the instantaneous velocity at time t, = 2 sec. 
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Solution: (a) The displacement of a particle moving from position r. 


to position T, is 


1 


In this problem, the motion of the particle is one-dimensional and we 
may neglect the vector nature of the displacement. Hence, 


Sx = a(t) -a(t ) 
Ax = (a + bt) - (a + bt?) 
nx = (5 =) 


Axe (* 8>)(25 F 4)sec* 


Ox = 84 cm 
The displacement is positive, so the particles position has increased 
in the positive direction along the x-axis. (x, > x, ) 


(b) Average velocity is given by the relation 


at. oo At ed 
avg At ty - t 
where č and Pa are the positions of the particle at times ty and 


ti respectively. This is a one-dimensional problem, hence 


Ax _ 84 cm _ 
avg Dne B fed 28 cm/sec 
and it points in the positive x direction since Ax > 0. 
(c) The instantaneous velocity is 


— dr 
E 


Again, since we have a one-dimensional problem 


V - & -d (atv?) = 2bt 
V(2 sec) = (2)(4 cm/sec® )(2 sec) 
= 16 cm/sec 


@ PROBLEM 69 


Suppose the velocity of the particle in the diagram is 
given by the equation 
v (m + nt?)¢ 


where m = 10 cm/s and n 2 cm/s>. (a) Find the change in 


velocity of the particle in the time interval between 


ty = 2 sec and t2 = 5 sec. (b) Find the average accelera- 
tion in this time interval. (c) Find the instantaneous 


acceleration at ty = 2 sec. 





Solution: (a) At time ty = 2 sec 
= cm 2cm Bis. 
"= [oF (on 


Tex 1go™ > 
Vp. FAP. 
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(a) Particle moving on 
Slope= : $ 3 
acceleration q the x-axis. (b) Velocity 

time graph of the motion. 
The average acceleration 
between t, and t2 equals 





=.=! Slopes instantaneous 
Jy pt2 ' acceleration at P the slope of the chord pq. 
| P a = ; The instantaneous accel- 
⁄ x so eration at p equals the 


(a) ©) slope of the tangent at p. 


A ‘ i fiii Í ; 
where ¢ is a unit vector in the positive x direction. 


At time to = 5 sec 


= cm 2cm 2 

+= (10% . (733) 5" 
s 

= _ 60-00 x 

i sa s t 


The change in velocity is therefore 
a a oom 60cm, _ 18cm. _ 42cm. 
2 x s + s t st 





(b) The average acceleration is defined as 


v SY, 
re ie A 


avg ts = ti 





where V, and V) are the velocities at to and tį respec- 
tively. Hence, in the given interval 


cm cm ja 
( so TEAN cm a 


aavg (5s - 28) = 145Fok 


This corresponds to the slope of the chord pq in the 
diagram. 


(c) The instantaneous acceleration is 


Ree X 
= > ra 2nty 


wl 


At tı = 2 sec, 
a= (2) (285 Sy) (28) = 8 cm/s? 


This corresponds to the slope of the tangent at point P in 
the figure. 


@ PROBLEM 70 


Two motorcycles are at rest and separated by 24.5 ft. They start 
at the same time in the same direction, the one in the back having an 
acceleration of 3 ft/sec! , the one in the front going slower at an 


acceleration of 2 ft/sec’. (a) How long does it take for the faster 
cycle to overtake the slower. (b) How far does the faster machine go 
before it catches up? (c) How fast is each cycle going at this time? 
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Solution: (a) Both cycles travel for the same length of time t. At 
the instant the two machines pass each other, the faster one has 
traveled exactly 24.5 ft more than the slower one. With the sub- 
scripts l1 and 2 representing the faster and slower cycles respect- 
ively, we have 


d, = Yout + ‘at? = xa, 


1 
d, = VYoot + kat? = kat 
since the initial velocities Vol and Yoo are both zero. Now 
di = d, + 24.5 ft. 


or 
ža? = ža t? + 24.5 ft. 


Substituting values, we find the time t at which the two cycles 
pass each other. 
}(3 ft/sec?) (t?) = 4(2 ft/se®)(t?) + 24.5 ft 
t? = 49 se? 
t = 7 sec 


(b) The distance d 
slower one is 


4, = bat? = 4(3 ft/sec)(7 sec)? = 73.5 ft. 


1 traveled by the faster cycle when it passes the 


(c) The velocities of the two cycles can be found from 
v= Vo + at 
Then, as they pass each other, their velocities are 


v, = a,t = (3 ft/sec’)(7 sec) = 21 ft/sec 


1 
v, = a,t = (2 ft/se®)(7 sec) = 14 ft/sec . 


2 
© PROBLEM 71 


A skier is filmed by a motion-picture photographer 
who notices him traveling down a ski run. The skier 
travels 36 ft during the fourth second of the filming 


and 48 ft during the sixth second. What distance did 
he cover in the eight seconds of filming? Assume that 
the acceleration is uniform throughout. 





Solution: The fact that the acceleration is uniform 
gives us a big advantage since, in this case, the 
instantaneous acceleration is equivalent to the aver- 
age acceleration: 


— + _ 2 
r O 5 "= 
At te e. ig 


— 


where V, and V, are the velocities at times tę and to 


respectively. To solve for a we use the kinematic 
equation 


s = vot + kat? 
where s is the distance covered in time t. 


36 = vo(1) + % a(l) = vo + ka 
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48 = vg(1) + 3 a(l) = v; + ka 


f 


where vo and Ve are the velocities at the beginning 


of the fourth and sixth seconds respectively, and both 
time intervals are one second long. 


ka = 36 - vo = 48 - Ve 


v Vo + 12 


f 


Since there is a two second interval between the 
times when the skier has velocities vo and vg: 


a= = > = = = 6 ft/sec? 


Knowing the acceleration, we can now solve for 
the skier's velocity vo at the beginning of the 4th 
second: 


36 vo(1l) + % (6) (1) 
vo = 36 - 3 = 33 ft/sec 


Now, we may solve for v,', the velocity at the 
beginning of the filming 


Vo = Vo! + at, Vo' = Vo -at 
vo' = 33 - (6)(3) = 15 ft/sec 


Thus the distance covered in the eigth seconds of 
filming is: 


s = vo't + kat? 


(15 ft/sec) (8 sec) + 5 (6 ft/sec”) (8 sec)? 


312 EEs 
@ PROBLEM 72 


During the takeoff roll, a Boeing 747 jumbo jet is 
accelerating at 4 m/sec?. If it requires 40 sec to 


reach takeoff speed, determine the takeoff speed and 
how far the jet travels on the ground. 





Solution: The initial speed, vo = 0, the acceleration 


a = 4 m/sec*, and the time interval of the takeoff, t = 
40 sec are given. The unknown observables are the final 
speed, v, and the distance the plane traveled, d. From 
the laws of kinematics for constant acceleration 


Ve = Vo + at, vo = © and Ve is the plane's final 
velocity. 
Therefore, Ve = at = (4 m/sec’) (40 sec) = 160 m/sec 
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The plane's takeoff velocity is 160 m/sec in the 
same direction as the acceleration. 


The distance s an object with constant acceleration 
travels in time t is: 


s = vot + k at?, vo = O 
Hence, s = (4 m/sec”) (40 sec)? = 3,200 m 


The plane travels a distance of 3.2 km during the 
takeoff. 


@ PROBLEM 73 


The turntable of a record player is accelerated from 
rest to a speed of 33.3 rpm in 2 sec. What is the 


angular acceleration? 


Solution: The angular kinematics equation for constant 
acceleration 


w = Wo + at 


can be used. The initial velocity wọ is zero. The 


final angular velocity after t = 2 sec is 
33.3 rev/min 

60 sec/min 

2m x 0.556 sec™ = 3.48 sec™ 


w = 27f = 27 


The angular acceleration is then 


_ W- Wo _ 3.48 sec™ - 0 sec™ 
(CeCe EC Orr 
2 sec 
= 1.74 sec™* 


Use the definite integral to find the velocity and coordinate, at 


any time t of a body moving on the x-axis with constant acceleration. 
The initial velocity is Yo and the initial coordinate is zero. 


fe 
Yo 
ig 
t 
Solution: Acceleration is defined as the time rate of change of velo- 
city. Since we are concerned with motion along the x-axis, we may 


Neglect the vector nature of acceleration (a), velocity (V) and position 
(r) and write 





a = dv/dt 
dv = adt 
Because a is constant Vo ty 
J dayv=af at 
| %5 
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As the limits of integration, we take v = Yo at ti = 0, and v, =v 


at ty = t, Then v t 
J dv =a J dt 

Vo 0 

5%, * at 

vey + at 


But 


v = dx/dt = v, + at 


0 
where x is the position of the body along the x-axis. Then 


dx = v.dt + at dt 
x 0 t t 
2 2 2 


J axevyf attaf eat (1) 
x) ti ti 


We take x, = Xo at ti = 0, and X}, =X at t, = t, whence 


1 2 


x t t 
J ax vo J at+af tat 
x 0 0 
9 t? 
a 
ue Xo = Vot + 2 


x = Xo + Vot +3 at? 


We can also obtain this result by noting that evaluating the integral in 
(1) is equivalent to finding the area under the velocity vs. time curve 
shown in the figure. 


© PROBLEM 75 





In a drag race, a dragster reaches the quarter-mile 
(402 m) marker with a speed of 80 m/s. What is his 


acceleration and how long did the run take? 


Solution: The initial velocity, vo = 0, the final 


velocity, v = 80 m/s, and the distance traveled, d = 
402 m, are given. The acceleration a and the time 
interval t are the unknown observables. 


From the kinematics equations, 


_ ye ve. (80 m/s) 72-0). 
a= Dee Oh me) = 7.96 m/s? 


@ PROBLEM 76 


A ball is released from rest at a certain height. What 


is its velocity after falling 256 ft? 








Solution: Since the initial velocity is zero, we use 


y = vot + kat? = k gt? 
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taking”down’ as the positive y-direction. 
Solving for the time to fall 256 ft, we have 


2.% 290 fG = 
32 ft/sec?) = Y16 sec? = 4 sec 
The velocity after 4 sec fall is 


v = Vo + at = gt = (32 ft/sec?) x (4 sec) 


128 ft/sec. 


© PROBLEM 77 





On a long straight road a car accelerates uniformly from 
rest, reaching a speed of 45 mph in 11 s. It has to 
maintain that speed for l% mi behind a truck until a suit- 
able opportunity for passing the truck arises. The car 
then accelerates uniformly to 75 mph in a further 11 s. 
After maintaining that speed for 3 min, the car is 
brought to a halt by a uniform deceleration of 11 ft/s?. 

Illustrate the motion on a suitable diagram, and 
calculate (a) the total distance traveled, (b) the total 
time taken, (c) the average speed, and (d) the average 
acceleration in the first 142 s. 





t 
t t, 4 ts 


Solution: A velocity-time diagram should be drawn. During 
the first 11 s the car accelerates uniformly to a speed of 
45 mph = 66 ft/s. This part of the diagram is therefore 

a straight line OA inclined to the t-axis at an angle 
whose tangent is 66/11. The distance traveled, Sı, is 

the area under this portion of the graph. Thus 


S, =i x ll s x 66 ft/s = 363 ft. 


In the second portion of the motion, the car travels 
for 1 % mi at a constant speed of 45 mph. This part of 
the graph, AB, is a straight line parallel to the t-axis, 
its length being 


l1% mi ; peg 
tz: = T x 60 min/hr x 60 s/min = 120 s. 


In the third portion of the motion, the car increases 
its speed by 30 mph = 44 ft + s~! at uniform acceleration 
in 11 s. This part of the graph is thus a straight line 
BC of slope 44/11. The distance traveled in this 11 s, S3, 
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is the area under this part of the graph, i.e., the shaded 
portion. 


s; =k x lls x 44 ft/s + 11s x 66 ft/s = 968 ft. 


The next portion of the graph is again a straight 
line parallel to the t-axis. The time t, is 3 min = 180 s, 


and thus 
a 


60 hr = 3.75 mi. 


S, = 75 mi/hr x 


In the final part of the motion, the car is brought 
to rest from a speed of 110 ft + s7! by a uniform de- 


celeration of 11 ft/s*. This portion of the graph, DE, 
is thus a straight line with a negative slope of , 
110/11. The time taken to come to rest, ts, and the dist- 


ance traversed, Ss, are 


A SVVOSBESS = 
ts = “Ti ft/s 10 s and ss % x 10s x 110 ft/s 


550 ft. 


(a) The total distance traveled is 
S = Sı + S2 + S3 + Sy + Ss 


= 363 ft + lk mi + 968 ft + 3 a mi + 550 ft 


= 5% mi + 1881 ft = 5 mi 3201 ft = 5 mi 1067 yd. 
(b) The total time taken is 
t = t) + to + t3 + t, + ts 
= (11 + 120 + 11 + 180 + 10)s = 332 s = 5 min 32 s. 
(c) The average speed, v, is the total distance traveled 


divided by the total time taken. Thus 


v 


_ 5 mi 1067 yd _ 29,601 
332 s “ar (tv's 
A 60 mph z 
= 89.16 ft/s x = 60.8 mph. 
88 ft/s 


(d) The average acceleration in the first 142 s, a, is 
the final speed achieved divided by the total time taken. 
Thus 


— _ 110 ft/s _ 2 
‘SS Ou78 £t/s-. 


e PROBLEM 78 





A body is released from rest and falls freely. Compute 
its position and velocity after 1, 2, 3, and 4 seconds. 


Take the origin O at the elevation of the starting point, 
the y-axis vertical, and the upward direction as positive. 





o et=0,v=0 


t=1 sec 
[r-a 

-=-50ft 

t=2sec 

v=-64 ft/sec 
-100 ft t 

t=3sec 
-150ft 

vz=-96 ft/sec 
=200ft 
-250ft t=4 sec 
-300ft v= ~128 ft/sec 


Solution: The initial coordinate y, and the initial velo- 
city Vo are both zero (see figure). The acceleration is 


downward, in the negative y-direction, so a = -g = 
= - 32 ft/sec2. 


Since the acceleration is constant, we may use the 
kinematical equations for constant acceleration, or 


y = vot + gat? = 0 - gt? = -16—$ x ¢*, 
sec 
ae 


v= By + at = 0 - gt = -32 
sec 


When t = 1 sec, 


-16—tt, x 1 sec? = -16 ft, 


y = 
1 sec 
= eat t BEE 
Pio" 32 x l sec = 32556 n 
sec 


The body is therefore 16 ft below the origin (y is 
negative) and has a downward velocity (v is negative) of 
magnitude 32 ft/sec. 


The position and velocity at 2, 3, and 4 sec are 
found in the same way. 





y, = 16-2, x (2 sec)? = -1644, x 4 sec? = -64 ft 
sec sec 
ft 

Trs -32 2 * 2 sec = -64 ft/sec 
sec 
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y; = -16s x (3 sec)? = -16—t,, x 9 sec* = -144 ft 
sec sec 
ft 
v3 = -32 2 x 3 sec = -96 ft/sec 
sec 
Y4 = -16t x (4 sec)? = -16£, x 16 sec? = -256 ft 
sec sec 
v= -32 ft_ x 4 sec = -128 ft/sec 
sec 


The results are illustrated in the diagram. 


A ball is thrown upward with an initial speed of 


80 ft/sec. How high does it go? What is its speed at the 
end of 3.0 sec? How high is it at that time? 





Solution. Since both upward and downward quantities are 
volved, upward will be called positive. At the highest 
point the ball stops, and hence at that point v = 0. The 


only force acting on the ball is the gravitational force which 


gives a constant acceleration of g = -32 ft/sec?. For 
constant acceleration and unidirectional motion, 


2 2 
2as = vi vo 


2(-32 ft/sec*)s, = 0 - (80 ft/sec)? 


z 2 
s, = 80 ft/sec) = 160 ft. 
2( -32 ft/sec” ) 
Sı is the highest point the ball reaches. To find the speed 
of the ball after 3 seconds, 
Vo = Vo + at 
S ee 2) 
80 ft/sec + 32 ft/sec” }(3.0 sec) 
= 80 ft/sec - 96 ft/sec = -16 ft/sec. 


After 3 seconds, the speed of the ball is v, = 16 ft/sec 


downward. The height of the ball after 3 seconds can be 
found from 


85 = Vot + gat? 
= (80 ft/sec) (3.0 sec) + H-32 ft/sec? )(3.0 sec)? 


= 240 ft - 144 ft = 96 ft. 


As a check, S, can also be found by using 
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v + y 
| 2 o); -=G ft/sec 4 80 ft/sec i s.0 wen 


S3 = vt = 


= 96 ft 


where v is the average velocity. 

Note that s is the magnitude of the displacement, not 
the total distance traveled. If the ball returns to the 
starting point or goes on past it, s will be zero or negative, 
respectively. 


© PROBLEM 80 


A man standing on the roof of a building 30 meters high 
throws a ball vertically downward with an initial velocity 


of 500 cm sec! as it leaves his hand (see the figure). The 


acceleration due to gravity is 9.8 m sec Pa (a) What is 
the velocity of the ball after it has been falling for 0.5 
second? (b) Where is the ball after 1.5 second? (c) What 
is the velocity of the ball as it strikes the ground? 








Solution: We will use the MKS system of units because most 
of the given quantities are expressed in these units. Then 
the initial velocity must be expressed as 5 meters per se- 
cond since l cm/s = .01 m/s. Place the origin at the top of 
the building. Then x = 0 when t = 0. Let the positive 
direction of x be downward. The initial velocity is down- 


ward and therefore positive, so v * +5 m sec"! 
The acceleration is downward and therefore positive, 


go a = +9.8 m sec rm, 
(a) In this part of the problem one is given Vor ar 


and t, and must deduce v. Since the acceleration is con- 
stant, we may use the kinetmatics equations for constant 
acceleration, or 


è ee m 
v= Vo + at [+s 2) + [19-8 = (+0.5 sec) 


sec 
e ES -2 a ES 
=5 FI + 4.9 aon +9,9 Ere 


After 0.5 second the velocity is 9.9 m sec} downward. 
(b) In this part of the problem one is given Vor a 


and t, and must calculate x. By definition of velocity, 
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dx 
yoe ae: 
x t 
Therefore, | dx = | v dt where Xo is the initial position 
Xo t=0 


of the ball. Using the formula for v given in the previous 
part, we have 


x - Xo = A + at) dt 


ort 


E2 à 
or x = Xo + Vot + zat - Because Xo 0 


eee 2 
x= Vot + zat 


[+s ay (+1.5 sec) + z|- =| (41.5 sec)? 


7.5 m+ e- 2a|@.25 sec’) 


sec 


7.5m + 11.025 m 


18.525 m. 


After 1.5 second the ball is 18.525 meters below the roof 
or 11.475 meters above the ground. 

(c) When the body strikes the ground x = +30 m. So 
one is given Vor a and x, and asked to calculate v. The 


correct equation, then, should not contain t as a variable. 
The equation to be used is, since a = constant, 


2 
v = Vo + 2ax 


2 
= [+s 5 + 2|+9.8 =| (+30m) 
sec | jea? 
25 5 =, 
= — + 588 
sec sec 
2 
2 m 
v“ = 613 ek 3 
sec 
v = 24.76 sas" 


When it strikes the ground, the ball has a velocity of 
24.76 m sec |. 
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A ball is thrown upward with an initial velocity of 32 ftéec 


from the top of a building. Calculate the velocity and the 
position as functions of the time. 





a 32 
E a> ti 
= aS id 
a st Ps) 
Ned ~ -6 
S > -9 
-12 -12 
I2 34 5$ 123 4°55 
t (sec) t (sec) 


Solution: The only force acting on the ball is the grav- 
itational force, which is directed downward, throughout 
its motion, therefore, the ball will be accelerated down- 
ward, at a = -g =-32 ft/sec?. We have chosen the 
positive direction to be up. We have two directions of 
motion to consider: first, the upward motion to the max- 
imum height and then the downward motion toward the ground. 
Therefore, we must be careful to use the proper signs in 
our equations. We choose the origin for distance (y=0) 
at the point from which the ball is thrown. The initial 
velocity of the ball is vo = +32 ft/sec. The ball grad- 
ually loses velocity until it reaches its maximum height. 
Then it falls down towards the ground. The equations for 
velocity and distance therefore become 


¥ = V5 + at = (32 ft/sec) - (32 ft/sec? ) kÉ 


y= Vot + 1/2 at? = (32 ft/sec) xt - (16 ft/sec? ) x t? 


From these equations we find, 
t (sec) v (ft/sec) y (ft) 





After 1 sec, the velocity of the ball has become zero; that 
is, the maximum height has been reached (16 ft) and the sub- 
sequent motion is downward. All velocities for t > 1 sec 
are therefore negative. At t = 2 sec, the ball has returned 
to its starting point (y =0) and for all subsequent times, 
y is negative. The diagrams below show the velocity and the 
distance as functions of the time, 


© PROBLEM 


(a) With what speed must a ball be thrown directly upward so that it 


remains in the air for 10 seconds? (b) What will be its speed when it 
hits the ground? (c) How high does the ball rise? 





Solution: Near the surface of the earth, all objects fall towards its 
center with a constant acceleration g = 32 ft/sec. Therefore, when 
the ball is thrown, its speed must decrease by 32 ft/sec each second 
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until it reaches its maximum height. Then it starts to fall, gaining 
speed at the rate of 32 ft/sec? and retraces its path, hitting the 
ground with the same speed at which it started the trip upward. This 
is so because the acceleration is constant and the distance traveled 
is the same during the rising and falling portions of the motion of 
the ball. Thus, the average velocity must have the same magnitude in 
each case and the time required to reach the maximum height must equal 
the time required to fall back to the ground. 


(a) Let the upward direction be positive. Then v, is positive and 
the acceleration a is negative. After 10 seconds, v must equal 


“Vo° From the kinematics equation 


= + 
v Vo at 


we have for the instant before it hits the ground, 


N asia a gt 


0 
-2v9 = -gt 


2 
i gt E (32 ft/sec ) (10 sec) HUGS ode 


and 
Yo 
(b) The speed of the ball when it hits the ground is -v, or 


0 
-160 ft/sec. 
(c) The height reached by the ball can be obtained by realizing that 
the rise of the ball must take half the total time the ball is in the 
air, or 5 seconds. The average velocity for this part of the motion 


must be a ve tv 
a i f£ _ (160 ft/sec 5 O ft/sec) _ 80 ft/sec. 


The height the ball rises is then 
d = vt = (80 ft/sec)(5 sec) = 400 ft. 

This result can also be obtained using the kinematics equation 
d = vot + } at® 

Substituting values, 
d = (160 ft/sec)(5 sec) + }(-32 ft/sec”)(5 sec)? 


= 800 ft - 400 ft = 400 ft. 


A racing car passes one end of the grandstand at a speed of 50 ft/sec. 
It slows down at a constant acceleration a, such that its speed as it 


passes the other end of the grandstand is 10 ft/sec. (a) If this pro- 
cess takes 20 seconds, calculate the acceleration a and (b) the 
length of the grandstand . 





Solution: (a) For constant acceleration, we have 
au change in velocity _ Av 
time elapsed At 


Therefore 


ver Vv 
f i < 10 ft/sec = 50 ft/sec Z 2 ft/sec? 


At 20 seconds 





a = 


where Ve and v are the final and initial velocities, respectively. 


(b) The length of the grandstand is equal to the distance d the car 
travels during the 20 seconds. This distance is equal to its final 
position x, minus its initial position Xi and can be found from the 
kinematics equation 
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xep = x, + v,t + dat? a 


Hence, 


t + kat? 


d= Xe T Xi = vi 


= (50 ft/sec)(20 sec) + 4(-2 ft/sec? )(20 sec)? 
= 1000 ft - 400 ft = 600 ft 


The length d can also be found using d e vt where vy is the aver- 
age velocity. For constant acceleration, v is given by 


Vi Ey 
Sa i z P ft/sec + 10 ft/sec a4) Se Jane, 


Then, z 
d = vt = (30 ft/sec)(20 sec) = 600 ft. 


which agrees with the first answer. 


VECTOR COMPONENTS OF VELOCITY & ACCELERATION 


© PROBLEM 84 





The pilot of an airplane flying on a straight course 
knows from his instruments that his airspeed is 300 mph. 
He also knows that a 60-mph gale is blowing at an angle 


of 60° to his course. How can he calculate his velocity 
relative to the ground? 


Solution: Relative to an observer on the ground, the 
airplane has two velocities, one of 300 mph relative to 
the air and the other of 60 mph at an angle of 60° to 
the course, due to the fact that it is carried along by 
the moving air mass. 


To obtain the resultant velocity, it is therefore 
necessary to add,the two components by vector addition. 
In the diagram, A represents the velocity of the air- 
craft relative to the air, and B the velocity of the 
air relative to the ground. When they are added in the 
normal manner of vector addition, C is their resultant. 
The magnitude of C is given by the trigonometric 
formula known as the law of cosines (see figure). 


C? = A? + B? - 2AB cos 9. 
But A = 300 mph, B = 60 mph, and 6 = (180° - 60°) = 
120°. Therefore 

C? = (300 mph)? + (60 mph)? - 2 x 300 mph 


x 60 mph (- 4) 


111,600 (mph) ?; 


? C 


334 mph. 


Also, from the addition formula for vectors, we have 


Z B K 
sin a = = Sin 6 = 


60 mph | v3 _ 
c 334 mph * 2 ~ 0-156. 
Ree a =) 9°, 


84 








© PROBLEM 85 


A motor boat can move with a maximum speed of 10 m/sec, 
relative to the water. A river 400 m wide flowing at 5 
m/sec must be crossed in the shortest possible time to 


reach a point on the other bank directly opposite the 
starting point. In which direction must the boat be 
pointed and how long will it take to cross? 





A 5 m/sec 
R 


$ 
400 m ares ŞI v 


; If the boat were pointed directly at the 
opposite bank, then during the crossing it would drift 
downstream and it would not reach the other bank at a 
point directly opposite the starting point. It must 
therefore be pointed in a direction tilted in the up- 
stream direction as shown in the figure. As illustrated 
in the vector diagram PQR, the result of adding the 
velocity of the boat relative to the water to the 
velocity of the water must be a resultant velocity 
v pointing directly toward the opposite bank. We can- 
not draw this triangle of vectors immediately be- 
cause we do not know the angle 0 between the direction 
of motion and the direction straight across the 
stream. However, inspecting the triangle PQR and 
remembering that in trigonometry the sine of the angle 
Ə is defined as 

sin 6 = QR 
PQ 





ERE 
To = 0.5 


we refer to table of sines and find that the angle 
whose sine is 0.5 is 30°. The boat must therefore be 
pointed upstream at an angle of 30° from the direction 
perpendicular to the bank. 


Applying Pythagoras' theorem to the triangle PQR 
PQ? = QR? + PR? 


or PR? 


PQ? - QR? 
that is; v? = 10? - 5? = 75 


Y75 = 8.66 m/sec 


v 


The boat therefore crosses the river at a speed of 
8.66 m/sec. Since the distance across the river is 400 
m, the time taken is, since v = constant, 


T 400 m 
TEN 8.66 m/sec 
t = 46.2 sec. 








@ PROBLEM 86 










A plane can travel 100 miles per hour (mph) without any 
wind. Its fuel supply is 3 hours. (This means that it 
can fly 300 miles without a wind). The pilot now proposes 
to fly east with a tail wind of 10 mph and to return with, 
of course, a head wind of 10 mph. How far out can he fly 
and return without running out of fuel? 













(The student should first reflect on whether or not 
the answer is the same as it is without a wind, namely, 
150 miles.) 


Solution: Our basic equation is 


(time out) + (time back) = 3 hours 


(distance) 


(speed) so that 


We now use the fact that time = 


if d represents the distance out (= distance back) in 
miles we have 


d 


Se + tes: Ser S ys 3 hours 
110 miles/hr 90 miles/hr 


since the speed out is (100 + 10)and the speed back is 
(100 - 10)mph. Thus: 


90 d+ 1104 200 d 


9900 miles/hr ` 9900 miles/hr ~ > Pours 


d = 148.5 miles. 
@ PROBLEM 87 


A boy leaning over a railway bridge 49 ft high sees a 
train approaching with uniform speed and attempts to 
drop a stone down the funnel. He releases the stone when 


the engine is 80 ft away from the bridge and sees the 
stone hit the ground 3 ft in front of the engine. What is 
the speed of the train? 





Solution: Applying the equation applicable to uniform 
acceleration, x - Xo = vot + kat*, to the dropping of 


the stone 49 ft from rest under the action of gravity, 
we can find the time t the stone is in motion. The initial 
velocity of the stone vy) is zero. The distance the stone 


travels, x - xo = 49 ft. Therefore, 


0 + (%) G2 ft/sec?) (t?) 


ee hee FEFE od BM 
32 ft/s? 
In the time of 7/4 s it takes the stone to drop, the 


engine has moved with uniform speed u a distance of (80 - 
3) ft- 


49 ft 


ei Fe. = 
ee u = E 7/4 sec 44 ft/sec = 30 mph. 
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© PROBLEM 88 


An airplane lands on a carrier deck at 150 mi/hr 
and is brought to a stop uniformly, by an arresting device, 


in 500 ft. Find the acceleration and the time required to 
stop. 





Solution, Converting units to ft-sec, 


: 5280 ft/mi \ _ 
Yo = (150 mi/hr) x ( ae =) 220 ft/sec. 


Since there is a constant deceleration, 


2 2 
2as = vi Vo 


2a(500 ft) = 0 - (220 ft/sec)? 


2 
a = ~(220 ft/sec)" . -48,4 ft/sec?. 


Solving for t in the following formula, 
Vv, = % ro ae 


Vi - vy 
ia $ : 0 _ 0 - 220 ft/sec a 85S ‘mee: 


-48.4 ft/sec 
© PROBLEM 69 


A ball is projected horizontally with a velocity v, of 8 ft/sec, 
Find its position and velocity after + sec (see the figure). 





À iy 
Vy = -gt EREE i 


`~ 
Solution: Since the acceleration of gravity, g, is constant, we may 
use the equations for constant acceleration to find the velocity (7. ) 
and position (y) of a particle undergoing free fall motion y 
Yost "na: gt 
y 


2 
y= 79, + VO det 
(0) 0 
y 
Here, Yo and Vo are the initial y position and velocity of the 


particle. In this case, the departure angle is zero. The initial 
vertical velocity component is therefore zero, The horizontal velocity 
component equals the initial velocity and is constant. Since no hori- 


zontal force acts on the flying object, it is not accelerated in the 
horizontal direction. Therefore, 
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v = -gt 2 


y y = et 
v =v x=v t 
x oO. = 


and, at t = 2 sec, 


wh 


y = (-4)(32 tt/sec”)(+, sec’) = -1 tt, 


Y = (-32 ft/sec”) (+ sec) x = (8 ft/sec) (+ sec) = 2 ft. 
= -8 ft/sec 
yoa 8 ft/sec 


@ PROBLEM 90 





A ball is thrown with an initial velocity, v , of 160 ft/sec, 
directed at an angle, 0,, of 53 with the ground. 


(a) Find the x- and y-components of Vo’ 


(b) Find the position of the ball and the magnitude and direction of 
its velocity when t = 2 sec, 

(c) At the highest point of the ball's path, what is the ball's alti- 
tude (h) and how much time has elapsed? 

(d) What is the ball's range d? (See figure). 





Solution: (a) Using the figure 


» 3 Y% cos 853 v ov, sin 8 
Hence, z SE 
vo = 160 ft/sec-cos 53 = 160 ft/sec (3/5) = 96 ft/sec 
x 
Vo = 160 ft/sec + sin 53° = 160 ft/sec (4/5) 
y 


= 128 ft/sec 


(b) The acceleration due to gravity is constant. Furthermore, there 
is no force acting on the projectile in the x-direction, and its ac- 
celeration in the x-direction is therefore zero. Hence 


a(t) = 0 a(t) = -g 

v (t)=v v(t) =v, -gt 

x Qi y 9, 

2 

x(t) = Xo + Yot y(t) = Yot "S -4gt 

Here, xo’ Yo are the initial coordinates ọf the projectile, and Vo š 
x 

Vo are the initial x and y components of the ball's velocity. 


y 
Taking the origin (0) as shown in the figure, we have, at t = 2 sec 


en 96 ft/sec 
x = (96 ft/sec)(2 sec) = 192 ft. 
Y = 128 ft/sec - (32 ft/sec” )(2 sec) = 64 ft/sec 
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y = (128 ft/sec)(2 sec) - (#32 ft/sec” {4 sec” ) 
y 256 ft - 64 ft = 192 ft. 
The magnitude of the ball's velocity is 
(SSF 
vlv. +t y 
x y 
v= ( (64 Hs + (96 ft/sec)? E 
v = 115.4 ft/sec. 


The direction of the velocity relative to the x-axis is 


tan 6 aut = Sa Hs 
V, 96 
x 
@= 34 


(c) At the highest point of the path,the ball has no vertical velocity. 
Then, by our kinematics equations, 


Y =0= Vo - gt 
vo - 0 
s nats _ 128 ft/sec _ 4 sec. 
€ 32 ft/sec 


It takes 4 sec, for the ball to reach its maximum height, It has 
traveled a vertical distance, 


2 
Ynax ~ ea - tet 


= (128 ft/sec)(4 sec) - #( 32 ft/sec” X4 sec)” 
= 512 ft - 256 ft = 256 ft. 


(d) It takes the ball as much time to fall as it does to rise. Hence, 
the entire trajectory requires 8 sec. By the kinematics equations, 
we find its horizontal position at the end of its trajectory, 
x(t) = % t = 96 ft/sec - 8 sec = 768 ft. 
x 
This is the range of the ball, 


@ PROBLEM 91 


The total speed of a projectile at its greatest height 


vie is /€ of its total speed when it is at half its 


greatest height, v„. Show that the angle of projection 


is 30°. 5 





Solution: When a particle is projected as shown in 
the figure, the component of the velocity in the x- 
direction stays at all times the same, Va = Vo cos Bo, 


since there is no acceleration in that direction, 
owing to the fact that there is no horizontal com- 
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ponent of force acting on the projectile. 


In the y-direction, the upward velocity is 
initially vo sin ®) and gradually decreases, due to 


the acceleration g acting downward. At its greatest 
heighth,the upward velocity is reduced to zero. The 
kinematic relation for constant acceleration which 
does not involve time is used to find the greatest 
height of the trajectory. It is 


2 


Ve 


= vi + 2as (1) 


In this case Ve = 0, v;, the initial velocity,is 
Vo Sin 89, a = - g and s = h. Then 


(vo sin 69)? 


= ; a ~- 
0 = (vo sin 860) 2 gh orh 2g 


The total velocity at the highest point is thus 
the x-component only. That is, vi = vo cos 69. At 


half the greatest height, h/2 = (vo sin 6))7/4g, 

the velocity in the y-direction, Vy, a8 obtained from 
the equation (1) with Ye = vy" Va = No sin 0, a= 

- g, and s = h/2. 


2 


y? = (vo sin 60)? as 2g 


$ h 
2 


(vo sin 90)? - (vo sin 09)? 


2 2 

= k(vo sin 80o)”. (2) 
In addition, there is also the ever-present x- 

component of the velocity vo cos 6,. Hence the total 


velocity at this point is obtained by the Pythagorean 
theorem, 
2 


vi = + + Vy? = (Vo cos 0)? + (vo sin 09)? 


(Vo cos 0o)? + av? (1 - cos? 69) 


v2 + k(vo cos 6) ?. (3) 


Here we used the trigonometric identity 
sin? 6 + cos? 0 = 1. However, we are given that 


vi = 5 v2 or vi _ 6 
v3 7 
Therefore, (vo cos 0)? 6 
kv} + (vo cos 0)? 7 
or 7(vo cos 0)? = 3v% + 3(vo cos 9%), 


or 4 cos? 6) = 3. One can therefore say that 


nlà 


cos 8) = or 8) = 30°. 
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© PROBLEM 92 





An army captain wants to fire an artillery shell deep 
into the enemy's flank. However, he knows that there 
are strong winds blowing above at height H that would 
blow his shells off course. If his artillery fires 
shells with muzzle velocity vo, what is the farthest 


that he can fire them without their going off course? 


or enemy flank : * 
i SO) Fig. A Fig. B 


Solution: The equations of motion for such a projectile 
are e kinematical equations for constant acceleration, 
with Vo, = Vo cos 6 and Voy = vo Sin 0. (Here, vy) is 











the initial velocity). 
x = (vo cos 8)t 


y = (vo sin 6)t 74 gt? 
where we take the +x-direction as pointing toward the 
enemy, the +y-direction as going straight up, - g is 
the acceleration of gravity and 0 is the angle the 
shell makes with the horizontal axis as it is fired. 
We can solve for the time t' at which the shell is 
at its maximum height since at that point the shell's 
velocity in the y-direction is zero: 
vo sin 6 
« ae i - = 0: Pe 
vy at Vo sin 6 gt Or Æ! 5 


The maximum height that the shell reaches is: 


Yaak nak’ t Oe Sis F gt"? 


se a sin °) K sin =: 
= (vo sin PUETE R Air ain 
s g ath a an 


But we know that the captain must aim his artillery 
at an angle @ such that = H, so that the shells just 


pass under the wind that would blow them off course. 
Thus we can solve for 6: 


vi sin? 0 





Ymax ~ 2g =H 
sin 6 = r2gH 
(J 
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Since the shell follows a parabolic path through 
the air, at time t', when it reaches its maximum height, 
it has traveled half of its maximum horizontal distance 
or range. Thus we can solve for its range R: 


%R = (vo cos 6)t' 








Vo sin 0 | 2 v? sin 0 cos 9 
A g 


Before we can calculate R we must determine cos 6 
(see figure (b)). 


R = 2(vo cos a 


To find cos 0,we must find the value of side x in 
the right triangle, since cos 0 = x/v). From the 


Pythagorean theorem: 


x? + 2gH = vi 





x = Vv? = 2gH 
vv - 2gH 
cos 6 = 
Vo 
Finally, 
v2 = 2gH 
an (4) 
Vo Vo 
R= —————uWuW ii IOI. 
g 
2 V2gH (v2 - 2gH) 
= — t= SC 


© PROBLEM 93 











A workman sitting on top of the roof of a house drops 
his hammer. The roof is smooth and slopes at an angle 
of 30° to the horizontal. It is 32 ft long and its 
lowest point is 32 ft from the ground. How far from 
the house wall is the hammer when it hits the ground? 


Fig. B 





Solution: Figure A illustrates the first part of the 
motion. o forces are acting on the hammer as it 
slides down the roof; the weight mg acting downward, 
one component of which, mg cos 0, balances the second 
force, the normal force exerted by the roof. At the 
same time,the component parallel to the roof, mg 
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sin 6, is unbalanced and produces the acceleration on 
the hammer. 


Apply Newton's second law to the unbalanced force 
to obtain mg sin 6 = ma. Thus the hammer accelerates 
down the roof with acceleration a = g sin 0. In this 
case sin 0 = sin 30° = . The kinematic relation for 
constant acceleration which does not involve time is 
used to find the velocity with which the hammer leaves 


the roof. It is v? = v3 + 2as, where vo, the initial 


velocity, is 0 and s is the distance the hammer moves 
on the roof (= 25 ft). Hence,v is obtained from 


32 


vy? sex = ft/sec* x 32 ft; that is, 


v = 32 ft/sec. 


In the second stage of the fall, the hammer 
undergoes projectile motion. It drops 32 ft in time 
t while traveling a distance x horizontally. Let the 
positive direction of y be taken as downward, and 
resolve v into its vertical and its horizontal com- 
ponents: v sin 0 and v cos 6, respectively (see fig. 
B). 6 is the same as the angle of the slope of the 
roof. Since there is no horizontal component of force 
acting on the hammer when it leaves the roof, there 
is then no horizontal acceleration. The kinematic 
equation for constant velocity is then x = (v cos 
8)t. The vertical acceleration is the constant acceler- 
ation of gravity g. Therefore y = (v sin 6)t + & gt? 
where t = x/v cos Q 


2 
rd y GRA 
v cos 8 


y= v sin 6 5 


v? cos? 9 


2 2 
x* x 32 ft/sec z+ -X _ 32 ft = 0 
2 x (32 ft/sec)? x ī v3 
or x? + 16 ¥3 x ft - 1536 ft? = 0 
(x + 32 ⁄3 ft) (x - 16 ¥3 ft) = 0 
x = - 32 ⁄3 ft or +16 ⁄3 ft. 


The negative answer is clearly inadmissible. 
It is the answer that would result if the direction 
of projection were reversed. Hence the correct answer 
is 


x = 16 ¥3 ft = 27.7 ft from the house. 
@ PROBLEM 94 





The moon revolves about the earth in a circle (very nearly) of 
radius R = 239,000 mi or 12.6 x 10” ft, and requires 27.3 days or 23.4 X 
10° sec to make a complete revolution. (a) What is the acceleration of 
the moon toward the earth? 

(b) If the gravitational force exerted on a body by the earth 
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is inversely proportional to the square of the distance from the earth's 
center, the acceleration produced by this force should vary in the same 
way. Therefore, if the acceleration of the moon is caused by the grav- 
itational attraction of the earth, the ratio of the moon's acceleration 
to that of a falling body at the earth's surface should equal the ratio 
of the square of the earth's radius (3950 mi or 2.09 x 10° ft) to the 
square of the radius of the moon's orbit. Is this true? 





Solution: (a) The velocity of the moon is 











eu distance _ circumference =- 27R _ 27 X 12.6 x 10° st 
time time for one orbit T 23.4 x 10° waa 
= 3360 Œ , 
sec 
Its radial acceleration is therefore 
2 2 
a = X = {2260 ft/sec) L 0.00806 TE = 8.96 x 10° ft 
12.6 X 10 ft sec sec 


(b) The ratio of the moon's acceleration to the acceleration of a fall- 
ing body at the earth's surface is: 


-3 2 
=- 8.96 x 10 fr/sec = 2.78 x 107 
32.2 ft/sec 


niv 


The ratio of the square of the earth's radius to the square of the moon's 
orbit is: 6 2 
(2.09 x 10° ft) “4 


5 z = 2.75 x 10 
(32.6%, 10 ft) 


The agreement is very close, although not exact because we have used 


average values. 
@ PROBLEM 95 


An airplane is traveling horizontally at 480 mph at a 
height of 6400 ft. The airplane drops a bomb aimed at 
a stationary target on the ground. To an observer on 
the aircraft, what angle must the target make with 
the vertical, when the bomb is dropped, if the bomb 
is to hit the target? (See the figure.) 


Suppose that the target is a ship which is 
steaming at 20 mph away from the aircraft along its 
line of flight. What alterations would need to be made 
to the previous calculations? 





Solution: At the moment of release of the bomb, time 
t = 0, the airplane is at the point which is taken as 
the origin of the coordinate system, traveling in the 
positive x-direction with a speed u of 480 mph. 


mile 5280 ft Lbr l min 
480 hr ~ mile i 60 min ~* 60 sec 
704 ft/sec. 


The bomb has the same initial speed. 


480 mph 
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X 


There is no acceleration in the x-direction, for 
no horizontal force acts on the system. Hence, after 
time t, when the bomb strikes the target, the distance 
traveled by the bomb in this direction is given by 
the kinematic equation for constant velocity, X = ut. 

The airplane and bomb have no initial speed in 
the y-direction, but the acceleration g acts in this 
direction. After time t, the downward distance travel- 
ed by the released bomb will be, using the kinematic 
equation for constant acceleration 


Since Ni Sy this becomes Yor 1/2 gt 2. yr VË + 1/2 gt? 
y y 


But y, = 6400 ft in this problem, and the time it takes 
the object to fall this distance is therefore 


Yo 
E a e a 2 x 6400 ft _ 20 s. 
g 32 ft's~? 


Thus, in the same time,the object moves a horizontal 
distance 


Xo = ut 


704 fts? x 20 s = 14,080 ft 


Xo 
= =- 14,080 ft _ < 6 
and tan 6 = Yo 6400 fe ~ Sak or 0:m 65:99, 


The bomb should be released when the target is 
seen at an angle of 65.5° to the vertical. 


If the target is moving, the relative velocity 
between plane and ship is the important velocity. For, 
relative to the ship, the bomb has an initial velocity 


> 


> > : : : . . 
= Vew + Vys’ where v is the initial velocity of 


-+ 
‘BS BW = 
the bomb relative to the water, and Vys the velocity of 


the water relative to the ship. Since the velocity of 
the ship relative to water (Ysw is given as 20 mph, 


the ae = - 20 mph. Thus 
Vgs = (480 - 20)mph = 460 mph 


mile 5280 ft l hr 1 min 
460 hr ss mile 7 60 min “i 60 sec 
674.6 ft/sec 


The foregoing analysis can thus be carried out once 
more, with Yes in place of u. Thus 
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Xo = VBst = 674.6 ft/sec x 20 sec = 13,492 ft 


13,492 ft 
= 230376 TC _ 
tan 6' 6400 Fi 2 A 


and the bomb should now be released when the target 
is seen at an angle 6' = 64.5° to the vertical. 
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CHAPTER 4 


DYNAMICS 


Basic Attacks and Strategies for Solving 


Problems in this Chapter. See pages 101 to 
222 for step-by-step solutions to problems. 





Dynamics is the study of motion using mathematics and the concepts 
of space and time, with especial regard to the forces involved. According 
to Newton’s second law, the sum of the forces acting on an object is equal 
to the time rate of change of the object’s momentum 


=F. dp / dt 


where p = mv is the momentum. Note that this is both a definition of force 
and a law of nature. Both force and momentum are vector quantities. 
Since the mass is constant in Newtonian mechanics, this law is often 
written as = F = ma or simply F = ma. 


Newton’s second law can be used to find the force if the mass and 
acceleration are known, to find the mass if the force and acceleration are 
known, or to find the acceleration if the force and mass are known. Once 
the acceleration is found, one may use the methods of translational or 
rotational kinematics to find, e.g., the distance traversed during a given 
time interval (see KINEMATICS). The gravitational force w = mgis a special 
case of F = ma. If the acceleration is zero (constant velocity motion), then 
we can solve the problem using the methods of translational or rotational 
equilibrium (see STATICS). 


Problems in dynamics involve the forces of tension, gravitation or 
weight, and friction. One must always decide what the relevant forces are. 
F 
T N 





Figure 1 
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Consider the problem of Figure la, where the mass m, accelerates 
downward. Just as with statics, we need an accurate picture of the 
problem and the appropriate free body diagrams. The first mass has 
weight W = m gand the second mass has weight B = m,g. The first free body 
diagram (Figure 1b) gives 2 F = W -T = m a. In the second free body 
diagram (Figure 1c), taking the x-direction along the incline, we get 


2F,=T-F,-B,=m,aand2F,=N-B,=0. 


The weight B has components B, = B sin 8 and B, = B cos 8. If the tension 
and acceleration are unknown, one may solve for them algebraically. 


One force which we have not considered up to now is the resistive force 
F, (see Figure 2) which an object feels when falling in a viscous medium. 
This is the force which allows the parachutist to arrive safely at the 
ground. Newton’s law gives 


W-F,=ma or mg-bv=m dv/dt. 


Hence, one may have to solve a differential equation for some types of 
dynamics problems. Physical intuition can, however, be used to see that as 
t — œ, the resistive force grows to cancel out the gravitational force. The 
object then moves at terminal velocity v„ = mg / b. 


Another force important in our everyday lives and also in astrophysics 
is the universal force of gravitation. Newton’s law of gravitation states that 
between every two masses in the universe, there exists an attractive force 
of gravitation (see Figure 3) given by 


F = G mm,/r. 


Since near the surface of the Earth the gravitational force is the weight 
F = m gand m, = m,, we can use this law to find the mass of the Earth m, 
= gr’, / Gifwe know its radius. The same holds true for the moon and other 
planets, so long as one plugs in the correct gravitational acceleration on 
the surface of the object. 


O, mo 
FR 
r 
F 
F 
w m, 
Figure 2 Figure 3 
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The escape speed of a rocket is given by v, = 4/2 gr where g = GM / 
r? is the gravitational acceleration at a distance r from the center of the 
planet. The properties of the orbits of planets and satellites can be derived 
from Newton’s law of universal gravitation. For example, using the 
concept of centripetal force F, = mv?’/r where v = rw, one may derive 
Kepler’s third law, which says that the square of the orbital period is 
proportional to the cube of the semi-major axis or orbital radius T? = k r°. 
Note that the period is reciprocally related to the linear frequency of the 
motion: T = 2nr/v=1/v. Theconstant k depends only on the central massive 
body. 


As another application of centripetal force, consider Figure 4b show- 
ing a pilot flying a loop-the-loop. At the bottom of the loop (Figure 4a), 
Newton’s second law gives = F = N - W= F ; or we find that the pilot has 
an apparent weight N = mg + mv’/r. At the top of the loop (Figure 4c), 
Newton’s law gives = F = W -N = F „ or the pilot has an apparent weight 
given by N = mg-mv’/r. Ifthe pilot flies fast enough, s / he feels weightless 
at the top of the loop. In the same way, when we stand in an elevator and 
accelerate up or down, our weight can appear to increase or decrease. 


In solving problems in rotational dynamics, we use techniques similar 
to those used above in translational dynamics. However, now Newton’s 
second law is written as 


Sra dL d 


where L =T x p is the angular momentum of a rotating object. Often, the 
angular momentum is written as Iw where 


I -f r?dm -f rĉp dv 
is the moment of inertia ofan object. (dV is the differential volume element 
and dm the different mass element.) By substitution, one obtains t = I a for 


Newton’s second law for rotation, which is similar to F = ma. In rotation, 
torque, moment of inertia, and angular acceleration are analogous to 





Figure 4 
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force, mass, and acceleration. Hence, given any two oft, I, andaina problem, 
one may calculate the third. One may also have to use the methods of 
rotational kinematics to find the angular acceleration from given values 
of angle and time. 


In the absence of external torques, the angular momentum of a system 
must be constant: = L, = È L. Consider in Figure 5 that one platter, not 
initially rotating, falls onto and sticks to a second platter rotating 
at angular velocity w, The total initial angular momentum is I, ` 0 + I,w, 
and the total final angular momentum is I,w + I, w. Equating the initial 
and final angular momentum gives the final angular velocity w = I,w, / 
(I, +1). 


In solving rotational dynamics problems, one must usually also deal 
first with the translational dynamics. However, along with finding the 
relevant forces, one must also identify the torques. Shown in Figure 6a is 
a sphere about to begin rolling without slipping down an incline. In the 
free body diagram (Figure 6b), the weight of the sphere is broken up into 
components along the incline W, = W sin 8 and perpendicular to it W, = 
W cos 6 (just as with the translational dynamics problem of Figure 1). 
Newton’s second law for translation then gives 


ZF =W,-F, = maandZ2F,=N-W, =0. 


Newton’s second law for rotation gives 21 = rF, = la. Using the connecting 
equation a = ra and the fact that the moment of inertia of a sphere is I = 
2/5 mr? would enable us to find the acceleration and any other desired 
observable. ' 


Ip Wo WwW 
Figure 5 
N Fk 
r 
CF) Fk 
WwW 
Wy 
Figure 6 
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Step-by-Step Solutions to 
Problems in this Chapter, 
“Dynamics” 






RECTILINEAR 


@ PROBLEM 96 





What is the resultant force on a body of mass 48 kg when its ac- 


celeration is 6 m/sec 


Solution; The relationship between a body's acceleration and the net 
force on it is given by Newton's Second Law. The mass of the body is 
given, hence the net force on the body is 


EF = ma = 48 kg x 6 ——, = 288 newtons, 
sec 


© PROBLEM 97 





A force of 2000 dynes produced an acceleration of 500 cen- 


timeters per second’. What was the mass of the object 
accelerated? 


Solution: Here, we can apply Newton's Second Law, 
F = ma. 


In this case F = 2000 dynes and a = 500 cm/sec’. 
Then 


2000 dynes = M x 500 cm/sec? 
whence 


M = 4 gm 
e PROBLEM 98 


A force of 0.20 newton acts on a mass of 100 grams. What 
is the acceleration? 


Solution: From Newton's Second Law we have 





F = ma 
F 
a=- 
m 
Also, 100 grams = 0.10 kg. Therefore 
a = 0:20 nt _ 0.20 kg-m/g? 
0.10 kg 0.10 kg 


2.0 m/sec”. 


@ PROBLEM 99 


What is the resultant force on a body weighing 48 1b when its 


acceleration is 6 ft/sec? 
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Solution: We find the resultant force by using Newton's Second Law, 

F = ma., Here, F is the net force ona body of mass m having a net 
acceleration a. In order to use this law, we must first find the mass 
of the body. Since the weight of a body is defined as the gravitational 
force of attraction on it, we have 


w = mg 
where g is the acceleration due to gravity. Hence 


wW 
Eens 
8 


prot (48 1b) (6 ft/s?) 
=~—-ae= 

8 (32 ft/°®) 
F = 9 1b. 


and 


@ PROBLEM 100 


A 65-lb horizontal force is sufficient to draw a 1200- 
lb sled on level, well-packed snow at uniform speed. 
What is the value of the coefficient of friction? 


eS. 
friction 





Solution: If the sled moves at constant velocity, it 
experiences no net force. Therefore,the applied force 
must be equal to the frictional force. 


= 65 lb = 


F applied Periction 


Since the frictional force is proportional to the normal 
force 


Feriction Uk N 


Applying Newton's Second Law, F = ma, to the vertical 
forces acting on the block, we find 


N - mg = ma 
ii Y 

where ay is the vertical acceleration. In this problem, 

ay = 0 because the sled doesn't rise off the surface upon 


which it slides. Hence 


N = mg 
and Feriction ai -ia Uk ng 
But F friction g 65 1b 


Therefore (65 lb) = Uk (mg) 


Ser 
ye. 
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e PROBLEM 101 


What is the gravitational force on a person whose mass is 
70 kg when he is sitting in an automobile that accelerates 


at 4 m/s7? 





Solution: The mass, m = 70 kg, and the acceleration, 
g = 9.8 m/s’, are the known observables. The gravitational 
force on the person is given by Newton's Second Law, 
F = mg 
where g is the acceleration due to gravity. 


F = mg = (70 kg)(9.8 m/s?) = 6.86 x 10°N. 


Although the person will experience the force causing the 


acceleration, 4 m/s”, his weight is unaffected by the car's 
motion. This occurs since the acceleration of the auto- 
mobile is perpendicular to that caused by gravity and has 
no effect upon the person in the downward direction. 


@ PROBLEM 102 


An object of mass 100 g is at rest. A net force of 2000 


dynes is applied for 10 sec. What is the final velocity? 
How far will the object have moved in the 10-sec interval? 





Solution. Since the force is constant, the acceleration is 
also. To find a, apply Newton's second law of motion. 


a== 
m 


£ 2000 cynes = 20 cm/sec’, 


The kinematics equations for constant acceleration can be 
used to find the final velocity. The initial velocity is 
zero in this problem,since the object is initially at rest. 


vie eg tat 
v= at 


(20 cm/sec?) x (10 sec) 


200 cm/sec. 


To find the distance traveled in 10 seconds, use 


s = Vot + pat’, and since a, = 0 
Pee 2 
s = 5 at 


20 cm/sec” ) x (10 sec )* 


1000 cm = 10 m. 
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@ PROBLEM 103 


In what distance can a 3000-1b automobile be stopped from a 
speed of 30 mi/hr (44 ft/sec) if the coefficient of friction 


between tires and roadway is 0.70? 





: The retarding force furnished by the roadway can 
be no greater than 


F_ = uN = (0.70) (3000 lb) = 2100 1b. 


Since the work done by this force is equal to the kinetic 
energy of the car, the stopping distance can be found from 


W = Fs = 1/2mv. 
We must divide the weight by the acceleration due to gravity, 
g, to obtain the mass 


m = Me 2000-ih = 94 slugs 


Bet ee se 
g 32 ft/sec 


2 2 
s = l/2mv_ _ 94 slugs (44 ft/sec)” _ 43 ft. 


2 x 2100 lb 
@ PROBLEM 104 


A drag racer achieves an acceleration of 32 (mi/hr) /sec. 


Compare this value with g. 





rotation 


tores B 
wheels 
“frictional force 


Solution: To remain consistent with the units in which 
g is given, we convert to m/sec . 





o mi 
a = 32 hr-sec 
_ aa mi 1 _ 5280 ft l hr 
= 32 fr * sec * “L mi“ 3600 sec 


E 5280 ft 
= 32 x 3600 sec” 


1.46 x 32 ft/sec? 
= 1.46 g 


This acceleration is about the maximum that can be 
achieved by a vehicle that travels on wheels and depends 
on the friction between the wheels and the road for its 
thrust. A vehicle moves according to Newton's third law 
of motion: Every action has an equal but opposite re- 
action. The wheels of a car exert a force on the road 
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in the backward direction. The reaction force is the 
force which acts in the direction opposite to the 
friction on the wheels, pushing the car forward. There 
is a maximum reaction force that the road can exert on 
the wheels, limited by the coefficient of friction which 
depends on the smoothness of the road, and by the weight 
of the car. This maximum thrust which the frictional 
force can exert on the car, limits its maximum accelera- 
tion. Attempts to surpass this maximum value by using 

a more powerful engine will result merely in spinning 
tires. (Rocket-powered cars and sleds can, of course, 
achieve much greater accelerations.) 


© PROBLEM 105 


A 1000-gram mass slides down an inclined plane 81 centi- 


meters long in 0.60 seconds, starting from rest. What is 
the force acting on the 1000 grams? 





Solution: Given the mass of an object, we must know its 
acceleration in order to calculate the force acting upon 
it. For an object starting at rest 

Mat? = d 


where d is the distance travelled. In our case: 


%a(0.60s)? = 81 cm 
a = 450 cm/s? 
Therefore 
F = ma 


1000 gm x 450 cm/s? = 450,000 dynes. 
© PROBLEM 106 


A baseball pitcher throws a ball weighing 1/3 pound with 


an acceleration of 480 feet per second”. How much force 
does he apply to the ball? 





Solution: Newton's Second Law tells us that F = ma. 
However, we do not have the mass of the ball, but its 
weight which has the units of force. Since 


W = mg 
Ww 
m = — 
g 


where W is weight, m is mass, and g is the acceleration 
due to gravity. Therefore, 


1 
3 1b 32 


m = 32 ft/sec? 3 slugs 


Since the pitcher accelerates an object of mass 
32 


E slugs with an acceleration of 480 ft/s?, the force is 
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_ 32 lb - s? 5 
F = 3 “7 tt x 480 mee 5 lbs. of force. 


@ PROBLEM 107 


A man holds a ball of weight w = % 1b at rest in his 
hand. He then throws the ball vertically upward. In 

this process, his hand moves up 2 ft and the ball leaves 
his hand with an upward velocity of 48 ft/sec. Find 


the force P with which the man pushes on the ball. 





Solution: During the action of throwing the ball, it 
experiences a net force (see figure) equal to the force 
of the hand, P, less the gravitational force of the 
earth on the ball, or mg. Hence, 


Fiat = P - mg 


By Newton's Second Law, F = ma, the ball's acceleration, 


a, is given by Fret P 
= = *— Bg 
m m 
This acceleration is delivered to the ball over a 
distance s = 2 ft, and accelerates the ball from rest 


(vo = 0) to Ve = 48 ft/sec. Hence, by our kinematics 


equations (a = constant if P is constant) 





Ve - v3 = 2as 


ain cs [7 - =a) s = 2Ps _ 2mgs 


£ m m m 
2 i 2Ps 
Ve + 2gs wk “ag 
M 2 
P Zs Ve + 2gs) 
mvŽ 


To calculate the mass of the ball from its weight, w, 
note that 








w = mg 
and m = z 
g 
wvé vf 
Therefore P = 29s +we=w y + 1 
2 
ge ae ee 6 Sd) a | 
(2) (32 £/s?) (2 £) 


P = (% 1b) (18 + 1) = 4.75 1b. 
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@ PROBLEM 108 


A 3200-lb car is slowed down uniformly from 60 mph to 


15 mph along a level road by a force of 1100 lb. How 
far does it travel while being slowed down? 





1100 Lb 


E. ER 


Š 3200 
aa 
Solution: A diagram should first be drawn so that our 
sign conventions are consistent (see diagram). 

We are given the change in velocity of the car in 
the positive x direction, the force acting against it in 
the negative x direction, and the weight of the car. We 
can calculate the deceleration of the car, and from this 
we can calculate the time the car is decelerated by its 
change in velocity. 


First, we must find the mass of the car, given its 
weight. W = mg 


3200 lb = m 32 ft/s? 
m = 100 1b-s?/ft[slugs] 

From this we can calculate the deceleration of the 
car. Remember that the force acts in the negative x 
direction. F = ma 

- 1100 1b = 100 lb-s?/ft a 

a=- 11 ft/s? 
Assuming constant deceleration: 


Av 


a = =— 


At 
where Av = 15 mph - 60 mph = - 45 mph. 


A useful conversion factor to remember is 
60 mph = 88 ft/s, so that - 45 mph = - 66 ft/s. Hence, 


- 11 ft/s? = - £6 t/s s 


At = 6s 
Distance is given by the formula 


k% at? + vt+đ =a 
where Vi is initial velocity, and di is the initial 
position (which we will here set equal to 0). Therefore 


a -5 (- 11 ft/s?) (6s)? + 88 ft/s? (6s) + 0 


d = 330 ft. 
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© PROBLEM 109 


In a car which is accelerating, a plumb line hanging 


from the roof maintatins a constant angle of 30 with 
the vertical. What is the acceleration value? 








T cos 30° 


T sin 30° 
mg 
Solution: Since the plumb line maintains a constant 
angle, the acceleration of the car must be constant. 
There are only two forces acting on the bob of 
the plumb line, the weight W = mg acting downward, 
and the tension T in the string. Splitting T into 
its vertical and horizontal components (see figure) 
one obtains for the vertical direction 


T cos 30° = mg, (1) 

This results because the bob does not move in 
the vertical direction, hence the vertical forces 
must balance. 

By Newton's second law, 

T sin 30° = ma, (2) 
since the horizontal force must produce acceleration 
a to match the motion of the car. Dividing equation 


(2) by equation (1) 


T sin. 30°" — oa 
sos 30° " tan 30 g 


o (1). 32 ft/sec? 
g tan 30° =9( yy) TA 


Thus a 


18.47 ft/sec’. 
@ PROBLEM 110 


An elevator is accelerated upward at 2 ft/sec’. If the 


elevator weighs 500 lb, what is the tension in the 
supporting cable? 





Solution: The net force acting on the elevator is 


IF = T- mg 


where T is the cable tension, and mg is the elevator's 
weight. (Note that the positive direction is taken as 
upward). By Newton's Second Law, this must equal the 
product of the elevator's mass and acceleration, 
whence 
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T - mg = ma 
Solving for T 
T = m(g + a) (1) 


We don't know the mass, m, of the elevator, but 
we do know its weight W. Since 


W = mg 


(1) becomes 
T= (g + a) 


Using the data provided 


ae 500 lb 2 2 

T= [53ers] (2 ft/s“ + 2 £t/s ) 
= {34 

T= (33) 500 lb 

Tim Ooae 1b. 


@ PROBLEM 111 


A 500-kg ore bucket is raised and lowered in a vertical mine 
shaft using a cable. Determine the upward force exerted 
by the cable when (a) the upward acceleration is 


4 m/s” and (b) the bucket is moving upward with a constant 


velocity. 





Solution: (a) The known quantities are the mass of the 


ore bucket, m= 5 x 10? kg, and the acceleration, a= 4 m/s*. 
The two forces acting on the bucket are the weight and the 
tension of the cable, as illustrated in the figure. To 
accelerate the bucket upward, the tension, f, must be larger 
than the weight of the bucket. This is a consequence of 
Newton's first law. Newton's first law states that an ob- 
ject will maintain a constant velocity (or remain at rest) 
when no net force acts on the object. If the object accel- 
erates, a net force must be acting on it. By vector addi- 
tion, the resultant upward force, F, is equal to f + w, 
where w = mg. Since f and w are oppositely directed, the 
magnitude of their vector sum is equal to the difference of 


their magnitudes. 
F=f -w. 


Using Newton's second law, 
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f-we=ma (1) 
f =ma+w 
The weight of the bucket is 
w = mg 
and f = ma + mg. 


Substituting the known observables, 


(s x 10? kg)(4 m/s*) + (s x 10? kg) (9.8 m/s*) 


= 6.9 x 10° N, 


f 


(b) If the bucket moves upward with constant velocity 
(uniform motion), the acceleration is zero. (This follows 
from Newton's first law). Equation (1) becomes 


f =w. 


The upward force (tension) exerted by the cable equals the 
weight of the bucket, 4.9 x 10° N. 


@ PROBLEM 112 


An automobile of mass 50 slugs is traveling at 30 ft/sec. 
The driver applies the brakes in such a way that the velo- 
city decreases to zero according to the relation 


Se kt?, 


where Vo = 30 ft/sec, k = 0.30 ft/sec”, and t is the time 


in seconds after the brakes are applied. Find the resultant 
force decelerating the automobile, 5 sec after the brakes 
are applied. 





Solution: With constant force, (and, hence, constant 


acceleration), the velocity can be expressed as v = Votat. 


In this problem, velocity is proportional to the time 
squared. We can find the force at any instant by finding 
the acceleration at that instant and, then using Newton's 
Second Law, F = ma, to relate acceleration to force. Hence 


kp GY. gt A 7 | ee 
a =i" Av, kt = -2kt. 


Hence when t = 5 sec, 


a = -2 x 0,.30-#t, x 5 sec = -3-t . 
sec sec 
Therefore, at this instant 
IF = ma = 50 slugs * (2z) = -150 1b. 
sec 


The negative sign indicates the force opposes the motion 
of the car and therefore acts to decelerate it. 
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@ PROBLEM 113 


A cycle and rider together weigh 186 lb. When 
moving at 10 mi/hr on a level road, the rider ceases to 
pedal and observes that he comes to a stop after traveling 


200 yd. What was the average frictional force resisting 
his motion? 





Solution. Once the acceleration of the rider as he is stop- 
ping 1s known, the frictional force can be found from F = ma, 
since it is the only force acting on the rider during the 
deceleration process. Knowing the initial velocity, distance 
traveled, and final velocity of zero, the acceleration can be 
found using the kinematics equation: 


Se 2 
Ve = 2as + v^. 
Since Ve = 0, -y? = 2as. 
Substituting and converting units to ft-lb-sec, 
mi 5280 ft Lhr J)? 
- [Jo J 3 ( “Imi ae x i 5] 


a = = 
5 2 x (200 ya) x |} 


2 
- Ua t Baade LIT ft/sec. 


186 1b 


m= 2 = —186 = 5.8 slugs 
g 32 ft/sec 





F = ma = (5.8 slugs)(-0.18 ft/sec? ) = -1.0 1b. 
The frictional force is negative since it opposes 
the direction of motion. 
@ PROBLEM 114 
A ball bearing is released from rest and drops through a viscous 


medium. The retarding force acting on the ball bearing has magnitude 
kv, where k is a constant depending on the radius of the ball and 


the viscosity of the medium, and v is the bearing's velocity. Find 
the terminal velocity acquired by the ball bearing and the time it 
takes to reach a speed of half the terminal velocity. 





kv 


+y mg 
Solution: As the ball falls through the medium, it is accelerated by 
gravity and the viscous force, To find the acceleration of the bear- 
ing, we use Newton's Second Law to relate the net force on the ball 
to its acceleration. Taking the positive direction downward (see 
figure). 

mg =- kv = ma, 
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where a is the acceleration produced at any time. The initial val- 
ue of a is g, since at the moment of release v= 0. As the value 
of v increases, the acceleration decreases until, when v = v., the 
terminal velocity, a = 0. Thus mg - kv. = 0. Therefore ° 


0 
Yo = (m/k)g. 


In order to find out at what time v = Vo we must calculate v asa 
function of t (or vice versa). 
At any time t, it will be found that mg - kv = ma = m(dv/dt). 
or 
(mg - kv)dt = mdv 


mdv _ mdy 
gt. = mg-kvy m m) v 


t v 
fs dv g L dv 
at= Sway} amd J dt = J, Stuy: 


where, in the integration limits, v=0 at t=0O and v=v at 
t =t. Hence 


A x dv 
E D g- (k/m)v 
Letting u = g - (k/m)v 


du = -k/m dv 


To find the new integration limits, we realize that when v = 0, 
u=g and when v= v, u = g-(k/m)v, whence 


g- (k/m)v g- (k/m)v 
-m/k du -m 
t= f TT FE ta (lu) | 
g 
t= -= {4n(|e-(/m)v|) - 4n(g)} 
— g- (k/m)v 
tog & jese] 
t = -m/k ta|1- (k/mg)v| a) 


The time to acquire half the terminal velocity, T, is thus found by 
inserting v = Vo”? in (1) 


T S z fall = =m = =- = all = +: 4n|2| = 0.69 z 7 


@ PROBLEM 115 


k 
mg 


Two bodies having masses m, = 30 gm and m2 = 40 gm are 
attached to the ends of a string of negligible mass and 


suspended from a light frictionless pulley as shown in 
the diagram. Find the accelerations of the bodies and 
the tension in the string. 





Solution: In order to find the acceleration of the 
masses, we use Newton's Second Law (F = ma) to relate 
the external forces applied to each mass to the accelera- 
tion of each mass. 

Consider the body of mass mı. Two external forces 
act on it, the weight mig downward and the upward pull 


T of the string. The resultant force on this body is T 


112 





- Mig upward. Using the Second Law 


T - mg = ma (1) 


where the negative sign implies that T and mig are in 
opposite directions, and a is the upward acceleration of 
this body. 

Now consider the body of mass m2. The forces acting 
on this body are its weight m:g downward and the tension 
T upward. The resultant force is mg - T downward and 

Mog - T = Moa (2) 
where a is the downward acceleration of this body. 
Since the two bodies move together, the accelerations 
are equal in magnitude but they are opposite in di- 
rection. 


To find the acceleration of the string and two 
masses, we add (1) and (2) and solve for a: 


M2g - Mig = m,a + mza = (m, + m2)a 


M2g - Mig (m2 - m)g 
m, + M2 ~ m, + m2 


(104 kg - .03 kg) (9.8 m/s?) 


-04 kg + .03 kg 


= (.01 kg) (9.8 m/s?) _ .098 Nt _ 1.4 m/s? (3) 


-07 kg -07 kg 


or O- T 


We can substitute this value for a in either of the 
original equations (2) or (2)) to obtain the value for T, 
the string tension. Substituting (3) in (1): 

T-mg=ma 

T=mig + ma = m; (g + a) 


-03 kg (9.8 m/s? + 1.4 m/s”) 


-03 kg (11.2 m/s”) = .336 Nt. 
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© PROBLEM 116 


Starting from rest, an engine at full throttle pulls a 
freight train of mass 4200 slugs along a level track. 
After 5 min, the train reaches a speed of 5 mph. After it 


has picked up more freight cars, it takes 10 min to ac- 
quire a speed of 7 mph. What was the mass of the added 
freight cars? Assume that no slipping occurs and that 
frictional forces are the same in both cases. 





Solution: In the first case the train acquires a speed 
of 5 mph in 5 min = 1/12 hr. When one applies the formula 
Vi = Vo + aıtı, for constant acceleration a,,where vo = 
0, then 


ai = 5 mph/1/12 hr = 60 mi/hr?’. 

In the second case the train acquires a speed of 
7 mph in 10 min = 1/6 hr. When one applies the formula 
V2 = Vo + aztz2, then a2 = 7 mph/1/6 hr = 42 mi/hr’. 

In both cases the engine is at full throttle and is 
thus applying the same net force F to the train: In the 


first case it is applying it to a mass of 4200 slugs and 
in the second case to a mass of M + 4200 slugs. Thus 


F = 4200 slugs x a, = (4200 slugs + M) x a2. 
a) A 2 
M = 4200 e á 1 slugs = 4200 (80 mifhr” _ 1|s1ugs 
é 42 mi/hr? 


4200 x 3 slugs = 1800 slugs. 


Note that although it is not normal to measure 
acceleration in mi/hr*, it is a mistake to convert to 
more familiar units unless and until it is found to be 
necessary. In this case the units of acceleration cancel 
out and no conversion is ever necessary. 
@ PROBLEM 117 


A 60.0-1b block rests on a smooth plane inclined 
at an angle of 20° with the horizontal. The block is pulled 


up the plane with a force of 30.0 lb parallel to the plane. 
What is its acceleration? 








x 60ib. sin20° 


Solution. Here three forces are acting on the block. Its 
weight W is 60 lb downward. The force of the plane on the 
block is a thrust N normal to the plane. There is a pull P 
parallel to the plane. The force acting on the block can be 
resolved into forces acting normal and parallel to the plane. 


114 





The weight of the block may be resolved into components 
of 60.0 lb X cos 20° normal to the plane and 60.0 lb x sin 20° 
parallel to the plane. 

Since there is no motion in the direction perpendicular 
to the plane, forces in that direction cancel each other. 
Therefore, the normal component of the weight is balanced by 
the force N. Parallel to the plane, taking the direction of 
P as positive, the sum of the forces is 


F = 30.0 lb - 60.0 lb x sin 20° 


30.0 lb - (60.0 x 0.342)1b = 9.5 1b 


m = WS EUR UAA 1.87 slugs 


g 32 ft/sec 


"j 
3 
3 
rj 
li 


ma, 


Sey 9.5 lb im 2 
a=" Tay plugs >t ft/sec’. 


Note that if the angle were 30°, the component of the weight 
down the plane would be equal to the force up the plane and 
there would be no unbalanced force acting on the block. Hence 
it would not be accelerated. If the angle were greater than 
30°, the block would be accelerated down the plane. 


© PROBLEM 118 


As shown in the figure, a block of mass .5 slugs moves on 
a level frictionless surface, connected by a light flexible 
cord passing over a small frictionless pulley to a second 


hanging block of mass .25 slugs. What is the acceleration 
of the system, and what is the tension in the cord connec- 
ting the two blocks? 








Solution: In order to find the system's acceleration, we 
must relate the net force on the system to the acceleration 
via Newton's Second Law. First we isolate the rope, and 
calculate its acceleration. By the second law, 


Tec 72 7 gee” 
where T) and T, are in opposite directions. In this 
problem, we assume m ope = 0, and 
Ti = T3 


Hence, the rope acts only to transmit the force of tension 
to the block. 
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Applying Newton's Second Law to the horizontal (x) and 
vertical (y) directions of motion of the block on the table, 
we obtain 

T = ma 


N-w =a 
E Yı 


where m, is the mass of the block on the table, and ay is 
1 
its horizontal acceleration. Noting that ay = 0, since 
E 


the block doesn't accelerate vertically, we find 


Dix a (1) 


N = Wy (2) 


We next apply the third law to the hanging block of 
mass Mos and 


Mog ~ T = Pgs (3) 
where ay is the vertical acceleration of block 2. Now, 
2 
since the 2-block system moves as a unit, Bac” ay =a, 
1 2 


and, using (1), (2) and (3) 


T= m a (4) 
N = wi (5) 
mg - T= m,a (6) 


Substituting (4) in (6), and solving for a 


mog - ma = ma 
¢ aie 
mj + m, 
From (4), m,m, g 
T=- 
1 2 


Substituting the given data in these equations 


2 
(.25 81) h2 s/s } = 10.7 £/s? 


a 
m mg 
ari wee be 2 
T = m + My = m;a = (.50 s1) (10.7 f/s ) 
T= 5.4 lb 


© PROBLEM 119 


A Martian performs an experiment to determine the Martian g with 
the local type of Atwood's machine (see figure). He hangs two equal 
weights of mass 0.02 slug over a frictionless pulley and adds a rider of 


mass 0.002 slug to one side. When the heavier side has descended 2 ft 
the rider is removed and the system travels 4 ft in the next 3.5s. What 
value does he obtain for g? 
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HY 

HY 
ae 

Vy 


> 
a 
m 


(M+m) g Mg 


Solution: Initially, there are equal masses on both sides of the Atwood's 
machine (see figure). The apparatus is then in equilibrium. When we 
add the rider mass (m), the system is no longer in equilibrium, and each 
mass accelerates, as shown in the figure. After the heavier side drops 
2 ft., the system is moving with a velocity v, and then we remove the 
rider. By Newton's First Law, the left side must continue to move with 
a velocity V, since the system is no longer accelerating. As will be 
shown below, the acceleration of the system is related to the Martian 
value of g. If we know the velocity attained by the left hand mass at 
the instant the rider is removed, we can find a numerical value for g. 
To find the acceleration of the system, we apply Newton's Second 
Law to each separate mass shown in the figure. Therefore, taking the 
acceleration of the left hand mass as positive downward, we obtain 


(Mtm)g - T = (M+) a, 


where a, is the acceleration of the left hand mass. Similarly, taking 
the acceteration (a,) of the right hand mass as positive upward, we find 


T - Mg = Ma 


2 
But a, = ays since the 2 masses are connected by a string, and, there- 
fore accelerate as a unit, whence 
(Mtm)g - T = a(Mt) (1) 
T - Mg = Ma (2) 


To find a, we eliminate T by adding (1) and (2) 
mg = (2Mm)a 
whence m 
a = Dra (3) 
Since a is constant, we know that a is related to the position (y) 


and velocity (v) of the left hand mass by 


2 2 
v Aa + 2a Y-Yo 


where and v, are the initial position and velocity of this mass. 


y 
0 0 
Since the left hand mass is initially at rest, v, = 0. 


a = 2a(y-y0) 


vo- (288. )(v-¥9) 


2 


m2M)v_ _ 
2m[ y-y R 


and, to find g, we must know v. Note that Y-Yo is the distance 


0 


Using (3) 


Hence 
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traversed during acceleration. But, we observe that the left side must 
move with constant velocity after the rider is removed (m = 0) since, 
by (3), a = 0. Since this mass moves 4 ft in 3.5s after the rider is 
removed, and its velocity is constant, we may write 


4 ft _ 8 ft 
3.5s 7 8s 


Therefore, 22 
-042 s1)\64/49 ft 


8 = “(2)(.002 81)(2 ft) 


g = 6.86 ft/s? 


© PROBLEM 120 






(a) Calculate the acceleration experienced by the two weights, 
shown in the figure, if the coefficient of friction between the 32 1b. 

weight and the plane is 0.2. (b) Calculate also the tension in the cable 
whose weight we assume to be negligible. 






) 





Solution: Consider the two weights as a system. This implies that the 
cable does not stretch and no internal forces have to be considered, 
since they consist of action-reaction forces and therefore cancel. The 
external forces acting on the system are the frictional force on the 

32 1b block and the gravitational force on both weights. Since the 


frictional force F is proportional to the normal force, we first 


£ 
find N. The 32 1b block has no movement perpendicular to the plane. 
Setting the sum of the forces in this direction equal to zero, we get 
from the diagram, 


N - mg cos 37 = 0 
Therefore a 
N = 32 cos 37 
and > 
Fr = WN = (0.2)(32 cos 37 ) 


with direction down the plane, since it opposes the motion. A11 the 
cable does is change the direction of forces which are applied to each 
weight and which are in line with the cable. In the same direction as 
the 64 lb. force on m, (the cable makes it so), the 321b.. 

weight experiences thé frictional force and the component of 

the gravitational force parallel to the cable or 32 sin 37°. 
Applying Newton's second law to the system, we have 


iF = (m + m)a 


since both weights experience the same acceleration. Then 


64 - 32 sin 37° - (0.2)(32 cos 37°) = é + 22 


322 


64 - 19.2 - 5.1 = 3a 
39.7 = 3a 
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a = 13.2 ft/sec® (a) 


The tension is obtained by isolating the 64 1b weight and noting that 
the only two forces acting on it are T and the force of gravity. 


Calling the downward direction positive, we obtain from Newton's second 
law, 


64-T=ma-= SH (13.2) = 26.4 
T = 64 - 26.4 + 37.6 lbs. (b) 


@ PROBLEM 121 





An Eskimo is about to push along a horizontal snowfield a sled 
weighing 57.6 lbs carrying a baby seal weighing 70 lbs which he has 
killed while hunting. The coefficient of static friction between 
sled and seal is 0.8 and the coefficient of kinetic friction between 
sled and snow is 0.1. Show that the maximum horizontal force that the 
Eskimo can apply to the sled without losing the seal is 114.8 lbs. 


Calculate the acceleration of the sled when this maximum horizontal 
force is applied. 


t 1 
- ~N Pal em 
E RAE TE ey 1 
£ l 
/ 
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P 
3 \ 
ice 4, =. I 
XN sil >£ 
~ 
Figure A — 1 


System 1 : 








= 
fi 
System 2: 
= 
fz 
A 
y mg Note: f, points to the right 
igure B 


cause the seal is 
accelerated to the right 
by the sled. 


Solution: _The seal will slide off the sled when the acceleration pro- 
vided by P is greater than the maximum acceleration which T, can 
provide to the seal. (See figure (A)). The acceleration of the seal 
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is the same as the acceleration of the seal-sled system. (See figure (B) 
Using Newton's Second Law to calculate the latter, we obtain 


P - fi = (m + M)a (1) 
where a is the acceleration of the system, taken as positive in the 
direction of P. The frictional force law is 


fi = uN (2) 
where u, is the coefficient of kinetic friction between sled and ice, 


1 
and Ny is the normal force of the ice on the sled-seal system. Sub- 


stituting (2) in (1) 


PS i (m + Ma 


Since the system is in vertical equilibrium 


Ny = (m+ Mg 
and 
P - u, ™ + m)g = (M+ ma 


Finally, 
P - uj (m+ Meg 


w (m + M) 


(3) 
is the acceleration of the sled-seal system. 
Now, applying the Second Law to the system consisting of seal 
alone, (see figure (B)) we obtain 
f, = ma (4) 
where a is the acceleration in (3). But, since we require the seal 
to remain at rest on the sled, 


f, $ uN, (5) 


where u, is the coefficient of static friction between sled and seal, 


and N, is the normal force of the sled on the seal. Inserting (5) in 
(4) 


ma < uN, (6) 


Substituting (3) in (6) 


P - u, (m + M)g 


ene eee hr 
ni (a + ™) uN, 
Since the seal is in equilibrium vertically, 
N, = mg 
and 2 
P - u (m + M)g 
a} ——————_ | = u, mg 
(m + M) 2 
Solving for P 
Pe 


u, (m + M)g < u, (m + Mg 
P< (u + u,) (m + Mg 


P < (.9)(57.6 + 70)1bs. 
P < 114.8 lbs. 
The maximum value of P is 114.8 lbs. 
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© PROBLEM 122 


What is the acceleration of a block on a frictionless plane in- 


clined at an angle ® with the horizontal? 








Solution: In order to find the acceleration, a, of the block, we must 
calculate the net force, F, on the block, and relate this to its acceler- 
ation via Newton's Second Law, F = ma. (Here m is the mass of the 
block). 

The only forces acting on the block are its weight mg and the 
normal force N exerted by the plane (see figure), Take axes parallel 
and perpendicular to the surface of the plane and resolve the weight 
into x- and y-components. Then 


F =N- mgcos®@ , 
y 
oF =mgsin®. 


But we know that the acceleration in the y direction, ay = 0, since 


the block doesn't accelerate off the surface of the inclined plane. 
From the equation Wy = ae we find that N = mg cos 0. From the 


equation 2 = ma; where a, is the acceleration of the block in the 


x direction, we have 


mg sin ð = ma , 


x 


a, 78 sin 0, 


The mass does not appear in the final result, which means that any 
block, regardless of its mass, will slide on a frictionless inclined 
plane with an acceleration down the plane of g sin 9. (Note that the 
velocity is not necessarily down the plane). 


© PROBLEM 123 










Two rough planes A and B, inclined, respectively, at 
30° and 60° to the horizontal and of the same vertical 
height, are placed back to back. A smooth pulley is 
fixed to the top of the planes and a string passed 
over it connecting two masses, the first of 0.2 slug 
resting on plane A and the other of mass 0.6 slug 
resting on plane B. The coefficient of kinetic 


friction on both planes is 1//3. Find the acceleration 
of the system. 















N 
$ 
o Kh 
mg sin os \n'g sin 60° \ia'g sin 60° 









mg cos 30° 
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Solution: There are four forces acting on each of 
the two masses: the weight acting downward, the 
normal force exerted by the plane at right angles 
to the plane, and the two forces acting along the 
plane, the tension in the string, and the retarding 
force due to kinetic friction. 


In each case, resolve the weight into components 
along the plane and at right angles to it, as shown 
in the figure. Since there is no tendency for either 
mass to rise from the plane, the normal force and 
the component of the weight at right angles to the 
plane must be equal and opposite. Further, if uw is 
the coefficient of kinetic friction between mass and 
plane, the frictional force in each case is wv times 
the normal force (uN). 


The larger mass on the steeper plane will 
descend. The frictional force is opposite to the 
motion, i.e., up the plane, and therefore, by 


-_ ' 
Newton's second law (Frise =m a) 


m'g sin 60° - T - F' 


= m'g sin 60° - T -u m'g cos 60° = m'a. 
where a is the acceleration of m', and N = m'g cos 60°. 


Since the pulley is smooth, the tension is the 
same at all points in the string. For the other mass, 


motion is up the plane and thus the frictional force 
acts down the plane. Thus 


T - mg sin 30° - F = T - mg sin 30°-u mg cos 30° 


= ma. 
Adding the two equations obtained, one has 


m'g sin 60° - mg sin 30° - „(m'g cos 60° + mg cos 30°) 
= (m + m')a. 


Therefore one can write, for the acceleration of 
the system, 


m'g sin 60° - mg sin 30° - u(m'g cos 60° + mg cos 30°) 
a = 


m+m 
sin 60° = a sin 30° = ķ% 
3 
cos 60° = ķ% cos 30° = “5 
Then 
[0.6 slugx(/3/2)-0.2 slugx]- (1/73) [0.6 slugxy+ 
a” 0.8 slug 


0.2 slugx(/3/2) ] g 


(2_¥3/10)_- 0.2 , 32 ft/sec”? = 5.9 ft/sec”. 


0.8 
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Had we guessed that mass m would descend, the 
above analysis would have lead to a negative accelera- 
tion indicating that m ascends. 


@ PROBLEM 124 


A 0.96-1b ball A and a 1.28-1b ball B are connected by 
a stretched spring of negligible mass as shown in the 
diagram. When the two balls are released simultaneously, 


the initial acceleration of B is 5.0 ft/sec? westward. 


What is the initial acceleration of A? 





Solution: If we take the balls and spring as our 
system, as shown in the figure, no external forces act. 
The only forces acting are then internal, and consist 
of the force of m, On mg’ and the force of my on m,, 


iE and ae respectively) . But by Newton's Third Law, 


t 


na Sea (1) 


at each instant of time. 
By Newton's Second Law, 


Sis lie ier 
is (2) 
Lam = x T 


> . . . 
ca fap is the only force on mg’ and similarly for 


f A and my- Using (2) in (1) 


B 
> > 
mg a, = - m a, 
> + 
or m9 àp 57m g a, (3) 


But my g = W 


m 


i S 


A 


where Wy and Wg are the weights of A and B. Hence, (3) 


yields 


a.=-W 
Wy S52" A ĉa 


> 


Solving for aye 


(4) 


py 
li 
| 
ale 
w4 


To find an at t = 0, we use the value of ap att = 
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0 in (4), giving 
> 1.2 
a,(t = 0) =- (He) c ft/s? westward) 


> 
a, (t = 0) = - 6.7 ft/s? westward 
a, (t = 0) = 6.7 ft/s? eastward 


since eastward is the opposite of westward. 
@ PROBLEM 125 


An elevator and its load weigh a total of 1600 lb. Find the 
tension T in the supporting cable when the elevator, origin- 


ally moving downward at 20 ft/sec, is brought to rest with 
constant acceleration in a distance of 50 ft. (See fig.) 





W 


Solution: The mass of the elevator is 


m=%s 1600 1b. 50 slugs 


g 32 ft/sec 


where w is the weight of the elevator and its load. From 
the equations of motion with constant acceleration, 


_— a a 
v = vo + 2ay, a — 


Let the upward direction be positive and the origin (y = 0) 
be at the point where the deceleration begins. Then the 
initial velocity vp is -20 ft/sec, the final velocity v is 


zero, and its displacement during this interval is y = -50 
ft. Therefore 


2 
a Q2 (c29 ft/sec) ft 
a e E ee er oe 


The acceleration is therefore positive (upward). From the 
free-body diagram (Fig. ) the resultant force is 


}F = T - w= T - 1600 lb. 
Hence, from Newton's second law, 


)F = ma, 


T - 1600 lb = 50 slugs x 4 -Ëy = 200 1b, 
sec 
T = 1800 1h. 















@ PROBLEM 126 


A swimmer whose mass is 60 kg dives from a 3-m high 
platform. What is the acceleration of the earth 
as the swimmer falls toward the water? The earth's 


mass is approximately 6 x 107" kg. 





Solution: The diver's mass, ma = 60 kg, the accelera- 
tion of the diver, a, = 9.8 m/s?, and the mass of the 
earth, m, = 6 x 10?" kg, are the known observables. 


The earth's acceleration can be determined using the 
fact the force on the earth on the diver is equal in 
magnitude and opposite in direction to the force of 
the diver on the earth. Letting the subscripts d and 
e refer to the diver and earth, respectively, we 
obtain _ =; 

Matar 7 Behe 

Considering just the magnitude of the two vectors, 
we find 


(60 kg) (9.8 m/s?) = (6 x 10?*kg)a, 
2 
a, ü (60 kg) (9.8 m/s ) a 9.8 x 10723 m/s? 
6 x 102"kg 


Since the diver is accelerated downward, the earth 
is accelerated upward, toward the falling diver. 


è PROBLEM 127 





With what force will the feet of a passenger press down- 
ward on the elevator floor when the elevator has an ac- 


TOPIA of 4 ft/sec? upward if the passenger weighs 160 


w = 160 lbs. 


Solution: This example illustrates a problem that is 
requently encountered, in which it is necessary to find 
a desired force by first computing the force that is the 
reaction to the one desired, and then using Newton's 
third law. That is, we first calculate the force with 
which the elevator floor pushes upward on the passenger P; 
the force desired is the reaction to this. The figure 
shows the forces acting on the passenger. We may use 
Newton's Second Law, F = ma, to relate the net force on 
the man to his acceleration. The resultant force is P -w. 
The mass m of the passenger is his weight, mg, divided by 
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2 F A 
32 f/s“, or 5 slugs, and his acceleration is the same as 
that of the elevator, 


IF = ma 
pis ft 
P - 160 1b = 5 slugs x 4 a 20 1b, 
sec 
¿P = 180 1b. 


The passenger exerts an equal and opposite force downward 
on the elevator floor. 


© PROBLEM 128 


A curling stone of mass 1 slug is sent off along the ice 
and comes to rest after 100 ft. If the force of kinetic 


friction between stone and ice is % lb, with what velocity 
did the stone start, and how long did it take to come to 
rest? 





Solution: The force decelerating the stone is lb and 
the stone has a mass of 1 slug. Using the equation F = ma, 


the deceleration is a = - ft/s’. 

Apply the equation of uniform motion, vj + 

2a(x - Xo) = v, where vp is the stone's initial velocity 
and x - xo is the distance it travels. We obtain 

vi = 2 x & ft/s* x 100 ft 


es vo = 10 ft/s, 


which is the initial velocity of the stone. 


If we now apply the further equation v = vo + at, 
the time of motion is 


© PROBLEM 129 











A mass m hangs at the end of a rope which is attached to a 
support fixed on a trolley (as shown in the figures). Find 
the angle a it makes with the vertical, and its tension T 

when the trolley 1) moves with a uniform speed on horizontal 
tracks, 2) moves with a constant acceleration on horizontal 
tracks. 


mÈ 
FIGURE A FIGURE B FIGURE C 
Solution, 1) When the trolley moves with a uniform speed, 


the only external force acting on m is the gravitational 
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> 
force mg. It is balanced by the tension T in the rope, since 
m is Pes te eae (Fig. a). Hence a = 0. 2) When the 
trolley has acceleration a, the effect of the acceleration is 
transmitted to the mass through the rope. We see (Fig. b), 
that the magnitudes of the gravitational and horizontal 
accelerations determine the magnitude of the angle a. The 
tension in the rope provides the upward force -mg to hold 
the mass (since m is in vertical equilibrium) as well as the 
external force ma acting on the mass as a result of the 
motion of the trolley, (Fig. c). Hence, 


T sin a = ma (1) 
T cos a = mg (2) 


Dividing (1) by (2), we get 


T sin a _ ma 


T cos a mg 

a 

tan a g 

Therefore, a is given by 


“la 
= t pe 
a an g 


© PROBLEM 130 


A hunter enters a lion's den and stands on the end of a 
concealed uniform trapdoor of weight 50 lb freely pivoted 
at a distance x from the other end. Given that the 


hunter's weight is 150 lb, what fraction of the total 
length must x be in order that he and the end of the trap- 
door shall start dropping into the depths with acceleration 
g when the trapdoor is released? 








Solution; The forces acting on the trapdoor of length a 
are its weight Mg acting downward at the center, since it 
is uniform, the hunter's weight mg acting downward at the 
end, and the normal force N exerted by the pivot upward 
(see the figure ). When we take moments about the pivot, 
counterclockwise moments being taken as positive, the 
moments causing rotational acceleration are 


-mg($ = x) - mg(a - x), and thus using the rigid body 


analog of Newton's second law, if T is the resultant 
torque acting on the rigid bar, Ip’ the moment of inertia 


of the man-bar system about the pivot, and Q its angu- 
lar acceleration, then T = Ip aor 


-Ma( $ - x) - mg(a - x) = To 
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The moment of inertia of the trapdoor about a horizontal 
line parallel to the pivot and passing through the center 


of gravity is te Ma’. By the parallel-axis theorem, if 
na is the moment of inertia of the bar (or any rigid body) 
about its center of gravity and Ib is its moment of iner- 


tia about any axis, where h is the distance separating the 
ae then I, = Tom * Mh2, Thus, I,, about the pivot 
is iz Ma? +M [(a72) - x)’. The moment of inertia of the 


hunter about the pivot is In =m(a - x). Hence 


T= (ty + T,,)o for I, = I, + 
-Mg 5 ~ c) - mg(a - x) = a yyMa? + nG - x 2+4m(a- x), 


(1) 


If the hunter and the end of the trapdoor are to have a 
linear acceleration g downward, then -g = (a - x)a. Where 
(a - x) is the radius of the circular arc path the man fol- 
lows about the pivot (see the figure). Therefore, upon 
division of both sides of equation (1) by a and using the 
above relation between g and a, 


nG - e) (a - x) + m(a - x)? = Ja? oa M(F- ») tma- x? 


nG - 2) ta = x = ype? + w= 9)? 
a? 2 


ax oE a ot e 2 
m atis Tee +x = 7172 + = ax + x 


2 2 
a a 3 oe he E 
(& - 2.) - dex + ax = de 
a? ax oo) 


A 2 Ae 
ws Ae - x) = = Pal 3a? - 6ax = Pe . X= za 


The pivot must be located one-third of the length of the 
trapdoor from the end. 
@ PROBLEM 131 


An automobile of mass 50 slugs accelerates from rest. 
During the first 10 sec, the resultant force acting on it 
is given by IF = Fo - kt, where Fo = 200 lb, k = 10 lb/sec, 


and t is the time in seconds after the start. Find the : 
velocity at the end of 10 sec, and the distance covered in 


this time. 





Solution: The resultant force decreases with time, since 
F(t) =F, = kt 
where t is the elapsed time in seconds. Newton's Second 


Law tells us that at any time F = ma, where F is the net 
force on a mass m, and a is its acceleration. Hence 


Fa ~ kt 
F(t) =ma(t); a(t) = Fit) -= > 








We integrate to find v(t), the instantaneous velocity at 
time t. 


F F 2 
0 ks 
v(t) =- fatat -[ - KE) ae = er -KE +e, 


To evaluate the constant of integration, C,, we use our 
knowledge that the car accelerates from reSt. Hence, 
v(0) = 0 


F 
v(0) = (<0) (0) - (9 0)? +c, = 0 


ove Cy = 0. 


The velocity function is therefore 


F 
ver e- Be? 


and,at t = 10s, v (200.38) (10 s) - Ç Ba 100 s* = 
30 £/s 


Again, we integrate v(t) to find s(t), the instantaneous 
position at time t. 


F F 
s(t) = fwar - { (32). - (x)? = (52)? ay (Eec, 


We assume that the car starts at position s(0) = 0. 
Evaluating Cor 


by 
s(0) = (52) 0? - (E) (03 +c, = 0 
oe Co =: 0 


2 
The position (and displacement) function is given by 


(52) pe #).3 
2m: 6m 
At t = 10, the displacement from the origin is 


s(10s) = (220 1b) (200 s?) å (m) (2000 e?) 
1 2 


s(t) 


s(10 s) = 200 £ - 33 3 f = 166 4 f 


3 
© PROBLEM 132 





A rocket,when unloaded, has a mass of 2000 kg, carries a 
fuel load of 12,000 kg, and has a constant exhaust velocity 


of 5000 km - hr +, What are the maximum rate of fuel 
consumption, the shortest time taken to reach the final 


velocity, and the value of the final velocity? The great- 
est permissible acceleration is 7g. The rocket starts 
from rest at the earth's surface, and air resistance and 
variations in g are to be neglected. 


Solution: The problem can be approached using Newton's 
secon aw for a system of variable mass. 


dv = = dm 
m at Voie + Vre1 dt (1) 
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m 
O ə stationary 
AET observer 
Via vV 
= . 
F is the external force acting on the rocket of 


ext 
mass M. In this case, it is the attractive gravitational 
force due to the earth (i.e. the weight of the rocket Mg). 
Vv is the velocity of the rocket relative to a stationary 
observer O and Veal is the relative velocity of the ejected 
mass with respect to the rocket. The last term is the rate 
at which momentum is being transferred out of the system 
by the mass that the system has ejected. 


F = -mg, the negative sign indicating that the 


ext 
force acts downward. Also Maoh id where A is the velo- 


city of the rocket relative to that of the material ejected 
i.e., the reverse of the exhaust velocity. Regarding dm 

as a very small bit of material ejected in a time dt, and 
the resulting small increase in velocity of the rocket by 
dv, then equation (1) becomes 


Gv...) Sam, = 
“Set ae 
Upon division of both sides of this equation by m, and 
multiplication of both sides by dt, 


a 
dv = T gdt (2) 
Therefore the acceleration at any time is 
_ av. _ “x dm _ 
aT a mat 9° 


The velocity v, is constant and dm/dt must be constant 
also (for any Ghange in the rate at which mass is ejected 
would necessarily lead to a change in the velocity of the 
mass ejected), so that a varies only with m. The smallest 
value of m gives the greatest value of a; but a cannot 
exceed 7g. Therefore 


5% 10°m - br T 


60min - hr `x 60s -min 
. dm _ _8g x 72 x 105k p 8x 9.8m-s 2x 72x 10°kg 
at 5 10°m s7 5 x 10m = s 


=112.9 kg * 87+; 





bam dm 
2 x 10°kg ot 





is = - 


where -dm/dt is the maximum rate of fuel consumption. 
This rate of consumption then equals the total fuel load 
divided by the time taken to reach the final velocity (T). 
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Thus 
q= 12x 10k9 = 106.3 s = 1.77 min. 
112.9kg -s 
Integrating equation (2) on has v = -v, Inm- gt + C. 


But if mp is the total load at time t = 0, when v = 0, then 
0= a in mo TAC. 


= =- - CY an N 
C= vin m, and v va ln m gt “3 0 
™o 
oo Toes lna - gt. 


gss is 
for lna ln mo ln m 


The final velocity is thus 


1 


6 3 = 
ean. ae 14,000 kg _ -s 7 x 106.3 s 
y = N E in 000 kg i aa > 

60 x 60 s + hr 


à b =$ 
(2703 - 1042)m - s-+ = 1661 m s`} = 5980 km hr“, 


è PROBLEM 133 


What is the radius of gyration of a slender rod of mass m 


and length L about an axis perpendicular to its length and 
passing through the center? 








Solution: The radius of gyration is the distance from the 
axis of rotation to the radius at which we may consider 
all the object's mass to be concentrated in a thin hoop, 
as the diagram shows. For a thin hoop of radius Ko: the 


moment of inertia, Ip, is mkg”, where m is the mass of the 


hoop. To find ko’ we set I of the object equal to To the 
moment of inertia of the equivalent hoop 
I= Tp 
or G m1? = mkg? 
Hence 
Tomi L 
kore a ot = 0.288 L. 
2⁄3 


The radius of gyration, like the moment of inertia, depends 
on the location of the axis. 
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Note carefully that, in general, the mass of 
can not be considered as vonest OUa at its sinter a 
gravity for the purpose of computing its moment of inertia. 
For example, when a rod is pivoted about its center, the 
distance from the axis to the center of gravity is zero 
although the radius of gyration is L/2/3. i 


© PROBLEM 134 






A skier whose mass is 70 kg, takes off from a ski jump with a 
velocity of 50 m/sec at an unknown angle to the horizontal and lands at 
a point whose vertical distance, below the point of take-off is 100 m, 

(as shown in the figurà. What is his speed just before landing, if the 
friction of the air can be ignored? 











Solution: In the absence of friction the law of conservation of 
energy demands that the sum of the kinetic energy and the potential 
energy remain constant. At take-off the kinetic energy of the skier 


is 2 
Ek = + m Vo 

where Vo = 50 m/sec is the skier's speed as he leaves the ramp, During 
the skier's flight he rises to a maximum height of (h + y) meters above 

the ground and then falls to the ground, However, the skier's net loss 

of potential energy during his flight is mgh and not mg(h + y). From 
our study of projectile motion, all of the skier's original kinetic energy 
is converted to potential energy when he reaches his maximum height, but 
this added potential energy is converted back to kinetic energy when the 
skier falls back to the height at which he started (point A in the diagram). 
At point A, the skier has total energy equal to that at the beginning of 
his flight. Therefore, the skier's loss of potential energy between 

point A and the landing point, is equal to his net loss of potential energy 
over the entire flight. The net amount of potential energy he loses and 
gains as kinetic energy is given by: 


E = mgh 
P 
Thus, the skier's final kinetic energy is equal to the sum of his ori- 
ginal kinetic energy and his net loss in potential energy: 
2 2 
$ mv, = $ mvo + mgh 
where Ve is the skier's speed as he hits the ground 
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< 
n 


£ F + 2gh = kso m/sec)” + 9.8 m/sec” 200m) = h ,460(m/sec)” 


66.8 m/sec 
Just before landing the skier has a speed of 66.8 m/sec. 


The power of the law of conservation of energy lies in the fact that we 
can derive this result without knowing the angle of take-off, the 
horizontal distance traveled, or the exact nature of the curved tra- 
jectory. We also note that our result is independent of the mass of the 
skier. 


GRAVITATIONAL FORCES 
@ PROBLEM 135 


Calculate the value of the universal gravitational constant, 
G, assuming that the earth's radius is 6.4 x 10° m the earth 


has an average density of 5.5 x 10? kg/m>, The volume V of 
a sphere is V = srr’, where r is the radius of the sphere. 





Solution: Begin by computing the volume of the earth: 
v= $r? = (4n)(6.4 x 10° m)? = 1.1 x 1074 m, 
Since Density = Se. we have 


Mass = Density X Volume 


or, the total mass of the earth, 


m, = Qa x 1022 #°)(6.5 x 107 kg/a) = 6.0 x 1074 kg. 


If an object of mass mı is placed on the Earth's sur- 


face, the gravitational force of attraction (W) between it 


and the Earth (i.e., its weight) is found by use of Newton's 
second law. 


W= mg 


where g is the acceleration of the object due to the gravi- 
tational force (i.e., acceleration of gravity). According 

to the Universal Law of Gravitation, however, the gravitat 

tional force of attraction between my and m, is 


wee et 
d 
where d is the radius of the Earth. Then 
Gaim, 
a ei 
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After rearranging, 


c- 902 _ (9.80 s*)(6.4 x 10° m)* 


| 6.0 x 10°" kg 


Lk 


= 6.7 x 1072) E YT a 


Since the value of the earth's radius is more accurately 
known today, Newton's estimate of G differed from this 
calculated value. 


© PROBLEM 136 


With what force does the Earth attract the moon? 


Solution: By the Universal Law of Gravitation, we have 


m m 
m E 
Fo = G 





r 
m 


where r is the distance between the earth and moon, and m and 
a, are the masses of the moon and the earth respectively. 


2 
G = 6.67 x 107° Ce 
g 
r= 3.84 x 107° om 
m= 7.35 x 1075 ¢ 


$ 5.98 X 102” g 


25 27 
e . 3 10 
(6.67 x 10° ayne-cn”/g” ) x 35 x 10 x (5.98 x 


(3.84 x 10° cm)” 


| 
n 


2.0 X 10% dynes . 


n 


@ PROBLEM 137 








Discuss the motion of a freely falling body of mass m 
taking into account the variation of the gravitational 
force on the body with its distance from the earth's center. 


Neglect air resistance. 









e on the body at a dis- 
tance r from the earth's center is -Gmm,/r?. From 


Newton's second law its acceleration is 


G 
F “e (1) 


Solution: The gravitational forc 


But _ dv „ av ar 
at ge ‘Ge at 
e dv 
a v r 
Then, from (1) 
dv Pre 
v ar pe 
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vs £3 
dr 
v dv = ~Gm, > 


Vy ri r 


where vı and v, are the velocities at the radial distances 


r and r3. It follows that 
r 
1 2 ge 6 [-2] 2 
% (vg ~ vy) = Gm; A ri 
1 2 o ARET S apt e 
2 (vo vi? a, ae 








@ PROBLEM 138 


Compute the force of gravitational attraction between the large and 


small spheres of a Cavendish balance, if m= 1 gm, m' = 500 gm, r= 
5 cm, 





Solution: Two uniform spheres attract each other as if the mass of each 
were concentrated at its center, By Newton's Law of Universal Gravi- 
tation, the force of attraction between 2 masses m and m' separated 
by a distance r is 


r= i (6.67 X 10° Sayne-cm Fat ) x (1 gm) X (500 gm) 


(5 cm) 


1.33 X 10 Coyne, 


or about one-millionth of a dyne, 
e PROBLEM 139 


(1) Two lead balls whose masses are 5.20 kg and .250 kg 
are placed with their centers 50.0 cm apart. With what 
force do they attract each other? 


(2) At the surface of the earth g = 9.806 m/s*. Assum- 
ing the earth to be a sphere of radius 6.371 x 10° m, 
compute the mass of the earth. 





Solution: (1). The force of gravitational attraction 
between two bodies with masses m, and m, separated by a 


distance s is G mm, 


F = 
s? 
= 16.67 x 107)? nt - m? 5.20 kg x .250 kg 
kg? (.500 m)? 


= 3.46 x 107}? nt 
(2). The only force acting on a body of mass m near 
the surface of the earth is the gravitational force. 
Hence, using Newton's Second Law 
Gm mo 
F = ma = 


r? 
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where r is the distance of m from the earth's center. 
At the surface of the earth, a = g and r = Ro 
Gmm 





mg = 
e 
gR2 
whence m a ae 
= G 


-~ (9.806 m/s?) (6.371 x 10° m)? 


6.670 x 107?! nt + m?/kg? 


5.967 x 102" kg 


@ PROBLEM 140 






A newly discovered planet has twice the density of the earth, but 
the acceleration due to gravity on its surface is exactly the same as 
on the surface of the earth. What is its radius? 





Solution: This problem must be approached carefully. We must express 
the acceleration due to gravity in terms of the density and the radius 
of the planet. If the radius is R and the mass of the planet M, then 
the acceleration due to gravity on its surface is found from Newton's 
Second Law, F = ma. Consider an object of mass m on the surface of 
the planet. Then the only force on m is the gravitational force F, 
and 

F = ~— 


R 


But a is the acceleration of m due to the planet's gravitational 
field, or Bp - Then 


Assuming the planet is spherical, its volume is the volume of a sphere 
of radius R: 
penn 
V= 3 TR 


Since Mass = Volume X Density. 3 
4m R p 
3 


where p (the Greek letter rho) is the density of the planet. Therefore 


G 4 T Rp 


| 2 
R2 


4T 
= 3 GRp 


Similarly, the acceleration due to gravity on the surface of the earth 

is 4 

8-3 TER ep 

where Po is the density of the earth, and Ro is its radius. If 
T 


Then 4 4 
TESEN 


Canceling 2 TG on both sides 
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Rp = Rep. 
If the density of the planet is twice that of the earth, 
p = 2p, 
So R2p, = Rep, 
Whence R=% R 
=%xX 6.38 X 10° m 


= 3.19 x 10° m 


The radius of the planet is one half of the radius of the earth, or 


319 X 10° meters. 
@ PROBLEM 141 


At what point between moon and earth do the gravitational 
fields of these two bodies cancel? The earth's mass is 
5.98 x 10** kg, and the moon's is 7.35 x 107? kg. The 
distance between the centers of the earth and the moon 

is 3.85 x 10’ m. 





MOON EARTH 
Solution: Let the point where the gravitational fields 
Cancel be at a distance R, from the earth's center, R2 
from the moon's center. The attraction of the earth at 
this point will equal that of the moon's: 


GMu _ ss Gm 
Ri? R27 


where G is the gravitational constant, M the mass of the 
earth, and m that of the moon, or 
M za m 


R1? Ra? 

The term on the left side of the equation is called 
the earth's gravitational field, the term on the right 
is the moon's. The gravitational field at a point in space 
is the gravitational force experienced by a unit mass at 
that point. (It is similar to the electric field, which 
is the electrostatic force per unit charge experienced 
due to a particular charged body). Gravitational fields 
are vector fields and the resultant gravitational field 
due to two or more masses is calculated by adding the 
field vectors from all sources at every point in space. 

The only point in space where the gravitational 
fields of the earth and the moon cancel, must be collinear 
to the centers of both bodies since no two vectors cancel 
if they are not oppositely directed. From the equation 
above, we get 








2 
Ri 





= _M 
R2 m 


137 








4s 
es £)" - 5.98 x.10**kg | _ 
R2 = 7.35 x 1022 kg 


Since the point in question is collinear to both 
the earth and moon's centers, the distance between the 
centers must equal R; + R2 (see diagram), thus: 


R, + R, = 3.85 x 10° m 
R, = 3.85 x 10° m — R, 


8 
R 3.85 x10 m-R, 


© PROBLEM 142 


A parachutist, after bailing out, falls 50 meters without 
friction. When the parachute Opens, he decelerates down- 


ward 2.0 meters/sec*. He reaches the ground with a speed 
of 3.0 meters/sec. (a) How long is the parachutist in 
the air? (b) At what height did he bail out? 








olution; (a) The parachutist, starting at rest, 
falls 50 m at an acceleration equal to g, the accelera- 
tion of gravity. Since this is constant 


s = vot + kat*, where vy, is the initial velocity. 
Here vy = 0 and 
50 =% gt?, t= V100/g = 10/g* = 10(3.13) = 3.2 sec 


He then decelerates at 2.0 m/sec? until he reaches 
a final velocity, Ve of 3 m/sec”. When he begins his 


deceleration he has reached a speed: 


Ve = Vo + at, vo = 0 
= gt = 9.8(3.2) 
= 31.3 m/sec 
Thus: Ve' = vot +a't' 


3. ead St a A a tee E E R = E PE 
total time of flight = t + t' 


3.2 sec + 14.2 sec 
17.4 sec. 


(b) We know that the parachutist falls 50 meters 
before the parachute opens. Thus, the problem reduces 
to one in which we must find the distance s the para- 
chutist travels until he is decelerated to a speed 
of 3.0 m/sec, having started at velocity v = 31.3 
m/sec. 

We know that: 
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s = vt' + & at’? 


n 
li 


(31.3 m/sec) (14.2 sec) + &(-2.0 m/sec?) (14.2 sec)? 


= 444.5 - 201.6 = 242.9 meters. 


Hence the parachutist bailed out from a height of 
50 + 242.9 = 292.9 meters. 


@ PROBLEM 143 


(a) What is the acceleration of gravity on the moon's 
surface, Jn (as compared to the acceleration of gravity 


on the earth surface, g.) if the diameter of the moon 


is one-quarter that of the earth's and its density is 
two-thirds that of the earth? (b) An astronaut, in 

his space suit and fully equipped, can jump 2 ft 
vertically on earth using maximum effort. How high can 
he jump on the moon? 





Solution: (a) On the earth's surface; G is the 
Universal Gravitational Constant, Mo is the earth's 


mass and Ro is the radius of the earth. The volume 
of the earth is 


Pee em 
Ya sii. TRS 


If Pa is the earth's density, then, by definition of 
density 


4 3 
e eve a) io P 


= 
1i 
© 


e 


Hence, by Newton's Law of Universal Gravitation 


3 
E GM, _ 49 G RSP e_4 Fie 
e R 3 R2 x te e (1) 
e e 


On the surface of the moon, we have a similar 
relation for the acceleration of gravity 


GM, 
g See 


=A 
m RA = 3 Tu Ra (2) 


Therefore, upon division of equation (1) by 
equation (2), 


e LeO e E Gy i PNE 
5 x I 6; that is, ie Jo’ 


Here, use was made of the given ratios Pe Pm and 
Do/ Dm (Do and Dn are the diameters of the earth and 
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the moon, respectively). 
(b) When he jumps at maximum effort, the astronaut 
can launch himself upward with an initial velocity vo. 


On earth, when v = 0, then,using the kinematic 


final 
relation for constant acceleration, 
2 kaž 2 
Veiaay vo + 2as 
a 
0 V0 2g,,* 2 £t 


where the negative sign for Je indicates that it is 
in the downward direction. 


me vo = 2g, x 2 ft = 12g, x 2 ft. 


Similarly, on the moon, when he starts with the same 
initial velocity, he jumps the distance y vertically, 


where 0 = vj - 2g, * Y- 


2 24g 
0 m 

= =—=— ft = 2 5 
2g 2g L25E¢ 





< 
li 


© PROBLEM 144 


Consider a satellite in a circular orbit concentric 
and coplanar with the equator of the earth. At what 


radius r of the orbit will the satellite appear to 
remain stationary when viewed by observers fixed on 
the earth? We suppose the sense of rotation of the 
orbit is the same as that of the earth. 





Satellite 





Solution: The satellite is being pulled towards the 


earth by a gravitational force F. By Newton's second 
law, this force equals ma where is the mass of the 
satellite and a is the linear acceleration along the 


direction parallel to the force va (which acts as the 
centripetal force in this case since the motion is 
circular). Therefore 


F = 
g ma 


Furthermore, we know that in circular motion, linear 
acceleration is given by a = wr where w is the angular 
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velocity of m. The force of gravity (F,) is given by 


GmM/r? where G is the gravitational constant and M is 
the mass of the earth. Substituting in the equation 
above we have 


In this equation we note that G is a constant as is M 
(the mass of the earth). Therefore, r varies as a 
function of w (or vice versa). If we fix w, we necess- 
arily fix r. For the satellite to appear to remain 
stationary when viewed by observers fixed on the earth, 
the satellite must have the same angular velocity as 

the earth. The angular velocity of the earth (ws = A@/At, 
or etsy of angle per unit time) is 


$. 27 
1 aay ~ (60 sec/min) (60 min/hr) (24 hr/day) 


ade ee a. me 7,30 dO? See”) 


8.64 x 10* sec”? 


Substituting in the above equation we have: 


r3 = (6-67 x 107'' N + m?/kg’) (5.98 x 10?" kg) 
(7.3 x 1075 secm!)? 
ro 2769s 1077 a? 


Y Toe E E 
ry SRS 0? Fem 
The radius of the earth is 6.38 x 10° cm. The distance 


calculated is roughly one-tenth of the distance to the 
moon. 


@ PROBLEM 145 








Find the period of a communications satellite in a circular 
orbit 22,300 mi above the earth's surface, given that the 
radius of the earth is 4000 mi, that the period of the moon 
is 27.3 days, and that the orbit of the moon is almost 
circular with a radius of 239,000 mi. 







141 





Solution: In a circular orbit of radius r an earth 
satellite of mass m has a velocity v. The distance, d, 
the satellite moves in one revolution equals 2nr. Its 
period T is the time it takes for the satellite to make 
one revolution. Therefore 


-d -2r 
T= gn ey (1) 


The centripetal force necessary to keep the 
satellite moving in a circle is supplied by the gravi- 
tational force exerted by the earth. By Newton's Second 
Law, 


r? = 
where G is the gravitational constant and Mp is the mass 
of the earth. From equation (1), 
v-(2)' aioe 
= T T? 
m 2 
G Mg =- 4n* mr (2) 
r? q? 





and 


The same arguments apply to the moon of mass My 
which moves in a circle of radius R with period Tur 
4T? MR 
R Tu 


Solving for GM, in equations (2) and (3), we have 


respectively 
_. en? og ® 
GM, ni 
LOPyA oR? 
GM, = T? 
M 


Equating the above two expressions, 


ant OS OE R? 
2 2 
p Ty 
2 3 
or T a ee 
T R? 


Therefore, the period of the satellite can be found by 
substitution of the numerical values given. Using 


r = 22,300 mi + Rg = 22,300 mi + 4000 mi = 26,300 mi 
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the period is 


3 
a x 27.3 days / (2.63 x 10")? mi? 
R? (2539x5105)? mi?’ 


1.00 day. 


= 
il 
= 
| 
ll 


Such a satellite therefore rotates about the center 
of the earth with the same period as the earth rotates 
about its axis. In other words, if it is rotating in the 
equatorial plane, it is always vertically above the same 
point on the earth's surface. 


@ PROBLEM 146 


What would be the period of rotation of the earth about 


its axis if its rotation speed increased until an object 
at the equator became weightless? 





Solution: The two forces acting on a body at the equator 
are the force exerted on it due to the gravitational 
attraction of the earth, mg), where fọ is the free-fall 


acceleration at the equator and acts toward the center, 
and the normal force exerted by the surface of the earth 
on the body, N. This latter force acts upward. On a non- 
rotating earth, or at the poles(which by definition do 
not rotate) these forces are equal since a body would be 
in equilibrium. At the equator, where a body does ex- 
perience rotation and therefore a centripetal accelera- 
tion, the forces are unequal so that their resultant 
provides the centripetal force necessary to keep the 
body traveling in a circle. Therefore, Newton's Second 
Law yields: 


2 
_ mv 
mgo N = T 


where v is the speed of the body and R is the radius of 
the earth. But the distance traveled in one period of 
rotation, T, is 271R. Therefore T = 2nR/v, and v? = 


4T? R?/T?. Substituting this into the first expression, 
we get 
2 2 2 
N = mgo - ~~ = mgo - MR Pree. 4 £ 
TS r 
where g is the acceleration as measured at the earth's sur- 
face, and N is a measure of the apparent weight of the 
body, which is thus less than the gravitational force 
exerted on the body by the earth. If the speed of revolu- 
tion of the earth increases, the body becomes weightless 
when the normal force exerted on it by the surface be- 
comes zero. Thus weightlessness occurs when 


2 
oa ee fs: _ An "| 





= mg, 





N 





T? 
4T? R 
T2 





or when the period of rotation is 
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paar /R = 2n (S210 mi x 5280 ft/mi 
ý 32.4 ft/s? 
2 x 5280 x 10 M 
mts ° £ Aua e E e 


@ PROBLEM 147 


Find the speed and period of an earth satellite traveling 


at an altitude h = 135 mi above the surface of the earth 
where g^ = 30 ft/sec. Take the radius of the earth R 
= 3960 mi. 





Solution: The satellite experiences a force in the 

radia Irection, towards the center of the earth. This 
force, the gravitational force on the satellite, provides 
the centripetal force that will keep the satellite in its 
circular orbit. Using Newton's Second Law, F = ma, we 

may write ma = mg’ 

where g^ is the acceleration due to gravity at a height of 
135 miles above the earth's surface. Because the satellite 
is in a circular orbit, a = v*/d (see figure). Then 

2 


mv a 
and v = ygd 
v = (30 f/s2) (3960 mi + 135 mi) 


But 1 mi = 5280 ft 
v = v¥(30 f/s?)(4095)(5280 f) 
v = 6.49 x 10? f?/s? = 2.55 x 10" f/s 


To find the period of the satellite, we note that its 
speed is constant. Hence 
_ 21d 
scm = 
where 2rd is the distance travelled by the satellite in 
1 revolution and T is the time required for this traversal. 


T= 27nd _ (2) (7) (4095 mi) (5280 f/mi) 
v (2.55 x 10% f/s) 


1.36 x 10° f 
2:59 x- T0% £/s 


5.33 x 103 s 
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© PROBLEM 148 


A 2.0-ton elevator is supported by a cable that 
can safely support 6400 lb. What is the shortest distance 


in which the elevator can be brought to a stop when it is 
descending with a speed of 4.0 ft/sec? 





‘alae 64001b 


24001b = F 
0001b 
40001b 


Solution. The maximum force that can be used to stop the 
elevator without breaking the cable is 6400 lb - 4000 lb = 
2400 lb upward (4000 lb. is the weight of the elevator). 

This maximum force gives the shortest distance in which 
the elevator can be stopped since it provides a maximum de- 


F 
; _ max 
celeration Snes. abe? 
m= © = 2000 1b. 125 slugs 
g 32 ft/sec 
_ F _ 2400 1b 3 2 
eat ey slugs * 19.2 ft/sec’. 


With Yeinal = 0 and taking up as positive, the minimum 
stopping distance can be found using the kinematics equation 


2 


2as + v 


v2 
f 
2 2 
_ cv’ _ -(-4.0 ft/sec) _ _ 
s= = Z(c4.0 ft/sec), 0.42 ft. 


2 x 19.2 ft/sec 
@ PROBLEM 149 


At what distance from the center of the earth does the 


acceleration due to gravity have one half of the value 
that it has on the surface of the earth? 





Solution: Newton's Second Law implies that W = mg. W 

is the weight of an object of mass m (that is, the grav- 
itational force of attraction between the earth and the 
object), and g is the acceleration due to gravity. Then, 
by Newton's Law of universal gravitation, 

GM_m 

a 


where R is the distance of the object of mass m from the 
center of the earth, and Mo is the mass of the earth. 
Therefore. 


GM 
g(R) = — 
R? 
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At the surface of the earth, 
GM, 


s Fe) si RŻ 


But we want g(R) = 4e(R, } Therefore, 


2 .i=s 
R? Re 
R? = 2RÊ 
R =./2 Ro 


1,414 x 6.38 x 10° m = 9.02 x 10° m 


The acceleration due to gravity is reduced to one half 
of its usual value at a distance of 9.02 x 106 meters from 
the center of the earth. This is equivalent to a height of 
2.64 x 106 meters or 1640 miles above the surface of the 
earth. 


© PROBLEM 150 


A spaceship from earth enters a circular orbit 22,000 km above the 
surface of Mars at the equator, which allows it to rotate at the same 
speed as Mars and thus to stay always above the same point on the planet's 
surface. The Martians set up a guided missile directly beneath it and 


fire it vertically upward in an attempt to destroy the intruder. With 
what minimum velocity must the missile leave the surface in order to suc- 
ceed in its mission? Mars is a sphere of radius 3400 km and of mean 
density 4120 kg-m73, 





Solution: The missile will just reach the spaceship if its velocity at 
the latter's position is zero. We must therefore calculate the missile's 
velocity as a function of position. Using Newton's Second Law, we ob- 
tain 

F = ma (1) 


where m is the missile's mass, a is its acceleration and F is the 
net force acting on it. Note that 
-GM 
pa (2) 
r 





where Ma is the mass of Mars and r is the radial distance of the 


missile from the center of Mars. Assuming that the missile travels in 
a radial direction, we may write 


dv dvdr _ | dy 


dt ` dr dt ~ Y ar 
Substituting (2) and (3) in (1) 


-GmM 





Pe dv 
r? dr 
or y dv _ -CM n 
dr 2 
r 


146 


v dv = -GM ay 
m 2 
r 
v R d 
J vdv = -GM J — 
v alee r? 
0 0 
where v= v at r=R, and v= Yo at r= Ro ° (Ro is the position 


of the surface of Mars relative to its center). 


2 
MEEA sere 
2 m\R Ro 


= P+ ai- 2) 


The minimum value of Vo is found by requiring that the missle's velo- 
city at the spaceship's position be zero (v = 0). Hence 


: See | 
vo aia UAR R (3) 
The mass of Mars is its volume times its density (P nl 
EE 4 6\3 6m 24 
Mo = on Ro xp = ax (3.4 x 10 m)? x 4120kg-m > = 0.678 x 10° "kg. 


or 








v2 = 2x 6.67 x 10° ÎN-m ekg 2 x 0.678 X 10g - Lo- 1 | 
.4x10°m  25.4Xx10 


« 2.50% 10° wee 


Therefore Vv = 4.8 km-s72 i 


Note that R in (3) is the position of the spaceship from the center 
of Mars, or 6 


R =R) + 2.2 x 10 m 


R = 25.4 x 10° m 
© PROBLEM 151 


The earth acts on any body with a gravitational force 
inversely proportional to the square of the distance 
of the body from the center of the earth. Calculate 
the escape velocity from the earth, i.e., the speed 
with which a vertically moving body must leave the 


earth's surface in order to coast along without being 
pulled back to the earth. Also find the time it takes 
for a rocket projected upward with this escape velocity 
to attain a height above the earth's surface equal to 
its radius. In both cases ignore the effect of any 
other heavenly bodies and take the earth's radius as 


6.38 x 10° m. 





Solution: Assuming that the body moves along a radial 
trajectory after leaving the earth, it continually ex- 
periences a gravitational force 


e 
2 


F=- 





T 
where m and m, are the mass of the body and the earth, 
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respectively. By Newton's Second Law, F = ma, and the 
acceleration of m is then 


Gm 
e 


a = - —— 


rÊ 
But, being that the trajectory is radial, 


dv dr _ dv on 


a = a a” ' & * 2 
f 
where v is the object's velocity. 


vdv=-Gm dr (1) 
e r? 


Now, we want a projectile to leave the earth (r = R_) 
with a velocity v, and to reach a destination at which 

it no longer feels the effect of the earth's gravitation- 
al force. If it reaches this point , the body can have no 
velocity and yet still not be accelerated towards the 
earth. 


Since the gravitational force is zero at œ, we require 
that v = 0 at r = ©. Hence 





œ 
0 
dr 
| vdv=-G mes | rz 
v R 
2 œo 
v 
e- 1 
zey = m Hi 
e 
tha 2Gm, 
Ro (2) 


At the surface of the earth 


Ma i 
RÊ 
e 
2 a 
and To 2gR, 
Ve = Y2gR, = ¥2x 9.81 m-°* s”? x 6.38 x 10° m 
Veen’ 332 x 105 m/ga? 


The second part of the problem asks us to find out 
how long it takes for an object to reach a distance r = 
2R, from the center of the earth if its initial velocity 


is va“ In order to do this, we must find r as a function 
of t. Going back to (1) 
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But, now, v = v at r =r, and v = ve at r= Ro and 


— 
< 
< 
Q 
< 
" 
I 
Q 
3 
(0) 
Nam cree Y 
# 
Q 
la] 








e 

2Gm 2Gm 

oS 2 ee 2 e 
V2 eo ae R (3) 


However, from (2) 
2Gm 


2 e 
e R 





v 
e 


Therefore, from (3) 





gii 2Gm, 
x 
2Gm 
y= —— 
r 
To find v as a function of t, note that 
_ ar 
oa 
Y 26m, dr 
Therefore, ==> 
rt dt 


r“ dr = v2Gm, dt 


Since r = Ro when t = 0, and r = 2R, when t = t, 


2Re t 
r“ dr = v2Gm, | dt 
Re 0 
|2R 
2r”? = /2Gm, t 
R 
e 





(2R,)°/? - (R)? = 3 Yam t 





fe. 
2f (an)? = RJO | 


2R 3/27 (2) 3/2 - 1J 
or ae eS ee a ee 


3 726m, 3/2Gm 


e 
2(6.38 x 10° m)?/?[(2)?/? - 1) 


3 ¥(2) (6.67x10 !? Nem?/ky”) (5.98x102" kg) 


2(1.61 x 10!° m?/2) (1.83) 
3(2.82 x 10’ N? + m/kg’) 


t = 696.53 s = 11.61 minutes 


This is the time required for the object to reach 
r= 2R.. 
e 


CURVILINEAR DYNAMICS 
@ PROBLEM 152 


What is the rotational inertia of a 50-lb cylindrical 


flywheel whose diameter is 16 in.? 





axis of rotation 


ar 





Cylinder 


Solution: To find the rotational inertia of the 
flywheel, consider a mass element consisting of a 
thin cylindrical shell of radius r, thickness dr, 
and length L, as shown in the figure. Then 


adv = (2mr) (dr) (L) 


density, p = F = we 


m 2m 


and dm = pdv (2mr dr L) = —r dr 
TR?L R? 





The moment of inertia is given by 


I= { r? dm = (r?) = r ar] 
RÊ 
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R “Fr 
= 2m | ridea 2m z] = } mR? 
a r=0 


For the given cylindrical flywheel, 


m a Ka a 16 sides 


J 32 ft/sec? 


= 8.0 in = 2/3 ft 


w 
| 


= k mR? = (1.6 slugs) (2/3 ft)? 


H 
I 


0.35 slug-ft? 
@ PROBLEM 153 


The distance between the sun and earth is 1.5 x 10!! m 


and the earth's orbital speed is 3 x 10% m/s. Use this 
information to calculate the mass of the sun. 





Vv 


Solution: Since the eartn's orbit around the sun is 
very nearly circular, it is assumed that it is exactly 
circular. The radius of the circle is equal to the 
distance d between the earth and sun. The centripetal 
acceleration of the earth is then 


Newton's second law, F = ma, may then be written as 
2 
mıv 


F = a 





where m, is the mass of the earth. 

F is the force acting on the earth and is responsible 
for its centripetal acceleration. This force is also 
the gravitational force of attraction between the two 
objects. It is described by the law of universal 
gravitation, 


Gmı m2 





F = 
d? 
where m, is the mass of the sun. 
Equating these two expressions 
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Gm,;m, m,v* 


a = E a Upon 





rearranging and substituting the known quantities, the 
mass of the sun is 


vèa _ G x 10" m/s)? (1.5 x 10'! m) _ 


M2 = R3 
G 6.67 x 1071 IN m Pkg? 


= 2.02 x 10°° kg 


The mass of the sun is more than 300,000 times as large 
as the mass of the earth. 


What is the acceleration of a point on the rim of a 


flywheel 0.90 m in diameter, turning at the rate of 
1200 rev/min? 





oe snes For uniform circular motion, the acceleration 
of a particle at distance r from the axis of rotation 


is given by 
a= a (1) 


and is directed towards the center of the circle. 
Linear velocity, V, is related to angular velocity, w, 
by the relationship 


v= wr (2) 


Substitution of (2) into the equation for linear 
acceleration gives 


2 
r 
(ur) nx wr 





a = 


where w is expressed in radians/second. For the point 
on the rim of the flywheel 


w = 1200 rev/min = 20 rev/sec 
= 20 x 2m rad/sec 
r= 0.45 m 


a = w*r = (20 x 27 rad/sec)?(0.45 m) 


7100 m/sec? 
è PROBLEM 155 


Consider the tire on a car wheel, outer radius R = 0.36 m, as the 
car accelerates uniformly from rest to a maximum speed of 27 m/sec ina 


time of 30 sec. Calculate the acceleration of the car as well as the 
angular velocity and angular acceleration of the tire. 





Solution: Since the acceleration is constant, 





š n- 
= Vinal Vinitial = 27 sec-0_ 0.92 
c At 30 sec T sec” 
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V xĉc a 
The angular velocity vector w, 
which is constant for uniform 
motion, is perpendicular to the 


plane of the circle. =p 


This will be the linear acceleration of the axle on which the wheel is 
supported. Imagine that you are sitting on the axle. You will observe 
the road moving by with velocity V and the tire spinning with a vel- 
ocity such that, at the maximum speed, the angular velocity 

m 


ht. Soe 


0.36 m 
when the acceleration is constant, the angular acceleration is given by 


= 75 geo 2 





a m -Final ~ “Initial _ 75 sec" -0_ 4, ,..-2 
at 30 sec aes 


and we can see that e+ QR . 
A point on the circumference of the wheel experiences an accelera- 
tion, directed toward the axle, of magnitude 


H 3 -1)2 3 m 
a=k =W R = (75 sec ) (0.36 m) = 2.0 x 10 ers 


since this point is travellingin a circular path. 
@ PROBLEM 156 


Ignoring the motion of the earth around the sun and the motion of 
the sun through space, calculate (a) the angular velocity, (b) the 


velocity, and (c) the acceleration of a body resting on the ground at 
the equator. 





View from the North Pole, 





Solution: Because of the rotation of the earth the body at the equator 
moves in a circle whose radius is equal to the radius of the earth 
(see figure). 

r = radius of earth 


= 6.37 X 10° meters 


We are going to use the MKS System of units. One revolution, which is 
27 radians, takes 1 day or 





24 hr 60 min . 60 sec ĝ secs 
lay ihe Tein © RONS 


(a) Since the frequency of revolution is f = + » where T is 
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the period (the time for one revolution), then 


2TE = w = an A 


This equals the number of radians traveled per unit time, or the ang- 
ular velocity w. 

= ye 

24 x 60 x 60 


= 7.27 x 107? 
(b) The linear velocity is, by definition 
v = or 
= (7.27 x 10°) x (6.37 x 10°) #82. n 
= 4,64 x 107 m/sec . 
Since 1 mph = 0.447 m/sec 


_ (464x107 n` em sso) 
y se -447 m 


= 1040 mph 


(c) The acceleration toward the center of the earth is, since 
the motion is circular, 


radians per second 





v 


x 102 FER 


(6.38 x 10° m) 


= 3.37 x 1072 siiani 


© PROBLEM 157 





A stone of mass 100 grams is whirled in a horizontal 
circle at the end of a cord 100 cm long. If the tension 
in the cord is 2.5 newtons, what is the speed of the 
stone? 


Solution: First, we shall calculate the acceleration 
of the object, and from that we may calculate its veloci- 
ty. Firstly, 


F = mg 
2.5 newtons = 100 gm x a 
Newtons have the units ELT , and 100 gm = 0.100 kg, 


so that 
kg-m 
2.5 =" = 0.100 kg x a 
a = 25 m/s? 
2 
Also a= z- for uniform circular motion, where 
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a is the linear acceleration and v is the linear velocity 
of the object. Therefore, 


N 


25 


np 
| 


i 
a 
als 3 


@ PROBLEM 158 


What is the centripetal force required to cause a 3200- 


pound car to go around a curve of 880-ft radius at a 
speed of 60 mph? 





Solution: When a body travels in uniform circular motion, 
it experiences an acceleration towards the center of the 
circle. Since the object has a mass, a force towards the 
center of the circle is produced. 


In circular motion, the acceleration of the body is 
given by 


where v is the linear velocity of the object and r is the 
radius of the circle. In our case (using 60 mph = 88 


ft/sec): 
2 
as 189 ft/sec)” = 8.8 ft/sec?” 


The mass of the car is 


_ Wt _ 3200 1b lb - sec? 
we IEO O ae ee 
And F = ma 
n 2 
F = 100 Sec x g.g ft 
sec? 
= 880 1b. 


@ PROBLEM 


A racing car traveling in a circular path maintains a 
constant speed of 120 miles per hour. If the radius of 


the circular track is 1000 ft, what if any acceleration 
does the center of gravity of the car exhibit? 


Solution: Since the car is traveling a circular path 
at constant speed, v, its acceleration is radial, and 
given by 


Here, R is the radius of the circular path. Using the 
given data 


_ (120 miles/hr)? _ 14400 miles’ 
a = “(1000 ft) 1000 ft-hr? 
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a = 14.4 miles?/ft*hr’ 

In order to keep units consistent, note that 
l hr = 3600 s 

and 1 mile = 5280 ft 


14.4(5280 ft)? 
(1 ft) (3600 s)? 


Then a= 


30.98 ft/s? 


w 
i] 


@ PROBLEM 160 


A body is whirled in a vertical circle by means of a 
cord attached at the center of the circle. At what 
minimum speed must it travel at the top of the path 


in order to keep the cord barely taut, i.e., just on 
the verge of collapse? Assume radius of circle to be 
E Ets 





Solution: At the top of the circle, the net force 
on the body of mass m is 


IF =m +T 
where the positive direction is taken downward, and 


T is the cord tension. Since the motion is circular, 
the net force is centripetal and 


where v is the body's velocity and R is the circle's 
radius. Hence 





mg +T = x 
mv? 
and == a = G 


If the cord is just on the verge of collapse, 
T = 0 and 


mv rap 
tle Aigai 
whence v = vgR 


Using the given data 


v = V7(32 ft/s?) (3 ft) = /96 £t*/s2 
v = 9.8 ft/s 


© PROBLEM 161 


A 3200-1b car traveling with a speed of 60 mi/hr rounds 
a curve whose radius is 484 ft. Find the necessary 


centripetal force. 
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Solution: A centripetal force is a force which results 
when a particle executes circular motion with constant 
speed. It is called centripetal because it points to the 
center of the circle. Note that although the speed of 

the particle is constant, its velocity is not, because 
the latter is continually changing in direction. As a 
result, the centripetal force is responsible for changing 
the velocity of the particle. 


Using Newton's Second Law, we may write 
F = ma (1) 


where F is the net force acting on the mass, m. 


y? 


R 


where v is the speed of the particle in a circular orbit 
of radius R. Inserting this result in (1), 


Because this is uniform circular motion, a = 





, 


2 
_ mv 
2 Se (2) 


Equation (2) gives the centripetal force needed to 
accelerate m. In order to use this formula, we must trans- 
form the weight, mg, given in the question as 3200 1b., into 
a mass by dividing by 32 ft/sec.* . Then, using (2) 


_ { 3200 (88 £/s)? _ 
F = [59> s1) Lr e = 1600 1b. 


@ PROBLEM 162 









Consider a molecule suspended in a liquid in the test chamber of 
an ultracentrifuge. Suppose that the molecule lies 10 cm from the axis 
of rotation and that the ultracentrifuge rotates at 1000 revolutions 
per second (60,000 rpm). What is the magnitude of the acceleration 
associated with the circular motion? 







Solution: The angular velocity of the molecule is w = 2mn where n 
is the number of revolutions per second that the molecule is executing. 
Or, 


w =m X 1x 10° 28%= 6x 10° Fad 
sec sec 


The linear velocity is 


3 4 cm 


> raa = cn 
v = wr = (6 x 10 zes) (10 cm) 6 x 10 ae 


The magnitude of the acceleration associated with circular motion is 


2 
wes 


2 


a= = wr since the particle is going around in a 


circle. 
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ee (6 x 10? £84)? (10 cm) = 4 x 10° SS 
se 2 


sec 


Now the acceleration g due to gravity is only 980 cm/s? at the 
surface of the earth , so that the ratio of the rotational 
acceleration to the gravitational acceleration is 


8 
4x 10 ~ 4* 10° 


= 102 


© PROBLEM 





A 2-ft-long string which can just support a weight of 16 lb is fixed 
at one end to a peg on a smooth horizontal surface. The other end is 


fixed to a mass of % slug. With what maximum constant speed can the mass 
rotate about the peg? (See figure). 


-~ 
‘N 
/ > \ 


í Top View 
\ > 
wow 


Solution: If the tension in the string exceeds 16 1b, the string will 
break. Thus the maximum centripetal force that can be exerted on the 
mass is 16 1b. But if the mass is circling the peg with a velocity v, 
the centripetal force necessary to keep it in the circle is mv /R, 
where m is % slug and R is the tepsti of the string, 2 ft. Thus 





max % slug X V max 
16 1b = Ta R = 
therefore 

7°. 0964 £t*2psenug™? 2964 felat 

max 
or 


-1 
+. * 8 ft-s 


@ PROBLEM 164 


A train whose speed is 60 mi/hr rounds a curve whose radius 


of curvature is 484 ft. What is its acceleration? 





Solution: For uniform circular motion, we have an acceler- 
ation directed towards the center of curvature of magnitude 


v2 


oS 


where v is the speed of the object, and R is the radius of 
the circle. To keep the units consistent, we have to con- 
vert the speed from mi/hr to ft/sec, since R is in feet. 


v= fe g) Ea om = 88 ft/sec. 


Substituting the appropriate values, we find the accelera- 
tion to be 2 


2 
v 8 
— * 488 ftesec) west sec) = 16 ft/sec’. 
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a = 









© PROBLEM 165 


At the National Air Races in Reno, Nevada, the planes fly 
a course around a series of pylons. In a turn around a 
pylon, the maximum centripetal acceleration that the pilot 
can withstand is about 6g. For a plane traveling at 


150 m/s, what is the turning radius for an acceleration of 
6g? 


Solution: The speed is v = 1.5 x 107 m/s, and the acceler- 
ation a = 6g = (6)( 9.8 m/s?) = 5.88 x 107 m/s?. 


2 2 2 
R=% -= 1.5 x 10 m/s} = 3,83 x 107 m. 


5.88 x 10° m/s 


This is the minimum turning radius. 
© PROBLEM 166 


The outside curve on a highway forms an arc whose 

radius is 150 ft. If the roadbed is 30 ft. wide and its 
outer edge is 4 ft. higher than the inner edge, for what 
speed is it ideally banked? 


Side View WwW T i 
= ae aN cos ģ y op View 
30 ft Re 
wae 4 ft zA 
N sin ø 


Road Bed 


mg 
Solution: We wish to relate the velocity of the car to 

$, the banking angle. Note that the car is undergoing 
circular motion, hence its acceleration in the x-direction 


2 
is a = = , where R is its distance from the center of the 


circle (see figure). Applying Newton's Second Law, F=ma, 
to the x component of motion, 

ma = N sin ọ 
But a = v?/R and 


2 
= = N sin 6 (1) 
The acceleration of the car in the y-direction is zero, 
since it remains on the road. Applying the Second Law 
to this component of motion, 





N cos ġ = mg (2) 
Dividing (1) by (2), 
mv? 
R = N-sine ss — tan ¢ 
mg N cos 6 
= we 
tan O.7iRy 
Hence v = YRg tan 6 


Now, note that the width of the road bed is much smaller 
than the inner radius of the road. Hence, we may approxi- 
mate R as the inner radius. 


EELO ake 


Y(150 ft) (32 ft/s?) tan > 


From the figure, 
sin @ = 4/30 


v 


Hence cos $ = -50 


and tan ¢ = —— = — = .1345 





Therefore v = (150 ft) (32 £t/s2) (.1345) 
v = 645.6 ft2/s2 


v = 25.41 ft/s 
@ PROBLEM 167 


An unbanked curve has a radius of 80.0 m. What is the 
maximum speed at which a car can make the turn if the 


coefficient of friction ug is 0.81? 





? 
~ 
wi 
‘at 
mg 
Figure A Figure B 


Solution: We assume that the car is travelling ina 
circular path (see fig.(a)) at a constant speed. However, 
its velocity is constantly changing in direction. Hence, 
the car is accelerating, and, therefore,a force must be 
acting on the car. This force accelerates the car towards 
the center of the circular path and is therefore centri- 
petal. Applying Newton's Second Law, F = ma, to the car, 
we obtain f = ma (1) 


where f is the frictional force and a is the acceleration 
of the car. But, in uniform circular motion 


a = $ (2) 


where v is the speed of the car and R is the radius of 
the circle. Furthermore, the frictional force f is 


160 


f <u N (3) 


where N is the normal force exerted by the road on the 
car. (Note that if f = Ue N, the car will begin to slip 


relative to the road.) Combining (1), (2) and (3) 


2 
Mv" _ 
"ee" 
2 
mv 


Applying Newton's Second Law to the vertical direction 
of motion (see fig. (b)), we obtain 


N - mg = 0 
because there is no acceleration of the car in this 
direction. Using this in (4) 


2 
mv 

< m 
A 





Solving for v 


Ne “Us g R 

Vmax J's 9 

Tars K-81) (9.8 m/s?) (80 m) 
vat" 25 m/s 


@ PROBLEM 168 


What is the maximum speed at which a car can safely 
round a circular curve of radius 160 ft on a horizontal 
road if the coefficient of static friction between tires 
and road is 0.8? The width between the wheels is 5 ft 


and the center of gravity of the car is 2 ft above the 
road. Will the car overturn or skid if it just exceeds 
this speed? 





F. 
> O 
g 
Solution: The magnitude of the maximum frictional force 
that can be brought into play between tires and road is 


F = uN, where N is the normal force exerted by the road 
on the car and uy is the coefficient of static friction. 
But, since there is no upward movement of the car, 


N just balances the third force acting on the car, the 
weight mg. Hence F = umg. 


This must provide the centripetal force necessary 
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to keep the car in the curve of radius r when it is 
moving with the maximum permissible speed v. Hence, 


2 


pag = BE 
v = vurg = Y0.8 x 160 ft x 32 ftes-2 
v = 64 ft*s '. 


The frictional force F acts in the plane of the 
road surface and not through the center of mass of the 
car. In addition to providing the centripetal force 
necessary to keep the car in the curve, the frictional 
force must therefore produce a rotational motion about 
the center of mass. 


The only point of contact between car and road 
will then be at O in the diagram. Therefore, 


N must act through this point; but the weight of the car 
of magnitude mg = N still acts through the center of 
gravity. These two parallel but displaced forces form 

a couple of positive moment, tending to restore all 

car wheels to the road and to prevent the overturning. 


The moment of the frictional force is - uN = - mv?/r 
multiplied by the height of the center of mass above the 
road. Thus M, = - UN x 2 ft = - umg x 2 ft. 


Assuming that the center of gravity of the car is 
centrally located, the moment of normal force is N = 
mg, multiplied by half the width between the wheels. 
Thus M2 = mg x 2.5 ft. 


-’. M2 +M; = mg x 2.5 ft - 0.8 x mg x 2 ft 


mg x 0.9 ft. 


Since this is positive, |M2| >|Mi]. 


The restoring moment is therefore greater than the 
overturning moment at the maximum speed. If this speed 
is just exceeded, the car does not overturn. It skids, 
since the centripetal force is not now great enough to 
provide the acceleration necessary to keep it going 
round the curve, and the overturning moment is less 
than the restoring moment. 


© PROBLEM 169 





We know that if we drop an object of mass m while giving 
it a horizontal velocity component, the object will fall 
toward the surface of the Earth with the horizontal 


velocity remaining constant. With what velocity must 
an object be projected so that the curvature of its 
path is just equal to the curvature of the Earth? 


Solution: In such a situation, the object would fall 
toward the Earth at the same rate that the surface of 
the Earth curves away from the instantaneous velocity 
vector; that is, the object would fall around the 

Earth. The height of the object above the surface of 
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the Earth would therefore never decrease and the object 
would become a satellite of the Earth. 


Suppose that we start with the object at a distance 
h above the surface of the Earth. The radius of the 
Earth is R so that the radius of the desired circular 
path of the object is R + h. 


The centripetal force required to maintain the 
circular motion is 





F = ma, = — = 


The centripetal acceleration is furnished by 
gravity, so we can substitute g (= GM./(R + h)?)for 
ao where G is the gravitational constant and Me is 


the mass of the Earth. Thus, 


v2 d GMe we GMe 
m (ea) =e (ae: ee A 
The period of the motion is 
wW v 
fox Sa length of one orbit = circumference 
time to make one orbit period 


@ PROBLEM 170 


An astronaut is to be put into a circular orbit a 
distance of 1.6 x 10° m (about 100 miles) above the 


surface of the earth. The earth has a radius of 


6.37 x 10° m. and mass of 5.98 x 10?" kg. What is the 
orbital speed? 


Solution: The force between the astronaut and the earth 
is: 








F=G 


where G is the gravitational constant, m the mass of the 
astronaut and his ship, M the mass of the earth,and the 
letter a the centripetal acceleration of the ship. The 
term on the far right of the equation is just a state- 
ment of Newton's second law. 


We know that centripetal acceleration a, is equal 











to where V is the instantaneous linear 
velocity of the orbiting body at any time, thus: 
2 
G mM _ i V 
R2 R 


6.37 x 10° m 


li 
pen 


24 
(6.67 x 20-2 N-m?/kg”) 5.98 x 10 k i 
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= 7.91 x 10° m/sec 
Note IN = keh Le 


sec? 
@ PROBLEM 171 


The string of a conical pendulum is 10 ft long and the 
bob has a mass of k% slug. The pendulum is rotating at 


k% reves~!. Find the angle the string makes with the 
vertical, and also the tension in the string 





-> 
mg 

ion: Let r be the radius of the horizontal circle 
traversed by the bob of mass m, & be the length of the 
string, and T be the tension which the string exerts on 
the mass. The forces acting on the bob are the weight 
ing downward and the tension at an angle 6 to the 
vertical. Resolve T into horizontal and vertical com- 
ponents. Applying Newton's Second Law to the horizontal 
direction of motion 


Fret = ma 


where a is the horizontal acceleration of m, and Fret 
is the net horizontal force on m. Since m is in uniform 
circular motion, T sin 6 provides the centripetal force 
necessary to keep the bob im the circle. Thus T sin 6 
= mv?/r, where v is the velocity of the bob. But v is 
the distance traveled in 1 s. That is, v =n x 2mr = 
2nmrn, where n is the angular speed in rev-s~'. Also, 
from the figure, sin 6 = r/%. 

‘ 4n? rmn? 


ox i Levee 2 4n?mg£n?2 = 
4n?x 4 slug x 10 ft x(@j s7')? 


49 lb. 


The bob stays in the same horizontal plane, so 
that the vertical forces must balance. Thus, from 
Newton's Second Law, T cos 6 = mg. 


S cos o è -M 
4T°men? 
= a ia ta = 0:327; 
An? x 10 ft x ( s7) 


eis 6 = 71°. 
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e PROBLEM 172 


The angular velocity of a body is 4 rad/sec at time t = 0, 
and its angular acceleration is constant and equal to 


2 rad/sec*. A line OP in the body is horizontal 8 = 0) 


at time t = 0. (a) What angle does this line make with 
the horizontal at time t = 3 sec? (b) What is the angular 
velocity at this time? 


P 
P 
(a) t=0 (b) t=3sec 


Solution: The angular kinematics equations for constant 
angular acceleration are identical in form to the linear 
kinematic equations with a corresponding to a, w to v, 
and 6 to x. 1.2 

(a) Comparable to x = Xo + Wot + zot , we have 
6 = 95 + Wot + Fat? where 89? wg are the initial angular 
position and velocity of the body. 

Since 85 = 0, we have 





3 R 
6 = Wot + zat 





SA rad 


1 rad 2 
— * 3 sec + yx 2 x (3 sec) 


sec 


21 radians 


1 revolution 


21 radians ery 


= 3.34 revolutions. 
The angle 6 is then 
@ = 0.34 x one revolution = 0.34 x 360° ~ 122°. 


(b) w= w, + at 


0 
rad rad rad 
= 4=——+ 2 =— x 3 sec = 10 —. 
sec sec” sec 
Alternatively, 
2 2322 
w = Wy + 2a6 


2 
a {z2a) +2 2 282° x 21 rad 


sec wen 
2 
= 100 rac, w = 10 zaa, 
sec 
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© PROBLEM 173 


The owner of a car and a helpful passer-by attempt to 
pull the former's car from the field into which it has 
skidded. They attach two ropes to the front of the 
chassis symmetrically, each rope being 1 ft from the 


center point, C, and exert pulls of 200 1b and 150 1b 

in parallel directions, both at an angle of 30° to the 
horizontal (see the figure). To what point of the chassis 
must a tractor be attached and what horizontal force 
must it exert to produce an equivalent effect? 





200 1b 
> 


5 150 1b 





Solution: The resultant force of the two pulls exerted 
by the men must be R of magnitude (200 + 150)lb = 350 1b, 
in the same direction as either of the forces, i.e., at 
30° to the horizontal. Only the horizontal component of 
this force is doing useful work in pulling the car from 
the field. This component has magnitude R cos 30 = 

350 lb xv3/2 = 303.1 lb. This is the force that the 
tractor must exert. 


The point of attachment of the tractor must be the 
point O at which the line of action of the resultant R 
cuts the front of the chassis. The forces that the two 
men exert on the chassis produce a net torque Tt about 
the center point C. The point of action O of E must 
lie at a distance from C, along the front of the 
chassis, such that R produces a net torque equal to T: 


t = (150 1b) (1 ft) - (200 1b) (1 ft) = (350 1b)x 


where x is the distance of O from C. All counterclock- 
wise torques are taken as positive. Since x is negative, 
we see that R produces a clockwise torque about C. This 
tells us that O must be to the left of C (above C in the 
figure). 


Thus the point of attachment of the tractor is 6/7 
ft from A, that is, 1/7 ft from the center point of the 
front of the chassis. 





A car on a country road in Maryland passes over an old- 
fashioned hump-backed bridge. The center of gravity of 
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the car follows the arc of a circle of radius 88 ft. 
Assuming that the car has a weight of 2 tons, find the 
force exerted by the car on the road at the highest point 
of the bridge if the car is traveling at 30 mph. At what 
speed will the car lose contact with the road? 








Solution: The forces acting on the car at the highest 
point of the bridge are its weight W = mg downward and 
the normal force N exerted by the bridge upward. These 
cannot be equal, since there must be a net downward force 
to provide the acceleration necessary to keep the car 
traveling in a circle. Thus mg - N = mv’/r, by Newton's 
Second Law. 


a v?) W PA krt v? 
ye See ree ae 
where W is the weight of the car. 

Here v = 30 mph = 44 ft/s. 


2 2 /a2 
i n a ee P 


Bi 88 x 32 ft/s? 


2 [2 - i) ton = 2 ton. 
But action and reaction are equal and opposite. Thus, 
if the road exerts a force of 5/8 ton on the car, the 
car exerts the same force on the road. 
The car loses contact with the road when N = 0, that 
is, when v* = rg. Thus the speed required is 


Y88 ft x 32 ft/s? = 16 Vil ft/s 


< 
i] 
2) 

Q 
" 


53.1 ft/s = 36 mph. 


© PROBLEM 





Suppose that a satellite is placed in a circular orbit 100 miles 


above the earth's surface. Determine the orbital speed v and the time 
t required for one complete revolution of the satellite. 


Zz 
ZG 
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Solution: The radius R of the circular path is determined as follows 
(see the figure), 


R= Ro + 100 miles where Ro , the earth's radius, is 6.378 x 10fn; a 
5 


distance of 1 mile is equal to 1,609m; therefore, 100 miles = 1.61 x 10m 
R = 6.378 x 10°m + 1.61 x 10°m = 6.539 x 106m . 
For our purposes,it is sufficient to retain only the first two digits: 
R = 6.5 X 10°m 
The gravitational pull on the satellite is 


F =m. 
g g 


This pull provides the centripetal force for the circular motion, there- 
fore 

F = 20 = mg 
centr R 

or 


v2 = gk = (9.8m/s7 6.5 x 106m) 


= 63.7 xX 10°m?/s* ws 64x 10°m 
v= 8.x 10°m/s 


This orbital speed is only approximately correct because it has been as- 
sumed that the effect of gravity 100 miles above the earth is the same as 
at the earth's surface. The gravitational "pull" weakens as one recedes 
from the earth's surface, but at 100 miles above the earth it is only 
slightly different from the value g, so the calculation above is reason- 
ably accurate. To determine the time interval required for one revolu- 
tion of the satellite, the distance the satellite travels in one revolu- 
tion must be calculated. This is just the circumference C of a circle 
of radius R: 


27,2 


C= 2R = (2)(3.14)(6.5 x 10°m) = 4.1 x 10’m 


The period of the motion is 7 


t =Ê a SA KIB, a xX 165 


Y 8 x 10°H/s 
3 
fa BELIEF oe 
60¢/min 


The time required for one complete revolution of the satellite is about 
85 min. 


e PROBLEM 176 


A cylinder rests on a horizontal rotating disc, as 
shown in the figures. Find at what angular velocity, 
w, the cylinder falls off the disc, if the distance 
between the axes of the disc and cylinder is R, and 


the coefficient of friction ųu > z » where D is the 


diameter of the cylinder and h is its height. 


Figure B 
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Solution: The centripetal force that keeps the 
cylinder at rest on the disc is the frictional 
force f. According to Newton's third law of motion, 
the cylinder reacts with an equal and opposite 
force, F, which sometimes is referred to as the 
centrifugal force, 


F = M w?R 


where M is the mass of the cylinder. The cylinder can 
fall off either by slipping away (Fig. A) or by tilt- 
ing about point P (Fig. B), depending on whichever 
takes place first. The critical angular speed, wi, 


for slipping occurs when F equals f; 
F=f 
M wi R= ug M 


where g is the gravitational acceleration. Hence 


F tries to rotate the cylinder about P, but the 
weight W opposes it. The rotation becomes possible, 
when the torque created by F is large enough to take 
over the opposing torque caused by W; 


hy, D 
FRE NS 

D 
Atl E 


giving wz = AR 


Since we are given that ų > z , we see that 


Wi > We 


and the cylinder falls off by rolling over at w = 
Wa. 


MOMENTS OF INERTIA 


© PROBLEM 177 


Evaluate the inertial coefficients for a thin uniform 
spherical shell of mass density o per unit area and 
thickness d, for an axis through the center of the 
sphere. 


Solution: The angular momentum L of a seo te sg rigid 
Body of mass M is related to its angular velocity 


Ù by: 
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L I I I W, 


x XX Xy “XZ x 
by Iyx Tyy "yz “y 
| Ly Tx Izy Izz We 
where 'I's are the inertial coefficients given by 
Tay = f dm xy 


Eat | dm (y? + z”), etc. 


The off diagonal elements are zero for the spherical 
shell as a result of its symmetry. This follows, be- 
cause for every contribution xy to the integral for 
Tey! there is an equal but opposite contribution (- x)y 


on the sphere. Hence, the integral of xy over a sphere 
is zero. 


The diagonal elements are equal since the three 
axes are equivalent as far as the geometry of the shell 
is concerned. The ring shown in the figure has a mass 


dm = o(27 r sin 6) (r dé) 
T 
hence I), = | dm (y?+x?) = 27 o r? | dð sin 6 
0 


(r? sin? 6) 


l 
` | d(cos 6)[1 - cos? 6] 


= 2R O Y 
-1 
= 2m 0 r" 4) = 8 ror 
3 3 

= 2 ig Rs ay 

(4m r? o) 5 x? = 5 Mr 
es S ae Stag 
Therefore, Iex =y = Izz 3 Mr^. 


@ PROBLEM 178 


Evaluate I for a sphere of uniform density p, for an 
axis through the center of the sphere. 
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Solution: We may assemble the sphere from spherical 
shells of thickness dr and having mass density o = 
p dr per unit area as shown in the figure. 


The moment of inertia, dI, of the thin spherical 
shell of mass dm shown in the figure, about a radius, 
is 

di = 2 r? am = 3 r? (4nr? p ar) 


qr” p år 


Wie wN 


The total moment of inertia of the solid sphere 
therefore becomes 


R 
a = 8 £ = E) 5 
I= f dI -J z Tr’ p dr is T? R 
wt 18 3) p2 
<3 (5 tT OR |r 
= 2 yR? 
= MR‘, 


where M is the mass of the sphere. 


A solid cylinder of radius R rolls on a flat surface. 


Find the moment of inertia I5 of the cylinder about its 
line of contact with the surface. 





iSymmetry Axis 
l 


Close-up of dm: 


rdð 


Axis tangent : dv = (rd6) (ar) (dz) 


to surface 





Solution: The definition of moment of inertia for a 
continuous mass distribution is dependent upon which 
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axis we wish to calculate the moment of inertia about. 
In this case, we want to calculate Io the moment of 


inertia about an axis parallel to the symmetry axis of the 
cylinder, but tangent to the surface of the cylinder. To 
simplify the required integrations, we may equivalently 
calculate the moment of inertia, Is’ of the cylinder about 


its symmetry axis, and then employ the parallel axis 
theorem to find Is 

The moment of inertia I, is (with reference to the 
figure) defined as: 


Igt f r? dm (1) 


where r is the perpendicular distance between the symmetry 
axis of the cylinder and the mass element dm. Also note 
that dm, the mass contained in a differential volume dv, is 
the mass per volume contained in the cylinder times the 
volume dv,0r 


am =|——“__| r ar do az (2) 
TR?H 


where M is the total mass of the cylinder, and 1R?*H is the 
volume of the cylinder. Combining (2) and (1), we obtain 


“et 


where the integral is over the volume of the cylinder. 
Performing the integral: 


M 
TRĉH 


r? dr dọ dz (3) 


























H 27 (R 
I5 = M 2 r? dr doe dz 
1R?H 
- H 0 0 
2 H 
2T 
r = |—— —~ a dð dz 
9 TRĉH j Š 
S 0 
2 
H 
a | (27) 
s=] m = 5 Š 
TRĉH 
-H 
2 
4 
M R 
ro haen 
Baie: 
I,*=-8 R? (4) 


This is the moment of inertia about the symmetry 
axis. To find the moment of inertia about the axis tangent 
to the surface of the cylinder, use the parallel axis 
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theorem. Mathematically, (see the diagram) 


List Mn? (5) 


where n is the separation of the 2 axes. Rewriting this 
using (4), and noting that n = R, we have 


l 


I_ = —5— MR? + MR? 
s 2 
= 2 wp? 
or I, = = MR 


@ PROBLEM 180 


Two masses of 200 gm and 300 gm are separated by a light rod 50 cm 
in length. The center of mass of the system serves as the origin of a 
Cartesian coordinate system. The rod lies in the xy plane and makes 
an angle of 20° with the y axis. Find the inertial coefficients Tae 


and Ly with respect to the center of mass. 


ne y C77) 
200gm C.M. gm 
M) M3 
Figure A 





Solution; Since we must calculate the moment of inertia of the rod 
about an axis through the center of mass, we must first locate the 
center of mass. Let us find the distance of the center of mass from 
the 200-gm mass. By definition of center of mass 


+ 
e E 
c.m. M + M, 
where X1 2X3 are the distances of M and M, from the origin (in 
our case, the 200 gm. mass). Hence, using figure (A), 


R =- 200 0) + (300 50 cm 
cem. 500gm 

R = 30 cm 

cem, 


Looking at figure (B), the Cartesian coordinates of the 200 gm mass 
(denoted as M) are referred to the center of mass as origin, 


x, = (30 cm) sin 20° = (30 cm) (.342) œ 10.3 cm 


(1) 
y, = (30 cm) cos 20° = (30 cm) (.940) œ 28.2 cm 


z,=0 


The Cartesian coordinates of the 300 gm mass (denoted as M,) are 
= (-20 cm) sin 20° œ -6.8 cm 
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£3 


7ps (-20 cm) cos 20° œ -18.8 cm (2) 


z= 0 


Using these values of the coordinates, we proceed to evaluate the in- 
ertial coefficients defined by the equations 


Tx T Į m i z“) 
ry =- A m Xi Yi 
For our problem, these reduce to 


Ta O + 4 +O + 


TMF, ~ 72 
From (1) and (2) 
I = (200 gm) {28.2 cm)? + O| + (300 gm) [(-18.8cm)*+0] 


L = 265080 gm-cn? = 2.65 x 10° gm-caf 
I = -(200 gm) (10.3 cm) (28.2 cm) -(300 gm) (-6.8cm) (-18.8cm) 


I = -96444 gadis -.96 x 10° guren 


Now suppose that the rod rotates about the x axis with angular velocity 
w. Find the components of J. In general, 


J I A I w 
x xX xy XZ x 

J = I I I w 
y yx yy yz z 

J I I I w 
z zx zy zz z 


where J ,J ,J_ are the vector components of re and w ,W ,wW 
x Y 2 x y's 


are the components of v. The quantities Tn tay? etc., are the pro- 


ducts and moments of inertia of the system we are studying. 
In our problem, O S e, = 0 and Lx = 0, and 


J I I I w 
x xx xy xz x 

J = a I I 0 
y yx yy yz 

J I I 0 
z 0 zy zz 


Therefore, by the definition of matrix multiplication 


J i. © 0 0 
x xx X 
J = iw 0 0 
y yx X 
J 0 0 0 
z 
and 
J = I w 
x xX, ot 
= i 
y yx x 
n makat 
z 
Then 


J a 5 
7- pe - Be. 363 
x ax. 26S X 10 
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èe PROBLEM 181 


Show that if k is the radius of gyration of a body, then 


where I is the body's rotational inertia about a given 
axis. 


z Z 
M O, 
a3 mass ~ 


FIGURE A FIGURE B 


The radius of gyration of a rigid body is 
defined as the radial distance from a given axis at 
which the entire mass of the body can be concentrated, 
without altering the object's moment of inertia about 
the axis. 





The definition implies 2 equivalent configurations 
(see figure), either of which may be used to calculate 
the body's moment of inertia about axis Z. From the 
discussion above, the moment of inertia of the body of 
mass m about axis Z in figure (a) is equivalent to the 
moment of inertia, about Z,of a mass particle m at a 
radial distance k from Z. (See figure (b)). Hence 


mk? = I 


or k = = 


@ PROBLEM 182 





Show that the moment of inertia of a body about any 
axis is equal to the moment of inertia about a parallel 
axis through the center of mass plus the product of 

the mass of the body and the square of the distance 
between the axes. This is called the parallel-axes 
theorem. 


Prove also that the moment of inertia of a thin 
plate about an axis at right angles to its plane is 
equal to the sum of the moments of inertia about two 
mutually perpendicular axes concurrent with the first 
and lying in the plane of the thin plate. This is 
called the perpendicular-axes theorem. 
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Fig. B 





Solution: Let I be the moment of inertia of the body 
about an arbitrary axis and I, the moment of inertia 


about the parallel axis through the center of mass G, 
the two axes being distance h apart. (See fig. (A)). 


By definition of the center of mass of a body 
relative to an arbitrary axis through a point P, we 
obtain 


I 


= 2 2 
m; rf = 2m; (xj? + y,*) 
l 
2 


2 
i 

= ; wE m, ; 
Z Misk z iYi 
i es 


where the sum is carried out over all mass particles 
m, of the body, and ry is the distance from P to m,. 


Now, 


li 


X., 


x! +a 
a i 


y = yj +> 
as shown in figure (A). Here, (x!,y:) locates m, 
relative to G, the center of mass. Then 
= 2 ' 2 
T=r m (xį;+a) +z m(yj +b) 
i i 
2 2 2 2 ' 
I= pm(x;?+ yj?) + zm (a? +b?) + 2az mixt 
1 1 R 
' 
+ Foie m; Yi 


But xi + yi? = ri? and a? + b? = h?, whence 


I1= Iim r!'? + £m.h?2 + 2a Emx! + 2b2 m,y; 
j ii Gra j ii es 


By definition of the center of mass, however, 
! = y! = and 
z m.x! i mY; 0, 


ee S 
1 
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ik '2 2 s 2 
I= F Morik 3 m;h Is + Mh 


where M a =m; is the net mass of the body. This is 
i 

the parallel-axes theorem. Although we derived this 
theorem in 2 dimensions, it is equally applicable in 
three dimensions. 


Take, in the case of the thin plate, the axes in 
the plane of the plate as the x- and y-axes, and the 
axis at right angles to the plane as the z-axis (see 
fig. (B) ). 


Then the moment of inertia of the plate about an 
axis perpendicular to the plate (the z-axis) is 


2 


= m, r, 
Iz : L a e 


where ri locates mi relative to O. But 
a os o 
Ti *i Yi 


where Xj and y; are the x and y coordinates of m,- 


Then 
i 2 2 
Iz : mx; + : mY; 
2 = ars 
But z mx; I, and z mY; IL whence 
£ i 
Iz = I, + I3 


This is the perpendicular axes theorem. 


© PROBLEM 





Internal torques:—The interaction which may be present 
between particles themselves give rise to internal 


torques. Show that the sum of all internal torques is 


Solution: The total torque is defined as 


zt is the position vector of the particle and Fa is 
the force acting upon it. 


For internal forces 


Pempe Ein 
i jer 13 


the sum of the forces on particle i from all other 
particles j. (The prime on the summation sign means that 
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the term j = i is excluded.) Thus the internal torque is 


N, $ fr. x F, =. E-2E5 wer, ; 
int i i 1 i j 1 LT -A 


N 
Here we simply substitute I’ F.. for P.. 
j=1 ij i 


but by relabeling the dummy indices i and j, we have 


z: SG a BBL SE or, «Fey 
i j 1 1J j i J 2 and 
so that 
Nant = H A die, oe Bi E BN 
i j a 1J J Ji 


We now assume that the forces are Newtonian, which 
means we assume Psi =- Fije Substituting we have: 


1 > > 
N, => ri^ |r, x P, +T, =-SFo. 
int 2 i 5 Ë: ij rj s ¢#)] 


Factoring and rearranging we have: 


Ning = 7 ESE i - $) Fij 
a3 


Now, £, = f; is a vector between particle i and 
particle j. Since the fij are central forces (that is, 
they act along the line joining particles i and aD) they 
are parallel to A - f). Therefore, éi - ) x Fij = 0, 


and thus 


ROTATION OF RIGID BODIES ABOUT FIXED AXES 
e PROBLEM 184 








If a disk is rotating at 1200 rev/min, what torque is 


required to stop it in 3.0 min? 





Solution: If the disk is to decelerate from 1200 rev/min 
to 0 rev/min uniformly, then the angular acceleration (a) 
will be constant. Hence 


a = constant. 


But a = ge where w is the angular velocity of rotation. 
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Therefore, 
by: dw 
~ at 

or dw = adt 

w t=t 

| dw | adt 

Wo t=0 

Ww = Wy = at (1) 


where w= w at t =t and Wo is the initial angular velo- 
city of rotation. 


Wo = 1200 rev/min. 
Since 1 rev/min = Zs rev/sec 


Wo = 20 rev/sec. 


But 1 rev = 27 radians and 


Wo 40r rad/sec. 


r 
Substituting in (1) 


3.0 min = 180 sec 


0 - 407 rad/sec = a(180 sec) 


a =o rad/sec?. 


This is the acceleration which must be applied to the disk 
if it is to come to rest in the required time. Because the 
disk is rotating about a fixed axis, the torque L is the 
product of the angular acceleration of the disk and the 
moment of inertia of the disk about the axis of rotation. 


L = Ia 


(38 slug-ft?)|- is raā/sec?] 


=26_1b=ft. 


Hence, a torque of -26 lb-ft must act on the disk in order 
to bring it to rest in 3 minutes from a velocity of 1200 
rev/min. The negative sign is consistent with a retarding 
torque. 


A force F = 10 newtons in the +y-direction is applied to 
a wrench which extends in the +x-direction and grasps a 


bolt. What is the resulting torque about the bolt if the 
point of application of the force is 30 cm = 0.3 m away 
from the bolt? 
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10N 


|}-—0.3m | 


Solution: Torque is calculated from the relation: 


T=rxF 
where t stands for torque, F stands for the force, and r 
denotes the distance from the origin, about which the 
torque is calculated, of the point of application of 
the force. In this problem we use the bolt as our origin 
about which we calculate the torque (see the Figure 
above). Then, 


A 


= = 0.3 mî x 10N9 = 3 Nm (* x 9) = 3 Nem k 


where £, j, and k are the unit vectors in the +x, ty, 
and +z directions respectively. 









© PROBLEM 186 


The motor driving a grindstone is switched off when the 
latter has a rotational speed of 240 rev'min '. After 


10 s the speed is 180 rev-min '. If the angular re- 
tardation remains constant, how many additional 
revolutions does it make before coming to rest? 







Solution: The initial speed wo is 240 rev-min ` and 


the later speed w is 180 rev-min '. Thus since the 
angular acceleration, a, is constant, we may write 
w = wọ + at. Here, t is the time it takes for the 
grindstone's angular velocity to go from Wo to w. 


Solving for a, 


w = 0 180 revemin’? - 240 rev-min ! 
= [iG an? cae se. =e = 


WE t s 
Noting that 1 min! = 1/60 s ', we find 


60 reves ! 


di a 2 
~= 60 x 10 s 


= =- .l rev°'s 


Considering the subsequent slowing-down period, the 
final speed is zero and the grindstone traverses an 
angular distance 6. Hence, using the equation 


w? = we + 200 


with w = 0 and wọ = 180 rev-min ' = 3 reves ', we find 


0 = 9 rev?+s ? + 2(- .1 rev-s *)6 


or 0= 25e = 45 rev. 
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@ PROBLEM 187 


A record player, has a turntable which is a flat plate of radius 
12cm and mass 0.25 kg.Calculate the moment of inertia of the turntable 
about its axis of symmetry, and the torque required to accelerate the 
turntable to 33.3 rpm in 2 sec. Because his records are warped, the 
owner of the record player usually places a brass cylinder (radius 4 cm 
and mass 3 kg) on the center of the record. What torque would then 


be required to accelerate the turntable? 





Side View 





Solution: Torque and angular acceleration are related by T= Ia where 
T, I, and @ are the torque, moment of inertia, and angular acceleration 
respectively. 

First we must calculate the moment of inertia of a cylinder of uniform 
density (see diagram): 


The volume of the mass element dM is given by: 
dV = 27 rw dr 
and since the mass contained in dM is given by dM = pdV: 


dM = 27 prw dr 
Since: 2 
I= fr” am 
where r is the radial distance from the axis about which we calculate 
I, we have for the disk: 
R R 4R 
2 3 r 4 2 2 2 
I= i (2mprwdr) = 2Tpw iF dr = 2Tlow a= $ TowR” = HPTR w)R = MR 


We note that the volume of the disk is given by its surface area multiplied 
by its thickness: 


Ve n R? w 


and since M = pV: 2 
M PTR w 


where M is the mass of the disk. 
Thus for the turntable: 


I, = 3(0.25 kg) (0.12m)? = 1.8 x 107° kgm” 
The moment of inertia of the brass cylinder is: 
2 - 2 
I, = 3(3 kg) (0.04m) = 2.4 x 10 3 kgm 
To calculate the angular acceleration, we must first convert 33.3 rpm 
to rad/sec. 


3.33 revolutions _ 33.3(2n7 rad) 
min. 60 sec. 


_ 3.49 rad/sec 
g 2 sec 


= 3.49 rad/sec 


a = 1.74 rad/sec” 


where œ is the angular acceleration 
The torque that must be applied to the turntable to produce a is: 
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os 2 -3 -m 
T= Tas (1.8 x 10-%kg-m"\1.74 rad/see”) = 3.13 x 10 me -m 


-3 
= 3.13 x10 Nm 


The torque required to accelerate the turntable plus the cylindrical 
weight is: 


T 


i] 


- - 2 
(I, + Ia =(1.8 x 10 Sea" + 2.4 X 10 Soom? X 1.74 rad/sec ) 


Pe -3 
(4.2 x 10 °kg-m?\ 1.74 rad/sec” ) = 7.31 x 107°N-n 


@ PROBLEM 188 





A man stands at the center of a turntable, holding 
his arms extended horizontally with a 10-1lb weight in 
each hand. He is set rotating about a vertical axis 
with an angular velocity of one revolution in 2 sec. 
Find his new angular velocity if he drops his hands 


to his sides. The moment of inertia of the man may 
be assumed constant and equal to 4 slug-ft?. The 
original distance of the weights from the axis is 
3 ft, and their final distance is 6 in. 


Solution: If friction in the turntable is neglected, 
—— . : 

no external torques act about a vertical axis and 

the angular momentum about this axis is constant. That 
is, 


Iw = (Iw) 9 = Iowo, 


where I and w are the final moment of inertia and 
angular velocity, and Io and wọ are the initial values 


of these quantities. 


: Inan $ eights 


The moment of inertia of a weight at a distance 
r from the axis of rotation is given by 


2 


I = mr 
Therefore 
= wah iA _ „E2 
I=4+2 (33) (3) = 4.16 slug-ft*, 


i 8 453 [33] (3)? = 9.63 slug-ft?, 


Wo 2mfo = (27) (5 rev/sec) = mt rad/sec 


where fo is the original frequency of rotation 


W = wy = 2.311 rad/sec. 


That is, the angular velocity is more than doubled. 
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© PROBLEM 189 


A satellite of mass Ms is placed in a stable circular 


orbit of radius R ongi the earth. What is its angular 
momentum about an axis through the earth perpendicular 
to the plane of its orbit? Assume that R > > radius of 


satellite. 





Solution: In the figure, the earth's gravitational pull 
on the satellite accounts for the satellite's centri- 
petal acceleration: 
2 
M5 v G MMe 
R R? 
where Mo is the mass of the earth. 


Thus: = 7 


Its angular ES Mr is therefore: 








[l 
Q 


Since R > > radius of satellite, when calculating the 
satellite's moment of inertia, with respect to the axis 
A-A', we can take all of its mass to be at a distance 
R from the axis. 

This reduces to the case of finding the moment of 
inertia of a point mass with respect to an axis. This is: 

I= M,R* 

The angular momentum L of the satellite is therefore: 





L= Iw= MR? e -m VGM- R 


© PROBLEM 190 





A flywheel, in the form of a uniform disk 4.0 ft in diameter, weighs 
600 lb. What will be its angular acceleration if it is acted upon by 


a net torque of 225 lb-ft? (The rotational inertia of a wheel is 
2, where m is the wheel's mass and R is its radius.) 


Solution: The flywheel is a massive wheel whose use is the "storing" 
of kinetic onare: The problem is _one of applying the formula T= 1a 
(analogous to F = ma), in which T is applied torque, and @ is the 


183 








resulting angular acceleration. We are given F, we can determine I, 
and solve for œ. Since the weight (W) of any object is 


W = mg 


where m is its mass and g is the acceleration due to gravity, we 
can find m 
600 1b 


wW 
a E 18.8 slugs 
& 32 ft/sec 


= $mr” = 4(18.8 slugs) (2.0 ft)” 


m 
| 


38 sutt 
Therefore, substituting into T = Ia, 


225 lb-ft = (38 glug-2t" by 
5.9 red/sec” 


Q 


In radian measure the angle is a ratio of two lengths and hence is a 
pure number, The unit "radian" therefore does not always appear in 
the algebraic handling of units. 

@ PROBLEM 191 


The flywheel of a cutting machine has a mass of 62.5 
slugs and a rađius of gyration of 3 ft. At the beginning 
of the cutting stroke it has a rotational speed of 

1 


120 rev'min !, and at the end a speed of 90 rev'min '. 
If it cuts in a 6-in. stroke, what is the average cutting 
force exerted? 





Solution: The energy lost during the stroke is the 
difference between the rotational kinetic energies of 
the flywheel at the beginning and at the end of the 
operation. If I = Mk? is the moment of inertia of the 
flywheel where k is its radius of gyration, and wo 


and w the initial and final rotational speeds, then the 
energy lost is ¥I (i ~ w?) = k Mk? (wâ - w?) This energy 


is lost in producing the cutting stroke. If F is_ the 
average cutting force exerted over the distance d, by 
the work energy theorem, the work done by equals the 
change in kinetic energy of the flywheel. Hence 


F-d-=Fd= Mk? (w§ - w?) or 


Mk? (Cy = w?) 
es 


_ (s) (62.5 s1) (9 ft?) (14400 - 8100) rev?+min ? 


M EE 
In order to obtain F in conventional units, note that 


1 revemin ! = a rades } 


Hence 


(3) (62.5 sl) (9 ft?) (6300) (41?/3600 rad?-s ? 
poe ft) 


F œ 38861.6 1b. 
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@ PROBLEM 192 


Two men, each of whom weighs 150 1b, stand opposite each other on 


the rim of a small uniform circular platform which weighs 900 1b. Each 


man simultaneously walks clockwise and at a fixed speed once around the 


rim. The platform is free to rotate about a vertical axis through its 
center. Find the angle in space through which each man has turned. 


2 
(The platform's moment of inertia is I = MR , where M is its mass). 





Initial Position Intermediate Position Final Position 


By 
Platform 
My M3 M M3 
Mp 
P$ 
(b) 


(a) (c) 


Solution; The figure (parts (a) through (c)) illustrates various posi- 
tions of the 2 men, and the platform, relative to an observer on the 
ground. Our ultimate goal is to find an equation, for each man, de- 
scribing his angular position, 8, as a function of time, relative to 
his initial position (figure (a)). It is equally acceptable to find 
an equation for the angular velocity @ of each man, since this may 
be integrated to find ©. Rather than jumping right into a dynamic 
analysis of this problem, it might be worth our while to see if we can 
use any conservation relations in solving this problem. 


Note that the angular momentum of the system consisting of the 2 
men and platform is constant in time, since no external torques (i.e., 
friction) act on the system. Furthermore, using angular momentum as 
our conserved quantity will give us a relation between the angular 
kinematical variables (a,w,0) at 2 times during the motion of the system. 
We take these 2 times to be as illustrated in figures (a) and (b). The 
initial angular momentum of the system, L,, is zero, since figure (a) 
shows the system at rest. The_final angular momentum, L,, is due to the 
angular momentum of each man(L,,L, ) plus the platform's angular moment- 
um, Ls - Hence, 


> — — 


lig tay T: Fe (1) 


But, by the definition of the angular momentum of a particle about point 
Cy 


where Py and P, are the linear momentum of each man, and Bi and 


r, are as illustrated in figure (a). Also, from figure (b) 


= Ss 
Py 7° Py 

since each man walks with the same velocity. Then 
xR 


185 





and B an (2) 
ss iia | 


Furthermore, the angular momentum of the platform is 


L TIW (3) 


where w and I are its angular velocity and moment of inertia relative 
to C. Gee figure (a)). Using (2) and (3) in (1) 
be SrL Pt Eo (4) 
But, the momentum of particle 1(p ) is related to its angular velocity 
w relative to an external observer by 
My 7 i Se 
Therefore, = e = id 2 
ri xX Py = mr, X (», x r,) (5) 
Since, for any vectors A, B and C 
Ax (Bx C) = (A-C)B - (A-B)C 
we obtain, using (5) 
- ~ -= — ~ 2,7 =- =” oo 
ry py = me x (o x e Yomo) meem (0) 





Now w, is perpendicular to the plane of the platform, which contains 
a . Then or ae 
o r 0 
and (6) becomes 
- — - -_ ~ 2 -_ 
ri x Py = mr, X (o X A mrj (7) 
Using (7) in (4) EA pen 5 
Le = 2m, r} w + Iw (8) 
By the principle of conservation of angular momentum 
Lg = Lo =0 
and (8) yields 2> k. 
amr, 9 +Iw=0 
or 
o, =| ——]a (9) 
1 2 r2 
Pi 
Since each man travels with the same speed, 
— L -_ a Pat 
w =o, =o (10) 


Also, the masses of the 2 men are equal, and 
m=m =m. (11) 
Noting that ri equals To» and that each equals the platform's radius, 


R, we obtain 


EyoM Took R. (12) 
Using (10) through (12) in (9) 
et (a): (11) 
2mR 
a w = 2 and w! = 2 
i dt 
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by definition, where © and 6' are the angular positions of the plat- 
form and either man relative to an outside observer. Then 

w. I 2 

dt mR aoe dt 


or 
+E Lf 
;,_o' = — dð 
20 amr” °° 
where 9' = 85 and 6 = 85 at t= 0; (figure (a) ). Finally 


e' -0g = O, 


This relates the net angle traversed by each man (relative to an observer 
on the ground) to the net angle which the platform rotates through. 


Using the given data 2 
paoti MR 0 -0 =- Æo - 0 
0 Re ( o) 4m o) 


Ti i = Z900 1b P- 
D aea ind? -° 600 1b (e 89) 
' ó ' = -7 = 
o' = 64 3/9 K. (12) 
Each man makes 1 revolution (or traverses 27 radians) relative to the 


disc. (See figure (c) ). Then, relative to an outside observer, the 
man traverses an angle (e' - 85) equal to 27, plus the angle the disc 


turns through relative to him (e - op) Hence, 
(e' - 04) = (e -@,)+2n (13) 


Using (12) in (13 
jii Ay (e' -e5 =- 2e'- sejen 


ne ay am 


6T 
rs 's— = 


Then 2 R 
f] - 0, =- 5@' - 05) = -144 


The negative sign indicates that the men move in a direction opposite 
to the direction of motion of the disc. 


© PROBLEM 193 


A thin rigid rod of weight W is supported horizontally by 
two props as shown in Figure A. Find the force F on the 


remaining support immediately after one of the supports is 
kicked out. 


e L -________»} F 

te— 1/2 L—» cm Siro = 
w hw 
Figy A Fig. B 


Solution: The moment the support is kicked out, the rod 
starts rotating about the other support as the free end of 
the support falls (Figure B). 

Let x be the displacement of the center of mass of the 
rod. Immediately after the kicking of the support, x is 
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2 
very small and is vertical. In this case, ax becomes the 


2 
dt 
downward acceleration of the center of mass: 
2 
dig 
m -= = W-F (1) 
dt 


where m is the mass. 


The torque on the rod about the remaining support is 


2 

L d^o 

t= W3= 5p 
. dt 


where I is the moment of inertia with respect to the axis 
of rotation. The moment of inertia of a thin rod with 


respect to an end is known to be 5 mL“, hence 


2 
1 do- 2. 8°70 
WL = mL PRE i 
2 3 dt 
= aĉo _ 3 Ww 
at? ? 
For small x, L 
xs" =" 
2 
ag a’x _ L aĉo 
atf o -* ane 
From (1) and (2), 
2 
r aden u ae. 
my -F Ny a 
dt 
3 = -— 
= W= W F 
giving F=W- à W= ; Ww. 





A turntable 9f mass M and radius R is rotating with angul- 
ar velocity wa on frictionless bearings. A spider of mass 


m falls vertically on to the rim of the turntable. What 
is the new angular velocity w? The spider then slowly 






walks in toward the center of the turntable. What is 





the angular velocity ü when the spider is at a distance 





r from the center? Assume that, apart from a negligibly 
small inward velocity along the radius, the spider has 
no velocity relative to the turntable. 









Solution: Consider the system which includes the turn- 
table and the spider. Since the bearing is frictionless 
and the resistance of the air is to be ignored, no ex- 
ternal couple acts on this system and its angular momen- 
tum must always remain the same. Just before the spider 
lands on the rim (figure a) the spider has no angular 


motion about the axis Ka' and the angular momentum is 
contained entirely in the turntable. The turntable is 
a disc whose moment of inertia about its axis of 
symmetry is: 


= 2 
T= WMR 


The angular momentum is therefore 


L = I Ya 


2 
k% MR wa 


When the spider is standing on the rim (figure b) 
he takes up the motion of the turntable and both have 
an angular velocity dp The moment of inertia of the 


spider is 


= 2 
I eb mR 


since all of the spider's mass is at a distance R from 
the center of the turntable. The total moment of 
inertia of the system is 

I =r Is 


t b 
= WMR? + mR? 
= (M + 2m)R? 


The angular momentum is 


L = I Yb 


k (M + 2m) R*w, 
Applying the law of conservation of angular 


momentum and equating the angular momenta before and 
after the spider lands, 


k% (M + 2m) Rê w = KMR? w 
ae Sigs cea 
b M + 2m “a 


: s . + 
: When the spider is at a distance r from the center 
(figure c), the angular velocity of both the spider and 


the turntable is Oo: The moment of inertia of the spider 
is then 
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The total moment of inertia is 


I = 
c Tè g Jec 


WMR? + mr? 
The angular momentum is 


L= IVe 


(sMR? + mr?) wo 


Applying the law of conservation of angular 
momentum 





2 2 —. 2 
Gur + mr Joo = MR Ww. 
= — WMR? 
ye Gr? 2 Ya 
+ mr?) 
w 
E a 
Ia 2mr? 
MR? 


Check that this agrees with the equation for Dp 


> > A 4 
when r = R. As the spider walks inward and I decreases, 
the angular velocity increases since angular momentum 
must remain constant. When the spider reaches the center 


ny 
and r = 0 š 
i." D when r = 0. 


e PROBLEM 195 


A uniform rod of mass m and length 2a stands vertically 
on a rough horizontal floor and is allowed to fall. 
Assuming that slipping has not occurred, show that, when 
the rod makes an angle 6 with the vertical, 


w? = (3g/2a) (l - cos 9) 


where w is the rod's angular velocity. 


Also find the normal force exerted by the floor on 
the rod in this position, and the coefficient of static 


friction involved if slipping occurs when 6 = 30°.. 
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Solution: The forces acting on the roq are the weight fig 
acting downward and the normal force N and the frictional 
force F of magnitude uN exerted by the floor at the end 
O in contact with the floor. In order to find w, we re- 
late the net torque t on the rod to the rod's angular 
acceleration a by using 


t = Ia 


Here, I is the rod's moment of inertia. We will then be 
able to solve for w. 


When one takes moments about 0, the only force 
producing rotation about O is the weight of the rod. 
Hence 


2 


ma” a 


| > 


T= mga sin 9 = Ip a = 
Here, I, is the rod's moment of inertia about 0. Now, 


dw _ dw dé dw 


= w 36 


= -39g i 
as a q sin 6. 


a 


wW 8 
| w dw = | 3 d sin 6 dé. 
0 a 


(4 2J. -| - 


The center of gravity G has an angular acceleration 
a about O, and thus a linear acceleration aq at right 
angles to the direction of the rod. This linear acceler- 
ation can be split into two components, aa cos 6 horiz- 
ontally and aa sin 6 vertically downward. The horizontal 
acceleration of the center of gravity is due to the force 
uN and the vertical acceleration is due to the net effect 
of the forces mg and N. Thus, using Newton's Second Law, 
and taking the positive direction downward, 


elw o 


9 
Z cos 0 | or w? = 3g (1 - cos 9). 
a 0 2a 


mg - N = maa sin @ = 3 mg sin? 9 (1) 
and Fas = uN = maa cos 6 = ; mg sin 6 cos 6. (2) 
From (1) 


N = mg - $ mg sin? 9 = ™Z (4 - 3 sin? 8). 


But when @ = 30°, slipping just commences. At this 
angle F has its limiting, maximum value of Pa 


aE 
We have 
at x 
4 Fax _@ mg sin @ cos 9 ra et ye Ee 
N Set at ee O E E ee 
ss “3 (4-3 sin? 4 (4 -3 sin? Ò 


SSS et = 02 400. 


3.x & x (/3/2) 3/73 
rete. 13 


al 
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© PROBLEM 196 


A missile is fired radially from the surface of the 
earth (of radius 3.4 x 106 m) at a satellite orbiting 
the earth. The satellite appears stationary at the point 


where the missile is launched. Its distance from the 
center of the earth is 25.4 x 106 m. Will the missile 
actually hit the satellite? 


Fig. A: View of outside observer Fig. B: View from earth 


Wa 





Solution: To an observer outside the planet (see fig. 
A), the earth and the missile (of mass m) on the sur- 
face are rotating about the axis of the planet with 
angular velocity wọ. When the missile is fired radial- 
ly from the surface, its distance from the center of 
the earth increases and thus its moment of inertia 

(I = mr?) about the rotation axis increases also. 
There are no forces with a moment about the rotation 
axis acting on the missile (the gravitational force of 
attraction acting on it is exerted along the rotational 
axis and has no moment). The net torque r acting on 
the missile is then zero. According to the rigid body 
analogue of Newton's second law, if L is the magnitude 
of the angular momentum of the missile, then 


_ at 
r= at 


but r = 0 and 0= g 


or L = constant at all times. But L = mvr where v is 
the tangential velocity of the missile. Since v = wr 
where w is the angular velocity of the missile, then 
L = mr’? = Iw . Thus since L and m are constant at 
all times, as the missile moves farther away from the 
earth and closer to the satellite (i.e.,r increases) 
then w must decrease. 


We are given that the satellite appears stationary 
at the point where the missile is fired. Thus the 
radius vector passing through the launching pad and 
the satellite continues to rotate with angular velocity 
wo. The missile has an angular velocity w which drops 
more and more from the value wo as the missile rises. 
At the height of the satellite, the moment of inertia 
of the rocket about the axis of rotation is 


I = mre =m x(25.4x 106 m)2, whereas, 


at the launching pad, its moment of inertia is only 
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I, = mr? =m x(3.4x 106 m)?. Thus, finally, 
if w is the satellite's angular velocity at height rer 
and Woits angular velocity at launching (equal to 


that of the earth) then 
Iiw = L = I2 Wo 


2 
6 2 
w ee ase * 20" wi? oes. 
are (25.4 x 10° m)? 


The missile thus moves further and further from 
the vertical as it rises and will miss the satellite 
(unless the missile is fitted with a homing device). 

To an observer on the planet, the departure of 
the missile from the vertical is, of course, also 
observed and is explained in terms of the Coriolis force 


associated with a rotating frame of reference. 


© PROBLEM 197 


A satellite of mass m moves around the Earth as shown (actual- 
ly, the path is an ellipse). Which instantaneous velocity is greater, 
Vp (at point P) or Yg (at point A)? 





Solution: Consider the Earth as a fixed object and neglect the in- 
fluence of the Sun and other planets. 
The angular momentum of the satellite around the earth L, is 
given by > > of 
L=r xmv 


where z is the vector from the earth to the satellite, and v is 


the velocity of the satellite. Since ¥ and È are perpendicular 


L = mvr 
However, 
T= dL (1) 
dt 


where the torque T is defined as 


> > > 
T=r xP 
> 
F is the gravitational force on the satellite keeping it in its orbit. 
(It is due to the mass of the Earth). Since the angle between F and 
the radius vector È is 0° we have 
T = Fr sin0 =0 
Therefore, by equation (1), L of the satellite is constant in time. 


At time ti the particle is at A and at time ts it is at P., 


Hence, the angular momentum at the two points must be the same. Or 
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AA P P 
< 
Since Tp rA we must then have Vp = Va . 


The velocity is greatest when the satellite is nearest the Earth; 
this point is called the perigee (labeled P in the diagram). The 
velocity is least at the farthest point from the Earth - the apogee 
(A) of the orbit. 


ROLLING BODIES 
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An automobile changes its speed from 0 to 30 m/sec 

(about 63 mph) in 12 sec and continues to accelerate 

at this rate. A tire of the auto has a radius of R=0.4 m. 
Calculate the angular acceleration of the tire, assuming 


no slipping, and plot the angular velocity, tangential 
velocity at the circumference, and centripetal acceler- 
ation at the circumference as a function of time. 


sect 
75 V (m/sec) ered 
| 
| bas 
50 | 2000 
| 
25 i 1500 
| | 
t (sec) 
0 s p E # : & Do 7 Y 
(a) (b) 
500 
s 
, ME My 
Ə (in radius) : ee 


(d) (c) 


: Linear and angular velocity are related by the 
equation: 
v = WR 
where v is linear velocity, w the angular velocity, and 
R the radius of the wheel. 

We will assume, in this problem, that the velocity 
increases uniformly since nothing to the contrary has 
been stated. By definition: 

Av _ dw 

a = -it -eeg 
where a and ao are the linear and angular accelerations 
respectively. However: 

Av Aw 
fe Oe ee ee 
We thus have a relationship between a and a. 
sa 22 m/sec -2 m/sec _ ps m/sec? 
Therefore: a = > = 2,5 mises = 6.25 rad./sec.? 


Note that although by dimensional analysis the units 
1 
sec. 





in a should reduce to , we express angular 


2 
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acceleration in terms of rad./sec.*. This is done because 
of the physical considerations of the problem. We consider 
the wheel as rotating through a discrete angle measured 

in radians, in a certain amount of time. However, our 
rigorous dimensional analysis has not really been violated 
since radians are dimensionless. 

As we know, radians are defined using a central angle 
of a circle. The magnitude of this angle in radians is 
calculated by dividing the length of the arc that the 
central angle subtends, by the length of the circle's 
radius. (See diagram.) 

6 (in radians) = = 
Both s and r are measured in units of length which 


cancel in the ratio. We see, therefore, that radians 
are dimensionless. 


To calculate the angular velocity, we must remember 
the formula: 


w FW, t at 
where Up is the initial angular velocity, and t is time. 
w= 0 + (6.25 rad./sec.*) (t sec.) 
= 6.25 t rad./sec. 
The tangential velocity is: 
v =WR = (6.25 t rad./sec.) (0.4 m) = 2.5 t m/sec. 
Note that we may now drop the radians from our units. 


To calculate the centripetal acceleration at the 
circumference we must remember the formula: 
v2 w?R? 
= ee 
a R R 
= (6.25 t rad./sec.)? (0.4 m) = 15.6 t? m/sec.” 
W, V, and a are plotted against time in figures l, 2 and 


k e PROBLEM 199 





= WÊR 


A solid cylinder 30 cm in diameter at the top of an 
incline 2.0 m high is released and rolls down the 


incline without loss of energy due to friction. Find the 
linear and angular speeds at the bottom. 





Solution; This problem can be solved using the conser- 
vation of energy principle. The cylinder initially at 
rest at the top of the incline has only gravitational 
(potential) energy. Taking the bottom of the incline 
as the zero level of the potential energy (see the 
figure above), we get 

E5 = mgh 


where m is the mass of the cylinder, g is the acceler- 
ation of gravity, and h = 2.0 m is its height above 
ground level. When the cylinder reaches the bottom of 
the incline, all of its energy will be kinetic: 
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Ey, = -$ m? +- w? 
where v is the cylinder's linear velocity, I its moment 
of inertia about the central axis, and w its angular 
momentum. Qa = 4; mR? for cylinders, where R is the 
radius. 

In the process of rolling down the incline the 
cylinder's potential energy turns to kinetic, the total 
change in each being equal to: 





aE, = AE. 
1 2 1 2 
mgh = EF mv“ + Eo Iw 
a 1 2 l J: 2 kA \2 
—=— mv" + + [+ mR Jí | 
oe Cre Sper ae wage 
2 mv~ + 4 mv 4 mv 


? v 
using w = -p 
Thus, gh = > v? 


23 (gn) = 1.15 [ (0-8 m/sec?) (2.0 m) ]* 
= 5.09 m/sec. 
Note that the linear speed does not depend upon the 
size or mass of the cylinder. 
To find w, we use the formula: 
V_a 5.09 m/sec 
R 0.15 m 


w= = 34 rad/sec. 
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A string is wrapped around a uniform homogeneous 3 lb 
cylinder with a 6 in. radius. The free end is attached 
to the ceiling from which the cylinder is then allowed 
to fall (as in the Figure), starting from rest. As the 
string unwraps, the cylinder revolves. (a) What is the 
linear acceleration of the center of mass?(b) What is 
the linear velocity, and(c) how fast is the cylinder 
revolving after a drop of 6 ft? (d) What is the 
tension in the cord? 









Solution: (a) Isolate the cylinder, and indicate 


forces acting on it. 


There is no need to tabulate x- and y-components 
since they are all up or down forces. 


Set IF = ma 
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where IF is the net force acting on the cylinder, a 
is the acceleration of the cylinder's center of mass, 
and m is its mass. (Note that in problems such as 
this one, it is convenient to take the direction of 
motion as positive.) 

(1) 


mg - T = ma s.a= Gg = 


313 


Now, consider rotation. 


Consider torques about the center of mass 0, and 
set IL = Ia,where IL is the net torque about 0, I is 
the moment of inertia at the cylinder about 0, and a 
is its angular acceleration. Hence 


(Clockwise rotation corresponds to downward motion, 
already assumed to have the positive direction.) 


But I for a cylinder = mr’, where r is the cylinder 
radius. 


In this problem a ra 


= 3 Mri a_ ma 
= eck 2 
whereupon, using (1), 


= ma ios 
as TS irar 


; a 30S- 29 


g = 21.3 ft/sec? (downward) 


w 
i] 
wiry 


_ (b) Now since a = constant (2/3 g), the linear 
motion is uniformly accelerated, such that the ve- 
locity of the center of mass is 


v? = vi + 2as, where s becomes the drop, h, 


that the cylinder experiences, and vy) is its initial 
velocity. 


< 
i] 


2 = 0 + (2) 1.3 ft/sec?) (6 ft) 
v? (12) (21.3 ft?/sec® 


-’. v = V256 = 16 ft/sec 


(c) The angular velocity w = Z 


_ 16 ft/sec _ 
= oe ES = 32 rad/sec 
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(d) From (1) 


r= mg - a) = mg = 39] 
1 a. 


T 


3 mg = (3) (3 1b) = 1 1b 


@ PROBLEM 201 


A yo-yo rests on a level surface. A gentle horizontal pull 
(see the figure) is exerted on the cord so that the yo-yo 
rolls without slipping. Which way does it move and why? 





Solution: The forces acting on the yo-yo are the horizon- 
tal pull F and the frictional force f 


where u is the coefficient of friction. 

Instantaneous rotation takes place about an axis 
through the point of contact P (not about the center of 
the yo-yo, although it might appear so) since the instan- 
taneous velocity of the contact point is zero. Therefore, 
the yo-yo rolls in the direction of the pull and its rota- 
tion is determined by the torque about P, 


T = Fh. 


It should be observed that the frictional force does not 
contribute to this torque, since f is acting at P. 


e PROBLEM 202 


Two circular cylinders have the same mass and dimensions, 
but one is solid while the other is a thin hollow shell. 
If they are released together to roll without slipping 
down a plane inclined at 30° to the horizontal, how far 
apart will they be after 10 s? 





Solution: In either case the forces acting on the cylin- 
der are as shown in the diagram. The weight Mg acting 
downward is split up into its components parallel to and 
perpendicular to the plane. The other two forces acting 
on the cylinder are the normal force Ñ exerted by the 
plane and the frictional force attempting to prevent 
motion, F, which has magnitude UN. 

Since the cylinder does not lift from the plane, 
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N = mg cos 30°. 
Further, by Newton's second law, 


mg sin 30° - UN = mg(sin 30 - u cos 30) = ma, 


where m is the mass of the cylinder and a the acceleration 
produced. Rotation about the center of the cylinder also 
takes place. Since we are dealing with rotations of dis- 
tributed masses, a relation involving the moment of iner- 
tia must be used. That relation is the rigid body analogue 
of Newton's second law, F = ma, or 


l=: 


where the torque I corresponds to F, the moment of inertia 
I corresponds to m, and the angular acceleration % of the 
cylinder corresponds to a. If an axis is taken about the 
center of the sphere, then the only torque acting on the 
sphere is UNr due to the frictional force UN. Then 


uNr = ur mg cos 30° = Ia, 


Since no slipping takes place, the point A is instantan- 
eously at rest. Hence a = ra, and 


mg (sin 30° - u cos 30°) = ma, (1) 
ur mg cos 30° = 1 ; (2) 


or, multiplying (1) by r’, and (2) by r 


mgr? sin 30 - umgr? cos 30 = mar? (3) 
and 
ur?mg cos 30 = Ia (4) 
Substituting (4) in (3) 
es 2 mgr? sin 0 


mg r sin 8 - Ia = mar ora= 
I + mr 


For the solid cylinder, I = 1/2mr* 


= 2 
ay —mersin © _ = 2 g sin 9, 
1/2mr© + mr 3 
and for the hollow cylinder, I = mr? 
25 aie 
eatin et = 39 sin 6, 
mr + mr 


The distances traveled in 10 s from rest are, found by 

using the kinematic equations for constant acceleration. 
If the top of the inclined plane is taken as the initial 
position, then So = 0. Also the initial velocity Yo = 0. 


Then S = So + Vot + gat”, Hence 
2 hat N Bet =? E. 2o 
Sı = 0 + 71t =7* 3 x 32 ft's xz x 100 s“ = 
_ 1600 
= = ft 


and 
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x 5 x 100 s? = 


i" 
> N| 
o 
o 
h 
ct 

: 


<. S, - S, = (533.3 - 400)ft = 133.3 ft. 
© PROBLEM _ 203 


A billiard ball is struck by a cue as in figure (a). 
The line of action of the applied impulse is horizont- 
al and passes through the center of the ball. The 


initial velocity Vo of the ball after impact, its 
radius R, its mass M, and the coefficient of friction 
u between the ball and the table are all known. 


(a) How far will the ball move before it ceases 
to slip on the table and starts to roll? 


(b) What will its angular velocity be at this 
point? 








FIGURE A FIGURE B 

; (a) Between the time the ball is struck 
by the cue, and the time it begins pure rolling, 
friction with the table decelerates it linearly, but 
simultaneously exerts a torque upon it about its 
center of mass. This causes the ball to undergo an 
angular acceleration. The ball begins pure rolling 
when its linear velocity and its angular velocity 
have been decreased and increased respectively to 
the point at which the relation 


v = Rw 

holds. We recognize this as the definition of linear 
velocity with respect to angular velocity for pure 
rolling. The force of friction on the ball is by 
definition: 

Fe = uN = mg 
where N = mg is the normal force between the ball 
and the table. The negative sign indicates that Fe 
is directed opposite to vo. 

The ball's linear acceleration is: 


Thus, its linear velocity at time t is given by: 
v(t) = vo + at = Vo - ugt 
The torque on the ball is (see figure (b)): 
T= FeR = uMgR 
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Since we know that the moment of inertia of a 
solid sphere about an axis passing through the center 
is I = 2/5 MR”, we can calculate its angular accelera- 
tion: ” AN <= 

tele, a= 5-58 


é 2 
5 MR 
The ball's angular velocity at time t is given by: 
w(t) = Wo + at, Wo = 0 
i =5 89 
w(t) = at = 5p t 


To calculate the distance the ball will move 
before it begins pure rolling, we must first calculate 
how long it is after the ball has been struck that 
this occurs. Rolling begins when 


v(t) = Rw(t) 


5 
vo - ugt = (3 »3) t= 3 ugt 
7 ik aay Sai 
z ugt = Vo, t= ig 


The distance the ball travels is therefore, since 
the acceleration is constant, 


vot + %4 at? = vot - k ugt? 


2 Vo 2 Volz 2 Vo 2 Vo 
s = Vol tg) ~ * "917 ug] “7g” 79 tg 
v2 
E ihe 
49 ug 


sS 


Here vo is the ball's initial velocity. 
(b) Its angular velocity at this point is: 
w(t) = Wo + at 
ae: ith BPO Rede 
ete) Zi 2 ug TAR 
since the ball's initial angular velocity wọ = 0. 


© PROBLEM 204 


A cable drum of inner and outer radii r and R is lying 
on rough ground, the cable being wound round the inner 
cylinder and being pulled off from the bottom at an 
angle 0 to the horizontal. An inquiring student stroll- 
ing by notes that when the cable is pulled by a workman, 


with 0 a small angle, the drum rolls without slipping 
toward the workman. Whereas if 0 is large, the drum 
rolls without slipping in the opposite direction. He 
works out a value for the critical angle 9» which 


separates the two types of motion. What is the value 
of 09? 
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Solution: We define the drum's acceleration to be 
positive when the drum moves toward the workman. Hence 
the mathematical condition that the drum roll toward or 
away from the worker is that a (the acceleration) be 
positive or negative, respectively. The critical con- 
dition distinguishing the 2 types of motion is that 

a = 0. Therefore, to find the critical angle 6», we 
find a as a function of 6, set it equal to zero, and 
solve for 6. 


We can use Newton's Second Law to relate the net 
force on the drum to its acceleration. (We do this for 
the vertical and horizontal directions separately.) 


Figure (1) shows the drum with the forces acting 
on it. The force applied by the workman acts tangential- 
ly to the inner cylinder at such a position that the 
angle between this tangent. and the horizontal is 6. 
It follows that the angle between the corresponding 
radius and the vertical is 0 also, and that this radius 
is at right angles to the tangential force F. 


The other forces acting are the weight mg of the 
cable drum, the normal forces exerted by the ground on 
the drum at the two points of contact, which combine 
into a resultant Ñ passing through the center of gra- 
vity, and the frictional forces at the same points of 
contact which combine to form a single resultant force 


There is no movement in the vertical direction. 
Hence 
N = Mg - F sin 9. (1) 


The forces in the horizontal direction produce an 
acceleration a. Thus 
F cos ð - f = Ma. (2) 


Further, the moments of the forces about the center 
of mass O produce a rotational acceleration about that 
point. The only forces whose lines of action do not pass 
through the center of gravity are F and f. Hence 


Fr - £R = Ia (3) 
where I is the moment of inertia of the drum about its 


center of mass. 


At the points at which the drum touches the ground 
no slipping occurs. Therefore instantaneously these 
points are at rest. But all points of the drum have an 
acceleration a forward and in addition the points of 
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contact, due to the rotation about the center of mass, 
have a further linear acceleration Ra forward. Thus 


a+ aR = 0 
or a = - a/R (4) 
We wish to eliminate f from (2). Solving (3) for f 


Pr E N. 
aise Ssaaibed f (5) 


Substituting (4) in (5) 


_ Fr + Ia/R 
fs R 
f=, (6) 
RÊ 


Inserting (6) in (2) 


EE La 
F cos 8 - —— = es Ma 


Solving for a 


Fr 
F cos 9 Rr a 
TEA 
RÊ 
Be oo F (cos a r/R) (7) 
M+ = 
R2 


Since we do not know F, we solve (1) for F and 
insert this in (7) 


Mg - N 
sin 9 


Mg - N £ 

| at [cos o= 

and es i EAE, eae ae (8) 
M+ or 


F = 


w| 
vna 


The critical value of 0, (8,9), is found by setting 
(8) equal to 0, whence 


a= 0 
cos 059 - Š = 0 
cos ĝo = Š (9) 


If cos 6 > r/R, the drum rolls towards the workman, 
and vice versa. 
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This result could be obtained more easily by con- 
sidering rotation about A,the line of the drum in- 
stantaneously at rest. The only force that does not 
pass through A is F, the applied force. If the line of 
action of F cuts the ground to the left of A, the 
moment of F about A causes the drum to roll to the 
right. If the line of action of F cuts the ground to 
the right of A, the moment of F about A causes the _ 
drum to move to the left. If the line of action of F 
passes through A, the drum is stationary and 6 has the 
critical value 6,. 

Figure (2) shows this situation. Since the line of 
action of F is tangential to the inner cylinder, OB and 
AB are at right angles and 7 AOB is 6». 


< o COS 85) = Š š 


@ PROBLEM 205 







A cylinder is rolled up an incline by a tape arranged as 
shown. What minimum force T is required if the angle 0 = 30°? 
The weight of the cylinder is 2 1b. 











Mg 


Solution; The force, T, needed to pull the cylinder up the incline can 
be found by applying Newton's Second Law, F = ma, to the x and y 
directions of the cylinder's motion. Hence, using the figure, 


T - f - Mg sin 0 = ma (1) 

N - Mg cos 0 = =, (2) 
where f is the frictional force, N is the normal force of the plane, 
and a, and a, are the x and y directed accelerations of the 


cylinder. Since the cylinder does not leave the incline, a, = 0, and, 


from (2) N = Mg cos 0 (3) 


Now, f is an unknown in (1) since we do not know the coefficient of 
rolling friction for the plane. In order to eliminate this unknown, 
we calculate the net torque, T, on the cylinder. By definition, 


~ ~ — 


Tær XF 
T= IT| = rF sin 0 


where © is the angle between r and F, and r is a vector locating 
the point of application of F. In our case, taking torques about the 
center of mass 


But T = Rf + RT 


T = Ia 


where I and a are the cylinder's moment of inertia and angular ac- 
celeration, respectively. Then 
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Ia = £R+ TR (4) 


Because the cylinder rotates without slipping 
v = wR (5) 


where v is the velocity of the cylinder's center of amss, and w is 
its angular velocity. Hence, differentiating (5) 


av . (ad 
dt d j 
a = QR 


Since v is directed along the x-axis, a is also, and a= a> whence 


a =R (6) 
x 


Substituting (6) in (4), 
I= (£+ TR 


Ta, 
f = — - T (7) 
R2 
Inserting (7) in (1) 
ia... 
T - = +T - Mg sin @ = ma 
R 
T in 6 = n+ 
2T - Mg sin 2) °x 
R 
a: 2T - Mg sin 0 (8) 
x I 
m+ -z 
R 


The minimum applied force T will not accelerate the cylinder, but 
move it with constant velocity (a, = 0). Hence, from (8) 


2T = Mg sin 0 
p= WDO y ib, 


A string is wrapped around a cylinder of mass M and 
radius R (see figure (a)). The string is pulled 
vertically upward to prevent the center of mass from 


falling as the cylinder unwinds the string. (a) What 
is the tension in the string? (b) How much work has 
been done on the cylinder once it has reached an 
angular speed w? (c) What is the length of string 
unwound in this time? 





FIGURE A 





FIGURE B 


205 





; We must first find the moment of inertia 
I of a cylinder of mass M and radius R. To start, we 
first calculate the moment of inertia of a disk of 
mass density p and radius R, whose thickness is 
negligible (see figure (b)). 


The differential mass element dm, shown as the 
dotted ring in the figure, has area 2mr dr. Thus: 


dm = 2tpr dr 


Therefore: 
R 
-fr am fr (2npx dx) = 2np Í r dr 
0 


mR 4 
20 | = = = 4 (TR?Ø)R? = 4 mR? 
0 


H 
I 


We have used the fact that 7R*p is the mass m of 
the disk, since p is the mass density, and mR? is the 
total area. 


We can think of a cylinder as many disks squeezed 
together, and we know that the total moment of inertia 
about a common axis, of many objects, is the sum of 
the individual moments of inertia: 


I, = 21 + Iz + Is +... 


In the case of a cylinder: 


I = k mR? + 3 mR? + k mR? + ... = k MR? 


where M = m) + Mp + Mm; +... 


(a) The tension T of the string must exactly 
balance the cylinder's weight if the cylinder is not 
allowed to fall. Thus: 


T = Mg 
(b) The amount of work done on the cylinder equals 
its gain in (rotational) kinetic energy. Since the 
initial angular velocity is assumed to be zero: 


% MR? w? 

(c) To calculate the length of string unwound we 
place ourselves in the reference frame in which the 
string is at rest. In this frame, the cylinder rolls 
forward at a linear acceleration: 

a = Ra 
leaving a trail of string behind. 


Here a is the angular acceleration of the rotating 
cylinder. From the laws of rotational dynamics: 
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t = Ia, a= i 
where t = MgR is the torque that the string exerts 
about the cylinder's center of mass. The length of 
string,S, that the cylinder unwinds after time t equals 
the distance it travels in this reference frame: 


S = vot + & at’, vo = initial velocity = 0 
T MgR 
s=% at? =4 aRt? = 4 7 Rt? = 4 LMR Rt? 


= gt? 


(These are the kinematics equations for constant 
acceleration.) 

We know that the time t it takes for the cylinder's 
angular velocity to reach w is given by the angular 
kinematics equations for constant Q : 


w= Wo + at, wo = initial velocity = 0 
w = at 
a MgR MR 2g 
3 a wR)? _ w?R? 
Thus: S = g (32) = “tq 


@ PROBLEM 207 


Starting from rest at the top, a small sphere rolls without slip- 
ping off a large fixed sphere. At what point will the small sphere 


leave the surface of the big sphere? (See figure). 







“tangential 
direction 


Solution: The small sphere will leave the surface of the large sphere 
when the normal force (N) of the latter on the former is zero, for 
this means that contact has ceased. Applying Newton's Second Law to 
the tangential and radial components of motion of the small sphere (see 
figure), we obtain 


yatta igs S cogo N 


F tangent ial = Ma angential alse i 
where a radial is positive in the direction of BA, and a tangential i 


positive in the direction of motion of the sphere. Furthermore, 


a = v? /Rtr , since the small sphere is traveling along a circular 
radial ' 
arc. (Here, v is the latter's speed.) Then 
My” 
Rte Mg cos 9 - N 


207 








or 
im iy now a iS 


Rtr 
We require N = 0, or 
Mv? 
Mg cos 9 = Rer 
Therefore v 
cos 9 o Gaye (1) 


We are not yet finished, since we don't know v in (1). In order to 
find it, we may use the principle of conservation of energy to relate 
the energy of the small sphere at points O and S. Since the sphere 
starts from rest at 0, it has only potential energy. Measuring poten- 
tial energy from A, the energy at O is 


E = Mg(Rtr) (2) 
At S, the sphere has potential and kinetic energy equal in amount to 
the energy at 0. Hence 
E=% MY +% IW + Mg(R+r) cos ọ (3) 


where the first and second terms are the translational and rotational 
kinetic energies of the sphere respectively. Equating (2) and (3) 


Mv? + & IW + Mg(Rtr) cos ọ = Mg(Rtr) (4) 


Since the small sphere rolls without slipping v = wr, whence, using 


(4) 
EM +3 1% = Mg(Rtr) (1 - cos ¢) 
The moment of inertia of a sphere about its center is 
I= 2 Mr? 


Then 2 e 
b M + 45M?) m = Mg(R+r) (1 - cos ọ) 


MW +2 = Mg(R+r) (1 - cos ọ) 
5 Vv = g(Rtr)(1 - cos 9) 
Vv = 12 g(Rtr) (1 - cos 9) (5) 


Utilizing (5) in (1), 


10g(Rtr) (1_- cos %) 
cos 9 = 


7(R+r)g 


cos 9 = 1a - cos 9) 
Solving for Q 


10 10 
7 CO8 P+ cos ọ 7 


and ži 
(iz) 


® PROBLEM 208 









A uniform cylinder rolls from rest down the side of a trough whose 
vertical dimension y is given by the equation y = K. The cylinder 
does not slip from A to B, but the surface of the trough is friction- 
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less from B on toward C. (See figure). How far will the cylinder 
ascend toward C? Under the same conditions, will a uniform sphere of 
the same radius go farther or less far toward C than the cylinder? 









3 
<i 


2 otential energy 
equals zero at 
—— this level. 
y=0 


Solution: Since we do not know the actual frictional force acting on 
the cylinder, we cannot use dynamical methods to solve for the final 
position of the cylinder. Our only other recourse is to use the prin- 
ciple of conservation of energy to relate the energy of the cylinder at 
point A to its energy at point C. By doing this, we will find an 
expression for the final position of the cylinder, and the problem will 
be solved. 

Since friction acts along path AB, but not along path BC, we ap- 
ply the principle of energy conservation in 2 steps. First, we relate 
the cylinder's energy at points A and B. Then, using the data ob- 
tained from the first step, we relate the cylinder's energy at points 
B and C. 

The cylinder begins from rest at point A, and therefore has only 
potential energy. Taking the reference level for potential energy at 
y = r (see figure), we obtain 


E, = mgy, (1) 
for the cylinder's energy at A. 

In traveling from A to B, friction is present. However, this 
force does no work because we are given the fact that the cylinder is 
not slipping. By definition, this means that the velocity of the con- 
tact point of cylinder and surface is zero. Under these conditions the 
velocity of the cylinder's center of mass,v, is related to the angular 
velocity by 

v=or (2) 


where r is the cylinder radius. Hence, the energy of the cylinder at 
B is 
Ep = 5 mv + } lo? (3) 


where I is the cylinder's moment of inertia. The first term repre- 
sents the cylinder's translational motion, and the last term represents 
its rotational motion. 

Now, in going from B to C, no friction acts. As a result, the 
cylinder cannot roll, and the rotational motion it had at B is pre- 
served throughout the trip to C. At C, the cylinder's center of mass 
has no velocity, but it is still spinning, with angular velocity w , 
about its center of mass. The energy at C is then 


Eo = mgy, +% lu? (4) 
By the principle of conservation of energy 
and ABg 

Es = Eo . 
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Therefore, using (1), (3) and (4) 


my, = mv + 4 u (5) 
mgy, + W = & mv’ + š In? (6) 
From (2) 
w = v/r 


Substituting this in (5) 
mgy = bo +4I % (7) 
Solving for v 


my, = 5 (a + $) 


or 





2mgy 
v = 1 (8) 
(m + I/r*) 
From (6) 
mgy, = $ m? (9) 


We may eliminate v? from (9) by substituting (8) in (9), whence 


* i 
mgy, = sm 
2 (m+ I/r*) 


then my, 





y poo Sat ee 
2 (aI) 
For a cylinder, I = mr? and 





-2 
rank A S 
For a sphere, the above analysis still holds. Since I = 2/5 m’? 
tetes oe ny 
2 2 i 
m+ m/e? 5m 
a2 
74° F "hy" 


Hence, the sphere travels further. 


@ PROBLEM 209 





A uniform, spherical bowling ball is projected without initial 
rotation along a horizontal bowling alley. How far will the ball skid 


along the alley before it begins to roll without slipping? Assume that 
the ball does not bounce. (See figure). 


Solution: The ball is projected along the alley at point A. When it 
hits the alley at point B, the ball will roll and slip. At point C, 
the ball has begun to roll without slipping. In order to find the 
distance at which skidding (or slipping) stops, we must find the accel- 
eration of the ball, and then solve for its position. 

Applying Newton's Second Law to the horizontal direction of motion 
of the ball, we obtain 


ma, = -f (1) 
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where a is the horizontal acceleration of the ball of mass m. Note 
that we take a to be positive in the positive x-direction. Applying 
the Second Law Žo the vertical direction 


ma =N - m 
y 8 


But a , the y acceleration of the ball, is zero since the ball doesn't 
bounce. Therefore 


N = mg (2) 
In order to calculate torques, T, about 0, we use 

T = 10 (3) 
where a is the angular acceleration of the ball. But, the only torque 
acting on the ball is due to f. Hence 

T=rxf 
where_ pi is the location of the point of application of f. Since r 
and f are perpendicular (see figure), 

T = Rf 
From (3) 

Rf = Ia (4) 
where œ is positive in a direction pointing into the plane of the figure. 
Now, if f is constant, (1) tells us that a, is constant, since 

a == 

x m 
Hence, we may use the kinematics equations for constant acceleration to 
find 


-f 
Y “x5 mE (5) 
x=x +v rate (6) 
0 Xo 2m 
where Xo and Va are the initial position and velocity of the ball. 


0 
Similarly, we use (4) to solve for the angular velocity of the ball. 


er 


I 
But Q = oe where w is the angular velocity of the ball. Therefore 
dw _ RE 
dt >t 
w t 
f w= 3t f at 
w (0) 
0 
where wọ is the angular velocity at t = 0. 
Rf 
w=o+7t (7) 
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While the ball is skidding, (7) and (5) are completely independent re- 
lations. However, when the ball starts rolling without slipping, they 
are related by 


1% wR (8) 
Substituting (7) and (5) in (8) 
v - £ os \ Bake kt e 
Xo =m 0 I 


But w, = 0. Solving for t' 


0 
(Re o£ 
Vx = t'h I t ‘) 
0 
x 
E = O (9) 
JIE: 
£ m 


At t= t', slipping stops. To find the position of the ball when slip- 
ping stops, we substitute (9) in (6) 


v v2 
Xo £ Xo 
x =x, - Vv - 5 
0 x Ks + £ 2m (Ei + £ j 


Furthermore, X = O (see figure), and 


v 2 -f v 2 
Xo Xo 


x = - (10) 
({E +3) 2mf* Z +s 


The frictional force law is 

f= uN (11) 
where N is the normal force of the alley on the ball, and is the 
coefficient of kinetic friction. (We use the coefficient of kinetic fri- 
ction because the ball skids from t = 0 to t= t'.) Substituting (2) 


in (11) P 


Substituting this in (10), 











v 2 V 2 
usl + 3) au? e(F + 2) 
v2 

x = žo l1 - i 
user +3) zal + 2) 


For a sphere I = 2/5 mK? and R/I= R Ñ@/5 mR) = 5/2m then 


y 2 
Xo 1 
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Qv 2 12v 2 


x 1 Xo 
M es {i- 3} = 
49 u8 





This is the position at which slipping stops. 
e PROBLEM 210 


A circus clown whose mass is 1 X 10°kg steps onto the outer edge of 
a large disk with a radius of 2.0 X 10lm and a mass of 2 X 103kg. As- 
sume that the disk is mounted on a frictionless bearing with a vertical 
axis of rotation and is initially at rest. If the clown now runs clock- 
wise around the edge of the disk at a speed of 2m/s, how fast does the 
disk turn and what is the angular momentum? 





Solution: Since no external torques are acting on the clown-disk system, 
we may apply the principle of conservation of angular momentum to this 
system. The angular momentum of the system before the clown stepped on 
the disk was zero. Therefore, after the clown steps on the disk, the 
angular momentum of the disk-clown system must remain zero, or 


J =0 
system 
But — _ =- 
Jeystem = Jaisk i Je1own = 0 
and ES = 
Jaisk vie Seow 
This last equation ee that the magnitude of Jaisk and om are 
the same, but that Jaisk and I laa are opposite in direction. Hence, 


because the clown is running clockwise, the disk travels counter-clock- 
wise. If it is assumed that the clown can be represented as a particle, 
the orbital angular momentum of the clown, is 

J=rxp 
where p is the linear momentum of the clown, and r is a vector from 
the axis_of rotation to the clown. Because the clown is running in a 
circle r is perpendicular to p and 


ad 


|J = mrv 


baa! = FPclown clown 


= Gx 107g) (2 m/s) x 10'm) = 4 X 10°58 
which is also the magnitude of the disk's angular momentum. Now, 


Jason! = Tatek “aio 
where Iiis is the moment of inertia of the disk about its axis of 
rotation. Fnerefore, since |J = |J š 
disk clown 
Bis 
clown 
w E (1) 
disk Ijisk 
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The only variable we don't know in (1) is ljisk. This we now calculate. 
By definition, 
Ijisk =f dm 
where r is the distance of a mass element dm from the axis about 
which we calculate Iiisk (see figure), and the integral is taken over 


the mass of the disk. Now, 


„dm 
dv 
where p is the density of the disk and dv is a volume element. 
Whence 
ljisk “J PP dv 


If we consider the disk to be very thin, dv = ds, an element of area of 
the disk, and 
ds = r dr dð 


R3 
ljisk = Jeor dr dð 


mU 
Taisk 7 J PCR /4) d 


. z Tok” 

disk 2 
where R is the disk radius. But p = M/TR°, M being the disk's 
mass. 


= (7/2) (M/R) = MR? /2 


ljisk 
Using (1), 
* á Baal è aa 10° 5.8 
aik eis bx10%Ks/2) (xion?) 
3 
“disk ~ Saat = 10°? Nem+s/kg-m” 
4 x 10m -kg 
„2 ‘kent /s* -s ae tod 
NeT AP kge? ri Gems 


Furthermore, Vdisk 7 “disk R is the velocity of a point on the rim of 
the disk. | -2 -1) 
Vdisk = 10 “s (2 x 10m) = 0.2 m/s 


The disk rotates much slower than the clown runs around the edge. 


FRAMES OF REFERENCE 
@ PROBLEM 211 


An elevator is descending with an acceleration of 
5 ft°s *. The shade on the ceiling light falls to the 


floor of the elevator, 9 ft below. At the instant that 
it falls, one of the passengers sees it, and realizes 
that the shade will hit his foot. How long does he have 
to get his foot out of the way? 
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Solution: At the instant that the light shade becomes 
detached, it has a downward speed of vy, and it will 


drop freely under the action of gravity. Suppose that 
there is an observer outside the elevator. By the time 
the shade strikes the (moving) floor of the elevator, 
it will have been seen by the observer to have dropped 
a distance s in a time t. This distance is given by 
the free fall equation 


s = vot + kgt?. 


In the same time t, the elevator floor will have 
traveled s - 9 ft (9 ft less than the shade, since 
the elevator floor doesn't have to traverse the length of 
the elevator) with the acceleration of 5 ft •s-2, having 
started with the same downward speed vo. 


oe eS = 9 £6 me vot +:% x Se fteg m2 x +2, 
Subtract one equation from the other. Thus 
9 ft = &(g - 5 ftes ?)t? = & x 27 ftes? x t 


This equation could have been obtained more easily 
by considering the motion of the shade relative to 
the elevator in an accelerated frame of reference. For, 
relative to the elevator, the light shade starts off 
with zero velocity and has an acceleration of g - 


5 ftes *. Thus, applying the same equation of motion 
as before, we find that the shade drops 9 ft relative 
to the elevator in atime t, and 


9 ft =O0xt+k(g - 5 ft-s~*)t?, 


rae fee Ps. 28 Oe fa LS eee 


27 £t+s7? 3 





The passenger has therefore less than 1 s to get 
his foot out of the way, and must react rapidly. 


© PROBLEM 212 


A boat travels directly upstream in a river, moving with 
constant but unknown speed v with respect to the water. 

At the start of this trip upstream, a bottle is dropped 

over the side. After 15 minutes the boat turns around 


and heads downstream. It catches up with the bottle when 
the bottle has drifted one mile downstream from the point 
at which it was dropped into the water. What is the 
current in the stream? 





Solution: Consider a coordinate system at rest with 
respect to the water. Then the water is at rest and it is 
the banks which appear to move upstream. The bottle is 

at rest with respect to the water. From the point of 
view of this coordinate system, it is just as though the 
boat were moving at speed v in a perfectly still pond. 
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We can see that the return trip downstream must also take 
15 minutes. Once it is known that the round trip takes 
half an hour, we can see that the current in the river 
must be 2 miles per hour since the bottle moves one mile 
in a half hour. 


© PROBLEM 213 





Suppose the force applied to a mass M by a spring 
stretched in the x direction is F= Cx, where C is 


a constant. Consider a noninertial frame with the 
acceleration = a X in the x direction. Derive a 


o o 


relation between the displacement of the spring (x) and 
the acceleration of the noninertial frame (ao) relative 


to the earth. 


Solution: If we wish to analyze this problem from the 
point of view of an observer in a non-inertial reference 
frame, we cannot use Newton's Laws in their usual form. 
(A non-inertial frame is one which accelerates with re- 
spect to the fixed stars.) However, if we modify these 
laws, we may apply them in accelerated frames. The modi- 
fied form of Newton's Second Law is 

> > 

> 


F - F’ = Ma~* (1) 
where ā^^ is the acceleration of the system as examined 
with respect to the non-inertial frame, 

F is the sum of all real forces acting on the mass M, 
and - F° is the sum of all fictitious forces acting. 
(Real forces are gravitational, elastic, etc., while 
fictitious forces arise only because we insist upon 
doing the problem in an accelerated frame.Examples of 
the latter are Coriolis forces, centrifugal forces, 
etc.) 

In our case, M is at rest in the accelerated frame, 
so that ā^^ = 0. F is the real force acting on M and is 
supplied by the spring. Hence, 

F = - Cx (2) 

The minus sign indicates that F is a restoring force. 
No matter how we displace the mass, the spring tends to 
restore M to its initial position. - F’,the fictitious 


force, is defined as - Y= - Ma’, where à^ is the accelera- 
tion of the non-inertial frame with respect to the earth 


@,x in this problem) - Therefore, 
- / = =- 
F Ma, (3) 
Inserting (3) and (2) in (l) we find 
- Cx -= Ma, = 0 (4) 
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Solving (4) for ap’ we obtain 
ea. E ce Cx (5) 


which is the desired relation. 


The noninertial frame might be an aircraft or an 
automobile. We see that Eq. (5) describes the operation of 
an accelerometer in which a mass M is attached to a spring 
and constrained to move in the direction of the acceleration. 
The displacement x of the mass measures the acceleration 
ay of the noninertial reference frame. 


@ PROBLEM 214 


Let the acceleration of a noninertial frame, a freely 
falling elevator, be 


a 


where ¥ is measured upward from the surface of the earth 
and is the acceleration of gravity. Under these 
conditions, what is the net force acting on a mass M at 
rest in the elevator? 





Solution: Note that in this problem, we are doing an 
experiment in a noninertial reference frame. It is very 
important to realize that Newton's Laws only hold in 
inertial frames. If we want to analyze this experiment 
from the point of view of an observer in a noninertial 
frame, we must use a modified form of Newton's Second 
Law, 

2 


Ma =F -F (1) 


where a’’ is the acceleration of M as observed in the 
noninertial frame (the elevator) ,F is the sum of all real 
forces acting on M (i.e., tensions, gravity, etc.) and 


- F’ is the sum of all fictitious forces. These latter 
forces arise because we are doing our experiment in a non- 
inertial frame. (Fictitious forces include Coriolis forces, 
centrifugal forces, etc.) In this particular problem, 


a’* = 0 because the mass M is at rest in the elevator. F, 
the sum of the real forces acting on M, includes Mg, the 
weight of M, and N, the normal force exerted by the floor 
of the elevator on the mass. Hence, 


F=N-Mg (2) 
where the minus sign appears because N and Mg are in 


opposite directions. We may now substitute gaustson (2) 
into equation (1) and solve the latter for F: 


O=F-F 
F =F 
Ff =N - Mg (3) 
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Now, - F', the fictitious force, is defined as 


ma Ty : . s . 
- Ma’, where a^ is the acceleration of the noninertial 
frame with respect to the earth (- gf in our case). Hence, 


-F =Mg (4) 


Inserting this in (3), we find 
- Mg =N -Mg (5) 
N= 0 (6) 


Hence, the floor exerts no force on M. If this is 
the case, then M must be floating inside the elevator, 
i.e.,M is weightless. 


@ PROBLEM 215 


Consider a point mass M at rest in a noninertial frame, 
so that in this frame a = 0. The noninertial frame rotates 
uniformly about an axis fixed with respect to an inertial 


frame. What is the acceleration of M with respect to an 
inertial reference frame? What is the fictitious force 
acting on M? 





Inertial Frame: Non-inertial Frame; 
Zz z 


Ei O 
A 


x’ 
particle at rest 


Solution: Viewed from an inertial reference frame, M seems 
to be travelling in a circular path with constant speed. 
This is so because the noninertial frame, in which M is at 
rest, is rotating uniformly with respect to the inertial 
frame. Hence, to restate the first part of the problem, we 
are looking for the acceleration of a particle undergoing 
circular motion with constant speed. 


Now, acceleration is defined as 
22 
zap d‘r 
dt? 


(1) 





where r is the vector from the origin to the particle. 

We may write r in terms of its x and y components as 
r= xf + y9 (2) 

where fi and § are unit vectors (vectors of magnitude 1) 


in the positive x and y directions, respectively. We 
may also write 


x 
i] 


r cos ọ 
(3) 
r sin 6 


< 
li 
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where r is the radius of the circle in which M travels. 
Substituting (3) in (2) we obtain: 


t =r (% cos ọ + Ĵĵ sin 9) 


Noting that r, î, and Ĵĵ are constant, and i 
differentiating twice with respect to time, we obtain: 





$ 
Ea = r(- ĉ sin » + ĵ cos ọ) -S 
+ 2 
ar o- r (- ĉ cos ọọ - j sin o) ($e) 
dt? 
E e 5b yo rts ae} 
ät? 7 $ ( dt (4) 


We now define Ea to be equal to w, the angular 


velocity of the particle. (Physically, this is the number 
of radians the particle traces out per second.) Then, 
from (4) and (1) 


Ipa a 
it ee E (5) 
dt? 





> 
a = 


This acceleration, which always points in the - r 
direction (towards the center of the circular path), is 
called the centripetal acceleration. 


If we now choose to analyze the forces acting on 
M from the point of view of an observer sitting in the 
noninertial frame, we must use a modified form of Newton's 
Second Law, because the usual form (F = ma) only holds in 
inertial reference frames. The new form of the Second 
Law is 


F- F’ = Ma’’ (6) 


A 


where à^’ is the acceleration of the system being examined 
as recorded in the noninertial frame, š is the sum of all 
"real" forces acting on the system (i.e., tensions, 
gravity) - F’ is the sum of all "fictitious" forces acting 
on the system (Coriolis forces, centrifugal forces, etc.), 
and M is the mass of the system. In our example, since M 


is at rest in the noninertial system, a~” = 0. Substitut- 
ing this in equation (6), we find: 
f = F- (7) 


Now, of course, we must obtain the same value for F 
no matter which frame we examine the mass M from, whether 
it be the rotating frame or the non-rotating frame, 


because F represents all real forces acting on M. Since 
we xnow nothing about - F, let us find $ in the inertial 
frame, and substitute this F into (7). In this way, we 
will be using our knowledge of dynamics in non-rotating 
frames to foster our knowledge of dynamics in rotating 
frames, and we will obtain - a 
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In the inertial frame, we May use the standard 


form of the Second Law, and obtain: 
> > 


F = Ma (8) 
From the first part of this solution we known that 


a= - wf, Substituting in (8), we find 
> 2> 
F = - Mw*r (9) 
Now, using (7), we obtain 
F=F = - wwe 
But, - F = Mw?r, and this is just the fictitious 


force acting on M. Note that it points away from the 
axis of rotation, and, hence, is called a centrifugal 


force. © PROBLEM 216 





A river flows due north. Which side of the bank should 


be the most worn? 


w 


LA 


; This will depend on the hemisphere in which 
the river exists. The force which presses the river 
against the bank is the Coriolis force: 


> > > 
Fo = 2 mv x w 


In the northern hemisphere, we see from the diagram that 
vx is to the east, whereas in the southern hemisphere 
V x w is to the west. Thus the river will tend to wear 
down its right bank in the northern hemisphere and left 


bank in the southern hemisphere. © PROBLEM 217 





Three coordinate systems S, S', and S" have a common x-axis, 
With respect to S, S' moves in the direction of the x-axis with a 
speed v, and S" accelerates along the x-axis with acceleration a, 
At time t = 0, the origins of all three coordinate systems coincide 
and S” has zero velocity with respect to S. At that instant, a man 


starts out running from the origin along the x-axis and an observer 
in S measures his speed as constant and of magnitude u(u > v). How 
do observers in S' and 8" describe his motion, using Galilean 
relativity? 
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Fig. A 


Fig. B 





Solution; The observer in S sees the man running along the x-axis 
with constant speed u. The motion is thus observed as one in which 
the x-displacement increases linearly with time. On a displacement- 
time diagram, the motion appears as the dot-dashed straight line at 
an angle 9 to the t-axis, where tan 8 = x/t = u; and on a velocity- 
time diagram it appears as the dot-dashed straight line parallel to 
the t-axis, ee figs. (a) and (b)). 

To an observer in S', the man has only the speed (u - v), the 
relative speed between the two, But the man is still seen as moving 
with constant speed and his motion is shown in the diagrams by the 
dashed straight lines, The angle Ø is such that tan @=u- v, 

An observer in S", who is accelerating along the x-axis with 
acceleration a relative to S and therefore to the running man, 
considers himself at rest and therefore attributes to the runner an 
acceleration of ~-a. The runner appears to start off with velocity u 
but to decelerate gradually to rest and then go backward. His vel- 
ocity at any time is seen to be, using the kinematics equations for 
constant acceleration, V = u - at, and on the velocity-time diagram 
this is represented by the full line at an angle ) to the t-axis, 
where tan ý = -a. Also his x-displacement relative to the origin of 
s" is given by the constant acceleration kinematics equation 
x= ut - dat?, which is represented by a parabola in the displacement- 
time diagram, tangent to the dot-dashed line at the origin and having 
its highest point at the time t where the corresponding velocity- 
time graph cuts the t-axts. 


© PROBLEM 218 


In an inertial frame a body moves freely with a trajectory 
given by 


xX = 


What is the trajectory in a frame rotating with constant 
angular velocity w counterclockwise about the Zi axis? 





Solution: In the figure the particle is travelling at 
velocity vo in the inertial coordinate system. After time 


t, the body has traveled a distance vot along the x-axis. 


Now, we consider a coordinate system which rotates with 
angular velocity w about the Zi axis. Therefore the z- 
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axis of the new system coincides with the inertial Zi 


axis and the angle between the rotating (x ) axes 


R’ YR 
and the inertial (x;, y,;) axes is by definition of w, 
0 = wt. 


The coordinates of the position of the particle 
in the rotating frame in terms of the coordinates of the 
particle in the inertial frame can be read off the 
figure as 


x 
" 


Vot cos wt 
+ ieee vot sin wt 


0. 


N 
li 





CHAPTER 5 


ENERGY AND POWER 











Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 226 to 
291 for step-by-step solutions to problems. 


Conservation laws are fundamental to physics. In Newtonian me- 
chanics, these are seen to follow from definitions and the laws of Newton. 
However, in more advanced treatments of mechanics and modern physics, 
they are considered to be laws of nature and forces often are not even 
mentioned. 


The law of conservation of mass states that the total quantity of matter 
does not change: 


Zm =2m. 


Mass cannot be created or destroyed (in special relativity, it can be 
converted into energy). Work is given by a dot product 


W =f F- dr; 
if the force and displacement are in the same direction, then the work is 
simply the force times the distance. In general, one must calculate f F cos 


6 dr as in Figure 1. The work can also be negative, for example, frictional 
work is energy dissipative and in the simplest case given by -u,Nx. 


Kinetic energy is energy of motion and for a single particle given by KE 
= 1/2 mv? = p?/2m. Hence, given the speed and mass of the momentum and 
mass, one can calculate numerically the kinetic energy. Consider the 
kinematics of a single particle subject to acceleration: v? = v? , + 2a(x — x,) 
(see KINEMATICS). By multiplying this equation by 1/2 m, we get the 


F 





= A 
Or 


Figure 1 
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result 
W=AT=T-T, 


which is the work energy theorem. Work done on an object changes the 
kinetic energy of that object. 


The concept of work leads immediately to the idea of potential or stored 
energy 


U--f F-dr. 
For the gravitational force, in moving an object up, the force and the 
displacement point in opposite directions; hence the potential energy is 


just mgh near the surface of the Earth. If the problem involves larger 
distances, one must use Newton’s law of gravitation to find 


r x. 2 
wes f F dr where F = - rGMm/r” 


to get the more precise gravitational potential energy as - GMm/r with 
reference point U = Oat r = œ. 


For every conservative force, we can define a potential energy. Ifa spring 
is compressed or stretched a distance x from equilibrium, the Hooke’s law 
potential energy is 1/2 kx?. One may simply plug numbers into formulae 
to calculate the potential energy in solving a problem. Or one may have to 
use the fact that potential energy can be transformed. For example, a mass 
can fall and compress a spring transforming the gravitational potential 
energy mgh into compressional potential energy 1/2 kx’. 


The law of conservation of mechanical energy states that the total 
mechanical energy E = KE + U is conserved: X E, = = E. For a single 
particle, this means that AKE = — A U. For the mass on a spring system 
of Figure 2, this means that 1/2 kA? = 1/2 mv? + 1/2 kx? for any value of 
the displacement x. For example, as a mass on a spring moves from x = A 
to x = 0 tox = — A, the potential energy 1/2 kx’ is transformed into kinetic 
energy KE = 1/2 mv? and then back again into stored energy. A good 
method of attack in solving energy problems is to draw two pictures, one 
showing the initial situation (e.g., mass on spring stretched to x = A) and 
the other showing the final situation (e.g., mass on spring at x = 0). 


7 


Figure 2 
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For an object projected upward (Figure 3), one can use this principle 
to find the height since 1/2 mv’, = mgh + 1/2 mv’,,, or 1/2 mv? „= mgh; note 
that the energy problem-solving method gives the same answer as we get 
from kinematics: h = 1/2 v? /2g. For distances in between y = 0 and y =h, 
for an object projected straight upward (8 = 90°), we have 1/2 mv? + mgy 
= mgh. If the distances involved in the problem are large, then one must 
use the more precise formula for the gravitational potential energy. 


If friction is involved in a problem, then one must take into account that 
some energy is lost or goes into frictional heat. For example, in sliding 
down the incline of Figure 4, the law of conservation of energy must be 
written as mgh = mgy + 1/2 mv? + „Nx and the usual dynamics approach 
used to find N. 


Energy methods are also used in rotational motion. Here, the total 
kinetic energy of a rigid body is T = 1/2 I w** 1/2 mv’. Work is also done by 
torques and calculated from 


W = frt d0. 


Power is the work done per unit time dW/dt. In the simplest case, one can 
find the work done by simply multiplying the power times the time. For 
translational motion, power is P = F - v; for rotational motion, it is t: w. 
In our electric bills we pay for kilowatt-hours of energy used, or 
10? W-3600 s = 3.6 x 10° J or 3.6 Megajoules. 


Vox 
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Step-by-Step Solutions to 
Problems in this Chapter, 
“Energy and Power” 






POTENTIAL ENERGY 
© PROBLEM 219 


What is the potential energy of a 1-pound weight that has 
been raised 16 feet? 


Solution: Potential energy is given by mgs, where mg is 

e weight of the object that has been raised. But mg is 
also the net force acting on this object, hence, via 
Newton's Second Law, we obtain 





F = mg 


Therefore 


Substituting the given data into this relation, we 
find 


P.E. = Fs = 1x 16 =.16 ft-lb. 
© PROBLEM 220 














Spring-Heel Jack was a legendary English criminal who 
was never captured because of his ability to jump over 
high walls and other obstacles which his pursuers were 
unable to scale. It is believed that he had a powerful 
spring attached to each shoe for this purpose. Assuming 
that he weighed 150 lb and that his springs were com- 
pressed by 1 in. when he stood on them, by how much did 
he need to keep his springs compressed on one of his 
operations in order to be ready to clear a 10-ft wall 
in the event of an emergency? 












‘igen springs compressed 


distance x 


Solution: The figure shows an idealized drawing of 
Spring-Heel Jack. When Jack stands up, the springs are 
compressed a distance x. When in equilibrium, the net 
force on Jack is zero. Hence, 


226 


a [l C —_— 


2kx = mg 
or k = 1% 
2x 


where m is his mass and k is the spring constant. Thus 


Bape ©) So, es bo: emmy A) No ge 
k= “(771 in) * % ft ~ 900 lb/ft. 


If Jack wishes to clear a height h while remaining 
erect, the potential energy stored in the springs must 
have been sufficient to raise his 150-lb weight through 
a vertical distance h. But if x was the compression of 
each spring, then by conservation of energy 





% kx? + kx? = mgh 
x? = mgh/k 
, 2 _ 150 x 10 ft + 1b _ 20 ¢,2 
on 900 lb - ft! 12 i 


= v1.67 ft = 1.29 ft. 
© PROBLEM 221 


A boy drops a rubber ball from a height of 4 feet and lets it 
bounce, If the ball loses 10% of its energy, due to friction of com- 


pression on each bounce, how many bounces will it take before the ball 
will only rise 2 feet above the ground? 





Solution; When the boy first lets go of the ball, its energy is purely 
potential and is given by E = mgh where h is the ball's original 
height above the ground, (InP this problem h = 4 feet). When the ball 

hits the ground its energy is purely kinetic. This is also the case 
when the ball just leaves the ground and begins its upward flight. As 

it rises its energy gradually changes from kinetic to potential. We 

note from the above equation that the potential energy is directly pro- 
portional to the height the ball rises. Thus, each time the ball bounces 
and loses 10% of its energy, it rises to 9/10 of its previous height. 
After the first bounce the ball rises (9/10) 4 feet, then after 2 bounces 


it rises 
(Fs) is} tect = (FHP 4 teet. 


We can see that after n bounces: 
maximum height of ball = (2) 4 feet 


Thus, we set the expression for maximum height equal to 2 feet and solve 
for n: 


9 
(Zs) 4 feet = 2 feet 


(5) = 
n log z7 log $ 


n[log 9 - log 10] = - log 2 


n[0.9542 - 1.0000] = -0.3010 
-0.0458n = -0.3010 
n = 6.55 


We must round this off to 7 since physically we cannot have a fraction 
of a bounce, 
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@ PROBLEM 222 


A block of mass m, initially at rest, is dropped from a 
height h onto a spring whose force constant is k. Find 


the maximum distance y that the spring will be compressed. 


See figure. 





oT an ie 
h h+y 
` S 


tt 


Release Maximum compression 
The total fall of the block is h + y. 

Solution: The general procedure used in solving any 
problem in mechanics is to calculate all the forces 
acting on the system and then derive the equation of 
motion of the system. 

An easier way to do mechanics problems involves 
the use of conservation principles. These laws are not 
applicable to all problems, but when they are, they 
simplify the calculation of the solution tremendously. 

In this problem, we may use the principle of 
conservation of energy. We relate the energy of the 
block before it was released to the block's energy at the 
point of maximum compression (see figure). At the moment 
of release, the kinetic energy is zero. At the moment when 
maximum compression occurs, there is also no kinetic 
energy. 

As shown in the figure, the reference level for 
gravitational potential energy is the surface S. The 
initial gravitational potential energy of m is mgy;. 


At the point of maximum compression, the potential 
energy of m is mgy2. However, at this point, the spring 


is compressed a distance y and also has elastic potential 
energy 4% ky”. Hence, equating the energy at the point 

of release to the energy at the point of maximum 
compression, 


mgy: = Mgy2 + % ky? 

mg(y: - y2) = % ky’ 
But yi - y2 = h + y and 

mg(h + y) = %4 ky?’ 


y? - BE) r-H = 9 
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Therefore, using the quadratic formula to solve for y, 


y = 3 (200 vrama tenan) 


N 


@ PROBLEM 223 


A 40-lb stone is pushed, on a 30° incline, to the top of 
a building 100 feet tall. By how much does its potential 
energy increase? 





wi = Component of stone's 
weight along incline. 





Solution; The change in a body's gravitational potential 
energy is the negative of the work done by gravity on the 
object in displacing it. By definition, this is 
w= -|F ar 
Fs 
where Fy’ the force of gravity, is 
= A 
a m (1) 
The symbol Í is a unit vector in the positive y direction 
(see figure}. Now 
= a A 
dr = dxt + ays 
where ¢ is a unit vector in the positive x direction. Then 


-à = A A A 
F, ° dr = -m - (dxt + dyf) = -mgdy 
and g x: í 


wis -|-mgay (2) 
We evaluate (2) over the path of motion of the block. If 


we take the origin of our coordinate system at the foot of 
the plane, y varies from 0 to 100 ft. Therefore 


Ww 


100 ft 
ng | dy = mg(100 ft) 
0 


W (40 lb) (100 ft) = 4000 ft. lb. 


© PROBLEM 224 


A 200-kg satellite is lifted to an orbit of 2.20 x 10° mi 


radius. How much additional potential energy does it 
acquire relative to the surface of the earth? 
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m satellite 





Solution: As in the diagram, R is the earth's radius, M 
is the earth's mass, m is the satellite mass, and r is 
the distance between the earth's center and the satellite. 


R = 6.37 x 10° m 
r= 2.20 x 10° mi = 3.54 «$107 m 


M 


5.98 x 102" kg 


m 200 kg 

The additional potential energy is equal to the work done 
against the earth's gravitational field. At a distance R 
from the earth's center, that is, on the earth's surface, 
the satellite has a potential energy, U 


surface 
U = . GMm 
surface R 
i A i : i‘ GMm 
In orbit of radius r the potential is U = 
orbit £ 


Then the additional potential energy involved in launching 
the rocket to its orbit, AU, is given by 


== Mm |. Gm). l1_1 
orbit ~ Usurface ~~ r | R |- I [3 3) 


(6.67 x 107)? nt - m*/kg?) (5.98 x 107% kg)(200kg) 


AU = U 


s E O T a 
6.37 x 10° m 3.54 x 10’ m 
= 1.03 x 10'° joules 


This is about equal to the work needed to lift an object 
weighing 3800 tons to a height of 1000 ft above the 
earth. 

Note that the change in potential energy of the satellite 
cannot be found by using U = mgh. This formula applies 
only to objects near the earth's surface, where g is 
approximately constant. 


KINETIC ENERGY 
@ PROBLEM 225 


The mass of a bullet is 2 grams and its velocity is 


30,000 centimeters per second (approximately true for a 
-22 caliber bullet). What is its kinetic energy? 





Solution: K.E. = } Mv? 
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2 gm x (30,000 cm/sec)? 
2 


(30,000) ergs. 


© PROBLEM 226 


Air consists of a mixture of gas molecules which are 
constantly moving. Compute the kinetic energy K of a 


molecule that is moving with a speed of 500 m/s. 
Assume that the mass of this particle is 4.6 x 


1077° kg. 





Solution: The mass of the gas molecule, m = 4.6 x 


10-?° kg, and its speed v = 5 x 10? m/s, are the known 
observables. Using the equation: 


K = k% mv? 
K = (3)(4.6 x 107° kg)(5.0 x 10? m/s)? 
= 5,75- x10297. 
© PROBLEM 227 


A pitcher can throw a baseball weighing 5 ounces so that 


it will have a velocity of 96 feet per second. What is 
its kinetic energy? 





Solution: 5 oz = i lb 
Therefore, since 


eae e ee 
K.. Ey 5 mv 5 B 


where W is the weight of the ball. This is equal to 


2 
5 lb x (96 ft/sec)" _ 45 ft-lb. 
2 x 16 x (32 ft/sec?) 
© PROBLEM 228 


If we project a body upward with speed 1000 cm/s, how 


high will it rise? 








Solution: We use the principle of energy conservation 
to find the height h. Assume that the level of pro- 
jection is the position of zero potential energy. Then 
at the point of projection the total energy is purely 
kinetic 

E = 0 + kMv? = 4M x(10° cm?/s?) 


At maximum height v = 0, and the total energy is 
now purely potential, hence E = Mgh 


By equating the two expressions for E, we have 


Mgh = 4 M x (10° cm?/s?) 
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— 4x 10° cm*/s* _ _10® cm?/s? 


h 

I 2 (980 cm/s?) 
h = .51 x 10° cm 
h = 510 cm. 


@ PROBLEM 229 


A free particle, which has a mass of 20 grams is initially 


at rest. If a force of 100 dynes is applied for a period of 
10 sec, what kinetic energy is acquired by the particle? 





Solution: In order to calculate the kinetic energy we must 
compute the final velocity acquired by the particle: 
v= at + Ya where Y is the initial velocity. Since we are 


told that initially the particle is at rest, the expression 
for velocity becomes v = at. Now, from Newton's Laws we 


know that a = E, Substituting this for a yields 


(E) t 


v= mj 
[pgss] x (10 sec) = 50 cm/sec 
Then, 
KE = $ mv? 


$ x (20 g) x (50 cm/sec)? = 25,000 ergs 


How much work was done by the applied force? The dis- 
tance moved is 


s = 5 at? = Eje 


= $ x [209 smes) x (10 sec) 7 = 250 cm 


so that the work done is W = Fs since the force and displace- 
ment are in the same direction. 


W = (100 dynes) x (250 cm) = 25,000 ergs 


Thus, the work done is transformed entirely into the kinetic 
energy of the particle. 


@ PROBLEM 230 


A 1-kg block slides down a rough inclined plane whose height 


is l m. At the bottom, the block has a velocity of 4 m/sec. 
Is energy conserved? 
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: Energy will be conserved if the kinetic energy 
gained by the block is equal to the potential energy lost. 
At top: PE = mgh 


(1 kg) x (9.8 m/sec” ) x (1 m) 
9.8 J. 


5 mv? 


$x (1 kg) x (4 m/sec)? 


=8 J. 


At bottom: KE 


Apparently, energy is not conserved. But we know that 
friction is present between the block and the rough plane. 
A certain amount of energy (1.8 J) has evidently been ex- 
pended in overcoming this friction. This amount of energy 
appears as thermal energy and could be detected by measuring 
the temperature rise in the block and the plane after the 
slide is completed. 


© PROBLEM 231 


What is the kinetic energy of a l-pound weight that has 


fallen 16 feet? 





Solution: Kinetic energy is the energy of an object due 
to its motion, and it is given by % mv“. The mass of a 
l lb object is 


F = mg 


3 
i] 
aj 


E E REER N 
32 ft/s? 32 ug 


We now calculate the velocity of the object after 
falling 16 feet: 


k gt? = d and gt = v so v = /2gd, 


Substituting in this equation we have: 


v = V2(32 £t/s-) (lo £t) ="32- ft/s 
The kinetic energy is 
K.E. = ¥ mv? 


K.E. = 3 = slug (32 ft/s)? = 16 ft-lb. 


© PROBLEM 232 


What is the kinetic energy of a 3.0-kg ball whose diameter 
is 15 cm if it rolls across a level surface with a speed 


of 2.0 m/sec? (Assume that I for the ball is equal to 


2/5 mR?, where R is the radius of the ball and m its 
mass.) 
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Solution: Consider a point P of the ball, as shown in 

e figure. Since the ball is rolling and translating, 
P has rotational kinetic energy and translational kinetic 
energy. This is true for every point of the ball. Hence, 
we may represent the total kinetic energy of the ball as 


E, = 4 mv? + Iw? 
where m is the mass of the ball, v is its velocity, w 


its angular velocity, and I is its moment of inertia 
about its axis of rotation, O. 


By definition 


V „2.0 m/sec . 
ungs more 27 xad/sec 
2 22ne2 2 
I= 5 mR*“ = 5 (3.0 kg) (0.075 m) 


= 6.8 x 107° kg-m? 
E, = (3.0 kg) (2.0 m/sec)? + (6.8 x 107° kg-m?) 


(27 rad/sec)? = 2.5 joules 


e PROBLEM 233 












A car coasts down a long hill and then up a smaller one onto a 
level surface,where it has a speed of 32 ft/sec. If the car started 
200 ft above the lowest point on the track, how far above this low- 
est point is the level surface? Ignore friction. 





aes PS RL Se 


Solution: The initial velocity of the car is zero. Since there is 
no friction, the change in potential energy of the car equals its 
increase in kinetic energy. On the smaller hill of height h, 

the change in potential energy with respect to the starting 


point is PE = mg(200 - h) 
Its kinetic energy is given as 

kE = $m = m(32)° 
Equating the two, 


mg(200 - h) = 4m(32)* 
g(200 - h) = 32(200 - h) = %(32)* 
200 - h = 4(32) 
h = 200 - 16 = 184 ft. 
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Therefore in order for the car to have speed 32 ft/sec, the 
lower hill must be at a height of 184 ft above the lowest point on 
the track. 


@ PROBLEM 234 
Use the principle of conservation of mechanical energy to 


find the velocity with which a body must be projected 
vertically upward, in the absence of air resistance, to 


rise to a height above the earth's surface equal to the 
earth's radius, R. 





Solution: Let the center of the earth be the origin. Then 
the initial distance of the body is r= R and its final 


position is ro = 2R. Let vı be the initial velocity. Vor 


the final velocity, of the body of mass m is zero since 2R 
is the maximum height the body rises. Using conservation 
of energy, we have 


KE, + PE, = KE > + PE 


1 1 2 


ae oe ae 2 mmg 
Pah i G ri mgY G ro 


where mg is the earth's mass. 


Note that potential energy is negative. Substitution 
yields 


li 
o 
! 
Q 


@ PROBLEM 235 


A roller coaster starts from rest at the highest point 
of the track 30 m above the ground. What speed will it 


have at ground level if the effect of friction is 
neglected? 








Solution: The given observables are vo = 0 m/s, ho = 
30 m, and he = 0 m. When the cart is at the top of the 
track, the total energy is all potential energy. 


Eo = mgho 
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When the car is moving with speed v at the bottom, 
the total energy is 


= 2 > 2 ; Z 
En = k mv* + mgh, = kmv since he = 0 


Since the total energy is constant, we have, by the 
principle of conservation of energy, 


Mgho = ‘piv? 


2 


v? = 2gho = (2) (9.8 m/s”) (3 x 10! m) 
= 5.88 x 10? m?/s? 
v = 2.4 x 10! m/s 


Notice that the mass of the roller coaster was not 
required to solve the problem. 


@ PROBLEM 236 





An athlete in his run-up for a pole vault can achieve a 
speed of 30 ft/s. What is the maximum possible record for 


the pole vault likely to be? 


Solution: At the end of the run with a velocity of 
30 ft/s, the athlete possesses kinetic energy of amount 


E, = 4% x m x 30%.f67/a%, 

where m is his mass. By causing rotation about the end of 
his pole he transforms this kinetic energy into potential 
energy. The mass of the pole is negligible in comparison 
with that of the man and need not be considered. Further, 
the pole must not be made of a material which can boost 
the athlete's energy by its elastic springiness. 


The most favorable case occurs when the athlete plans 
his jump in such a way that, as he clears the bar, he has 
negligible kinetic energy left. Thus if h is the height 
by which the athlete's center of gravity alters in the 
jump, we have, by conservation of energy, 


304 ft*/e7 


ra Si 
Zg = 14 ft r in. 


km x 30% f£t¢*/s? = mohe .°. h= 


But if the athlete is very tall, his center of 
gravity may be as much as 3 ft 9 in. from the ground 
during his run-up. Hence the final height of his center 
of gravity above the ground is maximally 17 ft 9 3/4 in. 
His center of gravity is located inside his body and the 
bar must be lower than his center of gravity by roughly 
half the thickness of his body. If we assume a reasonably 
thin athlete, a minimum of 4% in. must be subtracted from 
the height previously mentioned to allow for clearance. 
The maximum possible record for the pole vault would 
appear to be 17 ft 5% in. (as measured by the height of 
the bar). The present world record is 17 ft 4 in. (It 
should be noted that fiber-glass poles do not meet the 
conditions about elasticity stated above.) 
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@ PROBLEM 237 










If a particle of mass 100 g initially had speed 


1 x 10? cm/s, what would be its kinetic energy and 
velocity at the end of its 10-cm fall? 





Solution: The initial kinetic energy is 


E; = 4 mv? = (%)(100 g) (10" cm?/s?) = 5 x 105 ergs 


During the fall, the particle moves as a result of 
the gravitational force Fo acting on it. The work done by 
Fg as the particle falls through the height h is, since 
Fo is constant and in the same direction as the dis- 
placement, 


W = F x h= (100 g) (980 cm/s?) (10 cm) 


9.8 x 105 ergs 


W is the change in kinetic energy as the particle 
moves in the direction of the gravitational force. 


Therefore, the final kinetic energy at the end of 
the fall is 


Eg = E, + W*= 15 x 105 ergs or 
k% mvs = 15 x 10° ergs 


yi » ee 10° ergs 
£ 100 g 


ve = 3 x 10° cm?/s? 
Ve 2 1.73 x 10? cm/s 


This result agrees with what we would calculate from 


f = Ma, but note that we have not specified above the di- 
rection of the initial speed 1 x 102 cm/s. If it were in 
horizontal x direction (see the Fig.) it would remain 
constant and from 
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E- - E. =W, we would have 


a 
< 


2 2 =m 2 2 a 
4s n(vie Se) % m(vž; + vii) =W 


But v2 * Veil and Vyi = 0, hence 


2 2 \2 _ PEs m. 
k m(v2¢ + v ) k MV i W or 45 MV vf W 


yf 
and Ye = /2W/m = Y(2) (9.8 x 105 erg)/100g 
‘vet = 139 cm/s. 


or if v were initially downward in the negative y 


direction, we could call upon the familiar relationships 
for falling bodies: 


a 2 
Y= Y; + Yt +% gt 


Vyf = Vyi + gt 
where X,, Vi, are the initial y position and y velocity 


of the particle. Hence 
í 23 = 2 
hayes Vyit +k% gt (1) 
v.- =v, + gt (2) 


where y - Y; is the distance the particle falls through 


(h). To eliminate t in equation (1), solve (2) for t and 
substitute in (1). 


yf e ed 
g 
v - v. v E a E 
naw, E R e S E ot 
yi g 2 g 


@ PROBLEM 238 


(a) Compute the maximum height attained by a projectile 
launched with velocity of magnitude vo directed at an 
angle 9») to the horizontal, using the principle of con- 


servation of energy. 


(b) What is the magnitude of the projectile's velocity 
ù, when it has reached half its greatest height? 
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Solution: (a) At the start of the motion, the projectile 
‘possesses kinetic energy of amount % mvj. At its greatest 
height, h, it possesses kinetic energy due to the com- 
ponent of its velocity in the x-direction (v cos 6 

only, % m(vo cos 8 )* and also potential energy due to 
its increased height, mgh. By the principle of conserva- 
tion of energy, 


kmvô = kmv cos? Oo + mgh 


vi (l - cos? 69) vé sin? 6, 
Mre a R 
(b) By the principle of conservation of energy, the sum 
of the projectile's potential and kinetic energies at 
half its greatest height must equal its initial kinetic 
energy at the time of launching. (The potential energy 
at the point of launching is also zero.) At half the greatest 
height, the potential energy possessed by the projectile 
is 
vê sin? 6) 


4g 


NIS 


mg 5 = mg = 4 mvs sin? Op . 
and its kinetic energy is mu’. Thus: 
k% mu? + & mv? sin? 6, 


u = Wv% - k v? sin? 6, 


% mvj 


@ PROBLEM 239 


A simple pendulum consists of a small object (a so- 
called bob) hanging from a relatively long cord whose 
weight is negligible with respect to the bob. The to- 
and-fro motion of this bob in a vertical plane is 
called pendulum motion. If the cord is 3 ft long and 
the suspended bob is drawn back so as to allow the 
cord to make an angle of 10° with the vertical before 
being released, calculate the speed of the bob as it 
passes through its lowest position. 
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Solution: This problem can be solved by force 
analysis, but it lends itself most readily to a 
solution by the energy method. 


By the principle of conservation of energy, the 
energy of the bob at the top of its swing must equal 
its energy at the bottom of its swing. At the top 
of its swing, the bob is momentarily at rest and it 
has only potential energy. Taking point A as the 
reference level for potential energy (see figure), 
and letting h be the height of the bob at the top 
of its swing, we may write 


Ertop = mgh 


At the bottom of its swing (that is, point A), the 
bob has only kinetic energy. Hence 


5 2 
Ebottom 3 mv 


where v is the bob's speed at A. But 


Erop x E bottom 


k% mv? 


or mgh 
whence y = V2gh 


To determine h, use the figure and note that it 
is L- {cos 0 


= 3 - 3 cos 10° = 3 - 3(.985) 
3 - 2.96 = .04 ft. 


whence v = ¥2(32 £t/s2)(.04 ft) 
v = 42.56 ft2/s? 
ITD A A E L TA 


@ PROBLEM 240 


A bricklayer is supplied with bricks by his mate who is 
10 ft below him, the mate tossing the bricks vertically 


upward. If the bricks have a speed of 6 ft/s when they 
reach the bricklayer, what percentage of the energy used 
up by the mate serves no useful purpose? 





Solution: Once the bricks leave the mate's hands, the 
Only force which acts on them is the gravitational force. 
Since this produces a constant acceleration (a = - g = 


- 32 ft/s*), the kinematics equation 
v? = vj - 2a(k - xo) 


can be used to describe its motion. The initial velocity 
Vo of the bricks is found by substituting known values 


in the above equation. & - Xọ is the distance travelled 
by the bricks) 





vi =v? + 2g (x - Xo) = 36ft?/s? + 2 x 32 ft/s? x10 ft 


676 ft?/s? . os. Fe = 26 £t/s . 


The kinetic energy given each brick, and supplied by 
the bricklayer's mate, is 


E, = 5 mv = m x 338 ft?/s? 


If the bricklayer's mate supplied only just enough 
energy to the bricks for them to reach the required level 
and no more, the initial velocity being u, they would have 
zero velocity at the level of the bricklayer. Hence 


u? = 0 + 2g(x - xo) = 2 x 32 ft/s? x 10 ft. 
.°. u=8 V10 ft/s. 


The kinetic energy supplied by the mate in this case 
is 

E2 = k% mu? = m x 320 f£t?/s?. 

The mate supplies an energy equal to E,, when he only 
needs to expend energy equal to E2. Therefore he wastes 
an amount of energy E, - E3. The percentage of energy 
wasted is 


ah ee 338 - 320 18 
SE R00 ggg 200, = aay x 100) = 5.38, 


© PROBLEM 241 












A pendulum with a bob of mass M is raised to height H and 
released. At the bottom of its swing, it picks up a piece 


of putty whose mass is m. To what height h will the combina- 
tion (M + m) rise? 


TRS ap a 


Solution: There are three phases to the problem—the fall of 
M, the collision of M and m, and the rise of M + m. The first 
and last phases involve energy conservation and the second 
phase involves momentum conservation. 


(1) Pall: (PE) initial F (KE) final 
MgH = 5 Mv? 

from which 
v = V2gH 


241 





(2) Collision: Pinitial = Pinal 


Mv = (M + m)v' 


(3) pire (KE) initial 7 (PE) final 


$m + mv'? = M + m)gh 

from which 

v' = ¥2gh 
Substituting Eqs. 1 and 3 into Eq. 2 gives 

MY2gH = (M + m)/Y2gh 
Canceling Y2g and squaring, we have 

MH = (m + M)7h 
so that the final height is 


2 
pee M 
hee (z + x] B 


© PROBLEM 242 








A small block of mass m slides along the frictionless 
loop-the-loop track shown in the figure. (a) If it 
starts from rest at P, what is the resultant force 
acting on it at Q? (b) At what height above the bottom 
of the loop should the block be released so that the 
force it exerts against the track at the top of the 
loop equals its weight? 


: (a) Point Q is at a height R above the 
ground. Thus, the difference in height between points 
P and Q is 4R, and the difference in gravitational 
potential energy of the block between these two points 
is: 


mgh: - mgh; = mg(h2 - hi) = mg (4R) 
= 4 mgR 
Since the block starts from rest at P, its kinetic 


energy at Q is equal to its change in potential energy, 
4 mgR; by the principle of conservation of energy 
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k% mv? = 4 mgR 


v? = 8 gR 

At Q, the only forces acting on the block are its 
weight, mg, acting downward, and the force N of the 
track on the block, acting in the radial direction. 
Since the block is moving in a circular path 


2 
n= MZ = SMR - 8 ng 


The loop must exert a force on the block equal to 
eight times the block's weight. 


(b) For the block to exert a force equal to its 
weight against the track at the top of the loop: 
mv'2 


R = 2 9, y'? = 2gR 





This is the case because gravity exerts a downward 
force mg on the block. Thus, in order to keep the block 
moving in a circular path, the rest of the force (= mg) 
must be exerted by the loop-the-loop. Therefore: 


mgh = 3 mv'? 


gt &: ee 
pipe ce: Taek 


The block must be released at a height R, above 


the top of the loop or 3R above the bottom of 
the loop. 


© PROBLEM 243 













A block of mass m slides down a plane inclined at an 
angle 6, the surface of which has coefficient of sliding 
friction u. The mass collides with a spring, having 
force constant k, after it has slid a distance d from 
rest. The spring will then reduce the speed of the 
block, which, will come to a momentary halt, when the 
spring has been compressed a distance X. The block 
will then be pushed back up the incline and begin a 
frictionally damped harmonic oscillation. Calculate X. 









i We will use the law of energy conservation. 
The kinetic energy of the block at the moment it collides 
with the spring is equal to the sum of its loss of 
gravitational potential energy and the work done on 


it by friction. Since the frictional force, f, acts in 
a direction opposite to the motion, the work due to 
friction is negative. Then 
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k% mv? = mgh - Nd 


where f = uN, and h = d sin 9 is the vertical height 
through which the block falls, (see figure). N = mg cos 9 
is the force the plane exerts, normal to its 

surface, on the block to cancel the component of the 
block's weight perpendicular to the plane. Thus: 


% mv? = mg d sin 9 - u mg d cos 6= mg d(sin 0 - u cos 8) 
Once the spring has brought the block to rest, the 
spring's potential energy is equal to the sum of the 
block's kinetic energy, the further gravitational po- 
tential energy the block loses as it falls through 
height h' = X sin 0, and the additional (negative) 
work done by friction on the block (see figure). 


k% kX? = & mv? + mgh' -yu NX 


% kx? = mgd(sin 0 - u cos 6) + (mg sin 6)X 


- (u mg cos @)X 


k% kx? - mg(sin @ - u cos 6)X - mgd (sin ® - u cos 6)=0 
- b ż vb? - 4ac 


From the quadratic formula: x = Ja 


with a = ķ%k, b = - mg(sin 6 - p cos 6), and c = 
- mg å (sin 0 - y cos 8) 


_ mg(sin 0-uy cos 6)+ sin ð-u cos = k)— 
xo Se RS segs Fe a E T 


- mgd(sin 0- u cos 9) 
denominator 


X= mg (sin 8-4 cos 0)+¥m7g7 (sin -u cos 6) -+amgdKsin §-ucos 0) 
E k 


This yields two answers for X. If we had been given 
numerical values for m, d, u, 9, and k, we would find 
that one of the solutions for X would be negative and 
unacceptable. The other solution would be correct for 
the problem at hand. 


© PROBLEM 244 







A small body of mass 1 slug is rotated in a vertical circle 
at the end of a string 2 ft. long. If the tension in the 
string just vanishes at the top of the circle, what is the 
velocity of the body and the tension in the string (a) when 
the string is horizontal, and (b) when the body is at its 
lowest point? 









Solution: At each of the positions of the body in its 
rotation,only two forces act on it, the weight mg acting 


downward and the tension of the string, ?, acting toward 
the center of the circle. 


At the top of the swing, the two forces act in the 
same direction and together provide the centripetal force 
necessary to keep the body in its circular path. Thus 
(see figure) by Newton's Second Law, 


2 
_ mv 
mam + Tem . 


When T is just zero at the top, 

y?-m tg =. 27 ftx- 32 ft/s2-= 64 £t?/s2. 

A mS Fee. 

(a) When the string is horizontal, the body has lost 
potential energy and gained a corresponding quantity of 
kinetic energy. If we refer to the diagram we have from 
the principle of conservation of energy. 

k mvj? = k mv? + mg xr or vi = v? + 2gr = 3 gr. 


.*. Vi = 8 V3ft/s = 13.86 ft/s. 


Here, the potential energy is taken to be zero at the 
height of the center of the circle. 


Further, T, is the only force acting radially. Hence 


T; = = 3 mg = 3 x 1 slug x 32 ft + s~? = 96 lb. 


(b) When the body is at its lowest point, similar arguments 
about gain of kinetic energy and loss of potential energy 
apply. Thus & mv3 - mgr = & mv? + mgr 


<°. vi = v? + 4gr = Sgr. .°. Vz = 8/5 ft/s = 17.9 ft/s 
Although T still acts radially, it is now opposed by the 


gravitational force which equals the weight of the body. 
The resultant force provides the necessary centripetal 
force, and, by Newton's Second Law 


mv3 
Tos kamga 
mv3 
Then T, a + mg = 5mg + mg = 6mg = 


6 x 1 slug x 32 ft/s? = 192 lb. 


@ PROBLEM 245 


(a) From what height above the bottom of the loop must the car in 


the figure start in order to just make it around the loop? (b) What is 
the velocity of the car at point A and at point B? 








Solution: (a) For the car to just make it around the loop, its speed 

at the highest point of the loop must be such that the force of gravity 
on it is sufficient to provide the centripetal force needed to keep it 
in a circular path. For this to be the case, 


Feentripetal a 


or the velocity must be given by 
ve = Bg a) 


at point C. Neglecting friction, we use conservation of energy and 
note that the velocity of the car at point D must be the same as at 
point c, since both correspond to the same net change in potential 
energy relative to the starting point. The change in potential energy 
equals the change in kinetic energy and is proportional to the square 
of the velocity. The change in potential energy from the starting 
point to point D equated to the corresponding change in kinetic 
energy yields. 


mgh = mv» s Vo” 5 amv 
Vp = V2gh (2) 


where h is the vertical height of the starting point above points 
C and D (as shown in figure), and v, is the initial velocity of 
the car,which is zero at the starting point. Equating equations (1) 


and (2), 
y% es e 


h=R/2. 


This indicates that the starting point must be 2R + R/2 = (5/2)R above 
the bottom of the loop in order for the car to have just enough energy 
to make it around the loop. 


we have 


(b) Equating the change in potential energy to the kinetic energy of 
the car at the point in question,as we did in part (a), we find for 
point A 

mg(h + 2R) = mV 


2 Rg = av 


ar V5 gR 


mg(h + R) = mv 
3 op = 4 
2 eR = * B 
Vz = /3gR 


For point B, 
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© PROBLEM 246 


A block starting from rest slides a distance of 5 meters down an 
inclined plane which makes an angle of 37° with the horizontal. The 


coefficient of friction between block and plane is 0.2. (a) What is 
the velocity of the block after sliding 5 meters? (b) What would the 
velocity be if the coefficient of friction were negligible? 






Solution: The change in potential energy of the block is 
APE = mgh 


where h is the height of the block and equals_5 sin 37°. Some of this 
energy goes into doing work against the frictional force f. The fric- 
tional force is proportional to the normal force N. The block is in 
equilibrium in the direction perpendicular to the inclined plane. There- 
fore, the sum of the forces in that direction must equal zero. 


N - mg cos 37, = 0 
thus 4 

N = mg cos 37 
Then the frictional force is 
Fe = WN = 0.2 mg cos 37° 
where wp is the coefficient of friction. The energy expended in com- 
bating this force equals the work done against it. The work equals the 
product of the frictional force and the distance over which it acts. 

W= F,d = (0.2 mg cos 37°) (5) = mg cos 37° 

From the conservation of energy principle, the change in potential energy 
of an object equals its change in kinetic energy plus the work it does. 


APE = W + AKE = W + mV? N) 


Since the initial velocity Vo ` of the block is zero, and its height h 
is d sin 37° =5 sin 37% 


APE = mgh = mg cos 37. + mv” 
4v = g(h - cos 37°) = g(5 sin 37° - cos 37 ) 


v = J2g(5 sin 37° - cos 37°) 
= /2(9.8)1(5) (0.602) - (0.799)] 
= J/43.3 mœ 6.57 m/sec 
where v is the final velocity of the block. 
(b) If friction can be neglected, then we have 
APE = AKE 
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or UT 
g(5 sin 37°) = $v 

v = /(2)(g) (5 sin 37°) 

= J) (9.8) (5) (0.602) 


= /59 = 7.68 m/sec 


@ PROBLEM 247 





What is the rotational inertia about an axis through 
the center of a 25-kg solid sphere whose diameter is 


0.30 m? 


axis of rotation 





Solution: For a rigid body rotating with angular 
speed w about a fixed axis, the kinetic energy is 


K = 5 mv? = %4 m(wr)?. Each particle of this body can 
be considered as contributing to the total kinetic 
energy. The angular velocity, w,of all the particles 
is the same,but their distance r from the axis of 
rotation varies. Therefore, the total kinetic 

energy can be written as 


K = 4 (mirj + mor} + ...)w? = 5E(m, r? )w? 


where the summation is taken over all the particles 
in the rigid body. The rotational inertia,I,is defined 
as 


n 2 
I = Imri r 


As can be seen from the above equations, the ro- 
tational energy of a body, for a given angular speed 
w, depends on the mass of the body and the way that 
mass is distributed around the axis of rotation. 
Since most rigid bodies are not composed of discrete 
point masses but are continuous distributions of 
matter, the summation for I in the above equation 
becomes an integration. Let the body be divided into 
infinitesimal elements of mass dm at a distance r 
from the axis of rotation. Then the rotational 
inertia is 





I< | r? dm 


where the integral is taken over the whole body. 
For a solid sphere of radius R, 
dm = p av 
where p is the density of the sphere and dv is an 
infinitesimal volume. For dV, take a circle of 


radius £ and of thickness r d@,where 2% is the 
distance from the axis of rotation. We have 





dv = (272) (dr) (rd0) = 2n (r sin 6) r drdé 
= 2n rê sin 0 dr dé 
V frr? 
Then 
I= | 2? dm = | (r sin 6)? edv 
T R m 
= | | (r? sin? 6) aeri ae r? sin 0 dr dé) 
6=0 r=0 3 T R? 
T R 
= | | 2 r* sin? 6 dr dé 
e=0/ r=0 aR 
r R 
5 
= | —3m_ © sin? 6 dð 
2 R? 5 
6=0 r=0 
3 T 
= z0" R? f sin? 6 dé 
6=0 
3 T 
= 70 ™ R? | sin @ (1 - cos? 6)dé 
6=0 
Let x = - cos 6 and dx = sin 6 dð. Then 
3 x= - cos T 
I= io ™ RÊ | (1 - x?)dx 
x= - cos 0° 
1 
oe 2 soki 
“ies (x T 
MEF 2 ENE E D a Te 2 aye 2 2 
“7554 [2 Ja 3) ro m rè) f3) p AR 








For the given sphere, the mass is 25 kg and the 
radius is 0.30 m/2 = 0.15 m. Its rotational inertia 
is then 


ia 2 mr? à z (25 kg) (0.15 m)? = 0.22 kg-m2. 


@ PROBLEM 


A flywheel has a mass of 30 kg and a radius of gyration 


of 2 m. If it turns at a rate of 2.4 rev/sec, what is 
its rotational kinetic energy? 





Solution: The rotational kinetic energy of a body 
about a given axis is 


= Iw? (1) 


where I and w are the rotational inertia and angular 
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velocity of the body about the given axis. By definition 


of the radius of gyration, p, we may write 
mo? = I (2) 
where m is the body's mass. Using (2) in (1) 
=i mp? w? 
Using the given data 


(4) (30 kg) (4 m°) (2.4 rev/s)? 
345.6 kgem*+rev’/s? 


T 


T 


To put this answer in conventional energy units, 
note that 


l rev/s = 27 rad/s 
whence T = 1382.4n? Joules 


P 13643.74 Joules 


© PROBLEM 


A flywheel of mass 12 kg and radius of gyration 20 cm 
is mounted on a light horizontal axle of radius 5 cm 
which rotates on frictionless bearings. A string wound 
round the axle has attached to its free end a hanging 


mass of 4 kg, and the system is allowed to start from 
rest. If the string leaves the axle after the mass has 
descended 3 m, what torque must be applied to the fly- 
wheel to bring it to rest in 5 revs? 





Solution: Consider the hanging mass. It has two forces 
acting on it, its weight, mg, downward and the tension 
in the string, T, upward. Since the mass descends with 
acceleration a, by Newton's second law 


mg - T= 
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N 


at a 


HF 


But, if the flywheel rotates with angular acceleration 
a, then the tangential acceleration 


a= ra, and thus mg - T = mra (1) 


The tension $ acts at distance r from the axis of 
the flywheel of mass M and radius of gyration k. There- 
fore the torque is IT = Tr. Using the rigid body analogue 
of Newton's second law, where torque takes the place 
of force, moment of inertia,I, takes the place of m, 
and angular acceleration a takes the place of linear 
acceleration, ľ = Tr = Ia. Since I = Mk?, Tr = Mk7a. 
Also, upon multiplication of both sides of equation 
(1) by r, mgr - Tr = mra = mra. 


Aa mgr = a(mr? + Mk?). 


mgr 
a= 
mr? + Mk? 


P: 4 kg x 9.8 ms * x 0.05 m 
4 kg x (0.05)?m? + 12 kg x (0.2)? m? 


= cis S? = 4 rad+s”. 


The flywheel starts from rest and accelerates as 
long as the string is exerting a couple on it. In that 
time the mass descends 3 m. But in 1 rev,the string 
unwraps a length equal to its circumference, 2Tr, and the 
mass descends by this distance. Thus the angular distance 
the flywheel turns during the period of acceleration is 


3 m E 3 x a rav x 21 _ rad 


m x 0.05 m/rev 0.05 2T 1 rev 


= -5s rad = 60 rad 


The angular speed when the string leaves the axle 

can be found by using the rigid body analogue of the 
kinematic equations for constant acceleration. If 

w is the analogue of linear velocity, v, Q the 
analogue of linear acceleration, a, and 6 the 

analogue of linear displacement, s, then the kinematic 
equation not involving the time variable is 


w? = w + 200. 
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The initial angular velocity wọ = 0 and 


w? = 2 x 4 rad*s~? x 60 rad or 
w = 4x/30 rad*s~! = 21.9 rades™!. 


If a torque [' is now applied to the wheel, it 
produces a constant deceleration a', and since the 
flywheel is being brought to rest, 


Yeinal 7 9 OF 0? = w? + 2a' X 10m rad. 
T a’'= - w?_ _ _ 480 radis? _ _ 24 des~2 
fil 207 rad 207 rad mre A? ai 
But T'a Ia’ = Mk*a' 


- 12 kg x 0.04 m? x 24 yad+s~? 


= - 3.67 Nem. 


Thus a torque of 3.67 Nem applied against the direction 
of rotation is necessary. 

Note that the result is more easily obtained from a 
consideration of energy of the mass-flywheel system. The 
mass m descends a height h. In so doing it loses potential 
energy, which reappears in the form of kinetic energy of 
the mass and of the flywheel. Thus, if the bottom of the 
fall is taken as the reference level, then 


mgh = ‘mv? + %Iw? = kmrêw? + kMk?w? 
-. w? = ——2mgh__ 480 rad?+s7?, 
mr? + Mk? 


In the final stage, the work done by the retarding 
torque in the 5 rev= 107 radians must equal the kinetic 
energy possessed by the flywheel before the couple is 
applied. Thus 


- 100F = ¥% Iw? = &Mk?w?. 


a g a aono Sa Pte Nem. 
@ PROBLEM 250 


Delivery trucks which operate by making use of the 

energy stored in a rotating flywheel have been in use 

for some time in Germany. The trucks are "charged up" 

before leaving by using an electric motor to get the 
E I 


flywheel up to its top speed of 6000 rev-min f 
one such flywheel is a solid homogeneous cylinder of 
weight 1120 lb and diameter 6 ft, how long can the 
truck operate before returning to its base for 
"recharging", if its average power requirement is 

10 hp? 





Solution: The angular speed of the flywheel is 
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1 1 


6000 revemin™ 


€ 
li 


. -l ak ines” 
x 27 rad*rev arti) mines 


= 2007 rades7™ 


The kinetic energy stored in the flywheel is 
given by 


= 2 
E, =% Iw 


where I is the moment of inertia. For a disc of 
radius r and mass M, I = ¥ Mr*. Therefore, 


E 


peann k Mr? x w? 


% Mr2u? Sg x 1120 slugs x 9 ft? x 4T? x 10" s 


2 
” 63r- x 105 £telb. 


=2 





The truck consumes this energy at a rate of 
P = 10 hp = 10 x 550 ft*lbes", 


Thus, assuming that the frictional losses are 
negligible, the truck can work for 


eS 

P 

E Cm A Teb a OST x E0 O rA 
Ma. 2k 4 eee JOOP VO 


t = 


= 94.2-min. 


The flywheel must therefore be "recharged" before 
this time has elapsed. 


© PROBLEM 251 


What velocity must a rocket be given so that it 


escapes the gravitational field of the earth? 





Solution. In order to escape the earth's gravitational field, 
the rocket must travel an infinite distance from the earth. 
The change in potential energy,AV, of the rocket as it goes 
from the earth's surface to infinity is 


$ Moms f 3 z) 


Av 


Dat e s 


= 6 Metal = =] = 


The gravitational acceleration at the surface of the earth 
is written as 
G Mg 


gos agen 9.8 m/sec. 
RE 
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Rewriting AV so that g appears in the expression, we have 


G 
AV = = x REM =9 RMg. 


This is the potential energy that the rocket must acquire 
if it is to escape the earth's pull. This energy comes from 
the conversion of kinetic energy to potential energy. There- 
fore the initial kinetic energy given to the rocket must at 
least equal this change in potential energy. Equating the 


two energy expressions, with Rg = 6.36 x 10” meters, 
Av = g Rpm, = 5 mv 


ie” mi 26 Rp = 2 x 9.8 x 6.36 x 10° 


v Ll2 X 104 m/sec. 
This minimum velocity needed to escape the earth's gravita- 
tional field is known as the escape velocity. 


WORK & ENERGY CONVERSION 
@ PROBLEM 252 


How much work is done in joules when a mass of 5 kilo- 
grams is raised a height of 2 meters? 


Solution: Mechanical work is given by the product of 

the force applied to a body, and the distance for which 
it is applied (W = Fs when force is constant and force 
and line of travel are in the same direction). The force 
of gravity on the 5 kilogram weight is equal to the force 
exerted against gravity (by Newton's Third Law) and is 
given by: 





F = mg 
k-m 





F = 5 kg (9.80 m/sec”) = 49.0 (newtons) 


sec? 


and the work is given by 


W = 49.0 newtons(2m) = 98 joules. 


© PROBLEM 253 





How much work is required to raise a 100-g block to a height 


of 200 cm and simultaneously give it a velocity of 300 cm/sec? 


Solution: The work done is the sum of the potential energy, 
PE = mgh, and the kinetic energy, KE = 5 mv? : 


PE = mgh 


(100 g) x (980 cm/sec?) x (200 cm) 
1.96 x 107 g-cm*/sec” 

1.96 x 10” ergs 

2 


KE = $ mv 
$ x (100 g) x (300 cm/sec)? 


4.5 x 106 g-cm /sec* 


= 
i] 


PE + KE 
1.96 x 10” ergs + 0.45 x 10” ergs 
2.41 x 10’ ergs 

2.41 J 


© PROBLEM 254 


If a 50 g bullet traveling at 40,000 cm/sec is stopped 
by a steel plate, how much heat is generated, on the 


assumption that the energy is completely converted 
into heat? 





Solution: We are told that all of the bullet's energy 
is converted into heat, Q. Since the bullet has only 
kinetic energy 


Q = & mv? 


where m is the bullet's mass, and v is its speed. 
Hence, the amount of heat energy produced is 


li 


(%4) (50 g) (4 x 10" cm/s)? 
25 x 16 x 10° ergs 


Q 
Q 
Q= 4 x 10!’ ergs 


@ PROBLEM 255 


A suitcase is dragged 30 m along a floor by a force F = 
10 newtons inclined at an angle 30° to the floor. How 


much work is done on the suitcase? 








YUM UUU, 
Solution: Work is defined as the scalar product of the 
force acting on an object, and the distance through 
which the object moves while the force is being applied. 
> > 


W=F°:d 


> > 
where F is the force and d is the distance. (See the 
figure above.) Note that the force and distance are 
vectors while work is a scalar, hence the "scalar 
product" nomenclature for the dot. 
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W= - d = Fd cos 0 = Fd cos 30° 


(10N) (30 m) |- = 150 /3 Nm 


@ PROBLEM 256 


A horizontal force of 5 N is required to maintain a velocity 


of 2 m/sec for a box of mass 10 kg sliding over a certain 
rough surface. How much work is done by the force in 1 min? 





Solution: First, we must calculate the distance traveled: 


s = vt 
= (2 m/sec) x (60 sec) 
= 120 m. 


Then, W = Fs cos 0, where 9 is the angle between the force 
and the distance. In this case 6 = so we can write, 
W = Fs 
(5 N) x (120 m) 
600 N-m = 600 J 


@ PROBLEM 257 


A boy bailing a boat lifts 2.0 kg of water to a height 
of 1.2 m above the bilge as he pours the water over 


the side. (a) How much work does he perform? (b) How 
much work is done by the force of gravity? 





Solution: (a) The boy does work against gravity. 
Therefore, the force he must exert on the water is 

just equal to its weight mg. Work equals the product of 
force and the distance the force acts over. 


W = Fs = 2.0 kg aot x 1.2 m = 23.5 joules 


The boy's work is converted to potential energy, 
which is then converted to the kinetic energy of the 
falling water. 


(b) If the direction of the upward displacement is 
called positive, then the gravitational force is in 
the negative direction, and 


W = Fs = (- 19.6 nt) (1.2 m) = - 23.5 joules 


The negative sign means that work was done against 
gravity. 


© PROBLEM 258 






How much work in joules is done when a mass of 150 kilo- 
grams is dragged a distance of 10 meters if the coeffi- 


cient of sliding friction is 0.30? 


Solution: Work is given by F « s when the force is 
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constant and is applied in the direction of travel (F 
being force and s being distance). To calculate the 
force needed to move the object at constant velocity 
against the force of friction, we use 


F = ° N 


Uķinetic 


where N is the normal force which in this case is the 
weight of the object: 


N = mg 


li 


N = 150 kg 9°80 m/s? = 1470 nt 
and the force of friction is: 
F = 0.30 + (1470 nt) = 441 nt 
The work done 
= W = Fs = 441 nt x 10 m = 4410 joules. 


© PROBLEM 259 


A 40-lb stone is carried up a ramp, along a path making a 


30° angle to the horizontal, to the top of a building 100 
ft high. How much work is done? (Neglect triction.) 





F =40lb 


ep 


100 ft 





L) 


FIGURE A FIGURE B 
3 Work is defined as the component of the force in 


Solution: 
the direction of the displacement multiplied by the displace- 
ment, for constant forces. In mathematical terms, 


> > 
W= F°S = FS cos 0 


where @ is the angle between the force and the displacement. 
We may compute the length of the ramp because from the 
figure (part a), 
F E 100 
` = = 
sin 30 Z length of ramp 


Therefore, length of ramp = 200 ft. Since the stone is 
being carried up the ramp the force is upwards and 

we see that the angle @ is 60 (see figure (b)). Hence 
the work is 


(40 1b) (200 ft)cos 60° = (40) (200) (3) £t-1bs 
4000 ft-lbs. 


wW 


As a check we can use the fact that this work done must equal 
the change in the potential energy of the stone. 


APE = (weight) (A height) = (40 1b) (100 ft) = 4000 ft-lbs. 
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@ PROBLEM 260 











A 5 -kg block slides down a frictionless plane inclined 
at an angle of 30° with the horizontal as shown in 
figure (a). Calculate the amount of work W done by 
the force of gravity for a displacement of 8 m along 
the plane. 






Since P is parallel to side AB 
and S is parallel to side A 


= 4A = 60° 


30° 





FIGURE A FIGURE B 


We will solve this problem first by the 
dynamics method and then by the energy method. 


The formula for calculating work is: 
> > 
W=F-es 
= F s cos 8 


where 0 is the angle between the force F and the dis- 
placement Š of the mass in question. We see from 
figure (a) that the angle between F and § is 60°: 


W = Fs cos 60° = & mgs 


5(5 kg) (0.8 m/sec?) (8 m) = 196 kg-m?°/sec? 

= 196 Joules 
Another way to solve this problem is to calculate the 
difference in gravitational potential energy that the 
block goes through as it slides 8 m down the incline. 


We know that this equals the amount of work that 
gravity does on the block. 


As the block slides 8 m down the incline it falls 
through a vertical height Ah (see figure (b)): 


Ah = 8 (sin 30°)m = 4m 


The gravitational potential energy difference 
that the block experiences is; 


W= AES = mgh, - mgh, = mg(ħhz - hı) = mgåh 


(5 kg) (9.8 m/sec”) (4 m) = 196 Joules 


© PROBLEM 261 


(a) Find the displacement ratio of a screw jack 
(Fig.) whose threads have a pitch p and whose handle 


has a length R. (b) If p = 0.15 in, R= 18 ft, and 
the jack has an efficiency of 30 percent, find the 
force needed to lift a load of 3300 lb. 





R ą— 


Screw Jack 


Solution: (a) A screw is a cylinder with an inclined 
plane wrapped around it. The distance between two 
adjacent threads is called the pitch (p) of the screw, 
as shown in the figure. As the handle is turned 
through one complete revolution, the weight moves 
through distance p. At the same time, the man's 

hand moves a distance 27R. The displacement ratio 
DRyis the distance the man's hand moves divided by 
the resultant displacement of the screw: 


_ 20R _ (2m) (1.8 ft) (12 in/ft) _ 
DR = => (0.15 in) = 144 


(b) The efficiency is defined as the ratio of 
work output to work input. The work output for the 
screwjack is equal to the product of the weight W 
and the distance it is moved. The work input is 
the force F the man exerts multiplied by the 
distance (27R) through which he moves the handle. 
For a displacement p of the weight, the efficiency 
is 


W 


e = F(2mR) 


Substituting the known values, we find the 
force the man exerts to be 


F= SRS Na (3300 1b) (0.15 in) 
e (27R) (0.30) (27) (1.8 ft) (12 in/ft) 


i? H 


@ PROBLEM 262 


What is the energy equivalent in MeV of a particle whose 
mass is 1 amu? 


Solution: The energy equivalent is given by the Einstein 
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relation E = me”, In M.K.S. units, a mass of 1 amu is 


1.66 x ran! kg. Hence its equivalent energy is 


(1.66 x 10-2” kg (3 x 10° m/s)? = 1.49x1072 93 


19 


ti 
" 
3 
Q 
" 


Since 1 ev = 1.6 x 10° 
in eV: 


J, this energy can be expressed 


1.49 x 10719 g 
1.6 x 107}? sev 
Thus the energy equivalent of 1 amu is 931 MeV. 


E = 9.31 x 10 eV = 931 MeV 


© PROBLEM 263 





A single body of mass M in free space is acted on by a 


constant force F in the same direction in which it is 
moving. Show that the work done by the force is equal to 
the increase in kinetic energy of the body. 





Solution: This is a case of motion in a straight line 
with constant acceleration. In the figure suppose that 
at the zero of time the body is at the origin and is mov- 


ing with a velocity Vo: Suppose that at time t it has 
moved through a distance X and its velocity has changed 


to V. If à is the constant acceleration, then we can 
derive an equation relating v to x. 


From the equations 
v=vo + at and x = vot + kat? 
we must eliminate t. Since 


Vos Ve 


t = eee 5 then 


vV - Vo 1 v-v]? v? - v3 
aN es pe! a el ae oes ie omen 


The work done by the force F in moving the body 


x 


from the origin through a distance x is 


F(v? - vi) 


Work Done = Fx DNE eee 
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But from Newton's second law F = Ma. So work done 


Ma (v? - v?) 
2a 


M(v? - v3) 
= k Mv? - kMvô 
Work done = Final kinetic energy - initial kinetic energy. 


© PROBLEM 264 


(a) If the x direction is normal to the surface of the 
earth and directed upward, the gravitational force is 


= = Mg &, where g is the acceleration of gravity and 


has the approximate value 980 cm/sec”. Calculate the work 
done by gravity when a mass of 100 gm falls through 10 cm. 
(b) If the particle in (a) was initially at rest, what 

is its kinetic energy and its velocity at the end of its 
10-cm fall? 





Solution: 
(a) Work done by a force F is calculated by fè - ds. 


Here F = mgg which is a constant, and since the object 
falls in a straight line, the work is given by 


W = mgx 


This is a scalar quantity since we are taking the 
dot product of f + ds. Since F and Š are parallel, we 
take the simple arithmetic product: 

W = (100 gm) (980 cm/s) (10 cm) = 980,000 ergs 


(b) The initial value K, of the kinetic energy is 


zero; the terminal value K, is equal to the work done by 


B 
gravity on the particle, so that 


= d 6 = 2 
Kg wW 10° ergs 4s mvg’ 


2 
whence v 


b 7 2(10° ergs)/(100 gm) ~ 2 x 10" cm*/sec?. 


Therefore, v, = 1.41 x 10? cm/sec 


B 


We may obtain the same result from the equations of 
motion. We have v = gt and h = ¥ gt”. (These equations 
are adaptations of the more complete equations of motion, 


d = at? + vot + do and v = at + vo, to the initial 
conditions of our problem where vo = 0, do is assumed to 
be 0, and a = g.) Eliminating t, we have v? = 2gh. 


Therefore, 
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v? = 2(980 cm/s?) (10 cm) 
v? = 2 x 10" cm?/s? 
v = 1.41 x 10? cm/sec. 


@ PROBLEM 265 


A man stands at rest on frictionless roller skates on a level sur 
face, facing a brick wall. He sets himself in motion (backward) by 


pushing against the wall. Discuss the problem from the work-energy 
standpoint. 





z4 
wy 


> 
W 





Fig. A Fig. B 


Fig. A) Man pushes againgt wall with force F; Wall exerts 
equal and opposite force R. (B) Free-body diagram of forces 
acting,on the man, including his weight W and the normal 
force N of the ground on the man. 


Solution: The external forces on the man are his weight, the upward 

force exerted by the surface, and the horizontal force exerted by the 

wall. (The latter is the reaction to the force with which the man 

pushes against the wall.) The definition of the work done by a force 
is 


w= fF-as 


=- 

where, ds is an element of the path traversed by the object acted on 
by F. No work is done by the first two forces because they are at 
right angles to the motion. No work is done by the third force because 
there is no motion of its point of application. The external work is 
therefore zero and the internal work (of the man's muscular forces) 
equals the change in his kinetic energy. 


© PROBLEM 266 


A small object of weight w hangs from a string of 
length 2, as_shown in the figure. A variable horiz- 
ontal force P, which starts at zero and gradually 


increases, is used to pull the object very slowly 
(so that equilibrium exists at all times) until the 
string makes an angle 0 with the vertical. Calculate 
the work of the force P. 
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Solution: The object is in equilibrium, meaning that 
its acceleration is zero and the net force acting on 
the weight is zero. Consider the forces acting on 

the object,as shown in the diagram. We can say 


Fa = 0=P-T sin $ (1) 

P= tsino (2) 

and EF, =: 0 = T cos-9 -W (3) 
W = T cos 0 (4) 


Dividing eq. (2) by eq. (4), we get P = W tan 6 


Since P is variable, the work done by it must 
be found through integration. Recall that work is the 


integral of the dot product of the force F and the 
displacement vector ax: 
X2 X2 
W= | Fo. dx = | F cos y dx 
Xi X1 


where y is the angle between F and dx. In this case, 
the force is P, the differential displacement is 2d0 
and the angle between the two is 6. Substituting 
these expressions, we have 


W 


6 8 
| B- aĝ = | (w tan @) (cos @) (2)de 
0 0 


8 8 
we | sin @ dð = - wk cos 9 =wk(l - cos 6) 
0 0 
This result can also be derived using conservation 
of energy. Since the object's initial and final velocity 
is zero, kinetic energy is not involved. The change in 
the object's potential energy must be due completely 
to the work done on the weight by the force P. This 
change in potential energy, APE, is 
APE = Wh = W(2 - x) 
But x = 2 cos @ 
Therefore, we have 
APE = w(2 - & cos 6) = wk(1l - cos 6) 
This is equal to the work: 
W = w%(l - cos 6) 
@ PROBLEM 267 


A force of 100 nt is required to stretch a steel wire 2.0 


mm? in cross-sectional area and 2.0 m long a distance of 
0.50 mm. How much work is done? 
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Solution, In this problem we will make use of Hooke's Law 
which states that the force needed to stretch a material a 
distance y is proportional to this distance; i.e., F = ky, 
where k is called the spring constant. Therefore, to find 
k, we divide the force by the distance y, 


k = — 400 nt — = 20 x 104 nt/m 
5.0 x 10°% m 


The work done is given by, 
W= |F. dy (1) 


Since the force and the displacement are in the same 
direction, (1) may be simplified to 


W= | Fdy (2) 


but F = ky so (2) becomes 


W 


| kydy = sky" 


4 2 


(20 x 10 nt/m) (5.0 x 107 


0.025 nt - m. 


@ PROBLEM 268 





The figure shows a box being dragged along a horizontal surface 
by a constant force P making a constant angle © with the_direction 
of motion. The other forces on the box are its weight W = mg, the nor- 
mal upward force N exerted by the surface, and the friction force f. 
What is the work done by each force when the box moves a distance s 
along the surface to the right? 





Solution; The component of P in the direction of motion is P cos 6. 
The work of the force P is by definition 
Wp = J P • ds = P cos 8 J ds = P(cos @)(s) 





for P is a constant force. ds is a vector in the direction of 
horizontal motion. 


The forces w and N are both at right angles to the displacement. 
Henc e -_ -_ e -> 
Wa = J w- ds = ws cos 90 = 0 (W is constant. 


Therefore it may be taken out of the integral). 
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Wy = J Ws ds = Ns cos 90 = 0 (N is constant. 


Therefore it was taken out of the integral). 


The friction force ft is opposite to the displacement, so the work of 
the friction force is 


We = J f. ds = fs cos 180 = -fs 
Since work is a scalar quantity, the total work W of all forces on 
the body is the algebraic (not the vector) sum of the individual works. 
wee te Page 
= (P cos 0) - s+0+0- £ °s 
= (P cos ® - f)s. 


But (P cos 9 - f) is the resultant force on the body. The sum of 
the forces in the vertical direction, acting on the body is zero, for 
the object moves only in the horizontal direction. Hence the total 
work of all forces is equal to the work of the resultant force. 


Suppose that w= 100 1b, P = 50 1b, f = 15 lb, @ = 37, and s = 20 ft. 
Then 


Wp = (P cos 9) - s = 50 X 0.8 x 20 = 800 ft.1b, 
We = -fs = -15 x 20 = -300 ft.1b, 

= Wp + Wa + Wy + We 

= 800 ft-lb + 0 + 0 - 300 ft-lb 

= 500 ft-lb 


© PROBLEM 269 


What average force is necessary to stop a bullet of mass 


20 gm and speed 250 m/sec as it penetrates wood to a 
distance of 12 cm? 








Solution: As it travels through the block, the bullet 
experiences an average force, P which retards its 


motion. By the work-energy theorem, the work done by the 
net force on an object equals the change in kinetic 
energy of the object. Hence 


rs 
| F + ds = ‘amv F - %4 mvi 
But we only know F as an average value. Hence 


Žž. acp rs gts 2 
| F ds s Favg As k mV 5 4s MVO 
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By definition 


È - AS = |È 


_ ||43| cos @ = % mv - % mvj 


avg 


where ð is the angle between È n and As, 180° in 
this problem. Whence aug 


-|f vgl 148! 


a 4 mv - % mvj 


E 


| k mv - 3 mv 
avg PET 


i — (.02kg) (250 m/s)? - 0 
tence, le re 


= 5.2 x 10° nt 


This force is nearly 30,000 times the weight of the bullet. 

The initial kinetic energy, %4% mv? = 620 joules, is 
largely wasted in heat and in work done in deforming the 
bullet. 


@ PROBLEM 270 


Suppose a body of mass 0.5 kg slides down a track of 


radius R = 1m, like that in the Fig., but its speed at 
the bottom is only 3 m/sec. What was the work of the 
frictional force acting on the body? 





Solution: Note that we cannot calculate the work done by 
friction from the definition of work because 

> 

Weriction ` fPeriction" as 


> 
and we do not know the functional form of Pit tion: 


Since work is a form of energy, our next thought may be to 
try to calculate the work done by the frictional force by 
using the principle of conservation of energy. 

At position l, the mass is at rest, and its energy is 
equal to its potential energy 


E = mgR (1) 
In sliding down the track, some of this energy will be 
dissipated by friction and be transferred into heat 


energy Q and some will be transformed into the kinetic 
energy of the mass. Hence, at position 2, 


E = Q + mv? (2) 
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Note that the potential energy of the mass at position 2 
is zero, since this is our reference position for potential 
energy. Combining equations (1) and (2) 


mgR = Q + kmv? 
and mgR - mv? = Q 
or (.5 kg) (9.8 m/s?) (1 m) - 4(.5 kg) @ m?/s?) =Q 


2 2 
4.9 kg o = - 2.25 kg > == 0 
s s 


Q = 2.65 Joules 


This is the heat energy produced by friction, and it is 
positive because heat energy has been gained by the system. 
Therefore, the work done by friction must be negative 
because this energy was lost to heat. Hence 


We =- Q=- 2.65 Joules 


@ PROBLEM 271 










A 3000-1b automobile at rest at the top of an incline 
30 ft high and 300 ft long is released and rolls down 

the hill. What is its speed at the bottom of the incline 
if the average retarding force is 200 lb? 






Solution: The potential energy at the top of the hill 
is available to do work against the retarding force 


F and to supply kinetic energy. The work done by the 
retarding force F is 
W= j F = ds 


where the integral is evaluated over the path of motion 
of the auto. If F is constant, 


if 
W=2 3 [ae PSs 


3 being the vector displacement of the auto. Hence, by 
the principle of energy conservation, 


> > 
mgh = F + s + & mv? 


where v is the velocity at the bottom of the incline. 


Since F and § are parallel and in the same direction, we 
may write Wh = Fs + ¥ mv? (1) 
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Since the height of the incline is much less than the 
length of the base, we may use 300 feet as an approxima- 
tion to the length of the hypotenuse (see figure). Then, 
substituting into (1) 
3000 lb x 30 ft = 200 lb x 300 ft + & x 94 slugs x v? 
9.0 x 10* ft-lb - 6.0 x 10" ft-lb = & x 94 slugs x v? 


2 _ 360.x 10* ft-lb - 2 2 
v= 47 slugs ~ 640 ft*/sec 


v = 25 ft/sec. 
@ PROBLEM 272 


(1) Calculate the work done by gravity when a mass of 


100 g moves from the origin to r= (50% + 509) cm. 
(2) What is the change in potential energy in this 


displacement? (3) If a particle of mass M is projected 
from the origin with speed Vo at angle 0 with the 


horizontal, how high will it rise? 








Solution: 


(1) Let (£,9) be the unit vectors along the horizontal 
and vertical directions respectively, as shown in the 
figure. The gravitational force is 


fo = - Mg 9 


The work W done by Po is 


W = | Fot dr = - Mg | dy (1) 
(0,0) cm 0 

W = - Mg (50 cm) 

W = - (100 g) (980 cm/s?) (50 cm) 

W=- 4.9 x 10° ergs (2) 


The gravitational force does a negative amount of 
work. The reason for this is that M opposes the upward 


motion of M from the origin. 


(2) The definition of potential difference is 
(50,50) r 
V(50,50) 7 Y(o,0) 77 | = 
(0,0) 
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From (1) and (2) 


= = 4, 10° ergs 
Viso,50) ~ “(0,0) ~ 4°? * =s 


(3) In order to find the maximum height h that the 
particle attains, we relate the energy at the point of 
projection (x = 0, y = 0) to the energy at y = h. This 
may be done using the principle of energy conservation. 
Hence, 


Pete] 


k Mv,” + Ve k% Mvô + Vo 


We may arbitrarily set V = 0 at y = 0. Hence, Vo = 0. 


4 Mvo? + Mgh = 4 Mvo ? (3) 

S 2 2 
But te Vg? + Nie (4) 
vo? = vao” + Vye? (5) 


Because there is no x-component of acceleration, 
Vyo = Vye- Also, at y = h, Yy = 0, hence Vyf = 0. Sub- 


stituting this data in (4) ana (5) 


2 
yi ary 
f x? 


Vo? ‘= VF HF 


Substituting this in (3) 


k Mv. + Mgh = i M(v_? + v2 ) 


xo y? 
At 2 
or Mgh =% M Vyo 
y 2 
0 
or hae 
2g 


But Vy? = vp Sin 6, and 


e PROBLEM 273 


A stone of mass 5 kg drops through a distance of 
15 m under the influence of gravity. Drdw graphs of the 


work done by the stone and the power of the stone as a func- 
tion of time. 





Solution. This is a case of constant acceleration with 
a=g = 9.8 m/sec”. The equation d = Vot + zat? can be used 
to find the total time the stone is in motion. 
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work power 


500 500 
0 1.0 2.0 1.0 2.0 
time (seconds) time (seconds) 


The initial velocity is zero, thus d = zat" where 


d = 15m. The time required for the stone to fall through 
15 m is 


t? - 2 - 3.06 
t = 1.75 sec. 


The force acting on the stone is constant at 
F = mg = 5 kg x 9.8 m/sec” = 49 newtons. 


The work done by the stone is equal to W = Fd. 
To find the power of the stone, note that P = Fv. The 
velocity can be found from v = Vo + at = gt. Below are the 


calculated values of d, v, W, and P for intervals of 0.25 
seconds and the graphs requested. 





LA v=gt d = iot? W = Fa P = Fv 
0 0 m/sec 0 m 0 J Ow 
0.25 2.45 0.31 15.42 120 
0,5 4.9 L<23 60 240 
0.75 ye 2.76 135 360 
L0 9.8 4.90 240 480 
1295 12:3 7.66 376 600 
1.50 14.7 11.0 540 720 
LetS UTR 15.0 735 840 


© PROBLEM 274 


A delicate machine weighing 350 lb is lowered gently at 
constant speed down planks 8 ft long from the tailboard 
of a truck 4 ft above the ground. The relevant co- 
efficient of sliding friction is 0.5. Must the machine 
be pulled down or held back? If the required force is 
applied parallel to the planks, what is its magnitude? 


The machine is reloaded in the same manner, a 
force of 330 lb being applied. With what velocity does 
it reach the tailboard? What kinetic energy and what 
potential energy has it then acquired and how much work 
has been performed in overcoming friction? What relation- 
ship exists between these quantities? 
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AX 
PIA 
na sin 9 GF 





> 
mg 


Fig. A Fig. B 

Solution: The forces acting on the machine are four in 
number. (l) The weight, my, acting vertically downward. 
(2) The normal force exerted by the plane, Ñ. (3) The 


frictional force È, acting up the plane opposing the 
motion down it. If u is the coefficient of sliding 
friction, this force has magnitude uN. (4) The force 


B necessary to keep the machine moving with constant 
speed. In the diagram this is drawn acting up_the 
plane. If the machine has to be pulled down, È will 
be negative. 

Resolve the force mg into its components along 
the plane and at right angles to the plane. The forces 
are in equilibrium since there is no acceleration taking 
place. Hence, by Newton's Second Law, 


N = mg cos 9 and 
mg sin 6 = P + uN = P + u mg cos 98. 
P = mg (sin 6 - u cos 0). 


Therefore P = mg(sin 0 - u cos 6). But sin 6 = 4/8 = &, 
as shown in figure (a) 


o @ = 30°. 
-". P = 350 lb (s =; Oso a = 350 x 0.067 lb 
= 23.45 lb. 


The machine must be held back with a force of this 
magnitude. 

During the loading process, the forces acting are 
those shown in figure (b). Compared with the previous 
case, (1) and (2) are the same as before, (3) is of 
the same magnitude but, since it still acts against 
the motion, its direction is now reversed; (4) is re- 


> 
placed by the force P' supplied by the loaders. 
There is no tendency to move at right angles to 
the plane. Thus N = mg cos 0. The net force up the 
plane is 


P' - mg sin 0 - UN = P' - mg(sin 0 +u cos 6) 


= 330 lb - 350 (: + 0.5 4) lb 


271 





= (330 - 326.55)lb = 3.45 lb. 


This force is acting on a mass of 350/32 slugs, 
and will produce an acceleration a = 3.45/ (350/32) 
ft/s? as a result of Newton's Second Law. The 
velocity after the machine has traveled 8 ft. from 
rest is thus given by the kinematics equations for 
constant acceleration. In this case, we use the 
equation 


v? = vi + 2a(x - xo) 


where x - Xo is the distance travelled along the plane, 


a is the machine's acceleration parallel to the plane, 
and vo is its initial velocity. Since vo = 0, 


2 
v? = 2 x 32 43-45 ft/s. 8 ft 


or V =42e25£t/e. 


The kinetic energy at that time is 


y mv? = & x 339 slugs x 2 x 3243-45 x 8 ft?/s? 


27.6 ft-lb. 


Or, alternatively, the work-energy theorem tells us 
the kinetic energy is the net force up the plane times 
8 ft = 3.45 lb x 8 ft = 27.6 ft-lb. 

The potential energy is Wh = 350 lb x 4 ft = 1400 
ft-lb. 


The work done in overcoming friction is F-s= 
uN x 8 ft = 8 ft x umg cos 6 = 1212.4 ft-lb. 


The work done by the applied force P' is P'e § = 
330 lb x 8 ft = 2640 ft-lb. 


But 27.6 + 1400 + 1212.4 = 2640. Thus the work 
done by the applied force equals the kinetic energy 
plus the potential energy gained by the machine added 
to the work done to overcome friction. This is merely 
a statement of the conservation of energy applied to 
this problem. 


e PROBLEM 275 


A neutron traveling at a speed of 2 x 10° m/s collides 


with a nucleus and rebounds with a speed of 3 x 10? m/s. 
(a) Determine the work done by the force of interaction 
between the nucleus and neutron and (b) estimate the 
strength of the force if the distance over which the 


collision occurred is 2 x 107'5 m. The mass of a neutron 
is 1.67 x 107?’ kg. 





Solution: The mass of the neutron, m = 1.67 x 107*’ kg, 
its initial speed v, = 2 x 10° p/s, its final 
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speed, v = 3 x 10? m/s, and the distance over which 


the particles interacted, d = 2 x 1075 m, are the 
known observables. The work done by the force of the 
interaction of the particle, W, and the force F are 
the unknown observables. 


(a) Assume that the nucleus experiences no change 
in velocity due to the collision with the neutron. 
Then the total change in energy of the system is due 
only to the change in the kinetic energy of the 
neutron. This change in energy is equal to the work 
W. 


W = AKE = k4 m(v? - v3) 


(*) (1.67 x 107?” kg) (3 x 10? m/s)? 


= 
ii 


- (%) (1.67 x 10777 kg) (2 x 10° m/s)? 
712 Stet a E —- 3704 10-2 


= 2I: K LORES 


The minus sign indicates that the work done by the 
force decreased the kinetic energy of the neutron. 


(b) Although it is not stated that the force is 
constant during the collision, assume that it is and 
also assume that it is parallel to the displacement 
vector. Using these assumptions, the force can be 
determined from 


T =21 
P =W = 22.27 210 Ny NE a= 1.64 x 10 N 


2 xk 0S! ei 
© PROBLEM 276 


Let us estimate the gravitational energy of the Galaxy. We omit 


from the calculation the gravitational self-energy of the individual 
stars. 





Solution: The gravitational energy of an arbitrary system of N parti- 
cles consists of the sum of the mutual potential energies of each pair 
of particles. Hence, 


U=% {(U,. tit Uy tse. Ue) + (Up * Uy FUE, t <<; +. Uy) 


+(U,, + U +U 


32 zte +U 


w) 


+ eee t(U + Upp + Uys + eee + n-a )) (1) 


The terms U etc., represent the mutual potential energy of particles 


> 
1 and 2. By ‘fncluding sets of terms such as Uo and Uo we have 


double counted, because these represent the mutual potential energies of 
particles 1 and 2, and particles 2 and 1, respectively. However, these 
2 terms are the same. Hence, the factor % must be included in (1) to 
negate the process of double counting. Furthermore, terms such as U 


are omitted because they represent the mutual potential energy of particle 
1 with particle 1, i.e., they are self energies. 
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We approximate the gross composition of the Galaxy by N stars, 
each of mass M, and with each pair of stars at a mutual separation of the 
order of R, 

From the definition of potential energy 

-Gn,m 
ines 
ij fij 


where mi and m. are the masses of particles i and j, respectively, 
G= 6.67 x 10`}! Nen®/kg®, is their mutual separation. For our case 


r =R 
and ij 
mi = aF =M 
for all pairs of particles. Then 
-0f 
Ui," 7 (2) 


for any 2 particles. 
Notice that in equation (1), the first parenthesis has N-1 terms 
of the type(2), the second parenthesis has N-1 terms of this type, and 
similarly for all N parenthesises, Altogether,there are N(N-1) terms of 
type (2) in (1). Therefore, 
-af 


u= 30an) 
N(N-1) G4 
U= -4 5 
If Nw 1.6x 101l Ra 10m, and Maw 2 x 16°% kg, then 


p 2 
-4(1.6 x 10! 1.6 x 1014-1 (6.67 x 10 liyn /keg? X2 x 107-keg ) 
edith Eo he vats RR IEE a RM EOF 


102! m 


71 
34.15 X10 y= 34.15 x 10°? J 


10 


Ur 


Uw 
Uae -3.42 x 107 J 
e PROBLEM 277 
Estimate the average temperature of the interior of the 
sun. The gravitational self-energy, U,,0f a uniform star 
of mass Ms and radius Rs is 


3GM_? 
eee 





Solution: The average kinetic energy of a single atom 
in a star is proportional to the absolute temperature 
Ts 


<K.E. of a particle> = 3 kT, 


with the constant k (the Boltzmann constant) given by: 
k = 1.38 x 10 '* erg/deg Kelvin. 


Here, the brackets < > denote an average value. 
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The total kinetic energy in the star is 3/2 KNT v’ 
where Tiy is an appropriate average temperature over 
the interior of the star, and N is the number of atoms 
in the star. Then, the virial theorem gives: 

<K.E. of all atoms> = - kķ <P.E. of sun> 


where P.E. is potential energy. Hence, 
2 
3GM5 


LOR, 


3 = 
5 NkTL, = 


Thus, we have 
GM? 
pi = 


GM_M 
Ee (1) 
av 5R „NK SRK 





where M = M/N is the average mass of an atom in the 
star. (Most of the atoms in a star are generally hydrogen 
or helium.) 

The mass of the sun, M., approximately equals 2 x 
10°° gm, and its radius R, is approximately 7 x 10! °cm. 
Let us take M as 3 x 10 2" gm, about twice the proton 
mass. Then (1) becomes 
~ (7 x 10 ° dynes-cm?/gm?) (2 x 103? 3.x 10 2% gm) 

5(7 x 10!° cm) (1 x 10°'® erg/°x) 


Tav 


~ 107 © 
Piy 10 K 


We have performed what is known as an order of 
magnitude calculation for r pe 


© PROBLEM 278 


A particle of mass M is attached to a string (see the 
figure) and constrained to move in a horizontal plane 


(the plane of the dashed line). The particle rotates 
with velocity vo when the length of the string is ro. 


How much work is done in shortening the string to r? 








Solution: The string is stretched under the action of 
the radial centripetal force which keeps the mass M on 
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its circular path. When we pull in the string we shorten 
rọ by increasing the radial force centrip on M. As 

we know, a force can only produce a torque about the 
axis of rotation if it has a component perpendicular 
to the radius which locates the mass M. A purely 


radial force like F has no such component, there- 


centrip 
fore the angular momentum must remain constant as the 
string is shortened. 


Mvr, = Mvr (1) 


The kinetic energy at r, is ¥ Mv,7; at r it has been 
increased to 


2 
L CP È 2 |E? 
F] Mv* = 2 Mvo p l 


because v = vor,)/r from above. It follows that the work 
W done from outside in shortening the string from r, to 
ris 

To 


2 
= 2 yee big 2 edo? PY = 
W= 5 Mv 7 Mv, = 5 Mv, p 1 (2) 


This can also be calculated directly as the work done 


by È along the distance r, - r; 


centrip 


W= dr 


li 

I 
u an 
lal a] 


r 
j Foentrip Foentrip 


0 0 


J r 2 2 
2 Vo Yo 
W=- | ap E s | dr = jui ene 


r 
r 
0 0 
where we have used (1). Hence 


r 
> 2 dr 
W= - Mv,’r, | = 
ry y 
222) gi ae a5 2 
es Mv, ro ANo E yeep 
2r? 2 pe 
ro 
2 
r 
ere | 2 0 me 
W= 5 Mv, B 1 


which is (2). 

We see that the angular momentum acts on the radial 
motion as an effective repulsive force. We have to do 
extra work on the particle on bringing it from large 
distances to small distances if we require that the 
angular momentum be conserved in the process. 
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@ PROBLEM 279 






What is the relation between the total energy and the 
angular momentum for a 2-body system, each body exe- 
cuting a circular orbit about the system center of 

mass? 






Solution: In order to solve this problem we must 
transform the given 2-body problem to an equivalent 
one-body problem. To do this, we find the equation of 
motion of each mass shown in the figure. Using Newton's 
Second Law and his Law of Universal Gravitation, we 
obtain: 


g 4 Gm, m2( Tı = re ) 
Pia = es * Se e O (1) 
|r, y ra| 
Gm,m2( r: - r2) 
Phy & hy ee (2) 
|r, - r2|? 
where Rs is the force exerted on 2 by 1l, and similar- 
ly for F2,. Rewriting (l) and (2) 


$ Gm,m,(r, - Fp ) 
r2 = at ee (3) 
M2 Ixy = r2|3 
3 5 oe Gm,m2( rT, = Yr ) Aa 
: mi 42 Ses 
ES ~ ra | 


Subtracting (3} from (4), and using the figure to 


realize that r, - r2 = r, we obtain 
+ $ + 1 Gmm r 1 Gm; mz r 
i= r2 = Se el — 
mı r? M2 r? 
> 
à m 
= G 1m2 r 1 1 
or r = - —— tt — 
r? mı M2 


Defining the reduced mass mu as 
1 | ee 


u m m 


(5) 
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A. Gm mor 
we find ar = - —— (6) 
wt 


This equation is a one body equation describing the 
motion of a particle of mass “4 under the influence of a 
gravitational force. 


Now, to further reduce the problem, assume that 
each mass shown in the figure rotates in a circular 
orbit with the given angular velocitites about Q, 
the center of mass. Using Newton's Second Law for 
each mass, 

mvi? Gmm, 

Se ee (7) 








= (8) 


where the primed variables are measured with respect to 
the point Q. By definition of the center of mass 


> > 
miri timigo 0 





ay Moro (9) 
or r; =- 
1 m, 
Furthermore, r=r;-r/ 
or ri/=r-f (10) 
Inserting (10) in (9), and solving for N 
TEn E TAN (Z) - È) 
ri-= m, *2 mı 1 
ry’ |1 + es got r 
me mı mı 
> > 
m m,/m, r mr 
— a hx 
TY" IF m/m ~ m + me sas 
But using (5) 
mmz 
se m, + m2 
Hence, (9) becomes r, = <= (12) 
1 
Similarly, r2’= - = r (13) 
Hence r,=4r 
mı 
(14) 
zr e = “u h ed 
2 M2 


Using (14) in (7) and (8) 


2-2 
ex he 


—_— 


miv? 


Mr 





mıvý? 


= 


or 


mv? 
2 





Gmm; 
Z 
h 


Gmmz 





r? 


A Gm, 
2r 


u Gm, 
2r 


Therefore, the net kinetic energy of the system relative 
to the center of the mass is 





T=% mv? + š% mv’ = ors 
Gm,m, 
Tg 2r 


by definition 


Gmm, 
E=T+V= — 
Gm,M, 
Ss e 


Gmm, 


r 


(m, + m2) 


(15) 


(16) 


of “u. The total energy is 


(17) 


To remove the variable r, we replace it with the 


angular momentum 5 as follows. The total system angular 
momentum is (relative to Q) 


> 


Since 


> 
and v2’, we obtain 
J = 


From (12) and (13) 


+ > 
vi = = v 
+ > 
Vv; =- p v 

or vi = w v 
V2 = mz v 


miriwy + morrve’ 
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+j a a = a 
ry X MiıVi + r> X M2V2 


wg nae + 
ri’ and vi‘ are perpendicular, 


r2 


and similarly for rj 


(18) 


(19) 





Using (19) in (18) 


= MA uU ad a 
* mss ie r) E v) + g r| i v) 
ās u2 + u’ paa 2 1 + l 
J = ry vr me vr = M4 vr S | 
By definition of uz 
J = uvt (20) 


We now eliminate v in (20) so that we may sub- 
stitute (20) in place of r in (17). We know, from 
(15) that 


T = ds mv," + ds mv ý? or (m: + mz) (15) 


Substituting for vf, vf from (19) in (15), 











2 2 

T=k%xm ir vë) + ma E R E ma 
2 2 2r 
mi mz 

niu? UN? MG 
T= "ser m oe Etrie) 

_ fee {2 1) _ uG 
T= 2 & + a = or (mı + M2) 


By definition of u 


Mv? _ uG 
T = FIG = or (m, + mz) (21) 
Hence y? = c (mı + m2) (22) 


Using (22) in (20) 
Gim +m ) 
g.i f m 


or J? = n? r G(m, + m2) 


2 
Therefore r= en ae en (23) 
u? G(m, + m2) 


Inserting (23) in (17) 








Gm,m, (u? G(m, + m2) 
E=- 7 O 
J? 
G? mm: (m) + mz)u? 
E = - —— 


2 g“ 
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Finally, 


mımz 
2 
+m = M,;Mo(m, +m —_—— 
™m,M2 (mı 2)a 1M2 (m, 2) uy, F Me m 


or mm (m) + mz2)u? = m3m3 u 
G? u mim} 
Then E=- 
2 3? 


POWER 
@ PROBLEM 280 


A constant horizontal force of 10 N is required to drag an 
object across a rough surface at a constant speed of 5 m/sec. 


What power is being expended? How much work would be done in 
30 min? 





Solution: Power is the rate of doing work, 


At “Ber * 


(Note that in this problem the work reduces to the force 
multiplied by the distance the object is moved.) But 


a is just the velocity. Therefore, 


P = Fy 
(10 N) x (5 m/sec) 
= 50 J/sec 
= 50 W 
W= Pt 
= (50 w) x (2 nr) 
= 25 Wehr. 


The work, of course, is done against the force of sliding 
friction. 


@ PROBLEM 281 





The engine of a Jet aircraft develops a thrust of 3000 lb. What 
d : e £ sec? 


Work _ Fs 
Time T (1) 


Solution; Power = 


where F is the force acting on a body and s is the displacement of 
the object in the direction of F in time t. By definition of velo- 


city 5 


veg (2) 
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Therefore, combining equations (1) and (2) 
P = Fv 
In this example, 


P = Fy = 3000 1b x 880 i = 2,640,000 ££-42 


sec 


ft-lb 
sec 
2.64 x 10°£t-1b/sec 
= Ssotit-Ibjesch/tp O Bp, 


Since 1 hp = 550 





© PROBLEM 282 


A string of freight cars weighs 200 tons. The coefficient 


of rolling friction is 0.005. How fast can a freight 
engine of 400 hp pull the string of cars along? 





Solution: Power is defined as Work divided by time. 


P 


and W = Fs (where F and s are in the same direction and 
are force and distance respectively). Then, 


Fs 


P= t 


and since = =v 


p = Fv 
The force of friction can be calculated from 
F = uN, where u is the coefficient of rolling friction 
and N is the normal force: 
F = 0.005 x(200 ton x 2000 lb/ton) = 2000 lb 


Using P = Fv from above and the conversion factor 


ees to convert 400 hp to power in units 


ft-lb 
sec 


400 hp (550 ft-lb/sec/hp) = 2000 lb x v 


v = 110 ft/sec = 75 mi/hr. 
@ PROBLEM 283 


A car engine working at the rate of 33 horsepower is 


moving the car at a rate of 45 mi/hr. What force is the 
engine exerting? 





Solution: Force can be calculated from the expression for 
power: P = Fv. Converting horsepower to ft-lb/sec we have 


P = 33 hp x 550 Erib Sec Z 18150 ft-lb/sec 


Since 60 mph = 88ft/sec, 45 mph = 66 ft/sec 
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Then 
P = Fv 
18150 ft-lb/s = F 66 ft/s 
F = 275 lbs. 
@ PROBLEM 284 


A mass of 100 kilograms is pushed along the floor at a 
constant rate of 2 m/sec. If the coefficient of sliding 


friction is 0.25, at what rate is work being done in 
watts, in horsepower? 





Solution: The weight of the mass is 


100 kg x 9.8 m/sec? 980 nt = N 
The force of friction = F = y x N=0.25 x 980 nt= 245 nt 
Power = Fv = 245 nt x 2 m/sec = 490 watts 


490 watts a 
746 watts/hp = °° dP 


@ PROBLEM 285 


A water pump motor has a horsepower rating of 11.3 hp. If it is 
to pump water from a well at the rate of 1 ft3/sec (water has a weight 


density of 62.4 1bs/ft3), what is the maximum depth the well may have? 
Neglect friction in your calculations. 





Solution: The performance of a motor can be measured by the rate at 
which it does work. This rate is called the power P and is defined as 


where AW is the work done in the time interval At. One unit of 
power is the horsepower, and is defined as 550 ft-lbs/sec. Therefore, 
the maximum power the motor can provide is 


a 550_ft-lbs/sec os $ 
ER (113 hp) kp 6215 ft-lbs/sec 


The work the pump must do is just equal to the water's change in poten- 
tial energy, which is due only to gravity. It is equal to 
AW = mgh 


where h is the height through which the water is raised and is equal 
to the well's depth. In one second, the pump lifts one ft3 of water or 
62.4 lbs. Then 


AW _ (62.4h lbs 


At 1 sec 


and the maximum depth is found from 





ft-lbs lbs 
P nax 7 6215 sec 62.4 tax sec 
6215 
Laie “Weare ft wm 100 ft. 





@ PROBLEM 286 


The drive shaft of an automobile rotates at 3600 rev/min 


and transmits 80 hp from the engine to the rear wheels. 
Compute the torque developed by the engine. 





Solution: By definition, the infinitesimal amount of work 
done by the torque IT (provided by the drive shaft) in 
turning the wheel through an infinitesimal angular dis- 
placement 490 is 


Aw =T 40 
Dividing both sides by At 

AW o p 48 

At At 
Taking the limit as At + 0 

SS apy 

dt 


where w is the angular velocity of the wheel. But power 
P is defined as 





ae 
ewer) & 
EE 80 h 
Hence i * 3s" 3 rev/min 
Ft .« 1b l rev _2n rad 
But 1 hp = 550 z and ma yy 


me (8) (550) £t < 1575 
7 6 T)rad 
60 s 


P _ 44,000 ft + 1b/sec _ ; 
i 120r rad/sec = 117 1b + ft. 


@ PROBLEM 287 


and m4 S y ER E e EREE ~ 


A bicycle and its rider together weigh 200 lb. If the 
cyclist free-wheels down a slope of 1 in 100, he has 
a constant speed of 10 mph, and if he free-wheels down 
a slope of 1 in 40, he has a constant speed of 20 mph. 
Suppose that he free-wheels on the level while holding 


on to the back of a moving truck. Find the power ex- 
pended by the truck in maintaining his speed at 15 
mph. Assume that air resistance varies as the square 
of his speed, while frictional forces remain constant 
at all times. 











on: Let the frictional force be F and the force of 


air resistance F' with magnitude kv”, where k is a 
constant and v is the speed of the bicycle. 


On a slope, the forces acting on the bicycle and 


rider are the weight Ñ acting downward, which can be 
resolved into components parallel to and perpendicular 
to the slope, the normal force exerted by the slope 


N, and the forces of friction and air resistance act- 
ing up the slope opposing the motion. The forces per- 
pendicular to the slope are equal and opposite and 

are of no further interest. Since the bicycle is moving 
with constant speed, the forces parallel to the slope 
must also cancel out. Hence 


W sin 90 =F + F' =F + kv’. 


For the two cases given, values can be inserted. 
Thus 





FRR ERT E -2 
200 1b x 759 = F+ k x 10? mi hr and 
200 lb x R3 =F+k x20? mi? «hre. 
o2 lb = F + 100k mi? + hr ” and 
5 lb = F + 400k mi? + hr ?. 
.°. 300k mi? ° hr ? = 3 lb or 


ma ‘ S3 a 
k = Too lb (mph) and F =-1 Ib. 


For the case of the bicycle traveling on a level 


surface, a force Pp must be supplied to overcome the 
forces of friction and air resistance and keep the 
bicycle moving with constant speed. Since there is no 


acceleration, P must just balance F and F', or 


-2 2 
P = F + kv? =11b+=25 lb: (mph) x 225 (mph) 


= 3.25 lb. 


The rate of working (the mechanical power) is 
P © V and v = 15 mph = 22 ft - s !. 


M BW ae 28, 2G a x82 Eee Pia 
But 1 hp = 550 ft + lb • s '. Therefore: 


3.25 x 22 ft - lb e s ! 


The rate of working = = 
550 ft °» lb + s '/hp 


_ 3.25. & 22 


= 550 hp = 0.13 hp. 
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@ PROBLEM 288 






What power is needed to move a 3000-lb car up an 8.0° 
incline with a constant speed of 50 mi/hr against a 
frictional force of 80 lb? 








Solution: In order to just be able to move the car up 
the incline at constant velocity, there must be no net 
force on the car. Looking at the figure, we see that the 
net force on the car, acting down the plane, is 


= i o 
Fret mg Sin 8° + f. 


If there is to be no resultant force on the car, we must 


act on it with a force equal in magnitude to Fret’ but 
acting up the plane. Therefore, 
Pi = mg sin 8° + f 
= (3000 1b) (.139) + 80 lb 
= 497 1b 


Now, the power expended in moving an object equals the 
time rate of change of the work done on the object. Hence, 


_ aw 
rS ae 
wW | F ds 
= e as 
But app 


d > > 
rae | J Fapp až] 


In our case, F is constant, and 
app 
_ ass e AEP < AR: ~ mee < 
P = at Fapp [ a3 = $e Papp sS 


Since Aes is constant in time also, we obtain 


> 
D= P . Gs _ È é oe 
5, app dt app 
Since ds/dt is defined as the velocity of the object we're 


moving. In this problem, a and V are parallel and in 
the same direction and 


> > 7 
P= F app ev= Fapp v = (497 1b) (50 mi/hr) 


But 1 mi/hr = 1.48 ft/sec 


and P = (497 lb) (50) (1.48 ft/sec) 
= 3.7 x 10" ft + lb/sec 


EFFICIENCY 
e PROBLEM 289 


An inclined plane 5 meters long has its upper end 1 meter 
above the ground. A load of 100 newtons is pushed up the 
plane against a force of friction of 5 newtons. What is 


the effort, the work input, the work output, the AMA, the 
IMA, and the efficiency? 
= 


5m my F triction= st 
~J p.: A 
= 

Im 


Solution: We first construct a diagram (see diagram). A 
vector is drawn vertically downward representing the 
force of gravity. Orienting our axes so that the y-axis 
coincides with the inclined plane, we resolve the gravi- 
tational force into its x and y components. This gives us 
a right triangle in which angle A' is equal to angle A, 
which the inclined plane forms with the ground, since 
they both are complements of the same angle. Therefore, 
since both large and small right triangles have equal 
angles, they are similar, so that we can write a pro- 
portion: 








p Nees gS x 
5 m 100 nt 
x = 20 nt 


Therefore, the force that the load exerts parallel 
to the inclined plane is 20 nt. This, plus the frictional 
force, is the effort. Hence, 


Effort = Gravitational force along plane 
+ frictional force 


E = 20 nt + 5 nt = 25 nt 
Work is force x distance when the force is in the 
direction of the distance. Therefore, the work input 


(W;) is: 


Wi = 25 nt x 5 m = 125 joules 


AMA (actual mechanical advantage) is: 
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AMA = 


bila 


where R is resistance (load), and E is effort. Then, 


_ LOO nt .. 

a ee 
The IMA (imaginary mechanical advantage) is the 

ratio of the length of the plane to its height: 


Spi 
IMA =e 5 


Efficiency is output work over input work. 


Efficiency = Wo = 100 joules = AMA = 4 
W; 125 tutes IMA 3 
= 0.80 = 80% 


@ PROBLEM 290 


A box weighing 100 pounds is pushed up an inclined plane 
10 feet long with its upper end 4 feet above the ground. 
If the plane is 80% efficient, what is the force of 
friction? 





Solution: In approaching this problem, a careful plan 

of attack must be laid out. We are asked to find the 

force of friction in an inclined plane, given the di- 
mensions and efficiency of the plane. Reasoning back- 
wards, we begin by noticing that the effort consists of 
the force gravity exerts down the plane, plus the friction. 
The force exerted down the plane by gravity is calculable 
from the dimensions of the inclined plane and the weight 
of the box by constructing a proportion between the force 
triangle and the inclined plane (see diagram). 


ee r s 
10" ~ 100 Ib 


x = 40 1b 


Efficiency is calculated from AMA over IMA. IMA is 
calculated from the dimensions of the inclined plane 
(length over height, in this case 10 ft/4 ft = 2.5). The 
AMA is resistance over effort. The resistance is simply 
the weight of the box. We are only left with one unknown 
- the frictional force, which we now solve for 
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efficiency = ann 2 resistance/effort 


resistance/|x + F 
25 


100 1b/[ 40 Lb 45 Be 203s | 
= friction) _ 80% 


2.5 


friction 


=. 80 


Hence, = 10 lb. 


Ffriction 


@ PROBLEM 291 


A pulley system consisting of two fixed and two movable 
pulleys (making four supporting strands) is used to lift 


a weight. If the system has an efficiency of 60%, how 
much weight can be lifted by an applied effort of 50 
pounds? 





Solution: With four supporting strands the IMA = 4. 





IMA = imaginary mechanical advantage 
AMA = actual mechanical advantage 
E = effort 


R = resistance (weight of load) 





s en, _ AMA _ AMA 
Since efficiency = IMA ’ 0.60 = i ey 
whence AMA = 2.4. 
2 wade? 5 =: R 
Since AMA = E” 2.4 = 50 Ib ’ 
whence R = 120 lb. 


© PROBLEM 9992 


A differential hoist is used to lift a load of 450 pounds 
If the larger wheel of the hoist has 9 slots and the 


smaller wheel 8 slots and if the efficiency of the hoist 
is 33 i %, what is the effort required to raise the load? 





Solution: The IMA = 2 x 9 = 18. 


This is to since there are 9 strands supporting the 
load. 


Since efficiency 


ii 
` 
oO 
. 

w 
w 
wile 
i] 


whence AMA = 6. 


Since AMA = Z E 130: ounds , whence 


E 


75 pounds. 
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© PROBLEM 993 


A hoist raises a load of 330 pounds a distance of 15 feet 


in 5 seconds. At what rate in horsepower is the hoist 
working? 





Solution: Power is equivalent to work per unit of time. 
In 5 seconds, the hoist does 


W = Fs = 330 lbs x 15 ft = 4950 ft-lbs 


of work. The rate at which work is done (the power) is: 


4950 ft-lb _ ft-lbs 
5 sec = 390 sec 


Since there are 550 ft-lb/sec per horsepower, 


© PROBLEM 294 


An engine used to pump water out of a mine shaft raises 
the water 150 ft and discharges it on the surface with a 


speed of 20 mph. It removes 2 slugs per second from the 
mine. One-fifth of the work it does is used in overcoming 
frictional forces. What is the horsepower of the engine? 





Solution: During the process of removal from the mine, 
the water gains both potential and kinetic energy. The 
potential energy acquired per second is the weight of 

water ejected per second times the height raised. Thus 


Ey = mgh = 2 slugs/s x 32 ft/s? x 150 ft = 9600 ft+lb/s 


The water also acquires kinetic energy, the final 
speed of ejection being 20 mph = 88/3 ft/s . The kinetic 
energy acquired per second is thus 


88 


2 
Bum 4 mv’°= % x 2 slugs/s x (25) ft?/s? 


860 2 ft» ib/s . 


The total energy acquired by the water is thus 


= = 4 . 
E = E, + E, = 10,460 5 ft + 1b/s. 


The work done by the engine, including the quantity 
used in overcoming friction is, if the given conditions 
are to be maintained, 


= S fre. 2 4 ‘ 
W= t E = z,* 10,460 5 ft lb/s 


and its rate of working is 
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z x 10,460 3 ft + 1b/s 


P= 550 ft ie >) = 23.8 hp. 
Here, we have used the fact that 
1 hp = 550 ft « lb/s. 


@ PROBLEM 295 


In the casualty department of a hospital, it is necessary 

to raise or lower the examination table without disturbing 
the patient. This is accomplished by mounting the table on 
a screw jack which has a pitch of 5 in. The raising of the 


table is accomplished by applying a force of 12.5 1b tan- 
gentially at the end of a lever 12 in. long and rotating 
the lever in a circle. Find the efficiency of this machine 
if patient and table together have a weight of 480 lb. 


E aea eos fo 1b 
ETEF 





E4 

l 

a ae 
en 

as 7 


~- | 


Solution: When the lever is rotated through one complete 
circle, the table is raised by one pitch of the screw. The 
work done on the machine by the operator is the force 
applied times the distance traveled in the direction of 
the force. Thus W; = F x 27R, where R is the radius of 


the circle swept out by the lever. 
Wi = 12% lb x 2m x 1 ft = 250 ft = lb. 


The table and patient acquire additional potential 
energy, since their height above the ground is increased. 
The additional energy is their combined weight times the 
extra height. Thus 


W2 = 480 lb x z} ft = 20 ft + Ib. 


The efficiency of the machine is the energy gained 
by the table divided by the energy supplied. Thus the 
efficiency is 


We 20 ft + lb 


Wi = 35n ft 1b = 0.255 or E = 25.5%. 


E 
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CHAPTER 6 


IMPULSE/MOMENTUM 







Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 295 to 
348 for step-by-step solutions to problems. 





Recall that the momentum of an object is given by p = mv. Since the 
momentum is a vector, one must keep track of the components when 
calculating it. The law of conservation of momentum states that the total 
momentum of a system of particles is conserved in the absence of external 
forces: 


Zp, =2Zp. 

Consider the problem of Figure 1. One object of mass m, and speed v, 
is about to collide with another of mass m, at rest. This is the initial 
situation. Then the two objects collide or interact via internal forces. The 
final situation is given by Figure 2: the first mass moves off with velocity 


(v’,, 8) and the second mass with velocity (v’,, - ọ). From Figure 1, con- 
servation of momentum in the x-direction gives 


m,v, = m,v’, cos 8 + m,v’, cos 8. 
Similarly, in the y-direction we have 
0 =m,v’, sin 8- m,vV’, sin 9. 


If the collision is elastic, then the kinetic energy also is conserved: = T 
= È KE. This means that 


2 -2 F 
1/2 mvi" 1/2 avs 1/2 m,v 


0 


2 
2 


and so given v, one can solve for v’, (for example) in terms of v’,. The 


vi 

8 

K 

o——— © s 

mı mo : 
v. 
2 
Figure 1 Figure 2 
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momentum conservation equations then become two equations in two 
unknowns. 
If the collision is inelastic, then the loss of kinetic energy is given by 
2 2 2 2 
A KE = KE- K E= 1/2m,v, + 1/2m,v 7 1/2m,v; - 1/2 m v3: 

Some problems can have both elastic and inelastic parts, as in the ballistic 
problem of Figure 3. The first initial situation is given by Figure 3a and 
the first final situation by Figure 3b. Here, the bullet becomes embedded 
in the block in an inelastic fashion; however, momentum is conserved (see 
Problem 326). The second initial situation is given by Figure 3b and the 
final situation by Figure 3c; now conservation of mechanical energy may 
be applied. 


Some special cases of the scattering problem of Figures 1 and 2 are 
solved more simply. If9 = ọ = 0, then m,v, = m v‘, + m,V’, given the masses 
and two of the speeds, one can calculate the third speed to solve a problem. 
If 9 = 180° and 6 = 0°, then m,v, = m,v’, + m,v’,. For the case of particles 
of equal mass (m, = m, = m) scattering in Figure 1, using conservation of 
kinetic energy one may prove that 6 + ọ = 90°. Hence, given 9, one can easily 
find 9. Given one of v,, Vv’, V’, we then need only solve a system of two 
equations in two unknowns by algebra or Gaussian elimination. 


In an explosion where one mass fragments into several, the law of 
conservation of momentum is applicable and one may use it to find the 
velocities of the fragments. The momentum principle problem-solving 
approach is also useful when one mass (e.g., a car or lump of clay) collides 
with and sticks to another. 


A The impulse-momentum theorem follows from Newton’s second law: 
F = dp / dt. Therefore, the impulse is 


I=Ap= f Fat 
0 
In Figure 4a, this is just the area under the force versus time curve. The 


“7 “ Y 
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Figure 3 
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average force is found from oi E 
<F>-=f Fdt/t. 

Impulse may also be found in P dynamics 
I-AL-f rdt 

and the graphical interpretation is E (Figure 4b). 


For rotational motion, the law of conservation of angular momentum 
(see DYNAMICS) must be used to solve a collision problem where one 
rotating mass interacts with another. If the interaction is inelastic then the 
amount of lost rotational kinetic energy is found from 


a 22 2 2 
AKE = KE- K E= 1/2 Io it 1/2 I,o 27 1/2 Io) -1/2 I): 


F T 


t t 
Figure 4 
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Step-by-Step Solutions to 


Problems in this Chapter, 
“Impulse/Momentum” 





LINEAR 
@ PROBLEM 296 


A cue ball traveling at a speed of 3 m/s collides with 
a stationary billiard ball and imparts a speed of 
1.8 m/s to the billiard ball. If the billiard ball moves 


in the same direction as the oncoming cue ball, what 
is the velocity of the cue ball after the collision? 
Assume that both balls have the same mass. 





v= 3m/s V= 0 v 1. 8m/s 
before collision after collision 


: Linear momentum must be conserved in this 
isolated, two particle system. Thus, the initial momentum 
of the system must equal the system's final momentum. 
Since the collision is l-dimensional, we may drop the 
vector nature of momentum and write 


Pe = P, 
mv + m(1.8 m/sec) = m (3 m/sec) + m(0 m/sec) 
m(v + 1.8 m/sec) = m(3 m/sec) 

v + 1.8 m/sec = 3 m/sec 


v = 1.2 m/sec. 


© PROBLEM 297 


A 100-gram marble strikes a 25-gram marble lying on a 
smooth horizontal surface squarely. In the impact, the 


speed of the larger marble is reduced from 100 cm/sec to 
60 cm/sec. What is the speed of the smaller marble imme- 
diately after impact? 





Solution: The law of conservation of momentum is applic- 
able here, as it is in all collision problems. Therefore, 
Momentum after impact = Momentum before impact. 


Momentum before impact = Mp1 x Vgl 


100 gm x 100 cm/sec 


10,000 gm-cm/sec 


Momentum after impact = M 1* V 


A +M x V 


Al A2 A2 


100 gm x 60 cm/sec 
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+ 25 gm x \Yoem/sec 
Then 
10,000 gm-cm/sec = 6000 gm-cm/sec + 25 g x VA2 
whence V.= 160 cm/sec. 


@ PROBLEM 298 


A 4.0-gm bullet is fired from a 5.0-kg gun with a 


speed of 600 m/sec. What is the speed of recoil of 
the gun? 





lution: Originally, the momentum of the system 
consisting of the gun and the bullet is zero. Even 
if external forces act on the system, the principle 
of momentum conservation can be applied if the time 
interval of “collision” is.small enough. Therefore we 
can say that after the bullet has been fired from 
the gun, the total momentum of the system remains 
zero. Letting m, be the mass of the gun and mz the 


mass of the bullet,with v, and vz their respective 
final velocities, we have 


M,;Vit M2V2 = 0 


vi = - — V 
1 m, 2 


= — 0.0040 kg 
Vi 5.0 kg (600 m/s) 


- 0.48 m/sec 


where the minus sign indicates that the gun moves 
in a direction opposite to that of the bullet. 


@ PROBLEM 299 


Two particles of equal mass move initially on paths 
parallel to the x axis and collide. After the collision 
one of the particles is observed to have a particular 
value v (l) of the y component of the velocity. What is 


the y component of the velocity of the other particle 
after the collision? (Recall that each component x, y, 
or z of the total linear momentum is conserved separate- 
iy); 





Solution: As shown in the figure, before the collision 
the particles were moving along the x axis, so that the 
total y component of the momentum is zero. By momentum 
conservation the total y component of momentum must 
also be zero after the collision, so that 


nfr = vy] = 


where M is the mass of the particles, whence 
vy (2) =- vy (2) 
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v 
FE 
a) before b) after M 


2f 
The Velocities (a) before and (b) after collision. 


We cannot calculate v, (1) itself without specifying 


the initial trajectories and the details of the forces 
during the collision process. e PROBLEM 300 


A cart of mass 5 kg moves horizontally across a 
frictionless table with a speed of 1 m/sec. When 


a brick of mass 5 kg is dropped on the cart, what is 
the change in velocity of the cart? 





olution: Assume that the brick has no horizontal 
velocity when it is dropped on the cart. Its initial 
horizontal momentum is therefore zero. Since no 
external horizontal forces act on the system of 

cart and brick, horizontal momentum must be con- 
served. We can say, for the horizontal direction, 


Moi t ™ "bi ~ mcf y M Ypf 


Since the final velocities of the brick and cart 
are the same, 


MoYci 7 (m, + m,)¢ 


Substituting values, 
mv, 
G-Ci (5 kg) (1 m/sec) 
v.2:—oo= = .5§ m/sec 
f ast (5 kg + 5 kg) 
The change in velocity of the cart is 


%, ~ a (0.5 - 1.0)m/sec = - 0.5 m/sec. 


@ PROBLEM 301 
Suppose a 15-g bullet is fired into a 10-kg wooden block 


that is mounted on wheels and the time required for the 
block to travel a distance of 45cm is measured. This 


can easily be accomplished with a pair of photocells and 
an electric clock. If the measured time is l sec, what 
is the muzzle velocity of the bullet? 





Solution: In this example, the bullet comes to rest in the 
block and imparts its momentum to the block. Since the 
block travels 45cm in one second, the recoil velocity 
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photocells 





of the block is 45 cm/sec, and from momentum conservation 
we have 


=v) T Sate 


(Here, we do not have a negative sign because both velo- 
cities are in the same direction. Also, we take m, to be 


10 kg, that is, we reglect the mass of the bullet embedded 
in the block.) Then, 
m, v. 
2 2 


¥y my 


4 


10 x (45 cm/sec 


g 
=3x 104 cm/sec 


300 m/sec 


i? 


985 ft/sec 
@ PROBLEM 302 


Two particles of equal mass and equal but opposite 


velocities t v, collide. What are the velocities after 
the collision? 





Solution: Since no external forces act on the 2 particle 
system, we may use the principle of conservation of 
momentum. This principle will relate the velocities of 
the particles after the collision to their velocities 
before the collision. Therefore, 


> > > > 
MV), +MV2; =MVig + MVo¢ (1) 


where the subscript Vix defines the initial velocity of 
particle 1, and similarly for v,,, Vgs and vg. Sub- 


Eo 


stituting Vi; sany and Vz; = = Vie into (1), we obtain 
+ + Ea $ + =0 
pa aa 
Hence Vig =T Vag- 


If the collision is elastic, then kinetic energy is 
conserved in the collision, and 
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2 = 
k m vij’ +e mv,’ =e mv + hmv? (2) 


But vi. = Vo. = V, and Vi, = Vz, = V, because we are 
kii ik i ae zf f 


concerned only with magnitudes in (2). Therefore, 


2 
1 


2 2 2 
45 m VSF kmv k m Ve +m Ve 


2 2 
or v. =v 
ic f 


and the conservation of energy demands that the final 
speed Ve equal the initial speed Vi. If one or both 


particles are excited internally by the collision, then 
Ve < Vy because some of the initial energy must go into 


the excitation energy. Hence, the final energy < initial 
energy. If one or both particles initially are in excited 
states of internal motion and on collision they give up 


their excitation energy into kinetic energy, then vş can 
be larger than Vi’ 


@ PROBLEM 303 


A ball of mass 100 gm is thrown against a brick wall. When it 
strikes the wall it is moving horizontally to the left at 3000 cm/sec, 


and it rebounds horizontally to the right at 2000 cm/sec. Find the im- 
pulse of the force exerted on the ball by the wall. 





(a) 


(b) 


€ 


Solution; The impulse of a force on an object is defined as the change 
in momentum of the object during the time that the force acts. 

The initial momentum of the ball is equal to the product of its 
mass and initial velocity, or 


100 gm x -3000 cm/sec = -30 X 10° gm-cm/sec. 


The final momentum is equal to the product of the ball's mass and final 
velocity, or 


4 


+20 x 10° gm-cm/sec. 


Note that the final and initial momenta are in opposite directions. We 
have defined the final direction of travel of the ball to be the positive 
direction. The change in momentum is then 


mv, - mv, = 20 x 10gm-cm/sec - (-30 x 10'gn-en/aec ) 
= 50 x 10° gm-cm/sec. 


Hence the impulse of the force exerted on the ball was 50 X 10° 
dyne-sec, Since the impulse is positive, the force is toward the right. 
Note that the force exerted on the ball cannot be found without 

further information regarding the collision. The general nature of the 
force-time graph is shown by one of the curves in the figure. The force 
is zero before impact, rises to a maximum, and decreases to zero when the 
ball leaves the wall. If the ball is relatively rigid, like a baseball, 
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the time of collision is small and the maximum force is large, as in 
curve (a). If the ball is more yielding, like a tennis ball, the col- 
lision time is larger and the maximum force is less, as in curve (b); 
In any event, the area under the force-time graph must equal 50 x 10 
dyne-sec. 


© PROBLEM 304 





A high-powered rifle whose mass is 5 kg fires a 15-g 


bullet with a muzzle velocity of 3 x 10° cm/sec. What 
is the recoil velocity of the rifle? 


m = 5kg ma = 15g 


vi = ? vy = 3x10" cm/sec 


Solution: The momentum of the system after the gun has 
fired must equal the momentum before the gun went off. 
Originally, the momentum of the bullet and rifle is zero 
since they are at rest. Using the conservation of momentum 
equation: 


(mı + M2)Vo = MV; + Move = 0 
MiVi = — M2V2 


M2V2 
Nyo = 





mı 


= - {15g) x (3 x 10" cm/sec) 


5 x. L0? g 
= - 90 cm/sec. 


This is a sizable recoil velocity and if the rifle 
is not held firmly against the shoulder, the shooter 
will receive a substantial "kick". However, if he does 
hold the rifle firmly against his shoulder, the shooter's 
body as a whole absorbs the momentum. That is, we must 
use for m; the mass of the rifle plus the mass of the 
shooter. If his mass is 100 kg, then the recoil veloci- 
ty (now of the rifle plus shooter) is 


= (15g) x (3 x 10* cm/sec) 
Ya m = 


S x 10° g+ 105 g 


= 


This magnitude of recoil is quite tolerable. 


- 4.5 cm/sec. 


© PROBLEM 305 





A ball of mass m = 100 g traveling with a velocity v= 50 
cm/sec collides "head on" with a ball of mass m, = 200 g 


which is initially at rest. Calculate the final velocities, 
' ' 
vi and Vor in the event that the collision is elastic. 


Solution. In any collision there is conservation of momen- 
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m4=100g my=200g m, m 
=e V4=50cm/sec Ò zi oe =, 


Be fore After 
tum and since this is an elastic collision, kinetic energy 
is also conserved. 
First, we use momentum conservation to write 


p (before) = p(after) 


' ' 
mV) + M5V5 = mV + MV3- 


In order to prevent the equations from becoming too clumsy, 
we suppress the units (which are CGS throughout); then we 
have 


' 
100 x 50 + 0 = 100v 


' 
1 + 200v.- 


Dividing through by 100 gives 
' ' 

v, + 2v, (1) 

From energy conservation, we have (since there is no PE 

involved and since the collision is elastic) 


KE (before) = KE(after) 


a ee ee ee eee 
yas teh OMI eS Dae a AS PS Oe 


1 


2 £2 
x 100 x (50)° + 0 = i 100 vi 


1 "2 
+ pin 200 Vo > 


NIK 


Dividing through by 100/2 = 50 gives 


Pee v2 
2500 = VFR 2v3 ° (2) 


We now have two equations, (1) and (2), each of which 
(J ' 
contains both of the unknowns, vi and Vo: We can obtain a 


' 
solution by solving Eq. 1 for vj, 


' ' 
vı = 50 - av, (3) 

and substituting this expression into Eq. 2: 

"\2 "2 
2500 = (50 - 2v ) + 2v or, 

2 2 
2500 = 2 a € 

= 2500 - 200v, + 4v3 + 2V, e 


From this equation we find 
'2 ' 

6v3 = 200v, 

so that 
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© _ 2000 "=.41 
Vo = 9 = S59 cm/sec. 
Substituting this value into Eq. 3 we find 


va 


50 - 2 x 335 


-163 cm/sec. 


The negative sign means that after the collision, my moves 


in the direction opposite to its initial direction (see 
figure). 


© PROBLEM 306 


A 2.0-kg ball traveling with a speed of 22 m/sec over- 
takes a 4.0-kg ball traveling in the same direction as 


the first, with a speed of 10 m/sec. If after the 
collision the balls separate with a relative speed of 
9.6 m/sec, find the speed of each ball. 





(es (94 Ma Gap) 
m, = 2 kg m, = 4kg m, = 2kg m, = 4kg 


a) Before Collision b) After Collision 


Solution: No external forces act on the system. Since 
this is a collision problem, the principle of con- 
servation of momentum can be used. Letting u, and uz: 


be the initial velocities and v, and v, the final 
velocities of the two masses m, = 4.0 kg and m, = 
2.0 kg, we find 
M,;U; + M2U2 = MV, + M2V2 (1) 
(4.0 kg) (10 m/sec) + (2.0kg) (22 m/sec)=(4.0 kg)v, +(2.0 kg)v: 
(2.0 kg)v; + (1.0 kg)v2 = 42 kg-m/sec 


or 2.0 vi + vo = 42 m/sec (2) 


The difference in speed of the two masses after 
collision is given as 9.6 m/sec. Since the two masses 
initially move along the same axis, they must continue 
to do so after the collision, assuming their center of 
mass lies along this axis of motion. Since, physically, the 
2.0 kg ball cannot pass through the 4.0 kg ball, the 4.0 
kg ball continues to have greater velocity in the initial 
direction of motion. Taking this initial direction as 
positive, 


Vi = V2 = 9.6 m/sec 


Substituting v2 = vi + 9.6 m/sec in equation (2), we 
find the final velocities to be 


vı = 17.2 m/sec 
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Vo = 7.6 m/sec 


Both balls continue to move in the initial direction but 
with their speeds changed. 


@ PROBLEM 307 


A proton (aaas L67- X 10° kg ) collides with a neutron (mass 
almost identical to the proton) to form a deuteron. What will be the 


velocity of the dguteron if it is formed from a proton moving with 
velocity 7.0 X 10 m/sec to the left and a neutron moving with velocity 
4.0 x 10 m/sec to the right? (Figure A) 





4.0 X 10° m/sec -7.0 X 10° m/sec -1.5 x 10° m/sec 
Fig. A: Before collision Fig. B: After Collision 


Solution: According to the conservation of momentum we write: 


Vv s 

maa 2) + mn 
where m,, m , and a are the masses of the deuteron, proton, and 
neutron GespBctively. Since the masses of the proton and neutron are 
almost identical: 

m, =m = $m la 
Inserting this into the momentum conservation equation (we adopt the 
convention that velocities to the right are positive): 


2m V.=mv+mvy 
pd P P 


pn 
v +v 6 6 
F 6 
v=: x70 _X 10 msec + 4.0 x 10 m/sec nisec + 4.0 xio m/sec _-1.5 x 10 m/sec (figure B). 


Thus the neutron moves to the left with speed 1.5 x 10° m/sec, 
In the actual collision a photon is produced and carries off some of the 
momentum, therefore the velocity calculated above is somewhat too large. 


@ PROBLEM 308 
A heavy particle of mass M collides elastically with a 
light particle of mass m (see the figure below). The 
light particle is initially at rest. The initial velocity 
of the heavy particle is A = Vp; the final velocity is 


Wh: If the particular collision is such that the light 


particle goes off in the forward (+2) direction, what is 


its velocity w? What fraction of the energy of the heavy 


particle is lost in this collision? 





¿ This problem can be solved using the principle 
of conservation of linear momentum. The linear momentum 
before collision must equal the linear momentum after 
collision. The initial momentum Pi of the system is: 

pa = Mv), + mv, = Mv), 
since the smaller mass m is initially at rest. The final 
momentum pe of the system is: 


ee gS 
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M h 
Before 
o—_ 
After 


————— 


By the conservation of linear momentum, Py = Pr? 
Mv), = Mw, + mw) 
Thus: mw, = Mwa - Mw), 


= aes = 
eee (Vh wh) 
The energy of the heavy particle before the collision 
is -i 2 
is 3 Mva . 
After the collision the kinetic energy is 


l 2 
-7 Mw, . 

The fraction of its original kinetic energy that 
the heavy mass M retains after the collision is: 





l 2 2 
Do e ee. ae 
E. W. 
1 1 2 h 
-3 ™, 


where E, and E, are the initial and final kinetic 
energies respeétively. 


The fraction of the energy of the heavy particle 
that is lost in the collision is 


Fractional energy loss = i i i 





@ PROBLEM 309 


A bag of candies is emptied onto the pan of a spring scale 
which was originally reading zero. Each piece of candy 
weighs 1 oz. and drops from a height of 4 ft. at the rate 


of 6 per second. What is the scale reading at the end of 
10 sec. if all collisions are perfectly inelastic? 





Solution, Each piece of mass m, loses aE, = m gh amount 


of potential energy while falling through a height h, g 
being the gravitational acceleration. This loss of poten- 
tial energy is compensated for by an increase AE, in the 


kinetic energy since the total energy of each piece remains 
constant during the fall. 


AE, = aE, 
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FMV" = mogh 


where v is the speed with which each piece strikes the pan. 
We have 


2gh = 2 x 32 ft/s? x 4 ft 


< 
li 


256 ft?/s? 
y = 16 ft/s. 


Since the collision is perfectly inelastic, each time a 
piece hits the pan, it loses all its momentum and stays on 
the pan. The mass m striking the pan will exert a force 
> 


F on it as a result of the change in its momentum such that 
the impulse created by the impact equals the momentum change, 


> 


> 
Ft = mv, 


+ + 
F =v 


15 


> 
Here F is the force acting on the candies due to the pan, 
and t is the duration of the impact. But, the candy pieces 
are constantly striking the pan and there is a continuous 
flux of candies incident on the pan. Hence, if 
m wW 


p" JE is the mass of candies striking the pan per second, 
F = (16 ft/s) x (6 pieces/s) x (2 oz/piece x ete 
= 2 lb = 3 oz = - 2 
32 ü 32 ft/s 


The candies must provide an equal and opposite force F 
on the pan. After 10 seconds, the force acting on the 
scale is the continuous force F due to the constant impact 
plus the weight of the candies already in the pan. The 
scale reading 

= 3 oz. + (6 pieces/s) x (l oz/piece) x 10s 


3 oz. + 60 oz. = 63 OZ. 


3 Ibi 1S-08. 
@ PROBLEM 310 


(a) A moving particle makes a perfectly elastic collision 
with a second particle, initially at rest, along their 
line of centers. Find the ratio of the masses which makes 
the kinetic energy transferred to the second particle a 
maximum. 


(b) If the ratio of the masses is not that calculated 
above, show that the amount of energy transferred can be 
increased by inserting a third particle between the first 
two. For optimal transfer, the mass of the third particle 
is the geometric mean of the other two. 
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Le m (E,) (E,) 
r S oe Os cas 
u A B 


(A) before collision (B) after collision 
Fig. 1 








(E,) 





c p P 
c 


m, (E,) m (Eo) mg (Ep? 


oè o~s 
Ya Fc 










YA Fs 
(A) before collision (B) after collision of (C) after collision of 
ma with mo mo with m, 





Fig. 2 






Solution: (a) Let the energy of the incoming particle be 
E, and refer to figure (1) for the system of notation. 
Since the collision is perfectly elastic, both energy and 
Momentum are conserved. Therefore 





E = Ea + Ey and mau = ma Va + MpYg’ 
mau? 
= 2 = = 
But E = k mu 2m, or mu v2m, ; 


and similarly for the other kinetic energies. The second 
equation is therefore 


Yam_E = V2m,E, + /2m,E,, or YE = Ea + VxE_, 


where x = m,/m, - Then 


ti 
ii 


re 
(Ea + VxE,) = E_ + xE_ + 2/xE, Ep 


A B 
-". E + En = E = E + xE, + 2/xE,E, 
Transposing, 
E #8 SRS T 2E = 2/xE, Ep 
(1. 1x) Eg = 27xE,E, 


Squaring both sides and using Ey =E- Eg’ 


a 2 = = c 
(1 x) Ep 4xE, 4x (E E,)- 


š ER a 4x 
FB. oidleace) ? 
E -vE 2 
A B_E (1 - x) 
Inverting, = = = - ] = = 
Ep Ep 4x 

| Pe bee eange raggen Mgt to 
Ep 4x 4x 4x 4x 


Inverting once more so as to get the needed ratio of 


E, to E, 


B 
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(1 =x)? + 4x 1+x? - 2x + 4x 1+ 2x + x? 











Eg 4x 4x ra 4x 
E 


4x 
(1 + x)? 


For maximum energy transfer, Ep should be as large a 


proportion of E as possible and (@/dx) €,/2) should be 


zero. Thus, for maximum energy transfer, 
(1 + x)? (1 + x)? 


or 4(1 + x) = 8x. «ore Bol; [sue B = 1| 
RA 


Thus, the two masses should be equal when all the energy 
is transferred to the second particle. 


(b) If x has a fixed value not equal to l, insert a 
further mass ma between my and mg’ Then in the first 


collision, we have from part (a), 


E 
ae eae a: 


Sey}? 
where y = m/M (see Fig. (2)). Now ma collides with Mm, 
and 


eae 
c (1 + z)? 


gw 


where z = m,/m,- But yz = x, and therefore 


FB _ __4(x/y) 
Bo EE (x/y) |? 
a Er OPE R 
eRe sire yi (x/y) |? 
E 
Ea eel: Sales cee” 32x2/y? 
ale - i z 


(1 + y)*[1 + (x/y) |? (1 + y)?[1 + (x/y) |? 


For maximum energy transfer to the final mass, this 
quantity must be zero, and so 


32x]1 + x) = 
x(a + § 





2 
32x" (1 +y). 


Multiplying by y? and cancelling the term 32x, 
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y? + xy = x + xy or yf =x. 
ms "s peie 

. o = = m or Ma = mm, . 
ma A 


For maximum energy transfer the intermediate particle 
must have a mass which is the geometrical mean of the 
other two. 


But the first term in the final inequality is the 
maximum transfer of energy when three particles are in- 
voled, using the necessary relation y? = x. The second 
term is the energy transfer when only two particles are 
involved. Therefore, not only is maximum energy transferred 


in the three-particle case when m, = vm,m,, but the energy 
acquired by the particle of mass Mp is greater than it is 


when only two particles are involved. 
© PROBLEM 311 












Two masses m, = 5 kg and mz = 10 kg have velocities 
pa 2 . . > . 
u, = 2m/sec in the +x direction and u2 = 4 m/sec in the 


+y direction. They collide and stick together. What is 
their final velocity after collision? 










Us 
Solution: The total x and y components of linear momentum 
Must be conserved after the collision. The mass of the 
body resulting after the collision is 


m= m + M2 


and the velocity v is inclined at angle 6 to the x axis. 
We know that the total momentum vector is unchanged, and 
we can write down the x and y components of momentum. 


FINAL 
MOMENTUM 


INITIAL 
MOMENTUM 















mıuı (mı + m2)v cos 6 






x component 





(mı + m2)v sin 9 





y component M2U2 


mıuı = (mı + m2)v cos 9 
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M2U2 (mı + m2)u sin 9 


M2U2 





r an ð = 
fe) 5 miu: 


os eae | 
5X Z 


(] 75.97° 


From the first momentum equation above: 


mı u 
v = Tm, + m2) cos 0 
2ER 5 
15 x 0.2424 


2.750 m/sec. 


@ PROBLEM 312 


Coal drops at the rate of 25 slugs per second from a 
hopper onto a horizontal moving belt which transports 


it to the screening and washing plant. If the belt 
travels at the rate of 10 ft per second, what is the 
horsepower of the motor driving the belt? Assume that 
5% of the energy available is used in overcoming 
friction in the pulleys. (See figure.) 





Before: After: 


t=o tlt 

A ea 

r Am 
te a—* 


eee FE 


Solution: We take the belt and hopper as our system. By 
using the principle of conservation of momentum, we can 
relate the net external force on the system (provided 
by the motor) to the time rate of change of the system 


momentum È, or 
dP _ = 
dt ‘ext (1) 
We examine a small element of mass, Am, leaving the 


hopper and falling on the belt. (See figure.) At t = 0, 
the momentum of Am in the x direction is 


> 
Po 


(Am) (0) 


and, at t = At, it is 


> 


re 
Pe = Amu 
Hence AP = 2 = By = Am ù 
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AB _ > Am 


as e MAE 


Taking the limit as At > 0, 


ap dm 
= ù at (2) 


Comparing (2) with (1) 
> > dm 


Faxt "UE 


The power provided by the motor must be the time 
rate of change of the work, W, done on the belt by the 
motor. Hence, 


« OS ace . az 
P = at ~ at | | Fink až) 
where ds is an element of path traversed by the belt. 


Assuming F = constant, and noting that ds/dat = ù, we 


ext 
obtain 
lai d s ypa _d > 
Pe [Foxe f až) ~ ge (Rait 5) 
> 
E- = e ds = . ae] 
Ras, Fext dt tae y 
Since AN and ù are parallel, we find, using (2) 
M = u? M 
p= (Fest (9 u Ft 
P = (10 ft/s)? (25 s'/s) = 2500 lb + ft/s (3) 


This power must be supplied by the motor to keep 
the belt moving at a uniform rate, assuming that none of 
it is dissipated in friction. Now, if 5% of the power 
supplied by the motor is used in overcoming friction, 
only 95% remains to power the belt. Since the power 
needed to move the belt is given by (3), we obtain, 


P = 95% P' 


[e] 
la] 
lasd 

" 


100 , ~ (100 . 
“35 P = SS] (2500 lb + ft/s) 


P' = 2631.6 ft + lb/s 
Since 1 hp = 550 ft + lb/s 
P' = 4.8 hp 


Taking friction into account, the rate of 
of the motor is 4.8hp. : working 


310 











@ PROBLEM 313 






A railway gun whose mass is 70,000 kg fires a 500-kg 
artillery shell at an angle of 45° and with a muzzle 
velocity of 200 m/sec. Calculate the recoil velocity 
of the gun. 





Solution: In this problem momentum must be conserved 
n both the horizontal and vertical directions. Let 
us refer to the bullet by using the subscript 1, and 
the gun by the subscript 2. We can state this conser- 
vation of momentum in the horizontal direction as 
follows: 


Pix = Pox 
or 
Ma vx SNI 
but 
= o 
Vis v, cos 45 
Therefore, we may express P}, 45, 
= mv, cos 45° 
Pix pie i 


(500 kg) x (200 m/sec) x 0.707 


= 7.07 x 10* kg-m/sec 
This must equal (except for the sign) the recoil momen- 
tum of the gun which moves only horizontally: 
P, = M5V> = -7.07 x 104 kg-m/sec 


Therefore, 
v= _7.07 x (04 kg-m/sec) 
7 x10" kg 
& - 1 m/sec 
or, approximately 2 mi/rh. What has happened to the 
vertical component of the recoil momentum, 
Piy = 7.07 x 10 kg-m/sec? Since the railway platform 


is in contact with the Earth, the Earth absorbs the ver- 
tical momentum. The Earth does recoil, but because of 
the extremely large value of the Earth's mass compared 
to that of the railway gun, the recoil velocity cannot 
be measured. 
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© PROBLEM 314 





A rubber ball bounces off a brick wall. It's incident 
velocity makes a 45° angle with the normal to the wall at 
the point of contact. If the collision is inelastic and 
the ball loses 20% of its kinetic energy during collision 
what will be its final momentum? Assume there is no 


gravity or sliding friction between the ball and the wall 


1.27p 


Fig A Fig. B 
Solution: As can be seen in figure A, before the ball 
strikes the wall it has components of linear momentum, 
in the - x and -y-directions, of equal magnitude p. In 
this problem we assume that the ball touches the wall for 
an infinitesimal time, so that there is no sliding fric- 
tion between the ball and the wall resulting from the y- 
component of the ball's momentum. Thus, only the x-com- 
ponent of the balls' momentum is affected by the energy 
loss. 


When the ball leaves the wall, its x-component of 
momentum must be reduced by an amount that will cause the 
kinetic energy to be reduced by 20%. Kinetic energy and 
momentum are related by: 

2 
(mv)? _ PR 


2m 2m 





where PR is the magnitude of the resultant momentum, 


kinetic energy after collision = 80% kinetic energy before 
collision 

Pye + p? 2 2 2 

x = 0.8 P-Ż P = 8p 


m 
Š 2 
0.5 pay = 0.3 p 


2 a 3.2 
Pf ~ 5 P 


Pye 0.78 p 


where Pye is the ball's momentum in the x-direction after 
collision and Pye + p? is the square of the magnitude of 
the final resultant momentum. 


We now find the balls' final resultant momentum. 
Magnitude of final momentum = “pie + p? 
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=/2 p? + p? =/2 p? = 1.27 p 


To find the final momentum's orientation with respect 
to the normal, we use the laws of geometry (see diagram 


>). 
sin 0 = 7-57 = 0.7873 
0 #52. 


@ PROBLEM 315 


In a cloud-chamber photograph, a proton is seen to have under- 
gone an elastic collision, its track being deviated by 60° e The 
struck particle makes a track at an angle of 30° with the incident 
proton direction., What mass does this particle possess? (See figure). 





> 
Solution: Let the „incident proton have mass m and velocity u, the 
velocity becoming v after scatter. Let the struck particle of 


mass M acquire velocity V after the collision. Then, by the 


principle of conservation of energy, imu?’ = mv? +> im’ , and 


since momentum is conserved both parallel and necnecds Culex 
to the original direction of travel of the proton mu = mv 
cos 60° + MV cos 30° and mv sin 60° = MV sin 30°. Thus 





o 
Hayme wey 
sin 30° 
Substituting into the other two equations gives 
2 S] n. 2 
$ mu = mv + 3 rad 
and 
3 
mu = amv +5 mv. 
2 2 m 2 2 3m 
u =v rsg h (1) 
3 3 
u = tv + Gv = v(t +5) 
or 
x = v(t + 5) (2) 


Equating (1) and (2) 


(+3)? = (+38) 


or 


ale 
+ 

wl © 
+ 


Eis nliw 
n 
m 


and the struck particle must have been a hydrogen nucleus (a proton). 
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© PROBLEM 316 








The forces shown in the force-time diagram are applied 
to a body of mass 5 kg. What is the impulse after 6 sec, 
and after 12 sec? What are the velocities at these times? 





tion: We know that when a force F acts on a system, 
for a time interval dt, the impulse resulting is given as 


| È ae. 


One can interpret impulse as the area under the force- 
time curve, as shown in Fig. 1. In the case of a constant 
force, the impulse is simply the product of the force 
acting on the system and the time interval over which it 
acts. Thus at t = 6 sec, the area is + 10 x 4 = 40 newton- 
sec. After t = 7 sec the impulse becomes negative. The 
total area at t = 12 sec is + 10 x 4 - 5 x 5 = +15 newton- 
sec. 


From the force-time curve we can drawn an acceleration- 
time curve by dividing each value of F(t) by the mass of 
the body 5 kg. This follows since, by Newton's Second Law, 


a= £, 
m 
The area under the acceleration-time curve gives the 
change in velocity between the indicated times, since 
Av = at, by definition for a constant force. Thus 
at t = 6 sec, v = 2 x 4 = 8 m/sec. At t = 12 sec, 
v=2*x 4- 1x 5 = 3 m/sec. 
@ PROBLEM 317 


A sports car weighing 1200 lb and traveling at 60 mph fails 
to stop at an intersection and crashes into a 4000-lb de- 
livery truck traveling at 45 mph in a direction at right 
angles to it. The wreckage becomes locked and travels 

54.7 ft before coming to rest. Find the magnitude and 
direction of the constant force that has produced this 
deceleration. 








Solution: Let the sports car be traveling in the positive 
x-direction and the truck in the positive y-direction. 
After the collision at the origin, the combined mass 
travels in a direction inclined at 6° to the positive x- 
axis with a velocity V. Momentum must be conserved in 
both the x- and y-directions. Therefore, referring to 

the diagram, 


mivi = (mı + m2)V sin 6 (1) 


and m.v2 = (m, + m2)V cos 9 (2) 
Dividing equation (1) by (2), 
(mı + m2) V sin © mivi 


(mı + m2) V cos ae M2V2 


ga tL aga 4000 1b x 45 mph 2.5 
tan 8 = ov, ~ magv2 1200 lb x 60 mph ‘ 


s'e 0 = 68.2%. 


Squaring equations (1) and (2) and then adding them, 
we get 


mı ie m2)? v2 sin? 0 + (mı + m2)? v2 cos? 8 
= mivi + m3v3 
mv? + m3v3 


Š @ı + m)? 


mîg?v? + mig*v} 


v? (sin? o + cos? 6) = 





(mig + m29)? 


_ (4000 lb)x (45 mph)? + (1200 1b)? x (60 mph)? 
(4000 lb + 1200 1b)? 


= 1389.9 (mph) ?. 
-°. V= 37.3 mph = 54.7 ft/s, 


which is the velocity of the combined mass immediately 
after impact. 


The wreckage comes to rest in 54.7 ft. ,APP1Y the 
equation for constant acceleration, v? = vj + 2as. Here 
vo is the initial velocity of the locked mass, s is the 


distance it travels, and a is the applied acceleration. 
Hence, when v = 0, s = 54.7 ft and 


o 
Il 


(54.7 ft/s)? + 2a x 54.7 ft. 
oan A ee 21. 35 a Sica 
The deceleration due to friction is thus 27.35 ft/s’, 


and since the mass affected is (1200 + 4000)/32 slugs, 
the magnitude of the frictional force is 
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F = Slugs x 27.35 ft/s? = 4443 lb. 


This decelerating force must act in a direction 
opposite to that in which the wreckage is traveling in 
order to bring it to rest. Thus it is a force of 4443 lb 
acting at an angle of 68.2° to the negative x-axis. Note 
that momentum is conserved only during the collision, 
for, at that time, the collision forces are much greater 
than the external forces acting (friction), and the 
latter may be neglected. 


© PROBLEM 





A 100-kg man jumps into a swimming pool from a height of 
5 m. It takes 0.4 sec for the water to reduce his veloci- 


ty to zero. What average force did the water exert on the 
man? 


Solution: The man's initial velocity (before jumping) is 
zero. erefore, as he strikes the water, his velocity v 


is v? = vj + 2gh,, which reduces to v? = 2gh 


v = Y2gh 
= x (9.8 m/sec x (5 m) 


= 10 m/sec 
Therefore, the man's momentum on striking the water was 
Pi = mv 
= (100 kg) x (10 m/sc) 
= 1000 kg-m/sec 


The final momentum was pz = 0, so that the average 





force was 
P2 ~ Pi 2 
Faa 0 - 1000 kg-m/sec* _ _ 
P At At i 0.4 sec 2309: N 


but this is the total force:friction 

and gravity: 

F a a + mg 

= -2500 - 980 

= -3480 N 
The negative sign means that the retarding force was 
directed opposite to the downward velocity of the man. 

@ PROBLEM 319 





Consider the changes in momentum produced by the follow- 
ing forces: (a) A body moving on the x-axis is acted on 
for 2 sec by a constant force of 10 n toward the right. 
(b) The body is acted on for 2 sec by a constant force 

of 10 n toward the right and then for 2 sec by a constant 


force of 20 n toward the left. (c) The body is acted on 
for 2 sec by a constant force of 10 n toward the right 
and then for 1 sec by a constant force of 20 n toward 
the left. 
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Solution: If the mass of a system (i.e. a group of 
particles) is constant, we may write 


+ ap 


Fext ~ dt (1) 


where re is the net external force on the system and 


P is the total momentum of the system. (Note that if 


Fact = 0, we obtain the law of conservation of momentum). 


From (1), we find 


> 


ap = F dt 


ext 
B oy 
fap xia Pain at 
P= x ext 

Po t=to 
tst; 

> > 

AP = Be - By = | tG dt (2) 
t=to 


The left side of equation (2) is the change of 
momentum of the system due to Foxt! and the right side 


is called the impulse. If fa is time independent, we 


t 
may write 


> > 
AP = Fi, At (3) 
(a) The impulse of the force is + 20 n x 2 sec = 
+ 20 n * sec. Hence the momentum of any body on which 
the force acts increases by 20 kg + m/sec. This change 
is the same whatever the mass of the body and whatever 
the magnitude and direction of its initial velocity. 


Suppose the mass of the body is 2 kg and that it is 
initially at rest. Its final momentum then equals its 
change in momentum and its final velocity is 10 m/sec 
toward the right. 


Had the body been initially moving toward the right 
at 5 m/sec, its initial momentum would have been 
10 kg * m/sec, its final momentum 30 kg ° m/sec, and 
its final velocity 15 m/sec toward the right. 


Had the body been moving initially toward the left 
at 5 m/sec, its initial momentum would have been 
- 10 kg + m/sec, its final momentum + 10 kg ° m/sec, 
since Be = By = 20 kg + m/s 
298 
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"Or 
li 


- 10 kg-m/s + 20 kg'm/s 


= 10 kg-m/s 


Hence its final velocity is 5 m/sec toward the right. 
That is, the constant force of 10 n toward the right 
would first have brought the body to rest and then given 
it a velocity in the direction opposite to its initial 
velocity. 


(b) The impulse of this force is (+ 10 n x 2 sec 
- 20 n x 2 sec) = - 20 n-sec. The momentum of any 
body on which it acts is decreased by 20 kg° m/sec. 


(c) The impulse of this force is (+ 10 n x 2 sec 
- 20 n x 1 sec) = 0. Hence the momentum of any body on 
which it acts is not changed. Of course, the momentum 
of the body is increased during the first two seconds 
but it is decreased by an equal amount in the next 
second. 
@ PROBLEM 320 


A 3000-lb car traveling with a speed of 30 mi/hr 
strikes an obstruction and is brought to rest in 


0.10 sec. What is the average force on the car? 





Solution: The momentum of a body is defined as 
p = mv. Since 


> > dv 
F = ma = N a 


and dp = d(mv) = mav 
we have F dt = dp. 

Consider a collision between two masses m, and 
M5, as shown in the figure. During the collision, the 
two objects exert forces on each other where Fy is 
the force on m, due to mz, and F, is the force on m, 


due to m4. By Newton's third law, these forces at any 
instant “are equal in magnitude but opposite in 
direction. The change in momentum of m, resulting 
from the collision is 


tı pe 
AP 3 | Fy dt = F,At = mv, -~ Mvy 
to 


where F, is the average value of the force F, during 


the time interval of the collision At = t, ~- tọ. 


For the car colliding with an obstruction, we 
can say 


Fat = MV, - MVo 
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m= "= ners w= 94 slugs 


g 32 ft/sec? 


vo = 30 mi/hr = 44 ft/sec 


Fa Yi = Vo) _ 94 slugs (0 - 44 ft/sec) 
At 0.10 sec 


= =-4.1 x 20" Ub. 
@ PROBLEM 321 


Suppose the collision in the figure is completely in- 
elastic and that the masses and velocities have the 


values shown. What is the velocity of the 2 mass 
system after the collision? What is the kinetic energy 
before and after the collision? 





Vai=2m/sec Vg =-2m /sec 
— 






Ma=5kg mg=3ks 
Solution: Since we wish to relate the final velocity 

of the system to its initial velocity, we will use 
conservation of momentum The total momentum before the 
collision is equal to the total momentum after the 
collision, if no forces external to the system act. Hence 


> + > = at y 
MEAE ea CY 


> ab . . : . : 
where Vai’ Vbi are the initial velocities of my and mg’ 


and V is,the final velocity of the combined masses. Solv- 
ing for v, 


> j > 
> mAYai BYBi 
ma + m 


Changing the vectors to magnitudes, and noting that 


v and Vai are in the opposite directions 


Ai 
y = E e T 
DFB 


where Vai is in the positive x direction. Therefore, 


y = {5 kg) (2 m/s) - (3 kg) ( 2 m/s) 
8 kg 


v= .5 m/s 


Since v2 is positive, the system moves to the right 


after the collision. The kinetic energy of body A before 
the collision is 


1; mvi i = (%)(5 kg)(4 m?/s?) = 10 joules 
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and that of body B is 


k MVRi = (33) (3 kg) (4 m?/s?) = 6 joules 


The total kinetic energy before collision is there- 
fore 16 joules. 


Note that the kinetic energy of body B is positive, 
although its velocity Vi and its momentum mv,4 are both 


negative. 
The kinetic energy after the collision is 


4 (m, + mp) V? = (8 kg) (.25 m?/s?) = 1 joule 


Hence, far from remaining constant, the final 
kinetic energy is only 1/16 of the original, and 15/16 
is "lost" in the collision. If the bodies couple to- 
gether like two freight cars, most of this energy is 
converted to heat through the production of elastic 
waves which are eventually absorbed. 


If there is a spring between the bodies and the 
bodies are locked together when their velocities be- 
come equal, the energy is trapped as potential energy 
in the compressed spring. If all these forms of energy 
are taken into account, the total energy of the system 
is conserved although its kinetic energy is not. However, 
momentum is always conserved in a collision, whether or not 
the collision is elastic. 
@ PROBLEM 322 


A lump of clay of mass 30 gm traveling with a velocity 
of 25 cm/sec collides head on with another lump of clay 
of mass 50 gm traveling with a velocity of 40 cm/sec 

in exactly the opposite direction. If the two lumps 


coalesce (a) what is the velocity of the combined lump 
after the collision, assuming that no external forces 
act on the system? (See figure.) (b) What is the 
energy lost due to collision? 


+ 
30 gm 
+25 cm /sec -40cm/sec v 
FIGURE A FIGURE B 
50 
-a 80 gm 


Solution: (a) Although all the velocities are in the 
same straight line, it is important to remember that 
momentum is really a vector and to distinguish care- 
fully between positive and negative directions. Choose 
the positive direction to be to the right, in the same 
direction as the initial velocity of the 30 gm lump of 
clay. Then, 


Initial momentum of 30 gm lump = (30 gm) (25 cm/sec) 
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750 gm - cm/sec 


Initial momentum of 50 gm lump (50 gm) (- 40 cm/sec) 


- 2,000 gm-cm/sec 
Therefore, total initial momentum = 750 gm-cm/sec - 


2,000 gm-cm/sec 


- 1250 gm-cm/sec. 


If V is the velocity of the combined 80 gm lump after 
the collision, 


Momentum after collision = (80 gm)V 


The law of conservation of linear momentum assures 
that the total momentum of the system before collision 
is equal to the system's momentum after collision. 


Equating the total momentum before to the total 
momentum after the collision, 


- 1250 gm-cm/sec = (80 gm)V 
V = - 15.6 cm/sec. 


The negative sign indicates that the combined lump 
is really traveling to the left in the diagram. There- 
fore, after the collision the combined lump has a 


velocity of 15.6 cm/sec in the same direction as the 
initial velocity of the 50 gm lump. 


(b) The energy lost in the collision is just the 
difference between the kinetic energy before collision 
and the kinetic energy after collision: 


AE = Ej - Ey = [= (30 gm) (25 cm/sec)? + (50 gm) 


(- 40 cm/sec) ?] - (80 gm) (-15.6 cm/sec) ? 


49,375 ergs - 9,734 ergs = 39,641 ergs 
© PROBLEM 





Show that momentum is conserved in a chemical reaction in 
which the atoms of the reactants are rearranged or ex- 


changed while conserving the total mass. We assume that 
there are no external forces (see Figs. A,B). 


Fig. A » g- 
After 


After Fig. B 
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Solution: Let the reaction be represented by 





A + BC + B + AC 


where BC means a molecule consisting of atoms B and C. In 
the reaction, atom C attaches itself to atom A to form AC. 
In the inertial frame of Figure A, let us write the 
equation of conservation of energy before and after the 
collision (here, the final total energy should also 
include the energy lost during collision) 


Ei = Eg or 


2 2 2 2 
Ma VA + xí + Mo) “ac = MWe + (My + Mo) “ac + Ae 
Here Ac represents changes in the binding energy of the 
molecules taking part in the reaction. In a second 
inertial frame moving with velocity V with respect to 
the first the new velocities of the particles will be 
their velocities in the old frame minus the velocity of 
the old frame relative to the new one. With this re- 
placement of Vn by v, - V, etc. the law of conservation 


of energy in the new frame is(Fig. B). 
st, (va - vy)? + + (Ht, + Mo} sc - v)? 
= smp fwg - v)? + (4, + Ma} (nc - v)? + Ae 


On writing out the squares of the quantities in 
parantheses and comparing this equation with the 
previous one, we see that the two equations are con- 
sistent if 


MaYa + ( + Mc) Vac = Mav, + (ma + Mo) wac 


which is exactly a statement of the law of conservation 
of linear momentum. 


@ PROBLEM 324 


Suppose a particle of mass m, initially travelling with 


velocity v, collides elastically with a particle of mass 
m initially at rest. Prove that the angle between the 
velocity vectors of the two particles after the collision 
is 90°. 


> 
Before After Yue 
y S y 
10 m 
O—> O zn 8 
m m 
= > 
Vaf 
Solution: Whenever we are confronted with a collision 


problem, we may apply the law of conservation of momentum 


322 


if no external forces act on the system. External forces 
are forces which act upon the system being considered 
(in our case, the system consists of the 2 masses) that 
are due to the environment external to the system. (i.e. 
friction). Because no external forces are acting in this 
problem, we may use this conservation law, „which is 
written mathematically as 


Pio + B20 = Big $ Bag (1) 


In this equation, P4 and Po are the initial momenta of par- 
ticles 1 and 2,respectively,and p4 and P2 are the final 
£ T 


monenta of particles 1 and 2, respectively. Note two 
things: first, momentum is defined as the product of the 
mass of a particle and its velocity (i.e.p = mv) 


and, secondly, because v is a vector (ie. it 
has direction and magnitude, as in 50 mph EAST), 


> . 
p is also a vector. 


Applying equation (1), and noting that Ves is 0 
because particle 2 is initially at rest, we may write 


Pio = Pig + Bog (2) 


Now, we have still not used one last bit of in- 
formation. The collision is elastic, and, whenever this 
is the case, kinetic energy is conserved. The law of 
kinetic energy conservation may be written mathematically 
as 

i. 1 1 
-y Mm Vio? + -7 Me V207 = + mı vug + eM V2 (3) 
where Vio; Vigr V2or Vie have the same meaning as previ- 


ously. Using this equation, we obtain 


1 2 
a Mi Vio 


= -J M Vig? + Mm Vag? (4) 


But m; = m, = m, hence 


1 $ 
zm Vio. = > Vig? + = m Vag? (5) 
W397 = Vig? + V2g? (6) 


Rewriting equation (2), we find 


m Vio =M Vig +m Vog (7) 


Vie = Vig * Vag (8) 
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We now want to express equation (8) in terms of 
magnitudes. To find the magnitude of a vector, we multiply 
it by itself, using the dot product, and take the square 
root. The dot product of 2 vectors is defined as 

K - Š= AB cos 9 


where A is the magnitude of i, B is the magnitude of B, 
and @ is the angle between Å and B. Note that 


K - K = (A) (A) = A? 
because, in this case, 0 = 0° and cos 0° = 1. 


Now, dotting each side of equation (8) into itself, 
we find 


Vio s Nive = (Fre E Sag) e i + Fae) (9) 


or Vio = Vig? + Veg? + Wie . Vor (10) 
Subtracting equation (6) from (10) 


vier = vig? + Vie? + 2¥i g s Vag 
- V = Vig” + Vie 
> > 
0 = 2Virg . Vig 
or Vig ws Vor = 0 (11) 
Vig V2¢ COS 6=0 (12) 


But because Vig, Vig # 0, this means that cos6 = 0 


or 8 = 90°, as was to be shown. 
@ PROBLEM 325 


A space probe explodes in flight into three equal por- 
tions. One portion continues along the original line of 
flight. The other two go off in directions each inclined 
at 60° to the original path. The energy released in the 


explosion is twice as great as the kinetic energy possess- 
ed by the probe at the time of the explosion. Determine 
the kinetic energy of each fragment immediately after the 
explosion. 





Solution: Take the direction in which the probe is mov- 
ing immediately prior to the explosion as the positive 
x-direction and the point at which the explosion takes 
place as the origin of coordinates. Let M be the mass of 
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the probe and let the quantities applicable to the probe 
and its fragments be given subscripts as in the diagram. 
Momentum must be conserved in the x-direction, the 
y-direction, and the z-direction independently. It 
follows that Vi, V2, Və, and V must be coplanar and that 


MV = 3 MV, + p MV, cos 60° + 2 MV, cos 60° and 
4 MV2 sin 60° = } MV, sin 60°. 

From the second of these equations V, = V2, and thus the 
first equation becomes 


MV = $ MV; + $ MV2 cos 60° + $ MV, cos 60° 
= $ MV, + p MV, cos 60° 
= 5 MV, + 4 MV: (%) = $ MV, + 5 MV2 
2x72 
But E=} Mv? =M- or Mv = /2ME. 
Similarly, 
es: eh M*Vvi 3 M*vi 1 
a. = a (3]vt = tea = —a— [5] p 
4 MV; = k: ME, 


and ł MV; = 3 ME, 
The first equation thus becomes 


/ ime, + /2 we, or VÆ = VE; + MEn. 


<.. 3E =E; +E, + 2VE,E2 . 


The original kinetic energy of the probe plus the 
energy released by the explosion must equal the sum of 
the kinetic energies of the fragments, since no energy 
can be lost in the process. (That is, we assume an 
elastic "collision" occurs.) Hence 


E + 2E = 3E = E, + E; + E3 = E, + 2E2. 
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°. E, + 2E2= E; + E2 + 2VE\E3 or E: = 2VE\E>2- 


.°. E = 4E,E. or E, = 4E). 


Thus, 3E = E, + 2E2 = E, + 8E, or E, = ; E. 
‘oe E2 = $ E. 


Thus the fragment that continues in the line of flight 
has one-third of the original kinetic energy. The other 
fragments each have four-thirds of the original kinetic 
energy. The sum of these kinetic energies is three times 
the original kinetic energy, as required by the conserva- 
tion principle. 


© PROBLEM 326 


The ballistic pendulum (see figure) is a device for mea- 
suring the velocity of a bullet. The bullet is allowed 
to make a completely inelastic collision with a body of 
much greater mass. Find the bullet's velocity before the 
collision. 





ion: The momentum of the bullet-block system 
immediately after the collision equals the original 
momentum of the bullet since the block is initially at 
rest. Although the ballistic pendulum has now been super- 
seded by other devices, it is still an important labora- 
tory experiment for illustrating the concepts of momentum 
and energy. 

In the figure, the pendulum, consisting perhaps of a 
large wooden block of mass m', hangs vertically by two 
cords. A bullet of mass m traveling with a velocity v, 
strikes the pendulum and remains embedded in it. If the 
collision time is very small compared with the time of swing 
of the pendulum, the supporting cords remain practically 
vertical during this time. Hence no external horizontal 
forces act on the system during the collision, and the 
horizontal momentum is conserved. Then,if V represents 
the velocity of bullet and block immediately after the 
collision, 

mv = (m + m')V, 


by the principle of conservation of momentum. Hence 


2 mv 
v= inet uh 


The kinetic energy of the system, immediately after the 
collision, is 


E, = Lim + m')v2. 
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The pendulum now swings to the right and upward until 
all of its kinetic energy is converted to gravitational 
potential energy. (Small frictional effects can be 
neglected.) 


Hence 1 2 
5 (m +m')V~ = (m + m')gy, 


< 
li 


2gy 
By (1) 2:3 


meee <<. 2gy 
(m + m') 


a E 2gy(m + m' sé 


m 
v = mim) Y2gy. 


By measuring m, m', and y, the original velocity v of 
the bullet can be computed. 


Itfa important to remember that kinetic energy is 
not conserved in the collision. The ratio of the kinetic 
energy of bullet and pendulum, after the collision, to the 
original kinetic energy of the bullet, is 


Zim + m') v? x i : 
en Ma a ob. aaa o. 


Thus if m' = 1000 gm and m = 1 gm, only about one- 
tenth of one percent of the original energy remains as 
kinetic energy; 99.9% is converted to heat. 


© PROBLEM 327 





A bullet weighing 4 g is fired at a speed of 600 m/s into 
a ballistic pendulum of weight 1 kg and thickness 25 cm. 
The bullet passes through the pendulum and emerges with 
a speed of 100 m/s. Calculate the constant retarding 
force acting on the bullet in its passage through the 
block, and the height to which the pendulum rises. 


A ¥, 


(A) before collision (B) instant after collision (C) pendulum has risen 
to its maximum 
height h 
Solution: The ballistic pendulum is used to measure 
bullet speeds. The three stages of the motion of the 
system are as shown in the diagram. In the first stage, 
the bullet of mass m approaches with velocity V the 
ballistic pendulum of mass M. In the second, the bullet, 
having passed through the pendulum, is moving off with 
velocity Vı, leaving the pendulum just starting to move 
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with velocity ¥2. Since momentum must be conserved, 
— -> 
mV = mv; + Mvo. 


mg (V = v1) 
sc” V2 = Navel 
_ å x 10-3 kg (600 - 100)m/s_ _ 
I kg 2 m/s. 


In the third stage, the pendulum, which has acquired 
kinetic energy % Mv3, swings through a certain angle such 


that the bob loses all its kinetic energy but gains an 
equivalent quantity of potential energy in rising a height 
h, in accordance with the principle of conservation of 


energy. But = Mgh = Mv}. Therefore h = Yv3/2g = 0.45 m 
= 45 cm. The loss of kinetic energy as the bullet passes 
through the pendulum is 
k% mV? - & mv? - & Mv} 
-3 
= 4x107 kg (600? -100?) m?/s? 


- 159 x 4 m?/s? = 698 J. 

By the principle of conservation of energy, this quan- 
tity of energy must represent the work done against the 
retarding force,F, as the bullet pushes its way through 
the pendulum. Thus, 


W=F +S =F x 0.25 m= 698 J or 


4m! x 698 J = 2792 N. 


F 


@ PROBLEM 







A star of mass 2 x 10°° kg moving with a velocity of 
2 x 10" m/sec collides with a second star of mass 


5 x 103° kg moving with a velocity of 3 x 10" m/sec 
in a direction at right angles to the first star. If 
the two join together, what is their common velocity? 


Before lst star After 
2nd star 2x 10%kg 
5 x 10%” kg 
3x10" 7x10% kg 
msec | 
pS lees a = 
3x 10* =H E 
msec? 
p,= 15x 10™ v 


TAR 
a Two stars colliding 
P= 4x10 


Solution: The figure shows the situation before and 
after the collision. The momentum of the first star 15 
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pı = mvi = (2 x 10°° kg) (2 x 10* m/sec) 


4 x 10°* kg-m/sec 


and is depicted in a vertical direction. The momentum 
of the second star is 


mov2 = (5 x 10°° kg) (3 x 10° m/sec) 


P2 


15 x 10°" kg-m/sec 


and is depicted in a horizontal direction. The vector 
diagram shows how to add the initial momenta of the 

two stars. The total momentum of the system of the two 
stars before the collision is represented by the re- 
sultant in the triangle of vectors. According to the law 
of conservation of momentum this also represents the 
momentum of the single star resulting from the coa- 
lescence. 


Applying Pythagoras' theorem to the triangle of 
vectors, the magnitude of the total momentum is 


(Vee F 15%) x 10°" = 15.52 x 10°" kg-m/sec. 


Since the combined mass is 7 x 10°° kg, the 
velocity after coalescence is 


1552x210" 
7 RELOS 


= 2.22 x 10" m/sec. 


To obtain the angle 6, notice that 


34 
tan 6 = _ 4 x loit 
15x: 10°* 
= 0.2667 
Whence @ = 14.93°. 


Therefore, the single star resulting from the coa- 


lescence moves with a velocity of 2.22 x 10" m/sec 
in a direction making an angle of 14.93° with the direc- 
tion in which the second star was initially moving. 


e PROBLEM 329 


A nail of mass M is driven into a board against a constant 
resistive force F by a hammer of mass m which is allowed 
to fall freely at each stroke through a height h. The 
hammer does not rebound after striking the nail. Find the 


distance the nail is driven in at each blow. 

Show that the total energy expended in raising the 
hammer during the operation of driving the nail fully in 
to a depth d is independent of the value of h, and can be 
decreased by making the hammer more massive. 





Solution: The hammer falls through a height h, losing 
potential energy and gaining kinetic energy. By the 
principle of conservation of energy, mgh = ¥% mv”, and 
that the hammer strikes the nail with a velocity v, where 
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v = Yv2gh. An inelastic collision takes place and momentum 
is conserved, so that mv = (m + M)V. Therefore the kinetic 
energy of hammer and nail together, after the impact,is 

yr 


k% (m + M)V? i E 


When the hammer hits the nail, we assume it loses all its 
kinetic energy. This energy is converted into the work 
necessary to drive the nail a distance x against the re- 
sistive force F. If the hammer drives the nail this 
distance x at each stroke, then we have from the work- 
energy theorem, 


> 2 


W=F-xX=- Fx 0 i yale 


2 
m+mM ” 
since the final kinetic energy is zero and F opposes the 
nail's displacement. Solving for x and substituting v = 


Y2gh, we have 


g = oes) ote 
2F(m + M) F(m + M) * 

If it requires n strokes to drive the nail fully home 

a distance d, then 


nghm? 


Fim + ™) (1) 


d = nx = 


But the energy E supplied to the system is that energy 
required to raise the hammer n times through a height h. 


h 
ch us, = wn 


In equation (1), solve for nmgh. Then 


Fd(m + M) 


M 
n “f+ Fas: 


E = 


Thus the energy does not depend on h and will be 
decreased if m is made larger. 


@ PROBLEM 





A rifle weighing 7 pounds shoots a bullet weighing 1 ounce, 
giving the bullet a speed of 1120 feet per second. 

(a) If the rifle is free to move, what is its recoil 
speed? 

(b) If the rifle is held tight against the shoulder 


of a man weighing 133 pounds and if he were free to move, 
what would be the recoil speed of the rifle and man? 

(c) If the bullet imbeds itself in a block of wood 
weighing 3 pounds and 7 ounces and if the block were 
free to move, what would be the speed of the block plus 
bullet? 


Solution: The law of conservation of momentum may be 
applied in an isolated system where no external forces 
are applied. 


(a) The momentum of the gun plus bullet before firing 
is zero, and it is therefore also zero after firing. The 
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momentum after firing is 


Mullet * Ypullet a Moun > Vgun =e (1) 


Since the law of conservation of momentum involves 
mass and not weight, we must convert weight into mass by 
dividing by the acceleration of gravity 


(x = z) - Therefore 
lb 
Mp Hee “=a -001953 slugs and 
- 32 ft/s? 


a LR « s slugs 


M 
gun : "32 ft/s? 
Equation (1) then becomes 


.001953 slugs X 1120 ft/sec + 7/32 slugs x Ta iO 


whence 


vaun = - 10 ft/sec, or 10 ft/sec backwards 


(b) The momentum after firing is 
M ullet* Vbullet * Moun + man * Ygun + man ` onog 


.001953 slugs Xx 1120 ft / sec + (22 slugs+ = siugs) 


x a0 = 
whence gun + man 


Ygun + man ~ ~ 0.5 ft/sec, or 0.5 ft/sec backwards 


(c) The momentum of the bullet before the collision 
with the block is 


Murer X Vaule = -001953 slugs x 1120 ft/sec x 32 ft/s? = 70 lb-ft/sec 


The momentum after collision is the same, 70 lb-ft/sec. 


Then 
0 SEER 7 SSS |= [Meare + pock} * broavige + A 
S12 7 
-(33 slugs + > slugs + 2 slugs) £ EEA 
whence 


(ane i pi = 20 ft/sec forwards. 


© PROBLEM 331 









When a block of wood of mass 1 kg is held in a vise, a 
bullet of mass 10 g fired into it penetrates to a depth 
of 10 cm. If the block is now suspended so that it can 
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move freely and a second kullet is fired into it, to wha 
depth will the bullet penetrate? (The retarding force in 
both cases is assumed constant.) 






Solution: The wood exerts a constant retarding force È 
on the bullet. The work this force does on the bullet is 
equal to its change in kinetic energy in accordance with 
the work-energy theorem. This work is given by 


> 


W=F. Š (1) 


where $ is the distance the bullet penetrates the block. 
Since the force acts in a direction opposite to the path 
of motion of the bullet, equation (l) reduces to 


W=- Fs 


In the first case, all of the bullet's kinetic energy is 
converted to heat due to the work done on it by the re- 
tarding force. If the distance the bullet penetrates the 
block is d,, then the work done on it is 


W, = - Fd, k% mv? - kmv? = 0 - & mv? = - mv? 


Fd, 45 mv? (2) 


where v is the bullet's initial velocity and v, is the 


bullet's final velocity, which equals zero since the 
bullet comes to rest in the block. 


In the second case, the bullet's final velocity, v2, 


is not zero. Even after it stops inside the block, it 
has a speed since the block is now free to move and the 
bullet moves with it. Since there are no external forces 
acting on the system, the principle of conservation of 
momentum can be applied. This is an inelastic collision 
where the block and bullet move together with the same 
final velocity, v2. If the bullet's mass is represented 
by m and that of the block by M, then we have 


mv = (m + M)v2 (3) 
where v has the same significance as before. 


Further, the work done by the retarding force in 
stopping the bullet over a distance d2, must equal the total 
change in kinetic energy of the system. 

W. = - Fd. = 5(m + M)v3 - & mv? (4) 


Solving for v2 in equation (3) and substituting into 
equation (4) 








2 
- Fd, = (m + m [5 i] - k% mv? 
2 m? 
Fdp =h av = yd ev" (5) 
Dividing equation (5) by (2), we obtain 
Fd k% mv? - & lit v? 
ee ee 
Fay & mv? 
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Substituting the known values, we have for the 
distance dz that the second bullet penetrates 


M dı 


o AE Oa S S 
m+M ~ $ 


(0.01 kg + 1 kg) 
0.099 m = 9.9 cm 


d: = 





© PROBLEM 332 


Consider the collision of 2 particles of mass M, and M32, 
that stick together after colliding. Let Mz be at rest 
initially, and let vi be the velocity of M, before the 
collision. (l) Describe the motion of M = M, + M; 


after the collision. (2) What is the ratio of the final 
kinetic energy to the initial kinetic energy? (3) What 

is the motion of the center of mass of this system before 
and after collision? (4) Describe the motion before and 
after the collision in the reference frame in which the 
center of mass is at rest. 





Fig. 1: Before collision. Fig. 2: During and after collision. 
Fig. 3: Motion of the center of mass. Fig. 4: Center of mass 
system. 


Solution: The basic principle used in solving a 
collision problem is the law of conservation of total 
momentum. This principle may be applied to any collision, 
so long as there are no external forces (forces due to 
the outside environment) acting on the system. 

From figures (1) and (2), we see that the initial 


momentum is MıVı, and the final momentum is (M, + M2)V, 
and we obtain 


Miv, = (M) + M2) V 
Mı $ 
"á M, + M: y, 


> 
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Hence, (M; + M2) moves with velocity v, parallel to 
Vie 


(2) The kinetic energy kg after the collision is 


M,*v,2 
k 
£ 


% (M; k M3) v? =k (M, + M3) Á 
(M; + M3)? 
M, 2y, 2 1 2 


Ke S 2 (M; + M2) 


The initial kinetic energy, k; is %4 Mıvı?, hence 


1 


Bs Bee ae . l = ~~ 
ki 2 (Mı + M2) k% Mvi? Mı + M2 
kg M2 

ki = 1 > t 


The difference, ki -i Ker is lost to increased internal 
motion in the (Mı + M2) system (i.e. internal excitations 
and heat). When a meteorite (Mı) strikes and sticks to the 
earth (M,), essentially all the kinetic energy of the 


meteorite will be lost to heat in the earth. This follows 
from the fact that if M, >> Mı, 


By Eo ee S ~ te 
k Mı + M: M2 jy 
+ + M 
Hence, kg ~ 0 and all the initial kinetic energy is 


transformed into heat. 


(3) The center of mass of a system of particles is a 
fictitious point whose motion is supposed to describe 

the trajectory of an imaginary bag which contains all 

the particles in that system. As the particles move 
around, the shape and the volume of this bag changes but 
not its momentum. The interactions of particles among 
themselves cannot result in a net-resultant force or 
change in momentum of the bag as a result of the action- 
reaction principle (for each force exerted on one particle 
by the others, there is an equal and opposite force 
exerted by this particle on the others). Furthermore, 

the collisions of particles with each other conserve the 
momentum of the colliding particles in each collision and 
cannot change the total momentum of the bag. In this way, 
we can view the motion of the center of mass as represent- 
ing the net effect of only the external forces on the 
system. If there are no external forces, then the center 
of mass will not change its velocity, irrespective of 

the final velocities of the particles. 


The position of the center of mass is given by 


Sum of all m.V. 
ti 


R 
cm Me 
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where m; and ie are the masses and the positions of 


individual particles, M, is the total mass. In our problem, 


let the collision take place at the origin of our coordi- 
nate system and at time t = 0. After the collision, the 
center of mass will just coincide with the mass (M, + M2) 


and we have 
Mı 
+ > 
Tae ga vt 
The center of mass velocity is 
> 
* 3 Sum of all Pi 


cm M- 


where Š; are the individual momenta. For our problem 


ee eee 
Yom M, + MM,“ 


This expression for the velocity of center of mass 
will be true for all times, i.e. also before the collision 
(for which t < 0). 


(4) In this reference frame Voom = 0. (This reference 

frame is attached to the center of mass of the system.) 
The new velocity of M, with respect to this observer 

will be the velocity of M, in the old frame minus the 


velocity of the c.m. frame with respect to the old frame 
or 
M2 3 


= ——— vV 
cm M, +M, } 


> > 
pF Ve oY 


and,for M2 


Wh oe es ee 
cm cm M; + M; 
This result for üz could be guessed right away. 
When the observer was in the old frame, M2 was station- 
ary. As the observer moves with ae with respect to the 
old frame, then with respect to this observer M2 will 


appear to move in the opposite direction with equal 
speed: 
w oe ow 
U2 = Vom" 
The total momentum Ptotal in this system should add 


. = : : 
up to zero since Van is zero; indeed we have 
> > > 
Ptotal 7 Miui + M2u2 
MıM2? , Mi M2 
"he Mo “Sp eae.” © 


The advantage of the center of mass frame is that 
the total momentum in it is zero. 
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© PROBLEM 333 


A 3.60 x 10* -kg rocket rises vertically from rest. It 
ejects gas at an exhaust velocity of 1800 m/sec ata 
mass rate of 580 kg/sec for 40 sec before the fuel is 
expended. Determine the upward acceleration of the 


rocket at times t = 0,20, and 40 sec. 





Constant Mass System ~ "S 
Solution: Suppose a rocket is travelling with a velocity 





v relative to a stationary cooordinate system (S), and 


emits fuel at velocity ù with respect to the rocket (S') 
(see figure). The exhaust velocity with respect to S, W, 
is the exhaust velocity with respect to S' plus the 
velocity of S' with respect to S or 

> + > 

w=u+v. 
Now that we know all the velocities with respect to a 
stationary frame, we may use the law of conservation of 
momentum in this frame to find the velocity of the 
rocket after a mass Am has been emitted. 

At t = 0, no fuel has been emitted and the initial 
momentum of the fuel-rocket system is 

By = Mv. 

At t = At, a mass AM (where AM > 0) of fuel has been 
emitted and travels with velocity w. The rocket now has 
mass M - AM and travels with a velocity ¥ + Av. The 
momentum is then 


Be = M- AM) (v + Av) + AM(w) 


or B, = M- AM) (È + AF) + AM(U + V) 


Hence, the change in momentum is 
AÈ = B, - B, = (M- AM) (F + Av) + AM(U + ¥) - MV 


> > > > > > > 
My - AMv + MAV - AMAv + uAM + vAM - Mv 


MAY + Ù AM - AMAV 


> > 
AB O Av , > AM _ AMAÑ 
Then e 7 ™ at * * it At 


Taking the limit as At + 0 
> > > 
dP _ j; AP _ dv > dM 
dE gen ee a 


> 
AMAv 
At 





because + 0 as At > 0, whence 
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> > 

È _y av , 3 am 
ae ~ “ae t+" at 

But, for a constant mass system, which our's is, (see 
figure) the time rate of change of momentum of the 
system equals the net external force on the system and 
dv . + aM 

de GE Fant (2) 


M 
In this equation, dv/at is the rocket's acceleration, M 
is the instantaneous mass of the rocket, . ee is the net 


force on the fuel-rocket system, and dM/dt is the rate of 
change of the rocket's mass. Note that in (1), dM/dt > 0 
due to our derivation. Hence, we may replace dM/dt by 
- dM/dt if we redefine dM/dt to be less than zero. Then 

> 


OY i> dM = > 
M ae 7 4 at = Fext 


> 
ay > dM 
on u = Po FEE (2) 


... + aM 5s : dv 

We define u at as the rocket's thrust. Solving for at 
> 

dv 2. Fext 


aM 
ae AS. i 


ae (3) 





mist 


For our problem, Pre = - Mg}, where } is a unit 
vector in the positive y direction. Furthermore, if the 


rocket is propelled straight up, ù=- ut. Hence, 
> 
aM u dM 
ov =-9§ -Hig7- 3 Ẹ +i S) (4) 


Note that since M is a function of time, av/dt will also 
be time dependent. 


At t = 0, M= 3.60 x 10% kg 


> 
= av fn 23m x (1800 m/s) [- ss sa 
S (3.6 x 10* kg 


ax = - Ĵĵ (9.8 m/s? - 29 m/s?) 
SY = 19.2 m/s? ĵ 


At t = 20 secs, M = 3.6x 10" kg - (580 kg/s) (20s) 


3.6 x 10? kg - 11.6 x 10° kg 


24.4 x 10° kg 


+ 
ain < = - 4 (28m , (1800 m/s) (- 580 sa) 
Ss? (2.44 x 10" kg) 


- 9 (9.8 m/s? - 42.79 m/s?) = 32.99 m/s? 9 
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At t = 40 secs, M 3.6 x 10* kg - (580 kg/s) (40s) 


3.6 x 10° kg - 2.32 x 10° kg 


1.28 x 10° kg 


+ 
xa ar = - 5 |28 m , —(1800 m/s) (- 580 zg) 
s? (1.28 x 10" kg) 
AV ne Be eg 2 
a = 3 (9.8 m/s 81.56 m/s*) 
+ 
GY = 71.76 m/s? 3 


In this example we have neglected air friction and the 
variation of § with altitude. 


@ PROBLEM 334 


In the first second of its flight, a rocket ejects 


1/60 of its mass with velocity of 6800 ft/sec. What is the 
acceleration of the rocket? 





Solution: The acceleration of the rocket at any time is 


A 
av _ Text , Ù am (1) 
dt M M dt 








where M is the instantaneous mass of the rocket, Bo 


is the net external force on the rocket-fuel system, ù 
is the exhaust velocity of the fuel, and dM/dt is the 
time rate of change of the mass of the rocket. 


In our case, A = - Mgj where jf is a unit vector 
pointing up from the surface of the earth. Also u=- uj: 
Then 

> 

Gv MG a Ue GM u dM 

ae --m a E j [s +H g 
Now, after the first second of flight, 

Mo 
-= sabe a ee 

BoM" 35 a0 
where Mọ is the mass of the rocket at t = 0. Also, 

aM 1/60 Mo My 


dt ~~ I sece ~~ 60 sec 


where the negative sign accounts for the fact that M 
is decreasing as time increases.Hence, 


av _ _ 5 |32£ , (6800 £/s Mo 
dt 59 Mo ~ 60 sec 


2 
s 60 





- 9 (32 £/s? - 115.2 £/s?) 
83.2 f/s? 3 
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In an experiment, a block of beryllium is bombarded with 
G-particles. A nearby block of paraffin, shielded from 
the o-particles, is observed to be emitting protons and 


nitrogen nuclei in separate events. The ratio of the 
velocity of the proton to that of the nitrogen nucleus is 
measured to be 7.5. It is suspected that this is a result 
of a chargeless particle being emitted by the beryllium 
and absorbed by the paraffin. What is the mass of this 


particle? 
eo 
@—| | œ 
ON 





2 BERYLLIUM PARAFFIN 2 
Solution: Let the mass of the unknown particle be m and 


Its velocity v. 


Paraffin contains many hydrogen atoms (for it is a 
hydrocarbon). Hence we assume that protons are emitted 
after a head-on collision with one of the hydrogen atoms, 
(initially at rest). The momentum of the unknown 
"particle-hydrogen" system, before the collision, must 
equal the total momentum of the system after the collision, 
by the law conservation of momentum. 


p + mu' (1) 


mu = m u 
P 


where Up and v' are the new velocities of the emitted 
proton and of the unknown particle, respectively. By con- 
servation of energy, the sum of the kinetic energies of the 


particles before the collision must be equal to the total 
kinetic energy after the collision or 


d ae 1 \2 d '2 
5 mM? = 5 (mpte ) + = mu (2) 


Equation (1) is rewritten as 


m 
uy = N (3) 
and (2) as 
m 
v2 - v'2 = E vy? (4) 


Dividing (4) by (3) gives 
v+ov' =v! (5) 
Then combining (3) and (5) we obtain 


m +m 
v= Pu (6) 
2m p 
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Similarly for the collision with the nitrogen atom we 
obtain 


My + m 


0 = ee (7) 


Thus from (6) and (7) 


Xp my +m 
Uy mo +m 


This ratio equals 7.5 so that 


my +m 
15° e 
pP 


405 m,, +7.5m= My +m 


7.5 mo -M 25 6.5 m 
my - 7.5m 
a: a 
6.5 n 
But my = 14.008 amu 
m = 1.008 amu 
Hence, m = sie amu = .99 amu 


2 my - 7.5m 
oo ee Me PAPEN 


In other words the unknown particle has a mass almost 
identical to that of the proton. The particle is called a 
neutron, and actually has a mass larger than the proton by 
about 0.18 per cent. 


Show that the principle of conservation of momentum results from 


the principle of conservation of kinetic energy and the Galilean trans- 
formation. 





"p 


2 
R 





Figure A 


Figure B 


Solution: Suppose we observe a collision from two separate frames of 
reference, S and S', moving with a relative velocity V see figure (B) . 
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The position of a particle relative to S is related to its position 
relative to S' by see figure (A) . 


r=r'+R (1) 
Differentiating (1) with respect to time, 

yvavev (2) 
where v : and v are the velocity of the payticle relative to S' and 


S respectively. Equations (1) and (2) constitute the Galilean trans- 
formation. 


We apply the principle of conservation of kinetic energy in frame 
S see figure (B) , or 


b MV Vag t oa Vor T MaVee Var * Ve Vof (3) 


But, from (2) 


Ven a? HV Vice vot 

ai ai af af (4) 
~ Fs a = - a =, -_ 

oP ees ache Vie =e? * 


Substituting (4) in (3) 
me (V + v y(wi,t V)+ meV + Vy, + V) = M (Vie + Vwi gt Vv) 
+ (Ve + LEAP + v) 
Mv! * vi, + IM Ve Vey + aM, + mv eV MV y 
+ M Yii -V 
= Mvi e Vag t Pie Vie +a, + M,C > V 


> + ~ =, à 
a V+ Me A 


or 


Rewriting this last equation: 

a 3 code csp z =, oe a. ; - 
mo a Moa + v * he T Ces? My) Y = 
ae j ati -i ‘ ae =F =, 3 -+ 

Movie + Vig t MMe Voe t(n * r) 


(5) 


Now, if conservation of kinetic energy holds 
OEEZ S pa J ey Ay Troy Dı ie ee 
mvt, e Vag + PAY bio Maar © Yat POWE "ot 
and (5) becomes 
=e A s = > et, =e 3 -+ 6 
(Mai ¥ Moves) y (MaYa 6 MYbe ) y (6) 
But, since V is an arbitrary vector (6) holds for all V and we obtain 
the principle of conservation of momentum in frame S' 


at yan oe a 
Mvr Mr Aar t (7) 
Note also that S' is an arbitrary frame, and, therefore, (7) holds in 
all frames. 


e PROBLEM 337 


What is the angular deflection of a light beam or 
photon which passes by the sun at its edge? 


Solution: This problem involves a photon moving with 
the velocity of light in a gravitational field. We 
do not get the correct answer without doing a careful 
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calculation using special relativity, but we can get 
the order of magnitude of the correct answer by a 
naive calculation. 


Suppose that the photon has an effective mass Mii 
it will turn out that M, drops out of the calculation 


of the deflection and thus we do not have to know what 
it is. Let the light beam pass the sun at a distance of 
closest approach, ro, as measured from the center of 


the sun. We suppose that the deflection will turn out 
to be very small, so that ro is essentially the same as 


if the light beam were not deflected. The force F on 
the photon at the position (ro, y) is 


2 G MM, 
(i + y’) 
The transverse component,F, ,is 
GM GM Y 
Fe = = es. cos 0 = - e e eE 
(i + y’) (i + y*) (i + y’) 
Yo 


- GM a ee ee 
so (x3 + y?) 3/2 





where y is measured from the point P,as in the figure. 


The final value of the transverse velocity 
component Wy of the photon has the value given by 


( 
_ $ dy & 1 
MV, | F, at | Pa oe f r ay 





c 
Y 
so that 
co 
~ 2M To a 2GM, 
= o ti eo et eee OENE 
vV, ~= — = 
> g are ta sis 


ANGULAR MOMENTUM 


@ PROBLEM 338 


A satellite of mass 3 x 10? kg moves with a speed of 


8 x 10° m/s in an orbit of radius 7 x 10° m. What is the 


angular momentum of the satellite as it revolves about 
the earth? 
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Solution: The angular momentum of an object about a point 
s defined as 
> > a 
L=rx*p 


where p is the linear momentum of the object and r is th 
distance vector from 0 to the object. In this problem, 
and P are perpendicular, hence the magnitude of is 

L = rp = r(mv) = mvr. 


The known observables are mass, m = 3 x 10° kg; speed 


v= 8 x 10? m/s; and orbit radius, r = 7 x 10° m; therefore, 


L = mvr = (3 x 102 kg (8 x 10° m/s7 x 10° m) = 


1.68 x 102" Js. 


© PROBLEM 339 





In the Bohr-atom model an electron of mass 9.11 X 10732 kg re- 
volves in a circular orbit about the nucleus. It completes an orbit 


of radius 0.53 xX 10710 m in 1.51 x 10716 sec, What is the angular 
momentum H of the electron in this orbit? 


+ + > > 
Solution: H=r%*p where p is the linear momentum of the electron, 
and £ is the vector from the proton „to the electron. Because the 
orbit of the electron is circular, r is perpendicular to p. Hence 


> 
|H| =H=rp=mrv 
But v = wr, where w is the angular velocity of the electron. 


The frequency of revolution is f = 2 , where T is the period, 


or the time it takes for the electron to make .one revolution in its 
orbit. In T units of time, then, the electron goes through an angle 


of 27m radians. Hence 


we 2t 
Sarp 
Therefore, 
2 ] 
H=mr w= (m) (EX?) = 
= (0.11 x 10” 31 xg) ——20 rad _ an = e, 53 x 107! n)? 
1.51 X 10° 
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SS ooo G 


34 


= 1.06 x 10° kg-m*/sec ý 


© PROBLEM 340 


A rod of negligible mass with length 2 meters has a small 2kg mass 


mounted on each end. 
(a) Calculate the moment of inertia of this rod about an axis perpen- 


dicular to the rod and through its center. 
(b) Find its angular momentum if the rod rotates about this axis with 
an angular velocity of 10 radians per second. 





2 kg 


ÅO X O 


b, meters ~ Rotational axis is perpendicular to page and passes through x. 
Solution: (a) Rotational inertia I of a system is defined as the sum of 
the products of the masses m of the particles in the system and the 
squares of their respective distances r from the rotational axis. 
Then 

I= Bm 


For the system shown in the figure, we have 

I = (2kg)(1m)® + (2kg)(1m)® = 4 kg-nf . 
(b) The angular momentum is defined as the product of the rotational 
inertia and the angular velocity w. Therefore the angular momentum L 
in this problem is 

L = Iw = (4 kg-nf )(10 rad/sec) = 40 kg-nf /sec . 


Note that angular momentum is analogous to linear momentum which equals 
the product of inertial mass m and linear velocity v. 


@ PROBLEM 341 





If the radius of the earth were to decrease by 5 percent 
what would be the change in the length of the day? 


Consider the earth to be a uniform sphere whose moment 
of inertia is I = 2/5 mR?. 


Solution: A dancer's technique of increasing her angular 
velocity by pulling her arms in to her side conveys the 
idea of conservation of angular momentum. The dancer is 
initially rotating at angular velocity wo, and she has 


a moment of inertia I,. After she pulls her arms in, she 
has decreased her moment of inertia to Ig We observe that 


she has an increased angular velocity, Wer and we may 
therefore write 


Iwo = TW, 
Since Iw is angular momentum, we have motivated the 
principle of conservation of angular momentum 


Lo = Ly 


where Lọ and Ly are the initial and final angular momenta. 


This general principle holds whenever no external torques 
act on the system which we are observing. 

In the present case, we may apply this principle to 
find the final angular velocity of the earth. We then 
relate this to the period of the earth's rotation, and, 
hence, the length of the day. 


544, 


Iowo = Tews 





2 
(2 ma} 09 = B mR? Ws 
Rea = REU g 
WwoR 
w = 
$ 2 
Re 
But Rg = Ro - .005Rọ since the final radius of the earth 
is .5% less than its initial radius. 
WoRo 
We = = 
(Ro - .005Ro) * 
woRs 
We el 
R (l - .005)? 
Wo 
wp = se 1.01 Wo (1) 
(.995) ? 


But angular velocity is defined as 

27 

T 

where it takes a body T secs to traverse 2m radians of 
angular distance. Hence 


Pe _ (20) (To 
Wo Tel pra 


Combining (1) and (2) 


To 


== (2) 
Tg 








To 
Tr = 1.01 
To 
or. Ta = 
fe age 


But Tọ is the time it took the earth to sweep out 27 


radians originally, before its radius decreased. This 
time is 1 day, and 


GB A 86400 secs _ 
Tr T.o1 TE es eh 85544.55 secs 


Hence, the change in the length of a day, is 


T. - Tọ = (86400 - 85544.55)secs = 855.45 secs 


f 
Tr - To = 14.28 minutes. 


© PROBLEM 342 





A man of mass 80 kg is standing on the rim of a stationary 
uniform circular platform, of mass 140 kg and diameter 8 m, 
which is free to rotate about its center. The man throws 
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to a companion on the ground in a direction tangential to 
the rim a package of mass 1 kg at a speed of 20 m-s~1 rela- 
tive to the ground. What angular velocity of the man and 
platform is produced in consequence? 

The man then walks so as to bring him to a position 
halfway between the rim and the center of the platform. 
What is the new angular velocity of the system? 





mv 


Solution: The package is thrown tangentially at a speed 


of 20 m-s 2 relative to the ground and consequently has 
an initial angular momentum about the center of the plat- 
form given by 


|I| =|F x mv|=|mvrsine!} = mvr = 1 kg x 20 m.s} x 4m 
= 80 kg-m*-s-, 
where @(=90°) is the angle between T and V. 


Since the platform is free to rotate about its center, 
there are no external (e.g. in the form of friction) forces 
acting on the man-package-platform system. There are no 
external torques acting on this system, but 

aL 
r = at 
where T is the sum of the external torques acting on the 
system. Thus aà 
9 = ab 
dt 
L = constant 


That is, the angular momentum of the system remains the 
same at all instances of time when no external force acts 
on the system. This is the principle of conservation of 
angular momentum. Since the man-package-platform system 
was initially at rest, L = 0. After the package is 
thrown, L must still be zero, thus the man-platform must 
acquire a momentum equal and opposite to the momentum of 
the package, to satisfy the condition that the L = 0 for 
the man-platform-package system at all times. The plat- 
form is a distributed mass, as opposed to the localized 
masses of the man and package (which to a very good 
approximation may be treated as point masses). The fol- 
lowing expression involving the moment of inertia I of 


the platform must then be used. (The moment of inertia 
accounts for this mass distribution). 
Iw = L (1) 


where I is the angular velocity of the platform due to the 
throwing of the package. (This is the rigid body analogue 
of linear momentum mv = p, where I corresponds to m, v 
corresponds to w and L corresponds to P.) I for the uni- 
form circular platform is 


ae 
I = yak 





where mı is the mass of the platform and R is its radius. 
For the man, the definition of moment of inertia for a 
discrete particle gives I, = m RÂ where m, is the man's 


mass. Then, since the man also revolves about the center 
with angular velocity w, equation (l) becomes 


(1) + I2)» = Ly + Ly = L ackage 
2 1 2 
(mR * * 9a ig je ï Lpackage 
(80 x 4? + 5 x 140 x 4? kgm? x w = 80 kg-m?-s 7, 


80 s+ 


ot sid. SAO Mert at) is ks 
= 30x 16+ 70x16 30 


iad-s L. 


If the man walks toward the center, his moment of 
inertia about the center decreases. At the halfway posi- 
tion, his moment of inertia is m, (3)? = (80 x 22)kgem?. 
But the angular momentum must stay the same, ang so the 
angular velocity must increase to w', and (m, R2) w 


=i "m 3)? ] : 


2 1 


(80 x 4? + $ x 140 x 4? )kgem? x w = (80 x 2? 


+ $ x 140 x 


x 4? )kg'm? x w'. 
= "ape = yg rads. 


© PROBLEM 343 


What is the angular momentum of a long thin rod that rotates 
as shown in the figure if it makes three revolutions per 
second? Assume that the mass of the rod is 2 kg and its 
length is 6 m. 





Solution: The angular momentum of an object about a fixed 
axis is 


L = Iw 


where I is the moment of inertia of the object about that 
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axis, and w is the angular velocity of the object. 
To calculate L for a long thin rod, we must first find 
I. By definition, 


I= | r2am (1) 


where dm is a mass element of the rod, and r is the distance 
of dm from the axis of rotation of the rod, z. The integral 
is evaluated over the total mass of the rod. If ọọ is the 
mass density of the rod, then by definition 


dm 
¢ = av 
and dm = pdv 


where dv is a volume element of the rod. If the rod is very 
thin, we may consider it to be one dimensional. Hence, 
using cylindrical coordinates (r, 6, z), 

dv = dr and dm = pdr. 





Using (1) 
*/2 
I= | or7dr 
“L/>o 
where & is the length of the rod. 
L 
3 2 3 
ree? o, 
3 =2, 
But > = M/k * 
Me? 


2 
Therefore L= fas?) wW 


Using the given data 


L = {2 Kg) (36 m2) (3 rev/sec) 


a ee m? “Kg * rev 


sec 
But l rev = ae rads 
sec sec 


2 
m _ ° Kg + rad 
(27) (18) cae 


L = 

L = 113.04 m? + Kg + rad 
= sec 

L = 


sec 


1.13 x 10? ree * sec + rad 


L = 1.13 x 10? Joules »• sec 
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CHAPTER 7 


GYROSCOPIC MOTION 









Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 352 to 
356 for step-by-step solutions to problems. 


Many of us recall from childhood the motion of a top spinning about 
its axis of symmetry (Figure la) with angular momentum L = Iw. The 
rapidly spinning top also rotates about the z-direction in precessional 
motion with angular frequency w, sweeping out a cone of half angle 9. 
Many planets like the Earth also undergo such precessional motion. The 
free body diagram of Figure 1b shows that the normal force is N = W = mg. 
Also, the 2 gravitational force produces a torque at the center of mass 
position r T given by rW sin 0 ọ. By Newton’s second law for rotation, and 
using Figure 1c, we get t= dL/ dt = L sin 0 do / dt. Hence, rmg = hmg = 
Iww,, or the precessional frequency is given by w, = mgh / Iw. 


In solving rotational problems we usually need to go beyond the 
simplistic scalar-vector approach just outlined. The concept of the inertia 


tensor 
2 
If (8.7 = x, X,) dm 


needs to be used. The Kronecker delta function is equal to zero unless i = 
j; then it is equal to one. As an example, consider finding the inertia 
coefficients for the cube shown in Figure 2. Here, the Cartesian coordinates 
are labelled as (x, X, X, = (x, y, z). We calculate 





Figure 1 
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bs b b 
Lig -f (r? = x?) pav -of (f 0? + zôäy)azf dx 


to get 2/3 p bë or 2/3 mb? using the definition of the density. By the same 
method, one finds I,, = 1, = I, The off diagonal elements are given by 
— 1/4 mb’. 


Given the elements of the inertia tensor, the angular momentum is 
calculated from 
L, = > 10; 
j 


This may also be written as a matrix equation L = Iw. The rotational 
kinetic energy must then be found from the equation 


T = 1/2), I,0,0,. 


i,j 
These formulae only simplify if we diagonalize the inertia tensor to find its 
principal axes. 


If the x, axes correspond to the principal axes, then the rotational 
kinetic energy is given by 


T=1/2) Io. 


The Eulerian angles 6,, 0,, 0, originate in transforming one coordinate 
system into another. First, rotate a coordinate system counterclockwise 
about the x, axis by angle 6, asin Figure 3a. Next, rotate the new coordinate 
system counterclockwise about the x’, axis by angle 0, (Figure 3b). Finally, 
rotate the new coordinate system counterclockwise about the x”, axis by 
angle 0, 


The Euler equations for force-field motion are found by choosing the 
Eulerian angles as generalized coordinates. These equations may be 
written as 





Figure 2 
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(I, -1)o,0, - 2 (1,0, Th & = 0 


where £, is the Levi-Civita function which is equal to one if i, j, k are an 
even permutation, minus one if they are an odd permutation, and zero 
otherwise. 


For the force-free motion case (< = 0), the Euler equations are easily 
obtained from the above force-field equation 


(I, -1)w;o 5 - die, 


In solving a rigid body ioe one must Se sa the components of this 
equation. For example, if we take i = 3 and j = 2, We get 


(1, -1,),0, - > LOk & 59, =O 
Using the definition of the Levi-Civita function, we obtain the equation 
(I, - I,)w,®, + I, =0, 


which must be solved along with the other components. 





Figure 3 
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Step-by-Step Solutions to 
Problems in this Chapter, 
“Gyroscopic Motion” 


@ PROBLEM 344 
A symmetrical top is described by the fact that its moments of 
inertia about 2 of its principal axes are equal (i.e., I= I, # I,)- 


Assuming that no external torques act, derive and solve the equations 
of motion of this body. 





Fig. A: Consider the Body 


"free" rotation (N=0) f axis 
of a body with axial Fig. B: In 


symmetry(e.q., z axis). these cir- 


Then T,=T2, so W3=const. cumstances 
lwl= const. 


The vector 
W precesses 


Axis 3 









at a con- 
E. stant rate bois 
ar 2 around the Cons 
symmetry body axis 
F did Fig. A of symmetry. Fig. B 


Solution; The general motion of a rigid body is very complex, For 
cases in which the object doesn't rotate about a fixed axis, we can- 


not relate the angular momentum (L) to the angular acceleration by 


L = Ig 

This relation only holds for rotations about a fixed axis. We must 
use Ee F 
N = aL 
dt 


- 
where N is the net external torque on the body for these rotations, 
Another alternative is to use the Euler Equations 


i à 
1 a (t, A i 
dw, 
Lat (, - 15), =N, a) 


dw, 
tsar t (iz $ n)a =g 
where the subscript 1 refers to the first principal axis of the 
rigid body (see fig. (A)), and similarly for the subscripts 2 and 
3. Furthermore, G@ is the angular velocity of rotation of the body 
with reference to an inertial frame, 
In this example, I, = I, # I, and N = 0, whence 


dw, 


I a-t (t3 ~ 1) 50, = 0 
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dw, 
lat (z - r)a =0 e 


dw 
3 
eer. aii R 
Letting I = I, = I, we obtain 
dw I, - 1) 
1 3 4 
a. TF a Tae 
wo, (t-a) 
2 3 x 
at I ujt = 0 
aw, Ne 
-1I dt 
Defining QN = I Wy » we may write 
dw, 
w + wa = 0 
dw, 
a On. = 0 a) 
dw, i 
at 


A solution of (3) is given by 


w = A cos Qt; w5 A sin Qt , 
where A is a constant. We see that the component of the angular 
velocity perpendicular to the figure axis (axis 3) (see figure (A)) 
of the top rotates with a constant angular velocity ©. The component 
w3 of the angular velocity along the figure axis is constant, There- 


fore the vector w rotates uniformly with angular velocity Q about 
the figure axis of the top. In other words, a top which spins about 
its figure axis with angular velocity We in force-free space will 


wobble with the frequency Q. 


For the earth I, is not exactly equal to I, because the earth 


is not exactly a sphere. The wobble is actually very well observed, 
giving rise to what is called the variation of latitude. The wobble 
is so interesting that the International Latitude Service maintains 
a number of observatories just for the purpose of measuring it. 


@ PROBLEM 345 


For a uniform sphere with moments of inertia I, = I, = Iz» use 


the Euler equations to find the equation of motion of the sphere. 





Solution: The Euler Equations are 


dw, 


t 
U areal ety 13)0303 yar 


dw, 


loa + (4 7 T,)0,%5 = 
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a3 
EE. a (12 - 1, ),%, =i 
where the subscript 1 refers to the first principal axis of the 


sphere. N and w are the net external torque and angular velocity 
of the sphere, Noting that I, = I, = I.) we obtain 


dw. 
1 
Lae 7 
dw 
2 
loa = 
3 
i ae 
Defining L = I, = I, = I, we may write 
“i = m *» = * a = a (1) 
dt T” W I”? E I 


In free motion N = 0, and (1) tells us that w = const., The result 
w = const is a special feature of the free rotating sphere, 


@ PROBL 





The flywheel in a delivery truck is mounted with its axis 
vertical, and thus acts as a stabilizing gyroscope for 
the truck. Calculate the torque that would have to be 
applied to it when it is rotating at full speed to make 
it precess in a vertical plane. 


L(t+At) 





Position (1) Position (2) Vector Diagram 


Solution: Figure (a) shows the situation. The flywheel 
is to precess about axis AA' as shown in figure (b). 
Originally, the angular momentum vector È is. as shown 

in figure (b), position 1. After a time At, has the new 
value L(t + At), and the angular momentum vector has gone 
through an angle Ad, as shown in the vector diagram. Note 
that we have neglected the fact that there is a component 
of L along AA' due to the precession of the flywheel. 
This approximation is valid if the rate of precession, 
Wp! is small. By the relation 
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=T (1) 


ay ele 


where is the net torque on the flywheel, we see that if 
we are to change L, and thereby cause precession to occur, 
we must exert a torque T. Now, the most efficient way for 
the torque to cause precession is if it acts in a direction 
perpendicylar to L, as shown in figure (b). As a result 

gf (1), dL is also perpendicular to L, and the length of 

L doesn't change. Hence 


feet 


If AL is small, and T is always perpendicular to i, 








AÈ) _ AL _ ag 
r3 E 
Ad =- 
or T æL it Lrg 
æL w (2) 
¥ p 
But L= Iw (3) 


where I is the moment of inertia of the flywheel about 
its symmetry axis and Ws is the spin angular velocity 


of the disc. Using (3) in (2) 
tæIw w 
s 'p 
Also I = 3 Mr? 


where M and r are the mass and radius of the disc. Final- 
ly 


æ 2 
T k% Mr We Wp 
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CHAPTER 8 


ELASTIC DEFORMATION 







Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 358 to 
366 for step-by-step solutions to problems. 





In obeying Hooke’s law, a spring behaves elastically in that the force 
of tension or compression is proportional to the distance stretched or 
compressed: F = kx. Further, there is a potential energy associated with 
the displacement from equilibrium U = 1/2 kx?. Hence, in stretching a 
spring from position x, to position x,, one must do an amount of work given 


jd W = AU = 1/2 k(x? - x2). 


Solids may be considered to be composed of spring-like bonds, which 
are stretched or compressed from the usual equilibrium condition (Figure 
1)inan exactly similar manner. Ifa solid is strained in tension (Figure 2a) 
or compression (Figure 2b), then the stress is proportional to the strain 


o = Ye 


where the stress is the force per unit area (o = F/A) and the strain is the 
change in length divided by the original length (e = AL/L). The propor- 
tionality constant is called Young’s modulus for the material. 


Since Hooke’s law for a material may be rewritten as F /A- Y AL / L, 
given any four of the variables one can calculate the other. For example, 
AL = FL/YAor F = YAAL/L. Care must be taken in solving stress-strain 
problems to use the correct cross sectional area, e.g., A = wh for a rect- 
angular cross section and A = nr? for a circular one. 





Figure 1 
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Just as with the one-dimensional Hooke’s law, there is also an elastic 
strain energy associated with materials. The elastic potential energy 
density is given by U = 1/2 Ye?. 


Liquids as well as solids are subject to a volume compression, as 
opposed to the length deformation described above. A material under 
uniform pressure (Figure 3) undergoes a change in volume. The law 
followed is 


o=-Be 


where o is the uniform pressure (o = Ap = F / A), B is the material’s bulk 
modulus, and ¢ is the volume strain (£ = AV/V). 


The preceding stress-strain relationship may be rewritten as Ap = -B 
AV /V, where for a liquid Ap is the change in pressure from the ambient 
value of the original volume V. The compressibility k is the reciprocal of 
the bulk modulus and hence may also be used to solve a volume compres- 
sion problem. In terms of the compressibility, the stress-strain relation- 
ship is AV =-k V Ap. Given any three of the variables in this equation, one 
can easily calculate the other. 


Lia 





pa 


Figure 2 





Figure 3 
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Step-by-Step Solutions to 
Problems in this Chapter 
“Elastic Deformation” 





© PROBLEM 347 


A steel bar, 20 ft long and of rectangular cross-section 2.0 by 


1.0 in.,supports a load of 2.0 tons. How much is the bar stretched? 





L 


fans 


AL fr 
F 
Solution: The Young's modulus of the metal bar is the ratio of long- 
itudinal stress , F/A, to tensile strain AL/L (see the figure) 


y= F/A „E 
AL/L AAL 


Here, A is the bar's cross-sectional area. Therefore, the elongation 
AL of the bar is 


AFL 
ALS. vA 
AF = 2.0 tons = 2.0 ton x 200048 = 4000 lbs. 
ton 
A= (2. in: K 1.0 in.) = 2:0 “a.” 


Young's modulus for steel is 29 x 10° 1b/in.? d 


3 
ETE (4.0 x 10° 1b )(20 £t) S EN 


(29 x 10° 1b/in.” X2.0 tri”) 


= 0.017 in. 
@ PROBLEM 348 


If Young's Modulus for steel is 19 x 10'! dynes/cm’, 
how much force will be required to stretch a sample 


of wire 1 sq mm in cross section by0.2% of its original 
length? 





Solution: The problem is recognized as one involving 
Young's Modulus, the defining equation for which is 


Stress _ 
Strain 


zp 


y = 


x| 


We are given that Ax = .10x (or Ax/x = 1/10) and 
Y is given as 19 x 10}? dynes/cm*. Moreover A = 1 mm’: 


1 mm? x lcom?/100 mm? = .01 cm’. 
Fly 4x a Ax 
x Y = and F = YA aa 
F = 19 x 10!! dyne/cm? x 107? cm? x 10° 


19 x 10° dynes. 


© PROBLEM 349 













A worker hangs a uniform bar of mass 12 kg horizontally 
from the roof of a laboratory by means of three steel wires 
each 1 mm in diameter. Two of the wires are 200 cm long 
and one, by an oversight, 200.05 cm long. The long wire 

is fastened to the middle of the bar, the others to the 

two ends. By how much is each wire stretched, and how 
much of the weight does each wire carry? Young's modulus 


for steel = 2.0 x 1012 dynes - cm ba 








Solution: If the bar is hanging horizontally (see the 
figure), two of the wires will be extended Al and one Al - 
0.05 cm. Now the formula for Young's modulus is 


y= stress _ Fal? 
strain A1719 ' 
where A is the cross sectional area of the steel wire, lo 


is the length of the wire with no stress acting on it, and 
Fn is the (stretching) force the bar exerts on the wire 


(equal in magnitude to the. force the wire exerts on the 
bar). Thus 

a AYAl : 

a 0 
Hence two wires exert upward forces on the bar of magni- 
tude Fue and one wire exerts a force of magnitude 


AY(Al - 0.05 cm) 


Pty = 

n 0 + 0. cm 

Since the ratio 0.06 = .00025 is so small, we may ignore 
0 





0.05 in comparison with 1, in the denominator of the ex- 
pression for Fat Then, because the bar is in equilibrium, 
we obtain W = 2F, + a = (AY/1) (241 + Al - 0.05 cm). 
Therefore 


1 la" 
Al = 3-a + 0.05 cm 


2 
However A = aR? = i.) where R and D are the radius and 
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diameter, respectively, of the wire. We are given D = 
Icm a 
= 1 mm = 1 mm x io = 0.1 cm. Hence 


3 
ve 1 200 cm x 12 kg x 981 x 10° dynes — + 0.05 cm 
cm 


3\ (7/4) x 107? cm? x 2 x 10°? dynes + 





(0.15 + 0.05)cm = 0.0667 cm = 0.667 mm, 


Thus two of the wires are stretched by 0.667 mm 
and the other by (0.667 = 0.05)mm = 0.167mm,. Also 


pe z Al = 0.667 mm _ 4, 
La Al - 0.05 cm 0.167 mm d 


a i t i CA 
12 kg = W = 2P + FY = OF) 


š on, } gidi 
a Fa = 13 kg and F = 53 kg. 


@ PROBLEM 350 






To a good approximation, the force required to stretch 
a spring is proportional to the distance the spring is 
extended. That is, 








F = kx 





where k is the so-called spring constant or force 
constant and depends, of course, on the dimensions and 
material of the spring. Many elastic materials, if not 
stretched too far, obey this simple relationship - 
called Hooke's law after Robert Hooke (1635-1703), 
a contemporary of Newton. 











Suppose that it requires 100 dynes to extend a 
certain spring 5 cm. What force is required to stretch 
the spring from its natural length to a length 20 cm 
greater? How much work is done in stretching the 
spring to 20 cm? 








t 
Solution: The force constant is 


Fy 
ke eT 


= tog gynes = 20 dynes/cm 


Therefore, the force required to extend the spring 
to 20 cm is 


Fo = kx2 
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(20 dynes/cm) x (20 cm) 


400 dynes 


The average force required to stretch the spring to 
20 cm is 


Fo FSE 
2 


F = 0 


where:F > = initial force exerted on spring to keep its 
equilibrium length = kx,» = k * 0 = 0 


F, = force required to stretch the spring to 20 cm 
= kx2 


we Fo + 0 kx2 


Then P ee eee 


and the work expended is the average force multiplied by 
the distance: 


W = Fx. = k kx} 


% x (20 dynes/om) x (20 cm)? 


4000 dynes - cm = 4000 ergs 


since l erg = 1 dyne - cm. 
@ PROBLEM 351 


A block of steel 2 ft. square and 1/4 in. thick is to be 
compressed .01 in. in length by application of a force F to 
faces A, and A,. If Young's modulus for steel is 


29 x 10° 1b. in.*, find F. 





i Sethe w = 1/4 in. 
1 = 24 in. 


Solution: Young's modulus is defined as 





y = STRESS (a) 
STRAIN 
where 
_ NORMAL FORCE _ F a a 
STRESS = — AREA 2h x 1 6 
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and 





_ CHANGE IN LENGTH _ .01 _ 1 
STRAIN = ORTGINAL LENGTH ` 24 ~ 2400 


Substituting our values in (a), 


Bn $ 
29 x 10 = 172400 


F = 72,500 1b. 


Thus 


@ PROBLEM 352 


A steel shaft 12 ft long and 8 in. in diameter is part 
of a hydraulic press used to raise up cars in a garage. 
When it is supporting a car weighing 3200 lb, what is 
the decrease in length of the shaft? Young's modulus for 


steel is 29 x 10° lbein™?. 





Fa 
Solution: The formula for Young's modulus is 
_ Stress _ Fn 
~ Strain AR/2o 


where Fn is the normal force at the end of the shaft 


compressing it, A is the cross sectional area of the 
shaft, £o is the length of the shaft when no stress 

is present and A& is the change in length due to the 
compression. A is given by TR = (mD?)/4,where R and D 
are the radius and diameter of the cross section of 
the shaft. Thus,the decrease in length is 


Fite E 
YA 


3200 lb x 144 in. 
29 x 10° lbein® x 16m in? 





AL = 


3.16% 107" iñ. 


@ PROBLEM 353 


A ship is being towed by a tug by means of a steel wire. 
If the drag on the ship is equivalent to 2 x 109 lb, and 


if the breaking strain of the wire is 0.025, what is the 
smallest permissible diameter of wire that may be used? 





—_<_ > Fn 
drag force t 


steel wire 
Top View 
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Solution: If the ship is being towed, it eventually 
Settles down at a steady speed so that the force being 
exerted by the tow wire is equal and opposite to the drag 
on the ship. Now, the formula for Young's modulus is 

F /A 


=- Stress . _n 


Y = Strain BIT,’ 


where the symbols have their usual significance. Thus 
A= Fi1)/xAl, where Fp the normal force on the wire, is 


equal to the force exerted by the wire on the ship, which 
balances the drag force. (See the fig.) Further, the 
strain Al/1l) must be less than 0.025, the strain at which 


the wire breaks. A table of Young's modului for different 
2 


materials shows that for steel, Y = 29 x 10° 1b-in™*. 
Hence 
ae 2 x 10° 1b 
— 6 ._"2 
29 x 10 lb-in x 0.025 


The cross sectional area of the wire (A) is TR?, 


where R is the radius of the wire. Since R = = where D 


2 2 
is the diameter of the wire, then A = 1 and 1 > Spin? 


-. D > ¥320/29m in. = 1.87 in., 


Hence, 1.87 in. is the smallest possible diameter for the 


@ PROBLEM 354 


tow wire. 









A cubic foot of sea water at the surface weighs 64.0 lb. 
What volume of water weighs 100 lb at the sea bed, 





where the water pressure is 4000 lb-ft~?? The compressi- 





bility of sea water is 36 x 10~ in*+*lb7™, 


Solution: Using the definition of weight density D 





D = Weight 
Volume 
then v= 8 = 400 1b _ 1.5625 ft’ 
64 lb/ft? 


where V is the volume 100 1b of water occupies at the 
surface. Where the water pressure P is 4000 lb-ft7? 
= 4000 lb-ft ~ x 1 £t?/144 in? = 4000/144 lb-in™”, 
the volume will have decreased by AV due to this 
additional pressure. The compressibility k of sea 
water is defined by 
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1 . Stress’-_= P 
k Strain Av/V 


We are given that k = 36 x 107” in?*1b7! 


: SB. yee oe TREE. hee; 
a a v= kp= -i44 lbein x 36 x 10 in*-lb 
= 10. 
7 1- W-Ye We 1-10" or 
v - av = 2000) ~ 10-") ft? = 1.5623 Ft? 


Thus the volume occupied at the lower level is 


1.5623 ft®. 
@ PROBLEM 355 


Find the weight density of water at a pressure of 4000 1b/in.?; 


taking the weight density at normal atmospheric pressure as 62.4 1b/2t?, 
(The bulk modulus of water is 2.97 X 10° 1b/ft?). 





Solution: The change AV in the volume of water as a result of a 


change AP in the pressure acting on it is given by 
= av. oP 
Vv BS 


where B is the bulk modulus of water. It is defined as 


stress/strain = Soe è 


Initially, the pressure is that of air and it is increased to 4000 
lb/in.? Therefore, 


AP = 4000 1b/in” -P r* (4000-15) 1b/in.? 


ai 

ts _ AV _ (4000-15) 1b/in? 2 ae ae 
V (144 in?/et? )x(2.97 x 10° 1p/tt? ) 

where we have converted the bulk modulus to 1b/in*, The weight 


density of water is mg/V, hence the fractional change in the 
density of water is 


5 


1 
wwe tan =F im) 


where the weight Mg is unchanged. We find that 


AD = -D [AZA A 
L+ x 
V, 


and, since AV/V is much less than 1, we get 


AD ~ AY _ 9,35 x 107° 


D Vv 
The final density of water is 


D,= D+ AD= [62.4 + 9.35 X 10` 


5 x 62.4] 1b72t° 
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= 62.406 1b/tt? . 


Since the compressibility of water is very small, there is not an 
appreciable increase in density. 
@ PROBLEM 356 


The volume of oil contained in a certain hydraulic press 
is 5 ft?. Find the decrease in volume of the oil when sub- 


jected to a pressure of 2000 lb/in*. The compressibility 
of the oil is 20 x 10~% per atm. 





Solution: The volume decreases by 20 parts per million 
for a pressure increase of one atm. Since 2000 lb/in? 

= 136 atm., the volume decrease is 136 x 20 = 2720 parts 
per million. Since the original volume is 5 ft?, the 
actual decrease is 


2720 


ari 3 = eae PoR 
1,000,000 * > ft° = 0.0136 ft 23.5 in?. 


Or, the change in volume of the oil is proportional to the 
original volume and the pressure exerted on the oil. 


AV = - k Vop 


The constant of proportionality, k, equals the 
compressibility of the oil. Therefore, the change in 
volume can be found using the above equation. 

AV = > kVop = + 20 x 1076 atm! x 5 ft? x 136 atm 


- 0.0136 ft’. 


@ PROBLEM 357 


A solid has a volume of 2.5 liters when the external pressure 
is 1 atm. The bulk modulus of the material is 


Is 10}? dynes/cm?. What is the change in volume when the 
body is subjected to a pressure of 16 atm? What additional 
energy per unit volume is now stored in the material? 





Solution. The bulk modulus is defined as the ratio of the 
net excess pressured p acting on a body and the volume strain 


ay resulting from this stress, where Vo is the original 
0 


volume. Hence, 


p= - 42. 
Av 
Vo 
B is > 0 since, if Ap > 0, AV < 0 and the solid is compressed 


Ap = (16 - 1) = 15 atm= 15 x 1.013 x 10° 
the decrease in the volume of the solid is 


dynes cm™?. Hence 


2 3 3 


“ggg Me St ae 10° aynes/om” x 2.5 10° om 
B 


2 R 16 dynes/cm* 
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= 18.99 x 10°? cm, 


For any small change of pressure dp, there will be a change 
of volume dV, and dp = -BdV/V. The work done on the system 
in that change and the energy stored in the material is 
dW = -p dV = (V/B)p dp. 

In the change mentioned in the question the total work 
done is 


Vo Po 
y 
W=- | p dv = | 5P dp. 
vi P1 


The minus sign results because the pressure on the gas 
opposes the volume change dv. 

The volume V changes in the process, and account should 
be taken of this in the integration. In fact the change AV 
is negligible in comparison with Vor and V may be treated 


as a constant throughout. Hence 


Vo f T “673° 3 
wag | p ap = 5 E3 - Pi) 
P1 


The extra energy stored per unit volume is thus 


t- e x p?) a dx pg l? - 1”)atm? 
0 2 x 10 dynes/cm 


4 2 


2 dynes? /om - atm 


x 1.0137 x 102 


65.4 ergs/cm>. 
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CHAPTER 9 


HARMONIC MOTION 










Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 370 to 
418 for step-by-step solutions to problems. 


Any system which obeys Hooke’s law = F = —kxis said to execute simple 
harmonic motion. For the spring mass system of Figure 1, the amplitude 
of the motion is Aand the equation of motion follows from Newton’s second 


law g 2 á 
X F = ma=mx=md x/dt . 


For the pendulum system of Figure 2, the free body diagram gives Z t =- 
mgl sin 0 =- mgl 6 using the first term in a Taylor’s expansion of sin 8. (The 
second term in the expansion is —1/6 6° and would need to be included for 
the anharmonic oscillator problem.) Newton’s second law for rotation 
now provides the relevant differential equation È t = Ia = ml? 8. This 
problem is equivalent to that of Figure 1 if we take k = mg/1 and x = 10. 


The simple harmonic motion differential equation is 
ï+ wx =0 

where ws = k/m. The solution of this equation may be taken as x = A cos 
(w,t + 8) where w, is the angular frequency w, = 27v and ò is the phase 
constant (see Figure 3a). The basic cosine curve is shifted to the left by a 
time t, = 5/w,. The angular frequency is for the mass on a spring, 
] for the simple pendulum, qf g /1 cos 0 for the conical pendulum, 

k / I for the torsional pendulum, and a [mgh /1 for the physical pendu- 
lum. The period of the motion is simply found from the linear frequency 
T = 1/v. Hence, given any of the numerical values that determine the 
period, e.g., in T = oni one needs to know two of T, 1, g in order to 





Figure 1 
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calculate the other one. This is, in fact, a common laboratory method of 
determining the gravitational acceleration. 


Solving a simple harmonic motion problem given the initial condi- 
tions involves several steps. First, one must identify the relevant forces for 
the particular problem, e.g., spring force, torsional force, or gravitational 
force. As usual, it is important to draw a precise picture of the problem 
showing the needed distances, masses, and angles. Then, one needs to 
obtain an equation like the simple harmonic motion differential equation. 
Next, postulating the basic solution shown in Figure 3a, x =A cos(w,t + ô), 
one can find the various parameters from the initial conditions, using also 
that the velocity is (see Figure 3b) 


x=- AO, sin (wot + ô). 
For example, suppose we are given that x = -Aand v =x =Oatt=0. Then, 
we have-A = Acos ôĝand v =0 = -Aw,sin ò, which implies that ò = n radians. 
Energy methods may also be used in solving simple harmonic motion 
problems. The potential energy is 


U = 1/2 kx’ = 1/2 kA? cos? (w,t + ò) 
and the kinetic energy is 
K = 1/2 mv’ = 1/2 kA? sin? (w,t + 8). 
Hence, the total mechanical energy is a constant E =1/2kA?. The average 





Figure 2 





Figure 3 
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value of the potential or kinetic energy may be found by integration, e.g., 
for the potential energy we must evaluate 


< cos?0 > am cos? 0 dæ/f 77de = 1/2. 
0 0 


The physics of damped motion is a little more involved than that of 
simple harmonic motion. Newton’s law gives mx = - kx - bk , hence the 
relevant differential equation is 


ž+yž+o x= 0 


where y = b/m and w, has the simple harmonic motion value. There are 
three important cases. Let 


2 2 
o= /w>-y /4. 


In light damping or underdamped motion where the resistive force 
constant b is relatively small, w° > y?/4 and the solution may be shown to 
be x = Ae *2 cos (wt + 5). The maximum displacement thus decays expo- 
nentially as energy is dissipated. In the critical damping, w*, = 
y?/4, and the solution is x = (A + Bt) e*. The displacement decays 
monotonically to zero. In the heavy damping or overdamped case, w°, < Y 
2/4, and the solution is x = (Ae“ + B e) e™?, 
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Step-by-Step Solutions to 
Problems in this Chapter, 
“Harmonic Motion” 





© PROBLEM 358 


An automobile moves with a constant speed of 50 mi/hr 
around a track of 1 mi diameter. What is the angular 
velocity and the period of the motion? 





<b 





Solution: For circular motion, the angular velocity w, 
the radius r, and the linear velocity v obey the re- 


i aa > > X A d 

lation: v = w x r as shown in the figure. Since w and 
r are perpendicular to each other, this reduces to v = 
wr. 


w = > = —— > = 100 rad/hr 


The period t is the time duration of one complete 
cycle of motion around the circular path. In linear 
motion, x = vt. This equation can be applied to circular 
motion with linear velocity v replaced by w and linear 
distance x replaced by 6 expressed in radians. In one 
cycle of motion, the automobile travels 27 radians. 


Therefore wt = 6 t = 0/w T = 2T/wW 
ae eee: eee 4 ; 
Tæ o rad/hr ~“ 0.063 hr = 3.8 min. 


e PROBLEM 359 


A uniform circular disk of radius 25 cm is pivoted at a 
point 20 cm from its center and allowed to oscillate in 
a vertical plane under the action of gravity. What is 
the period of its small oscillations? Take g as 

T? mes 7. 

Solution: The moment of inertia of a uniform circular 
disk of radius R and mass M about an axis through its 
center perpendicular to its plane is ķ% MR?. By the 
parallel-axes theorem, the moment of inertia about a 
parallel axis a distance h from the first is 


I = 3 MR? + Mh?. 


The disk is acting as a physical pendulum, and 
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hence its period for small oscillations is given by 


I 


T= 27 Mgh 


where I is the moment of inertia of the physical 
pendulum about its axis of suspension. Hence, 


= / MR? + Mh? 
T = 27 gh ee 
oth & x 0.252 m? + 0.22 m? 
Y w2mes 2? x 0.2m 


2 Y0.35625 s = 1.193 s. 


e PROBLEM 360 


Suppose that a mass of 8 grams is attached to a spring 
that requires a force of 1000 dynes to extend it to a 


length 5 cm greater than its natural length. What is 
the period of the simple harmonic motion of such a 
system? 





Solution: An interesting property of springs is that 
the length that they stretch is directly proportional to 
the applied force. The magnitude of this force is: 

F = kx 
where k is the force constant. The force constant is 


k = E = 1000 dynes 
x 5 cm 


200 dynes/cm 


Therefore, the period is by definition: 


27 / k 
/ 8 
= 200 dynes/cm 
= any 200 g-cm/cm-sec2 


2m x — sec? 


a 
i} 


2m x 0.2 sec 


= 1.26 sec 
and the frequency is by definition: 
nu ee 1. 
a z sec 
= 0.8 Hz. 
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®© PROBLEM 361 


A 5.0-1b ball is fastened to the end of a flat spring. A force 
of 2.0 1b is sufficient to pull the ball 6.0 in. to one side. Find 
the force constant and the period of vibration. 





equilibrium i 
position Jr 


Solution: The restoring force on the ball as it is displaced from 
the equilibrium point 0 (see the figure) is, by Hooke's law, 


+ 
R = -kx 
where x is the Maaa and k is the spring constant. Hence, 
F to 220 1b 06. 4, 071b/St 


+) ~ 0.50 ft 
ixl 


The mass of the ball is 
m = : where W is the ball's weight. Hence, 


mia D riar a 0b: ole 


32 ft/sec 
The period of oscillation is given by 


p.16 slug _ = 
= 2af- 27 T E 1.2 sec. 


@ PROBLEM 362 


Let the mass of the body in the diagram be 25 gm, 


the force constant k be 400 dynes/ cm, and let the 
motion be started at t = 0 by displacing the body 

10 cm to the right of its equilibrium position and 
imparting to it a velocity toward the right of 

40 cm/sec. Compute (a) the period T, (b) the frequency 


f, (c) the angular frequency w, (d) the total energy E, 
(e) the amplitude A, (f) the phase angle 6), (g) the 
maximum velocity v. 


max’ 
(j) the coordinate, velocity, and acceleration 


(h) the maximum acceleration 


a. ’ 
max 
at a time 1/8 sec after the start of the motion. 





Solution: Note that the period is independent of 
amplitude or by implication, the initial velocity. 


a SLE: —se 
Tg =en Y 400 100 dyhes Gk 


= r sec = 1.57 sec. 


(a) T 
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(c) w = 2nf = 4 rad/sec 


(d) The total energy, (that is, the sum of 
potential and kinetic energies), stays constant as 
a spring oscillates . To find the spring's energy, 
we will compute its energy at time t = 0. The object 
has both kinetic and potential energy. Its kinetic 
energy is k mvé, with m, the mass of the body, and 


vo, its initial velocity. Its potential energy is 
k% kx?, where xo is the object's distance from equi- 
librium, and k is the spring constant. Then 


E = k mvi + %4 kxé 


total 


% (25 gm) (40 cm/sec)? + (400 dynes/cm)(10 cm) 2 


20,000 ergs + 20,000 ergs = 40,000 ergs 
(e) The amplitude of oscillation is the distance 


between the equilibrium position Xaq and the point of 


maximum extension. To find the maximum extension we find 
the position at which the system's mechanical energy 

of 40,000 ergs is completely potential. This occurs 
when the kinetic energy is zero. Then 


4s kA? = 40,000 ergs 

% (400 dynes/cm)A? = 40,000 ergs 

A? = 200 cm’; A = 10 V2 cm 

(£) If xo is the displacement and A the amplitude, 
the initial angular displacement or phase angle 6) is 
defined by: 

sin 0) = X/A = 1/72, 0o = 1/4 rad. 


(g) To obtain Vey we find the point at which the 


energy is all kinetic. This occurs at the equilibrium 
point, x = 0. Then 


2 = a 2 
E= KE + PE KE + 0 TONA 


2 Ex 
4s aig ak = 40,000 ergs 


% (25 gm)( vax) = 40,000 ergs 


2 x W EA 
Vou 3,200 cm*/sec 
a 40 VZ cm/sec 


(h) The maximum acceleration occurs at the ends of 
the path where the force is a maximum. This force is 
given by Hooke's Law, F = - kx, where k is the spring 
constant and x is the displacement of the spring from 
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equilibrium. At maximum extension, the displacement 
from equilibrium is just the amplitude. Hence, 


Fig ~ ke Ae = (ego dynes/cm) (10/2 cm) 


- 4000 Y2 dynes 


Forces produce accelerations according to the law 
F = ma. Therefore 


F aax 7-134000 Y¥2 dynes = Maniax = (25 gm) (a) 


= = 2 
—_— 160 Y2 cm/sec 


At maximum extension, the acceleration is greatest 
and in the direction of the equilibrium point of the 
spring and hence in a direction which we define as 
negative. The motion of an oscillating spring is highly 
symmetric and at the point of maximum compression, the 
acceleration will again reach this maximum but will 
this time be in the positive direction. 


(j) The equation for the object's position is 
x = A sin (wt + 69) 


where A is the amplitude, w is the angular velocity, t 
is the time variable, and 6, is the initial angular 


displacement. The velocity, v, and acceleration, a, are 
found from 


- å., - dv _ d’x 
y= ge’ 


We then have 


10 Y2 sin [at + Į). 


x= 
v = 40 VZ cos [at + 3) 

e T) 
a = - 160 ¥2 sin (ae + qj“ 


When t = (1/8) sec, the phase angle is 
7) _ 3m 

[a + 4 “a rad, 

x = 10 Y2 sin (31/4) = 10 cm, 

v = 40 VZ cos (31/4) = - 40 cm/sec, 


a = - 160 Y2 sin (31/4) = - 160 cm/sec?. 
© PROBLEM 363 


A simple pendulum consists of a mass m hung on the end of a 


string of length L. Find the natural frequency for small oscillations. 
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mg cos ` 
Solution: We start by drawing a diagram of the forces acting on the 
mass m. The restoring force in the direction of motion is -mg sin 6, 
Thus the equation of motion is 

ma = -mg sin @. 


Now we can suppose that @ is small so that we can make the approxima- 
tion sin @ =0. This is accurate to better than 1 per cent for 


0 = 15° and is better than 5 per cent for 6 = 30°. 

The displacement of the mass is given by the arc s. 
s= L0 

Thus 
v = As/At = LAG/At = Lw 

where w= i = angular velocity. And the acceleration a is given by 
a = Av/At = LAwAt = La 


where Q= = = angular acceleration. Then finally the equation of 


motion reduces to 
mLa = -mgð 


a+ (g/L)6 = 0 


The angular acceleration a is proportional to the negative of the 
angular displacement 9, so that the motion is simple harmonic with 
natural angular frequency w) given by 


or 


a+ whe = 0 
where u = g/L 


@ PROBLEM 364 


A simple pendulum has a period of 2.40 sec at a place where 
g = 9.810 m/sec’. What is the value of g at another place on the 


earth's surface where this pendulum has a period of 2.41 sec? (See 
figure). 





Solution: The period of oscillation is given by 


rean fe. 
g 


Therefore, two different periods, T, and T,, will correspond to two 
different gravitational constants) 81 and Bo? as follows. 
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ae 
5 2h i? 
A 8) 
a Je 
82 
or 
2.40 2 
-r <a 9.810m/sec 
2.41 


gh 1k m/sec” 
@ PROBLEM 365 


Calculate the frequency of oscillation of the configura- 


tion shown in the figure. All surfaces are frictionless. 





l 
| 
k Ties ko 
7 
l 


b 


i When the mass m moves, one spring is always 
stretched, and the other is always compressed by the 
same length. Thus: 


AX; = -= Ax2 


where Ax, is the distance that the spring with force 
constant ki stretches, and Ax, that of the other spring. 
Note that a negative stretching distance represents a 
distance compressed. We denote the distance of the mass 
to the right of the origin 0 by Ax. Thus: 

Ax, = Ax 


Ax2 = =- Ax 


taking positive displacement as pointing to the right. 
The force on the mass at any time is therefore: 


P= - Ki AX: ~ (- k2 4x2) = - ki Ax + kz(- Ax) 


- (ki + k2) Ax 
= = k' Ax 
where we let k' = k, + ko 


Since the frequency of an oscillator having force 
constant k' is: 


el aa 
oS g m 


1 kı + ko 
then: v= > — 


27 m 
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© PROBLEM 366 


Let the force constant k of the spring in the figure be 24 new- 
tons/meter, and let the mass of the body be 4 kgm. The body is initially 
at rest, and the spring is initially unstretched. Suppose that a con- 
stant force P of 10 newtons is exerted on the body, and that there is 
no friction. What will be the speed of the body when it has moved 0.50 
meters? 





Solution: The equations of motion with constant acceleration cannot be 
used, since the resultant force on the body varies as the spring is 
stretched. However, the speed can be found using the work-energy theorem. 
This states that the work done by all the forces acting on a body is equal 
to the change in kinetic energy of the object. Then, if Ve is the final 
speed of the block, 


work = [P+ dx +f F. dx=} o(V¥, - @)= AE 


since the initial kinetic energy of the body is zero. P is constant, 


the angle between È and dx is O° and the angle between f and dx 
is 180°. Also the magnitude of the restoring force is F = kx, 
by Hookes law. Then 


P f dx - f kx dx = § nV 
Px - 4 ke = k oV 


10n x 0.5m- xX 242 x 0.25 of = 4x 4kg x VE 


m 
or Vr 1 sae 


© PROBLEM 367 


Geologists on a plane are attempting to locate the exact 
position of the iron reserves in a region by measuring 
the variation of g in the area, since a large mass of 
iron will exert an appreciable additional gravitational 
attraction on a body in the vicinity. They hover above 
selected spots and observe the movement of a mass 
suspended from a light spring. If the system has a 
natural period of 2 s, and the smallest movement of the 


mass which can be detected is 10- m, what is the minimum 
change in g which they can observe? 





Solution: At a point at which the acceleration due to 
gravity is g, the mass, when in equilibrium,has two forces 
acting on it: the weight mg down and the restoring 
force F = kx (i.e. Hooke's law) up, and these must be 
equal. Thus g = (k/m)x. 

At another point, where local conditions vary, 
the stretching of the spring will be x + dx if the 
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value of the acceleration due to gravity is g + dg 
(where dx and dg are very small changes in x and in 
g, respectively). 


aie g + dg = x (x + dx) or dg= bs dx. 


But, if the mass-spring system is allowed to 
oscillate, its period is given by 


ata cht a fem m 
Les f 2f 7 aM 
2 2 

P k a & and dg = ar x: 
m T? T? 


If the smallest value of dx observable is 10~° m, 
and we are given that T = 2 sec, the smallest value 
dg detectable is thus 


4T? a6 -6 -2 
dg = —— x 107° m = 9.87 x 10° ms™. 
4 s? 
e PROBLEM 368 


A pendulum which has a period of 1 s in London, where 


g = 32.200 ft*s~’, is taken to Paris, where it is found 


to lose 20 s per day. What is the value of g in Paris? 





Solution: Since the period of the pendulum is 1 s in 
London, the number of oscillations it performs per day 
is 


60 sec 60 min 24 hr _ ; ; 
Imin x She x I day = 86,400 oscillations/day 


In Paris it looses 20 s per day, i.e., it makes only 
86,380 complete oscillations per day. 


In all pendulum formulas the period is T = k/vg, 
where k is a constant depending on the shape and poss- 
ibly the mass of the pendulum. Thus, in London, T = 


k/⁄g,and in Paris,T' = k/v¥g". Since T = 1/f, where f 
is the number of oscillations in a given time interval, 


T a dinas See, wes 8B 5980 osc) ee Bal idl 
p 1/2: £ 6,400 oscillations/day g 
smet (2638)? . 1 8640-2)2 2 | 2 
p g Eg sa nrs 1 - gsto) g 
4 
[2 sein g 
Since (2/8640) < < 1. 


Hence, g' X (1 - 4/8640) x 32.200 ft+s~2 


32.185 ft-s~?. 
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Neglecting rotational effects, Paris is slightly 
farther away from the center of the earth than 


London. 
© PROBLEM 369 


What is the acceleration of gravity at a place where the period of 
a simple pendulum 100 cm long is exactly 2 sec? 








l 
l 
| 
l 
| 

L 


e 


Sotution: We assume that the pendulum bob are the tension of the string 
and the weight of the bob (it's mass is m). We assume that the dis= 
placement of the bob from the equilibrium position x = 0 (see figure) 
is small enough that the bob undergoes only a horizontal motion (i.e., 
the arc of motion of the bob is approximated by a straight line). The 
y direction of motion is then zero. Therefore there is no net force 
acting in the y direction. Hence 
= z Ec 

T cos 8 = mg or T cone (1) 

The net restoring force acting in the x direction is 


F = T sin 6 


¥ sin 6 
mg cos 0 


= mg tan 0 


Here we made use of equation (1). Since the displacement of the bob is 
very small, then the following approximations can be made. 


sin®@ w®@ and cos@al 
F = mg 0 


The restoring force is then directly proportional to the angular dis- 
placement 0. Since the horizontal displacement x is approximately 
equal to the arc length of a circle of radius 1, then 


x = 10 
where © is in radians. 
Therefore 

F= 4 x 


The restoring force on the particle is then directly proportional to 
the displacement from the equilibrium position. This is the definition 
of harmonic motion. By Newton's second law, 


cise AA 


& 
rrai i 


The solution of this differential equation, is 


x =A sinff t +B cos ff =c sin(f t + 0) (1) 
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This can be verified by substitution into the differential equation. 
The constants A and B (or alternatively c and 9) can be found 
from the initial conditions of the problem (i.e., where the bob was 
located and its velocity, at t = 0). Equation (1) is of the form 


x= c sin (wt + 9) 
Therefore w = 27f = 


where f is the frequency of motion. However f = 2 where T is the 
time taken by the bob to undergo one oscillation. Then 


EET) 
T 
rad 


= 2m? UOO) 
8 
therefore 
g= 100 cm = 1000 cm/sec” 


2 
s 


© PROBLEM 370 


One end of a fingernail file is clamped in a vise and 
the other end is given a to-and-fro vibration. The 
motion of the free end is approximately S.H.M. If the 


frequency is 10 vibrations per second and the amplitude 
is 4 millimeters, what is the velocity when the dis- 
placement of the free end is 2 millimeters? 





Solution: The problem states that the motion is 
S.H.M. Therefore, we know that the displacement of the 
file is 

x = A sin (wt + a) (1) 
where A is the amplitude and a is a constant.w is 
the angular frequency of the vibration. If f is the 
frequency of the motion 

W = 2nf. 


The velocity of the end of the file is, 
differentiating (1), 


v =A w cos (wt + a) (2) 


We need the velocity when x = 2 mm. At this 
position, using (1) 


2 mm = 4 mm sin (wt + a) 
k 
30° 


sin (wt + a) 


whence (wt + a) 


Hence, using (2), 


v = A w cos (30°) 
or v =A (2mf)cos (30°) 
v = (4 mm) (6.28) (10 per sec) (73/2) 
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vE (6.28) (.866) = 218 mm/sec. 


@ PROBLEM 371 


What must be the length of a simple pendulum that will 
have a period of 1 sec at the surface of the Earth? 


Simple Pendulum 








Solution: In the simple pendulum figure, the torque 
about point 0 is 


T = - mgg sin 9, 
where & is the length of the string, and the negative 
sign is introduced to show that the torque acts to 
decrease 6. 


For ð less than 30°, 0 = sin 0 is a good approxima- 
tion, thus: 


t =- mgl 6 


We note that this equation resembles the standard 
form for simple harmonic oscillators: 


F = - kx 
where mg&% is analogous to k, and 9 to x. 
We find the expression for the period T of a simple 


pendulum by analogy with the equation for that of the 
harmonic oscillator: 


T = 
thus: 
T = 27 I = 2T mg’ = 27 /= 
mgt mgt g 


where I = mg? is the moment of inertia of the mass m 
about point 0. 


From the above equation: 


2 
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2 2 
g= (1 sec) (9.8 m/sec*) _ 0.248 m 
4 (3.14)? 


e PROBLEM 372 











What is the period of a small oscillation of an ideal pen- 
dulum of length 2, if it oscillates in a truck moving in a 
horizontal direction with acceleration a? (See figure a). 





T Cos (@ +c) 


T Sin (œx+ 8) 


mg 


FIGURE B 


= 
mg FIGURE A 


Solution. Let the equilibrium position be given by the 
angle a. In this position, the net force on m is along the 
horizontal axis and equals ma. The angle a is determined 
by the equations 


T sin & = ma (1) 


T cos a mg (2) 


where g is the gravitational acceleration. When the pendu- 
lum is displaced by a small amount 6, it will perform a 
simple harmonic motion around the equilibrium position. The 
force on m along the horizontal x-axis is T sin(6 + a), as 
shown in Fig. b. Newton's second law for the motion along 
this axis is 


nox = -T sin(é@ + a) (3) 
dt 
where x is the distance from the vertical. 
For small 6, we can expand sin(@ + a) as 
sin(6 + a) % sin a + ð cos a. 


Substituting in (3) 
dx 
p. ~% -T sin a - OT cos a. (4) 


Combining (1), (2) and (4), we get 


a?x 


ee = omg 
dt 
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dx 


% -a - 6g. (5) 
at? ~ 


@ and £ are related geometrically as 


x = 2 sin(®@ + a) = & sin a + 6% cos a 


therefore 
Co oe a?o 
ie cos a —*5 
ee dt 


Substituting in (5), 


2 cos a — ~ ~a - 8g 


d-o a 
«- reale + (6) 


a 
=6+=— 
¢ g 


we get 
2 


I$ =- rodat - 


dt 


This is the differential equation for a simple harmonic 
motion. Therefore its solution is 


ġ = A sin(wt + B) 


where A and B are the constants of integration and 


ae Fee. 
2 cos a 


The expression for @ is 
; a 
6 = A sin(wt + B) - F 


The boundary conditions are 6 = 0 at t = 0 and 6 = 0 ie 


at t = 5 (where ¥ is the period), 


Determine the constants A, B: 


a) € 0: A sin B= 


aie 


ii) t F A sin(4 + B] - = ae eee 


The period of the motion is 


oe Å cos a 
q ae RN tas aa e 
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e PROBLEM 373 


A ball of mass 100 g is attached to the end of a string and is 
swung in a circle of radius 100 cm with a constant linear velocity of 


200 cm/sec. While the ball is in motion, the string is shortened to 
50 cm. What is the change in the velocity and in the period of the 
motion? 





v = 200 cm/sec ' 





` ' y “aia 


Solution: We define the initial state of the ball to be the circular 
path of 100 cm radius and the final state to be the path of 50 cm 
radius. The initial angular momentum of the object is 


L = mvr 


(100 g) x (200 cm/sec) x (100 cm) 


= 2X 10° gon Apep 


The initial period is T = A where f is the frequency of rotation 


f 
of the ball in its initial motion. But 
2nt = w 
where w is the initial angular velocity of the ball. Hence 
1_ 27 
t=3"% 


Also, w= v/r where v is the velocity of the ball and r is its 
distance from the axis of rotation. Therefore 


27 _ 27 
(v/r) v 


_ 2m x (100 cm) 
~ 200 sec 


T= 


= T sec 


An alternate derivation is as follows. The velocity v of the object 
about the initial circular path is constant. Hence, 


_ distance 
x time 


In one period, however, the object moves a distance of one circumf- 
erence length, Therefore 


2m 
ys) == 


or T= a= 

v 
Shortening the string does not apply any torque to the ball because 
the applied force lies along the line connecting the ball with the 
center of rotation. Therefore, the torque is zero. However, 


T= 


ale, 


Then 
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eee 


ley 


0= 
> 
or L = constant . 
Hence the final angular momentum, L', is equal to the initial angular 
momentum L: 
L' = mv'r' = L 
Thus, the final velocity is 


= 
mr 


2 x 10° g-cm”/sec 
(100 g) x (50 cm) 


400 cm/sec . 
2mr' 

v 

m x (50 cm) 
J cm/sec 

a sec 

ī ° 
Therefore, decreasing the radius by a factor of 2 has increased the 
linear velocity by the same factor but has decreased the period by a 
factor of 4. 


The new period is 
T' = 


9 





@ PROBLEM 374 


The figure represents a small body of mass m revolving ina 
horizontal circle with velocity v of constant magnitude at 
the end of a cord of lenght L. As the body swings around 
its path, the cord sweeps over the surface of a cone. The 
cord makes an angle ® with the vertical, so the radius of 


the circle in which the body moves is R = L sin 9 and the 
magnitude of the velocity v, equals v = 27R/T = 

(27L sin 0)/T, where T is the period of revolution of the 
motion, the time for one complete revolution. Find T. 








Solution: The forces exerted on the body when in the posi- 
tion shown are its weight mg and the tension P in the cord. 
Let P be resolved into a horizontal component P sin 6 and 
a vertical component P cos 6. The body has no vertical 
acceleration, so the forces P cos 6 and mg are equal, and 
the resultant inward, radial, or centripetal force is the 
component P sin 0. Then 
2 
P sin @=Mm™ = P cos 0 = mg. 
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When the first ot these equations is divided by the second, 
we get 


y2 


tan 6 = Rg" 
This equation indicates how the angle depends on the 
velocity v. As v increases, tan 6 increases and 6 increases. 
The angle never becomes 90°, however, since this requires 
that v = œ, 
Making use of the relations R = L sin 0 and 
v = 27L sin 6/T, we can also write 


2 2. 2 ee | 


„a Sin 0 _ v“ ar L sin” 0 
tan 0 = zos = Rg n2 : 
T Lsin@ég 


tan 6_ l „4r L 





sin 6 cos gt 2 
T2 

cos 6 = 2 
4T L 


T = 2nvL cos 0/g. 


This equation is similar in form to the expression for the 
time of swing of a simple pendulum for which T = 2n/L/g. 
Because of this similarity, the present device is called a 
conical pendulum, 

@ PROBLEM 375 


Two springs are joined and connected to a mass m which 
rides on a frictionless surface (see figure (a)). What 
is the frequency v of the oscillation that will result 
if the mass is displaced a small distance x? 





FIGURE B 
FIGURE A DP 


Solution: We must show that the configuration of 
figure (a), is equivalent to that of mass m, connected 
to a single spring having force constant k'. In figure 
(b) a mass m is shown connected to such a spring. A 
segment of the spring is divided into two sections of 
length x; and x2. The tension in these two sections 


must be equal, as must be true of the tension in any 
other arbitrary sections into which the spring may be 
divided. If this were not the case, the spring would 
buckle. In general, when the spring is stretched or 
compressed by a force F, the changes in length Ax; 


and Ax2 of sections x: and x2 will not be equal since 
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the magnitudes of such distortions will be proportional 
to the lengths of the segments involved. We can see 
this by symmetry. If a spring is stretched to twice 

its usual length, for example, each arbitrary section 
must stretch to twice its usual length. If we choose 
the sections to be of unequal length, the amount that 
each section stretches will be different. Thus: 


F = - kı AX, == k2 Ax2 


since we know that the force that the spring exerts 
on the mass equals the tension within each section. 
The force constants of sections x, and x2 are represent- 


ed by kı and k2. 
It is not unreasonable to assume that each arbitrary 


section of the spring can be considered to have a dif- 
ferent force constant as long as: 


F = - kı Ax; = - k2 4X2 = - K3 AX3 = ... = Ka Ax, 
= - k'x 
where x = Ax, + Ax2 + AX; + ...+ Ax, 


is the total displacement of the mass. 


Thus we see that in the case of the two connected 
springs above, the tension in each must be equal: 


FfF = - kı Ax; = - k2 Ax2 = - k'x 


= k' (Axi + 4x2) 


a oe 
Ax, = ki 
so ea 
Ax2 = k2 
Thus: 
ta « Wee a 1 
Ax, + Axe Po sae 1 is 1 
kı k2 ky} ko 
1 ki k2 
kı + k2 kı + kz 
kık2 


Since the frequency of an oscillator having force 
constant k' is: 


jebi k! 
eel i m 


1 ki k2 
ee 2 TA ka TA 
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@ PROBLEM 376 


A metal disc is suspended from its center by a torsion 
bar, as shown in the figure. Find the period of oscilla- 
tion for small angular displacements from equilibrium. 


Torsion bars have the property of exerting a torque 
which is proportional to the angular displacement and 
oppositely directed. 








Solution: The angular displacement ġġ is opposed by 
a torque 


T=- K O 


where Kx is the torsion constant, and corresponds to the 
force constant of a tensile spring. The angular acceler- 
ation a and the moment inertia of the disc are related 
to T by 


2 
t=tIaet aze 
: dt? 
hence I ORs Ko. 


dt? 
The resulting differential equation for ọ is 
2 
do 4027 9 = 0 
at? 
where Q = £ . This equation defines a simple 


harmonic motion, given by 
o(t) = oo sin Nt, 


Ĥo is the maximum angular displacement and we assumed 
that @ = 0 at t = 0. The period T is 


=- 27 _ L 4 
T= g/k e PROBLEM 377 


A horizontal shelf moves vertically with simple harmonic 
motion, the period of which is 1 s and the amplitude of 
which is 30 cm. A light particle is laid on the shelf 
when it is at its lowest position. Determine the point 


at which the particle leaves the shelf and the height to 
which it rises from that position, g being taken as 


T? mes 72. 
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Solution: The period of a simple harmonic motion is 
given by the expression 


Therefore, the angular frequency in this case is 
w = 27/T = 27/1 s = 2m rades"'. 


The only forces acting on the particle are its 
weight mg downward and the normal force exerted by 
the shelf upward. (See the figure.) At any time, 
according to Newton's second law, N - mg = ma, where 
a is the upward acceleration of shelf and particle. 
If a=- g, (i.e. the shelf accelerates downward with 
magnitude g) N becomes zero and, if a becomes more 
negative, the shelf is retarded at a greater rate 
than the particle; therefore the particle moves away 
from the shelf. Since the shelf undergoes simple 
harmonic motion, its displacement may be described by 
x = A cos (wt + 6), where A is the amplitude of the 
oscillation, and ô is a phase factor dependent on the 
initial conditions (i.e. where the shelf is at t = 0). 


The acceleration a = d*x/dt* = - w? A cos (wt + ô) 


= - w*x. Hence, the displacement x at which the particle 
leaves the shelf is given by 


-g = - w’x or 
2 wate? 
x= % = Oms __ in. 
w? ane rad?+s~? 
(for g = t? mes” and w = 27 rad+sec ~’) ‘ 


The particle thus leaves the shelf when it is % m 
above the mean position. At that point the common 
velocity of shelf and particle is given by the formula 
relating to velocity to displacement for simple harmonic 
motion: 


v = + wv¥A* - x 
Since the shelf is rising, v is positive and 


v = 2m rades~ x Y(0.3 m)? - (0.25 m)2 
2a YO.0275 m's ~}. 


We now have a new problem concerning a particle 
thrown upward from a platform with an initial speed 
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v. If the platform level is taken as the reference 
level for measuring potential energy, then the law 
of conservation of energy requires that at each 
moment of time that the particle is in motion, the 
sum of its kinetic and potential energies must 
remain constant. At the time the particle leaves 
the platform, its potential energy is zero and 


Ep = PE + KE = 0 + k% mv? 


At its maximum height h, v = 0 and 


E, = PE + KE = mgh + 0 


š 4 mv? = mgh or 


2 2 2a 
h = V x 4 0.0095: mies Ti pp a eS. side 


@ PROBLEM 378 












A vertical spring has an unstretched length L. When a mass 
m hangs at rest from its lower end, its length increases 


to L + & Find the period of small vertical oscillations 
of m (figure). 


(a) No weight. (b) Weight at rest. (c) Weight oscillating. 


When the mass is hanging at rest (figure b), the 
extension of the spring is £ and the force exerted by it on 
m is, according to Hooke's law, 


Solution: 


S = -k&. 


The positive direction is downward, but S is an upward force 
and therefore negative. Since the mass has no acceleration, 
this upward force exerted by the spring must be exactly 


counterbalanced by the weight, mg and by Newton's Second 
Law, 


Fret =-k& + mg = 0. 


Hence, 
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mg = k£. (1) 
Suppose that, during the oscillation, the mass isa 
distance x below its equilibrium position, so that the ex- 
tension of the spring is & + x (figure c). The force exert- 
ed on m by the spring is then 
S' = -k(2% + x) 
= -k£ -= kx. 
The total force F on m is the sum of S' and the weight mg. 
F= S' + mg 
F = -ki - kx + mg. 
According to equation (1) -k£ cancels +mg, so 
F = -kx (2) 
where x is the extension of the spring from its equilibrium 
position (figure c). In order to find the period of small 
vertical oscillations of m, we must solve the equation of 


motion (2) for x(t). Noting that 


2 
x 


= a d 
F=ma=m nee 


e 
we may write, from (2) 


m ax = =kx 
dt 
2 
d“x (s) 
S E a = 0 (3) 
at m 
We define 
2 k 
wo = m’ (4) 
Using (3) and (4), 
2 
d”“x 2 
+wx = 0 (5) 
re: 


This is a linear, second order differential equation 
for x in terms of the variable t. A valid method of solu- 
tion is to make an educated guess for x(t), substitute this 
guess into (5), and see if an identity results. If so, 
x(t) is the solution of (5). A good guess for x(t) is 


x(t) = A cos(at + 9). (6) 
where a, A and ọ are arbitrary constants. Noting that 
ete) = -aA sin(at + 6) 
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2 
ante) = -a?A cos(at + 6) 


dt 
and substituting these results into (5), we obtain 


-a?A cos (at + ọġ) T- A cos(at + ¢) = 0 


which is an identity if we = a’, Hence, x(t) is a solution 
tE Wo = a and 
x(t) = A cos(wọt + >). 


To find the period of the motion, note that the cosine 
function goes through one complete cycle of variation when 
its argument ( wot + ¢) has gone through 27 radians. Here, 


the change in the argument is 
(wots + ¢) = (woty + ¢) 
or wolte - to) 
and this must equal 27 radians, or 
Wo( te = to) = 27 
te- to = £. (7) 


0 
But te - to is the time required for cosine to go through 


one cycle, which is defined as the period of the function 
(T). Using (7) and (4), 


2T m 
T= “mia an E. (8) 
From (1), mg = k& 


or k = = 


Inserting this in (8), we obtain 


T= an /E è 


© PROBLEM 379 


A mass m= 2 kg is hung on a spring of constant k = 3.92 x 10°N/m. 


The natural angular frequency of the system is w, = 44.3 sec"l, Now 
we will force the system to vibrate at different Prequencies by an 
alternating force 

F = 2 cos wt newtons 


That is, the maximum force is two newtons. A static force of two 
newtons would cause a deflection of about 4 mm to the system. What 
will be the amplitude of vibration for w = 15 sec™l, and 60 sec! ? 
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Fig. (a) 





fe = 2cos wt 


This problem is a 


tion: 
force applied to a vibrating mass. 


are the given applied force 

F, = -ky due to the spring. 
mass from its rest position. 
restoring force acts in such 
vertical displacement. 


A (w) 





Fig. 


(b) 


case of harmonic motion with a periodic 
The forces acting on the mass m 
F = 2 cos wt, and the restoring force 
y is the vertical displacement of the 
The negative sign indicates that the 
a direction as to oppose a change in 


By Newton's second law, 


-ky + 2 cos wt = m ČF 


& k 2 
rnd p: 2 y= = cos wt 


The following function is a solution to the above differential equation, 
(2) 
This can be verified by sub- 


or 


(1) 


y(t) = A cos wt 


where A is the amplitude of vibration. 
stitution into equation (1): 


-u A cos wt + = A cos wt = 2 cos wt 


Dividing out the common factor, and solving for A, we find 
2/m 
mS k/m - 


Let k/m = wo (where wg is the natural frequency of vibration) then 


Since m = 2kg, we can calculate values of la| as shown in the table. 


w la| 


1$ see 5.8 x 10°* m 
44 3:8 x 102 
60 6.1 x 1074 


When the frequency w of the applied force is near the natural fre- 
quency wg the amplitude becomes much larger (see figure (b)). We 


can also calculate the average total energy <H> of the system. The 
total energy H of the system at any moment is 
H=% ov +% ky (3) 


where the first term is the kinetic energy of the object and the second 
term is the elastic potential energy of the object. Upon differentia- 
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ting equation (2) substituting it into equation (3), we obtain 
H = } ma? sin? wt + $ kA? coot . 

But k= um (by definition of wf) Therefore 
H = 4 mo? sin*wt + 4 mA? uf, cos’ wt 


The average value of cos*wt over 1 period is, by definition 


1 an 
<cos*wt> = Sa cos wt d(wt) = 4 
0 


Similarly,<sin? wt> = 1/2 
Hence <H> = % mu? + & mA” of 


or 


<> = ymo? + wh) 


which shows that the energy of the system becomes much larger as 
w Wh o 
0 


w <I> 
15 sec” 3.7 x 104 
44 2.8 
60 1.0 x 10°? 


As the frequency of the applied force nears the resonance frequency it 
is possible to transfer considerably greater energy to the system, 


@ PROBLEM 380 









Six students each of mass 80 kg decide to bounce an 
automobile of mass 1200 kg. They find that if they sit 
in the auto, the static deflection of the chassis is 
1.5 cm. When they press down the bumpers in unison a 
maximum dynamic deflection of 10 cm is obtained. The 


auto also oscillates at a frequency of 0.8 sec !. 


Estimate the Q of the automobile suspension, and the 
damping factor p of the shock absorbers. 













Solution: First we find the spring constant k. The 


LS eee 


total mass of the students is 6 x 80 = 480 kg; and 
their weight 480 x 9.8 N = Mg causes a deflection of 


1.5 x 10 2 m. According to Hooke's law, 
W= - kx 


where x is the extension of the spring of the auto from 
its equilibrium position, and W is the force (the weight 
of an object in this case) on the spring. Then 


2 
kaa Mg _ 480 kg x 9.8 m/sec” _ 3,14 x 105 N/m 


s > 1.5 x 102m 


Next we estimate the work done by the students in 
pushing the car down. Suppose that in pushing down they 
take all their weight off their feet. Then in each push 
a force of (480 x 9.8) N travels through a distance of 
0.10 m (10 cm). The work done on each oscillation is 


W = 480 x 9.8 x 0.10 = 470 joules. The frequency is 
0.8 sec ', so that the power expended per oscillation 
is found as follows: 


_ _work/oscillation a ae | 


~ time for one oscillation ~ 
= 470 j x 0.8 sec ! = 376 watt 
Here we made use of the relation f = 1/T. 


The potential energy stored in the suspension is 
given by 


H = 3; kA? 
where A is the maximum deflection. Thus 
H = 45 3.14 x 10° N/m x (0.10 m)? 
= 1.57 x 10% joules 
From this we can estimate Q of the system. 


The Q of the system is a measure of the amount of 
energy dissipated in the system, per cycle of operation, 
relative to the energy present in the system. More 
precisely, we define Q as 


E H 
Q= 27 P 


where H is the energy stored in the system, and P is 
the energy dissipated,all in one cycle. 


In our case we have 


4 
> ode de 
Q= an <a 


= 


21 


1.57 x 10° j is the potential energy stored in the 
automobile springs. 


Then we assume that f is the natural frequency (a 
moderately good assumption) we can calculate p using 
an alternate expression for Q. 


Q can also be described in terms of the damping 
factor p. The damping factor is a measure of the time 
taken for the oscillations to die out. This in turn 
depends on the amount of energy dissipated by the 
system per oscillation. Q then, in terms of time, 
rather than in terms of energy, is given as follows: 


wo 2nf 
2-7 AE 


From this, we can find p. Then 


p = 2nf/Q = 2m x 0.8/21 = 0.24 sec ! 
395 





© PROBLEM 381 


A particle which is performing simple harmonic motion 
passes through two points 20 cm apart with the same 
velocity, taking 1 s to get from one point to the other. 


It takes a further 2 s to pass through the second point 
in the opposite direction. What are the period and 
amplitude of the motion? 








Solution: From the equations of simple harmonic 
motion, the velocity at any displacement x has a 
value v = wvA2 - x2, where w is the angular frequency 
of the motion and A its amplitude. Thus v can be the 
same at two points only if the displacements of these 
points are + x. If the origin of the time scale is 
taken at the mean position of the motion, as shown in 
the rotor diagram, and if the second point is reached 
to thereafter, the displacement at the first point is 

- x = A sin w(to - 1 s) (1) 
at the second point, 


+ x =A sin wto, (2) 
and at the second point on the return journey, 
+ x = A sin w(to + 2 s) (3) 


Hence, using equations (1) and (2) 


sin wto = X/A = sin w(t) - 1 s) 


Since 


- sin w(t) - 1 s) sin [o (to - 1 s)| = sin wto 
to = - (to - 1 s) or to = k s. 
Also, using equations (2) and (3), 


sin w(to + 2 s) = x/A = sin wto- 


Since, in general,sin 8; = sin 02 implies 6, T= 0, 


then, in this particular case 


w(to + 2 s) =T - wtor T/w = 2to + 28 


° ge een 
er te w= 3 rad-s™. 


li 
w 
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Also 
sin w(t) - I s) = sin{} rades”! x -ks 
= - sin Š =- &. 
But sin w(to - 1s) = - x/A = - (0.1/A)m. 
O i 
.*, lee: ea or A= 0.2m. 


@ PROBLEM 382 


A 10 kg mass resting on a table is attached to a steel 
wire 5 m long which hangs from a hook in the ceiling. 
If the table is removed, the wire is momentarily 
stretched and the mass commences to oscillate up and 
down. Calculate the frequency of the oscillation if 

the cross-sectional area of the wire is 1 sq mm and the 


value of Young's Modulus is taken to be 19 x 10’? 


dynes/ cm’. 





Solution: Young's modulus is defined as 


where Ax/x is the fractional change in length of the 
wire, A is its cross-section and F is the force normal 
to A. 


But F = ma (Newton's second law, where a = acceleration). 


* a=- E- [ral ax (1) 


Since a is proportional to the extension of the 
wire from its equilibrium length (Ax), the motion is 
simple harmonic. For this type of motion, 


a = wi x (2) 


where wọ is the angular frequency of the oscillation. 
Comparing (2) and (1) 


2 . YA 
Wo mx 


and Wo = / 2 


If f is the frequency of the oscillation 
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Wo = 27f = 


YA 
mx 
z D 
whence f = on on 


Using the data supplied 


p g S 19 x 10 dynes/cm?) (1 mm)? 
27 (10 kg) (5 m) 


Transforming all quantities to c.g.s. values 


e=- / {19 x101. dynes/cm’) (107? cm?) 
~" 20 (10000 g) (500 cm) 


© PROBLEM 383 


Derive the formulas for the period and the frequency of 


a simple harmonic oscillator. 





ion: A simple harmonic oscillator in one dimension 
is characterized by a mass which is acted upon by a 
force, F, proportional to and directed opposite to its 
displacement x: 


F = - kx (1) 


From Newton's second law: 





2 
F=m =m ax = - kx, 
dt? 
2 
ee ae ee (2) 
at? m 


From the theory of differential equations, a 
solution for x is: 


x(t) = A cos (wt + ô) (3) 
where A, w, and 6 are constants.The constants A and 6 
are arbitrary. However, w depends upon the physical 
characteristics of the oscillator, m and k. We can 
solve for w by inserting the expression for x given 
in equation (3), into equation (2). We must first 


calculate the second derivative of x with respect to 
ts 


2 
7 * oe sin (wt + 6), i = - w? A cos (wt + 6) 
dt 


Then, making the substitution: 


- w? A cos (wt + 6) = - k A cos (wt + ô) 
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k / K 
Thus, w? = mf y = = 


Next, we can prove that the oscillator goes 
through one complete cycle in time T = 21/w, by showing 
that at time t + 27/w the displacement x of the oscilla- 
tor will be the same as at time t: 


x (t + 2r) Zs 


A cos oft + — + 6 


w 


A cos (wt + 27 + 6) 


A cos [ (wt + 6) + 2n| 


A cos (wt + ô) 


The last step is justified from the laws of 
trigonometry which state that: 


cos (y + 27) = cos y 
where we let y = wt + 6. 
The time T it takes the oscillator to complete one 


cycle is called the period and is represented by T. 
Thus: 


20 
w 


= 27 k 


T = 

The frequency of oscillation v, is the number of 
cycles the oscillator goes through per unit time. This 
is the reciprocal of the period: 


1 
cycles/sec = sec/cycle 


1 w 1 k 


v = => = = = = —_ 


T 27 2T m 
@ PROBLEM 384 


In an electric shaver, the blade moves back and forth 
over a distance of 2 mm, with a frequency of 60 cps. 
This constitutes a simple harmonic motion with 


amplitude R = 1 mm. (a) Find the maximum accelera- 
tion. (b) Find the maximum velocity. (c) Calculate 
the velocity and acceleration at point C, a distance 
x = 0.5 mm from 0, the center point (see diagram). 





1 mm ——|——1 mm 
en 
0.5 mm 

Solution: For simple harmonic motion, the force 
acting on the blade must be proportional to its dis- 
placement x, but opposite in direction. The limits 
of the oscillation are equidistant from the equi- 
librium position. We can then write 

2 
a (1) 
dt? 





F= - kx = ma=m™ 
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where k is a constant, m is the mass of the blades, 
and the negative sign indicates that the force acts 
in the opposite direction to the displacement. 
Equation (1) can be written 


2 
C2 an By (2) 
dt? ià 
which requires a solution where the second derivative 
of x(t) is proportional to - x(t). The sinusoidal 
functions have such a property. Assuming that at 
t = 0 sec, the displacement is at its maximum ampli- 
tude R, we can write 


x = R cos wt (3) 


where w is a constant. Differentiating twice, 


gx = =- w R sin wt (4) 
2 

ox = =- w? R cos wt (5) 

dt 


Substituting equations (3) and (5) into (2), we 
find 


- w? R cos wt = - k R cos wt 


2_k 

a ae 
Therefore, if the value for w? is chosen to be k/m, 
then x = R cos wt is a solution of the equation 
obtained for the simple harmonic oscillation of the 
blade. From this solution, we see that w must be 
the angular frequency of the motion since the function 
cos wt repeats itself after a time 2m/w. The velocity 
and acceleration are dx/dt and d?x/dt?, respectively, 
as found in equations (4) and (5). 


(a) Looking at the acceleration function 

a = - w° R cos wt (6) 
we note that the maximum value is attained when 
cos wt is one or wt = nw where n is an integer. This 
occurs when the displacement is a maximum. The 
angular frequency for the blade is 

w = 2mf = (27)(60 sec!) = 377 sec“ 
Therefore, the maximum acceleration is 


- 2 = -1 y2 
arar = R= (377 sec ) x 1 mm 


= 1.42 x 10° mm/sec? = 1.42 x 10? m/sec? 
(b) To find the maximum velocity, see that 


v = - wR sin wt (7) 
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has a maximum whenever sin wt = 1. This happens when- 
ever the blade is at its equilibrium position at 
which point wt = nt/2,where n is an integer. The 
maximum velocity is calculated to be 


Vag TUR 377 sec™! x 1073 m = 0.377 m/sec 


(c) To express the velocity function in terms 
of the displacement x, we square equation (7). Then, 


y? = wR? sin? wt = w?R? (1 - cos? wt) 


w2(R? - R? cos? wt) = w?(R? - x?) 


Expressing this in terms of ‘i T wR, we write 


ax 
2 2 

v? = wR? |1 - X | = eam a 
R? R? 











At x = 0.5 mm 


i / AR i / = = mmj? 
y= Vmax 1 R? 0.377 m/sec 1 1.0 mm 
0.377 V1 - (%4)? m/sec 


0.377 x 0.865 m/sec = 0.326 m/sec 

The acceleration function of equation (6) can 
be expressed as 

a=- w’x 


< 
i] 


and at x = 0.5 mm = (5)(107" m), the acceleration is 


a = w*x = (377 sec)? x (5 x 10°" m) 


71 m/sec” 


e PROBLEM 385 


The period of a compound pendulum is 2 s on the earth's 


surface. What is its period if it is aboard a rocket 
accelerating upward with an acceleration of 4.3 mes ?? 








Solution: When on the surface the compound pendulum 
has a period T = 27 YI o/Mgħ, where M is the mass of 
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the pendulum, I is its moment of inertia about the 

axis of rotation, h is the distance between the center 
of mass and the axis of rotation and g is the accelera- 
tion of gravity, as shown in the figure. 


Under acceleration a upward, the forces acting on 
the body when it is displaced through an angle ð are 
those shown in the figure, the weight Mg downward 
and the vertical force F and horizontal force R 
exerted by the pivot on the pendulum. 


Consider the linear accelerations, horizontal 
and vertical, acting on the body at its center of 
mass and the rotational acceleration about the 
center of mass. Applying Newton's Law to the 
horizontal and vertical motions, we get 


R = Ma, (1) 


P - Mg = Ma; (2) 
The equation of motion for the rotation is 
Net torque = Rh cos ð - F h sin 6 = Ig a (3) 


where Iq is the moment of inertia with respect to 
the center of mass, and Sis the angular acceleration. 


The point O thus has an acceleration, ay 
horizontally, an acceleration ay vertically, and a 
further linear acceleration ap = ha at right angles 


to OG, due to the rotation about G. But the point O 
does not move sideways, only upward with an accelera- 
tion a. Thus, there is no net horizontal acceleration 
a, + ha cos 6 = 0 (4) 
Substituting (4) in (1), 
R= - Mh o cos 9 
The upward acceleration is 


= = h sin 9 
a a, a 


or a,=a + h asin 6 (5) 


Substituting (5) in (2) 


F 


Mg + M (a + h a sin 9) 


M(g + a + ha sin 9) 
and finally equation (3) becomes 


Ig a = Rh cos 6 - Fh sin 9 
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= - Mh? a cos? 0 - Mh? a sin? 0 - M(g + a)h sin 0 
= - Mh? a (cos? @ + sin? 6) - M(g + a)h sin 9 
= - Mh? a - M(g + a)h sin 9 


or fg + Mh?) a = Ia = - M(g + a) h sin 90 


where we used the equation Io = I, + Mh?. 


ipag yee angle @ is small, and sin 0 can be replaced 
by Y, 


2 


Q 
D 





Qa = 


ao M(g + a)h gia 6 =< M(g + a)h Ə. 
at? Io Io 


This is the differential equation of a simple 
harmonic motion, therefore it follows from the theory 
of simple harmonic motion that the period of oscilla- 
tion is 


Io 
T' = 2n f wig + ayn 


If T is the period of the motion when the pendulum 
is at rest on the earth 


Io 
_2"/ Mat gn 


Jf To 
27 igh 


> g snes 9.8 ms °? 
aa 9.8 ms 7 + 4.3 mes 2 


ee 


0.83 


Hence T! = 0.83 T = 0.83 x 2s = 1.67 s. 


Note that the result can be obtained more quickly 
if the idea of an accelerated frame of reference is 
applied. An observer in the rocket considers the point 
of support of the pendulum at rest relative to himself. 
To explain the observed equilibrium he finds it necess- 
ary to postulate a force Ma acting downward on the body 


in addition to the weight Mg. Hence the pendulum acts 


as if the weight were M(g + È) instead of Mg, from which 
the formula follows immediately. 


@ PROBLEM 386 





The simple harmonic motion of the pendulum in figure 
(a) is slowed as a result of air friction. If the 
frictional force is proportional to the velocity of 
the bob, (a) find the displacement of the pendulum 
as a function of time, (b) calculate the rate of 
energy dissipation by the damped harmonic motion 
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of the pendulum. Assume that the oscillation fre- 
quency of the pendulum is much greater than the 
rate of damping (the weak damping limit). 














Amplitude 





Envelope 


-— — 
_— 







h| x - F 
f 


Fig. A Fig. B 
Solution: (a) The restoring force on the pendulum 
for a small angular displacement 6 is 


F= - mg sin 6 = - mg 0 


where m and g are the mass of the pendulum and the 
gravitational acceleration, respectively. The 
frictional force is 


f = - bv 


where b is a proportionality constant, and v is 
the velocity. The minus sign in the expressions for 
F and f means that they oppose an increase in 6 
and v, respectively. The displacement along the arc 
is 

x = £6 


The equation of motion for displacement x is 





2 
m af 5 F +f =- mg 8 - bv 
ar“ 


which gives the following differential equation for 
£: 


a?x , b dx ad 
a Aoh Sarga (1) 


In the weak damping limit, b is small and the 
amplitude of the oscillation is damped as shown in 
Fig. b. Therefore, we try the solution 


-t/Tt 
x(t) =Ae t/ sin wt 


: =e i ; ; 

in (1), where e i is the equation of the amplitude envel- 
ope. We assumed that at t = 0, x = 0. 

We have 


2 = 
axsae t/t [4 = w?) sin wt - 2% cos ut 
dt? j ë 
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bax) —, t/t] bu db i 

mae e | m COS wt - ir sin ut | 
ieee -t/tT J _. 

7 "a g sin ot. 


Substituting in (1), we obtain 


A eu (+ - wW? - = + 3) sin wt 


bw 2w x 
[e 2u) cos se} = 0 


The coefficients of sin wt and cos wt must equal 
zero separately; 


bw _ 20 _ 9 
m T 
l det ee eee EA 
ar č eet gy 4 
apes 
or :*= (2) 
o? = Sru i b? Pa 
Loge mr kam? 2m? 
iW . de. 
% Am? 


Hence the angular velocity of the motion is 


WwW = =— a = l - Pp P 
Wo << Wo mu (3) 
gn ee A B TAFLI 
where wo = 7 For weak damping, tha, ut KCL] , 


and (3) becomes 


w= w(t - Bo} =o - 


310 
T 


MW ọ 


(b) The kinetic energy Kx is 
2. dx)? 
k mv“ =m fa 


Aw 
li 


% m A e t/t fw cos wt - = sin ut] 


=k mA? e2t/t (o? cos? wt + -l sin? wt 
TÊ 
202. 
- > sin wt cos wt (5) 


Now, let us consider the time average of xk. 
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For this we substitute the following trigonometric 
identities in (5). 


2 sin wt cos wt sin 2wt, 


on ee l + cos 2wt 
bhi uts 1 - gos 2wt 
K = k m A? e72t/1T k w+ = + k w? cos 2wt 
2T 


ws sin 2wt - & sin 2wt 
212 T 


The time average of a pure sine wave is zero, 
i.e. 
< cos 2wt > = < sin 2wt > = 0 


Therefore, only constant terms in the expression for K 
survive when we take its time average 


< K > = mA? e72t/T [e] . 
2 
T 
We see that the average kinetic energy decays 
exponentially. The potential energy U is 


U = mgh = mg& (1 - cos 6) = mg 6? 


— 5)’ = ME e 


R 


& 2 


R 


k y a A Sin? wt 


x TD a? e7?t/T 11 ~ cos 2ut] 


The time average of U is 


R 


«ts ak md A2 e 2t/t 
Therefore, the time average of total energy is 


<E>=<U>+<x > = A? aes + mw2+ = 
2 
T 


2 e72t/t(mg , mg _ b? , b? 
KASP A : 4 4m F 4m 


-2t/t 


k we Ree 
The rate of change of energy with time has a 


negative sign since the energy decreases. Therefore, 
the rate of dissipation, P, is positive since it is 
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the rate of decrease (negative rate of increase) of 
the energy 


3 @ PROBLEM 387 


At a carnival, the people who go on a certain ride sit 
in chairs around the rim of a horizontal circular plat- 
form which is oscillating rapidly with angular simple 
harmonic motion about a vertical axis through its 
center. The period of the motion is 2s and the ampli- 


tude .2 rad. 


One of the chairs becomes unbolted and just 
starts to slip when the angular displacement is a 
maximum. Calculate the coefficient of static friction 
between chair and platform. (The rim is 12 ft. from 
the center). 

FIGURE A: Top View FIGURE B: Side View 
axis of 
oscillation 
seat 











Solution: In order to find the coefficient of static 
friction, we must use Newton's Second Law to relate 
the acceleration of the seat to the net force acting 
on it. Now, the platform and seat are oscillating 
about an axis through C (see figure (A)) with a 
maximum angular displacement 68). Since the motion is 


simple harmonic, we may write 


6 = 65 cos (wot + P) (1) 


which gives us the angular displacement of a point 

on the disc (and, hence, the seat) as a function of 
time. Note that p is an arbitrary constant, which is 
determined by the way the angular motion begins, and 

wọ is the angular frequency of the motion. Differentiat- 


ing (1) twice 


d i 
w = $e = — 89 Wo Sin (wot +p ) (2) 
a = 28 = Oo we? cos (wot + (3) 
dat 0o Wo 0 p) 


Here, w and a are the angular velocity and acceleration 
of a point on the disc. Since the seat has an angular 
acceleration a, it also has a tangential acceleration 
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a such that 


Er 
a, = aR = - 6, wo’ R cos (wot +p) (4) 


where R is the platform radius (and the distance of 
the seat from C, see figure (A)) à 


In addition, the seat also has a radial acceleration, 
apr pointing inward towards C. The value of a, is 


a. = w? R = 097 wo” R sin? ( wot +p) (5) 


The net acceleration a is then 


a 2 2 
a? sal? tas 
a? 2°05? 409°°R? [cds ? (wot +) + 00" wo* R 
sin* (wot +p) 
a? = 69? .weteR? [cos? (wot +p) + Osin” wot + P ] 
or a = Bo wR (cos? (wot + p) + 057 sin" (wot + p) (6) 


If we assume the chair is unbolted, there are 2 
sets of forces acting on the chair. In the vertical 
direction (perpendicular to the disc) 2 forces act - 
the normal force N of the disc on the chair, and its 
weight, mg (m is the chair's mass). Since the chair 
stays on the platform, there is no acceleration in the 
vertical direction, and N and mg balance: 


N = mg (7) 


In the plane of the disc, the only force acting is the 
force of static friction, fz By Newton's Second Law, 
this must equal the product of the chair's mass and 
acceleration. Using (6) 


£5, = mpo wo? R (cos? (wot +» J 052 sin“( wot + y))? 


But, £ 


[A 


u_ N 
s s 


Hence, $ 


JA 


u_ mg 


sS s 


Combining the first, and last equation for f 
m 09 wo R (cos? (wot +p)t+ 897 sin" (wot + y)y <u mg 


Solving for us 
Bo wo? R (cos? (wot + + 0,7 sin* (wt + k (8) 
u > > ( (wo P) 0 (wo p)) 


This relation holds as long as the seat is stationary. 
Once the seat begins to slip, the maximum force of 
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static friction is encountered, and (8) becomes a 
strict equality: 


Oo wo? R (cos? ( wot +p ) + 0? sin* (wot +)" (9) 
u => a——amammiħŮÁ 
s g 


Note that slippage occurs at the maximum value of 6, 
or 6,.For this value of 6, (1) yields 


Oo = 09 cos (wot + a) 
whence cos (wot + a) = 1 
As a result, sin (wot + a) = 0 


Using these facts in (9) 
Bo Wo? R (1 + 0)% 89 wo R 
ee ae = ————_ 10 
us 3 3 (10) 


Note that we don't know w,, but we do know T, the 
period of the oscillation. By definition 


Wo = 2nf = 


ral 


where f is the oscillation frequency. Using this in (10) 


AT? OR 
T?g 


u = 
s 


Substituting the given data 


- (4) (9.89) (.2 rad) (12 ft) 
(2s) 2(32 £t/s?) 


u 
sS 


u. = .74 
s 


We could have done an easier (but less general) 
analysis by noting that, when 6 = 6), the ay term is 


zero, for the chair is instantaneously at rest. 


© PROBLEM 388 


Calculate the average over time of the kinetic and potential energy 
of a harmonic oscillator. 


Solution: Assume that the harmonic oscillator we are dealing with is a 
mass on a spring. The position of the mass is then given by 


x=A sin@w)t + ©) 
where A is the amplitude of the motion of the mass, and g is a phase 


angle defining the initial position of the mass (at t = 0). 
The kinetic energy is then 


K= 3M = 2M [aA cos Wot + OF. 
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The time average of the kinetic energy over one period T of the motion 
is defined as r K dt 


oe E 


T 
But Wp is the angular frequency and 
Wy = amg 
where f is the frequency of motion of the mass. Since f = 1/T 
wn = 27/T 
and ° 
T = 2M/w, « 
ad P cos? Qot + dt 
<P =}4 A E E eee 
27/w9 
Let y= t+ (1) 
and 
dy = Wo dt 
since g is a constant. We then have 
pean 
J cos? y @y/w) 
9 
<P = 3 Ma 82 —— (2) 
271/w, 


where the limits are obtained by noting that, from (1), y= at t =0, 
and y=2m+q@ at t= 2n/W. Rewriting (2) 


Mu? AP +2 
0 j a) 


<P = 4 cos? y 
2m F 


But cos*y = 4(1 + cos 2y) and 


Mah, A tot 
<P = n %(1 + cos 2y)ay) 





4T 











9 
Mai APP pear prom 
<P = BT | dy + cos 2y dy 
9 
Mu APT tan pram 
mn dy + %4 J cos 2y(2dy) 
9 
Ma? A? 
<> = = [27 + 4 sin(2p + 4m) - sin (29)]} 


Since sin(29 + 4m) = sin 29 
Mu? A? 


0 
4 


The potential energy is, with x =A sin@,t + ® 


U = %0 = 40A? sif @t + 9) 





<K> = 


where C is the spring constant. Now, 
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T 201/w 
Jo at So "A sin? (wt +g) dt 


ee 277, 
Using (1) pH2T 
5 J sin’ y(dy/ wg) 
‘a LS Ee E RRS. 
oe 27/w9 
2 przen 
<I> = = f sin y dy 


Because siny = %(1 - cos 2y) 


pram 
<I> = ary &(1 - cos 2y) ay | 
9 
2 p2T p+2T 
<V = ak dy - J cos 2y ay | 
9 9 
- +2 gran 
<D = aes b dy - %4 J cos 2y (24y) | 
9 9 


<U> = fon - &[sin(2p + 47) - sin(29) 1] 


Since sin(2p + 4T) = sin(29) 
2 





CA’ 
< =z =— 
D uer 
But, we = C/M, by definition of the frequency of the simple harmonic 
oscillstor. Therefore 
maf, 4° 
<> = 7 


Thus <U> = <K> and the total energy of the harmonic oscillator is 


E = <> + <U> = Z Ma, A° 


Note that E = <E> because the total energy is a constant of the 
motion. 

The equality of the average kinetic energy and potential energies 
is a special property of the harmonic oscillator. This property does 
not hold in general for anharmonic oscillators. It does hold for weakly 
damped oscillators. 

© PROBLEM 389 


If a tunnel were drilled through the earth along one of 
its diameters and if a stone were dropped into it from 
one end, how long would it be before the stone returned? 
Compare the answer with the period of an earth satellite 
in an orbit of minimum radius and comment on the two 


values. Assume the earth to be of uniform density, and 
make use of the information that a body inside the 
earth at a distance r from the center has a gravitation- 
al force acting on it due only to the portion of the 
earth of radius r. 





Solution: Consider the regions I and II of the earth 
constructed out of the conical sections with pivot m 
(see the figure). Region I contains a smaller mass 
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Slice of the Earth 


than region II. It is, however, closer to m than 
region II. Since the gravitational force due to a mass 
is directly proportional to the mass, and inversely 
proportional to the square of distance, then it 
appears that regions I and II provide equal and oppos- 
ite forces on m, due to the tradeoff between mass and 
distance. A detailed mathematical analysis verifies 
that regions I and II do neutralize each other and 
have no resultant effect on m. This is true for any 
such regions constructed by the above procedure, and 
the net effect of the portion of the earth outside the 
sphere of radius r is zero. At any distance r from 
the center the stone is acted on by a force of 
magnitude 


' 
po SL. Sf npr? = - 4 mpGmr, 
xr 3 


where m is the mass of the stone, p the density of 

the earth, and M' the mass of that portion of the earth 
of radius r. We also used the fact that M' = pV = 

p(4/3 mr*). The negative sign indicates that the force 
acts in a direction that opposes an increase in separa- 
tion of the two bodies (itSattractive). Therefore, by 
Newton's second law, 


F = ma = - ($ ocn] E OÈ F = - kr 


where k = 4/3 tpGm. 
The form of this equation indicates that the mass 
is undergoing simple harmonic motion about the center 


of the earth. The period of any simple harmonic oscillator 
of mass m is 


t= 2/8 
where k is the effective spring constant. 
Therefore, in this case, 
27 
/ $ TEG 
But at the surface of the earth the gravitational 


force of attraction on the mass m (i.e. its weight) 
is 


T = 


W = mg = = = 4 TpGmR, 
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by Newton's Law of Universal Gravitation. 


R is the radius of the earth and M is now the 
total mass of the earth. Thus 


g = T0G 


Hence T= 2n/ Re 27 6370 x 10° m 
g Y 9.8 ms * 


5061.6 s = 84.8 min. 


w 
we 


The time period of an earh satellite in a circular 


orbitis T= 2ra? fR, where d is the distance of 
the satellite from the center of the earth. If the 
height of the satellite above the earth's surface is 
negligible in comparison with the radius of the earth, 
then to a first approximation d = R, and T' = 


2n/R/g, the same period as that of the stone under- 
going simple harmonic motion along the tunnel. This 

is not surprising, since any simple harmonic motion 
may be considered the projection on a diameter of the 
motion of a point in a circle with constant speed. 
Thus we should expect the period of an earth satellite 
near the earth's surface to be the same as the period 
of a particle undergoing simple harmonic motion along 
a diameter of the circle. 


@ PROBLEM 390 


Consider a pendulum which is oscillating with an 
amplitude so large that we may not neglect the 


0? term in the expansion of sin 0, as we do for a 
harmonic oscillator. What is the effect on the 


motion of the pendulum of the term in 9°? This is 
an elementary example of an anharmonic oscillator. 
Anharmonic or nonlinear problems are usually diffi- 
cult to solve exactly (except by computers), but 
approximate solutions are often adequate to give us 
a good idea of what is happening. 





Solution: The expansion of sin 6 (for small 6) to 
terms of order 0°, commonly expressed as "expansion 
to O (6*%)," is 


Ohak oki , 


ale 


sin @=6- 


so that the equation of motion of a simple oscillator 
becomes, to this order, 


2 2 
ao ito me A 


dt? ee ap 





where wọ? denotes the quantity g/L. This is the 
equation of motion of an anharmonic oscillator. 


We see if we can find an approximate solution 
413 





to (1) of the form 
0 = Oo sin wt + £0, sin 3wt, (2) 


It is now evident that (2) can only be an approximate 
solution at best. It remains for us to determine ec, 
and also w; while w must reduce to wọ at small 


amplitudes, it may differ at large amplitudes. For 
simplicity we suppose that @ = 0 at t = 0. 


An approximate solution of this type to a 
differential equation is called a perturbation solution, 
because one term in the differential equation perturbs 
the motion which would occur without that term. As 
you have seen, we arrived at the form of (2) by guided 
guesswork. It is easy enough to try several guesses 
and to reject the ones which do not work. 


We have from (2) 
@ = - w*8, sin wt - 9w*e6, sin 3ut; 


0? = 0? (sin? wt + 3e sin? wt sin 3wt + ...), 


where we have discarded the terms of order €? and 


e* because of our assumption that we can find a 


solution with € << 1. Then the terms of (1) become 


2 
wo? Oo Sin Wot + € wWo78_ Sin 3wt = aa 69° X 


(sin? wt + 3e sin? wt sin 3wt) + 


2 


w?@9sin wt + 9 w? € 0p sin 3ut. 


The coefficient of the term sin? wt sin 3wt in 
the previous equation is small by 0(e) or by 0(697), 


compared with the other terms in the equation. Since 
€ and 8) are small quantities, we neglect this term. 


Using the trigonometric identity 


sin? wt = 3 sin wt - sin 3ut we get 


w 8o sin wt + € wo789 sin 3wt = G wo Oo + w20] x 


sin wt + [o w°E0o -= z wo?60?] sin 3wt (3) 


In order for this equation to hold, the corres- 
ponding coefficients of sin wt and sin 3wt on each 
side of the equation must be equal: 


2 wo" Oo” 2 
wg m = +w (4) 
cwo? = mm ws Sew? 
0 z4 “Yo Vo Ew (5) 
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From (4), w? = wo? [2 - 5 00°] 


or w 


R 
€ 
o 
aN 
[=] 

I 
ole 
Oo 

o 
N 
eet 
a 
R 
€ 
o 
-n 
m 
I 


E e) 
T6?’ ) 


using the binomial equation for the square root. We 
see that as 0) > 0, w > wọ. The frequency shift Aw 


is 


Aw = w - wo = Té 8 


In (5), we make the substitution w? = wọ? and 


obtain an expression for £. 


i 
€ Wy? = -= 34 Wo 7097 + Yew” 


Oo? 1 
e = e = F 80” 
8 x 24 16 
We think of € as giving the fractional admixture 
of the sin 3wt term in a solution for 0 dominated by 
the sin wt term. 


Why did we not include in (2) a term in sin 2wt? 
Try for yourself a solution of the form 


6 = 865 sin wt + N89 sin 2wt, 


and see what happens. You will find N = 0. The 
pendulum generates chiefly third harmonics, i.e., 
terms in sin 3wt, and not second harmonics. The 
situation would be different for a device for which 
the equation of motion included a term in 6”. 


What is the frequency of the pendulum at large 
amplitudes? There is no single frequency in the 
motion. We have seen that the most important term 
(the largest component) is in sin wt, and we say 
that w is the fundamental frequency of the pendulum. 
To our approximation w is given by (4). The term in 
sin 3wt is called the third harmonic of the fundamental 
frequency. Our argument following (2) suggests that an 
infinite number of harmonics are present in the exact 
motion, but that most of these are very small. The 
amplitude in (2) of the fundamental component of the 
motion is 99; the amplitude of the third harmonic 
component is £p. 

@ PROBLEM 391 


Suppose that the 2 atoms of a stable molecule oscillate along the 
line connecting their centers. Treating the system as an harmonic 


oscillator, calculate the vibration frequency. (Neglect any rotation 
of the system). 





Solution: If we treat the given system as an harmonic oscillator, we 
may assume that the 2 atoms are coupled by a tiny spring connecting 
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x Figure A 





x Spring relaxed Figure B Spring compressed 


their centers. Then, using Newton's Second Law to relate the force 
on each atom to its sites say we obtain 


zim x, (t) 
(1) 
"aS zw 
where ky is the force acting on atom 2 due to atom 1, and F, is 


the force on atom 1 due to atom 2. Also, r,(t) and r} (t) are the 


initial positions of particles 2 and 1, respectively. (See figure (A)). 
Now, we may define the relative distance between the 2 atoms as 


r= F, (t) . r(t) (2) 


Looking at figure (B), we observe that, at t = 0, 
ti pm r} (0) - r, (0). 


This is the initial relative separation of the 2 atoms. By Hooke's Law, 
we may write 


ad 


rs n oz r Fo) (3) 
= i= oF -r To) 


where r - ta is the extension of the "spring" and C is the spring 


constant. Note that particle 2 attracts particle 1 and vice versa. In- 
serting (3) in (1) 


i} = - 

m, tT, = cz - ro) (4) 
$ = 

m ry = -eft - Fo; (5) 


Multiply (4) by m and (5) by m, to obtain 
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4 a = 

ei ae ee e(r ý to) (6) 
ou = os 

mm, r} = -mc(7 = To] (7) 


Subtracting (6) from (7) 


.. 
— 


mm t) - mm, Ty = -m,(r - Fo) - mz - Fo) 


or ns 4 =e — 
mal, “ore cz P To) (my, +m) 
From (2) s o 
2 bean es ? 
and 





So ae -cfr - z ) 

pu e 

Now, mm, /m,+m, is rt ag e Sg Bite Seo mass u and 
Ves ae -o[F.- £o) 


Finally w a a 
r + tfr - To) =0 (8) 


_ 


= — - 
Redefining r - r, as s, we note that 


0 
s p a ae 
amr = Yy r 
since ro = constant. Equation (8) now becomes 
4 g -+ 
ia = s=0 
u 


which is the equation of motion of a simple harmonic oscillator of an- 


gular frequency T 
LY ae (9) 


It is known from spectroscopic measurements that the fundamental vibra- 
tional frequencies of the molecules HF and HCL are 
wg (HF) = 7.55 X 1014 rad/sec; 


wg (HC1) = 5.47 x 1014 rad/sec. 
Let us use these data to compare the force constants Cur and Cici’ 
The reduced mass of HF is, in atomic mass units, 
1 1 1 20 


-= = = == amu 


TA 
mm, I am’ 19 amu 19 








HF 
Up © -950 amu 
1 





s ae | 1 1 = ae 
my nol = I amu z 35 amu ee 


HCL 


Here we have used the atomic mass of the most abundant isotope of chlorine, 
.) Notice that the reduced masses are quite close to each other in 
value. This is because the hydrogen, being lightest, does most of the 


oscillating. 
Now from (9) we have for the ratio of the force constants: 
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2 
Cur (uu) ae ~ 54,0 x 107° amua? = 
ior 28 7:7 86, 
HC1 (hoo) ct 29.0 X 10° amu/s 

while for an individual force constant 


Chp” (sa x 1078 éiu/s*} (1.66 x 10° seni ws 9 X 10° dyne/cm 


Here we have inserted the factor which converts the mass from atomic 
mass units to grams. 


Is this value of C reasonable? Suppose we stretch the molecule 
(which is about 1A or 1x 10-8 cm in length) by 0.5 A. The work 
needed to do this would probably be nearly enough to break up the 
molecule into separate atoms of H and F. By using the formula for 
the potential energy of a compressed (or extended) spring, the 
work needed to stretch the molecule 0.5 A should be of the order 


of magnitude 
xe (r - ‘a ~ 3(9 x 10°} (0.5 x 1078}? w &x10 °}! erg 


This is not unreasonable for an energy of decomposition into separate 
atoms. Therefore, the calculated value of C is reasonable. 
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CHAPTER 10 


HYDROSTATICS /AEROSTATICS 










Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 422 to 
453 for step-by-step solutions to problems. 


Fluid mechanics is an important part of physics since much of our 
universe consists of gases and liquids either at rest or in motion. The study 
of fluids at rest is called fluid statics or sometimes hydrostatics / aerostat- 
ics since water and air are two essential fluids. 

The density of a fluid is its mass divided by its volume 


p=m/V. 


If one measures the mass of a beaker with a certain volume of liquid in it, 
m, , w and without a certain volume of liquid in it, m,, (Figure 1), then one 
can easily calculate the density of the liquid as 


m, / V. 


9 = (m, w 
The specific gravity ofan object is a dimensionless quantity defined as the 
ratio of its density to that of water (usually at 4°C). Since p, = 1 g/cc, the 
specific gravity is the same number as the density of a substance in CGS 
units. In solving a specific gravity problem, one must simply convert to 
CGS. 


For solid objects, the mass of the object is more easily measured, for 
example with a calibrated digital balance. Finding the volume is easy if 
the object has a regular shape. For example, the volume of a parallelpiped 
is lwh, a right circular cylinder xr*h, a sphere 4 /3 xr’, and a cone 1/3 xr*h. 


In general, to find the volume of an object mathematically requires the 
evaluation of an integral constrained by the boundaries of the object 


M M 
“ Figure 1 iia 
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V=f W-f dr. 
The differential volume element is dx dy dz in Cartesian coordinates, p dp 
do dzin cylindrical coordinates, and r° dr sin 0 doin spherical coordinates. 


Another common experimental way to find the volume of an object is 
by submerging it. For example, if a mass is placed in the fluid of Figure 
1b, one can simply take the difference of the volumes before and after 
submerging the object to get V=V,,,- Vy This approach works very well 


for irregularly shaped objects where the method of attack of using 
integration fails. 


Archimedes’ principle states that a fluid exerts an upward or buoyancy 
force on an object equal to the weight of the fluid displaced. This can be 
used to understand how objects float and why objects have a different 
apparent weight in a fluid. Consider the situation of Figure 2. For a mass 
on a spring (Figure 2a), the free body diagram gives W — F = 0 or mg = kx. 
The stretching of the spring and knowledge of the Hooke constant may 
hence be used to find the weight, as with the calibrated bathroom scale. 
However, in Figure 2b, summing up the forces we get W -F - B = 0. The 
apparent weight of the object is F = ky = mg — B. If the object is a solid 
sphere of radius r and density p, then the buoyant force is given by p,, 4/ 
3 nr°g. Clearly, for p > p,, the solid object will sink. 


The concept of pressure is important in fluid mechanics. Pressure is the 
force per unit area acting on a surface. For example, if an object is beneath 
acolumn of fluid of height h and cross-sectional area A, then the pressure 
is p = F/A = mg/A. Since the mass of the fluid is 


m =f od r, 


and if we assume constant density, then m = pAh. The pressure is thus p 
= pgh. The quantity pg is sometimes called the weight density. If there is 





Figure 2 
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an ambient pressure then one must add that to get the absolute pressure 
P = pP, + pgh. 


One can find the force acting on part of an object by integrating the 
pressure over the particular area F =fpda. The differential area dais given 
by dy dz in Cartesian coordinates. 


‘CD 


Figure 3 
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Step-by-Step Solutions to 
Problems in this Chapter, 
“Hydrostatics/Aerostatics” 






DENSITY, SPECIFIC GRAVITY, PRESSURE 
© PROBLEM 392 


The density of a liquid can be measured by means of a 
"pyknometer" (see the figure). The pyknometer is a glass 
vessel with a ground glass stopper having a narrow hole 
along its axis. If you are given the mass, m of the 


empty pyknometer, the mass Mien! of the pyknometer when 


filled with the liquid and the mass Moe 
meter filled with distilled water (all masses being de- 
termined at the same temperature), calculate the density 
of the liquid. 


of the pykno- 





Solution: Let V be the volume of liquid contained by 
the pyknometer. Then 


3 
3 
2 


y = 


w 
—_ = (1) 
Pw 


D 
2 


where Poy and P are the water and the liquid densities 
respectively, and my and m, are the masses of the water 
and the liquid in the pyknometer. Since 


m = m -m 
w ptw p 


m, =m - ™ 
L 


equation (1) becomes 


Mp+w i; Mo Mott z Mo 
V = = į 
Py Pe 


- “ptt "Mb p 
Pe m. - m C 
ptw P 


@ PROBLEM 393 


l In order to determine their density, drops of blood t 
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are placed in a mixture of xylene of density 0.867 


g-cm ™, and bromobenzene of density 1.497 g:cm~, the 


mixture being altered until the drops do not rise or 
sink. The mixture then contains 72% of xylene and 

28% of bromobenzene by volume. What is the density of 
the blood? 


Solution: Using the definition of density 


density = yolune 


every 72 cm? of xylene have a mass of 72 cm? x 0.867 
gcm“? = 62.424 g, and every 28 cm? of bromobenzene 

have a mass of 28 cm? x 1.497 gm-cm™? = 41.916 g. Thus, 
100 cm? of the mixture have a mass of (62.424 + 41.916)g 
= 104.340 g. Thus the density of the mixture is 1.0434 
gecm~>. 


But blood neither rises nor sinks in this mixture, 
showing that the blood has no net force acting on it. 
Thus the weight of any drop of blood is exactly equal 
to the upthrust acting on it. But,by Archimede's 
principle,the upthrust is the weight of an equal volume 
of mixture. Hence the blood and the mixture have the 
same densities; thus the density of blood is 1.0434 
gecm~*, 

© PROBLEM 394 


The mass of a rectangular bar of iron is 320 grams. It 


is 2 x 2 x 10 centimeters’. What is its specific 
gravity? 





Solution: Specific gravity for solids is the ratio 
of the density of the solid to the density of water 
(approximately 1 gram per cubic centimeter). The 
specific gravity of iron is then 


>| © 
€ H: 


S = 


at 320 gm ‘wz 3 
Due g? E RR KLON 8- gm/cm 
Since P = 1 gm/cm? 


8 gm/cm* _ 8 
1 gm/cm? 


S 


© PROBLEM 395 


A water pipe in which water pressure is 80 lb/in. ° 
springs a leak, the size of which is .01 sq in. in 


area. How much force is required of a patch to "stop" 
the leak? 





ution: This problem is quickly recognized as an 
application of the definition of fluid pressure. 
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Commencing with the definition of pressure as the ratio 
of the force f on an area a,and the area a, we 
find 


© |h 


p = 


It follows that: f = pa 


Substituting values: f = 80 lb/in” x .01 in? =.8 lb. 
@ PROBLEM 396 






A piece of ice floats in a vessel filled with water. Will the water 
level change when the ice melts, if the final temperature of the water 
remains 0 C? 


uh A WA 


Figure A Figure B Figure C 


Solution: The temperature of the system remains constant, therefore we 
do not expect any thermal expansion of the water. Now, suppose that 

somehow we were able to take the ice out of water while preserving the 
geometry of the water as shown in figures A and B, The volume y. of 


the cavity that is going to result is the volume of the ice which was 
submerged in water. In order to keep the level of the water the same, 
the pressure we must exert on the walls of this cavity must be equal 
to that exerted by the weight of the ice. Therefore, we can fill the 
cavity with water whose weight is equal to that of ice in order to ac- 
complish this. But, we already stated that this amount of water will 
have exactly the same volume as the submerged part of the ice, i.e., 
the volume of the cavity (Fig. C). As a result, we see that the level 
remains the same if the cavity is filled up by water. 


When ice melts, the situation is equivalent to what has been described 
so far since ice becomes water upon melting and effectively fills up 
the volume vacated by the ice in water. 


© PROBLEM 397 










A boy sits in a bus holding a balloon by a string. The 
bus accelerates forward. In which direction will the 
balloon move? 





Solution: Our first guess is that the balloon moves 
backward. However, the balloon actually moves forward. 
This occurs due to the pressure gradient created by 
the motion of the bus. When the bus is at rest, the 
air molecules undergo random motions. On the average 
the molecules remain in one position. As the bus 
accelerates, the back of the bus “collects” the air 
molecules. The front of the bus leaves the air 
molecules behind. The net result is an increase in 
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air density at the back of the bus, and a decrease in 
air density at the front. Just as a balloon rises 

due to the greater pressure at the lower end of the 
balloon than at the top of the balloon, similarly the 
greater pressure at the back of the balloon will 
cause it to move forward. 


BUOYANCY EFFECTS 


@ PROBLEM 398 







What is the apparent loss of weight of a cube of steel 
2 in. on a side submerged in water if the weight 
density of H20 is 62.4 lb/ft3? 





A 


Solution: The situation is as depicted in the diagram. 
Assume that a diver's hand exerts an upward force H on 
the steel, which is just large enough to keep the block 
in equilibrium. In this case, from Newton's Second Law, 
the net force on the block is zero and 

B +H - mg = 0 (1) 
where B is the buoyant force of the water on the steel. 
By Archimede's Principle, B is equal to the weight of 
water displaced by the block. Hence, 

Bos pa gV (2) 
where V is the block's volume, and Py is the density 
of water. Therefore, solving (1) for H, and using (2), 


H = mg - B = mg - PIV 


But m may be written as 

m = PV (3) 
where Ps is steel's density. Finally, then, 

H = PIV = PIV 
But H is the apparent weight of the steel, since this 
is the force we exert on the block to keep it in equi- 
librium. The weight of the block outside the water is 
given by (3) as 


mg = p gV 


The difference between "apparent" and "actual" 
weights is then 
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> 
ll 


H - mg = (essy - 0499) - p 9V 


lal PIV 


which is B. Hence, 


|A| = (2.4 1b/ft*) (2 in.)? 
= (62.4 lb/ft*) (1/6 ft)? 
_ 62.4 = 

lal = 7g 1b = -29 1b. 


@ PROBLEM 399 







How far does a wooden (spherical) ball of specific gravity 0.4 
and radius 2 feet sink in water? 





Porri ; EN Fig. € 


Solution: By "Archimedes' principle" we know that the ball will sink 
until it displaces a weight of water equal to the entire weight of the 
ball: 

(weight of ball) = (weight of displaced water) 


We know that: 
(weight of ball) = (volume) (specific gravity) (density of water) 
where the density of water w is measured in pounds per cubic foot. 


We must first calculate the volume of the part of the sphere immersed in 
water when the sphere sinks to a depth of h, and then solve for h from 
the given information (figure A). 


Finding this volume is equivalent to finding the volume generated by 
rotating the area between the curves x? + (y - R)? and y= h, about 
the y-axis, ( see figure (B)) 


We note that the general formula for a circle is (x - h)? + (y - k)? = r°, 
where (h,k) are the coordinates of its center and r is the length 

of its radius. In this case the coordinates of the center are (0,R), 

and r= R. 


Recall that (see figure (c)) : 

dV =n x? dy = T[R® - (y - R)?]?dy = nm(2Ry - y?)dy 
where dV is the differential cylindrical volume element, x being its 
radius and dy its height. Finally, we integrate dV between y = 0 


and y= h. h 
V = nf (2Ry - y?)ay 


0 
ohn - SP = afar 8) mn -2) 


Hence, from the equation for the weight of the ball: 


i 


(weight of ball) = (volume of submerged portion) (density of water) 
4 > thn - 3 
(= TR? (0.4 w = T h®(R =)" 
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$(2)° (0.4) 


n?( 2 - >) 


h - 6h? + 12.8 = 0 
We find by synthetic division that h œ 1.75 feet. 
@ PROBLEM 400 
Army engineers have thrown a pontoon bridge 10 ft in 


width over a river 50 yd wide. When twelve identical 
trucks cross the river simultaneously the bridge sinks 


1 ft. What is the weight of one truck? The density of 
water is 1.94 slugs-ft °. 





Solution: When the trucks are on the bridge, the extra 
volume of the bridge immersed is 1 ft deep, 10 ft wide, 


and 50 yd = 150 ft long, i.e., 1500 ft*. The upthrust 
on this extra volume immersed in water is the weight of 
an equal volume of water according to Archimedes' 
principle. Thus 


U = ve, J = 1500 ft? x 1.94 slugs*ft ° x 32 ft+*s ? 


9.312 x 10° 1b. 


where Py is the density of water, and g is the gravitation- 
al acceleration. But this upthrust just balances the weight 
of the twelve trucks. Hence one truck has a weight 


_ Us. AAD _ 
We 33 = i = 7760 1b. 


@ PROBLEM 401 












How many cubic feet of life preserver of specific 
gravity .3, when worn by a boy of weight 125 1b and 
having a specific gravity .9, will just support him 
i submerged in fresh water of which 1 cu ft weighs 


62.4 1b? 


8 
Solution: In this problem the boy b is TO submerged 
while the life preserver p must be completely sub- 
merged to give the maximum buoyancy. 


The weight of the boy Wh and the weight of the 
preserver Wp acting downward are just balanced by 
the buoyant force of the preserver Bo and the 


buoyant force of the boy Bp’ 


B. +B =W, +W (1) 


BL and Ba are equal to the weight of fluid dis- 
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placed by the boy and the preserver respectively. Hence 


Bh = Mg 


where M is the mass of the water displaced by the 
boy. Since density d = M/V and the volume of the 
displaced water V = 8/10 V where V, is the volume 


b b 
of the boy, then 


ae 8 
B, = [8 vp] q, 9 


where dy is the density of water. 
The weight of the boy is 
W, = (4, )g = 125 lb 


where Vp 4p is the mass of the boy and dp is the 
density of the boy. 
Similarly, 


= Ww = Vd 
Bo Vps and p p pI 


where V_ is the volume of fluid displaced by the 
preserver, and ap is the density of the preserver. 
u. 

4, 


mass of 1 cu ft of water 
1 cu ft of water 


Wr 


Q 


Now, dw = 


weight of 1 cu ft of water 
erg eS <i: enc = eS ee ih 


1 cu ft of water 


62.4 1b 2 
1 cu ft of water g 


Also, the specific gravity (or relative density) 
of the preserver with respect to water 
d 


d 
= e] = _3 . = _b = 3. 
Sp TS ayaduelOY and Proud: Agicoke 


Therefore, equation (1) becomes 


- + T0 V € g+Vdg=W.+Vdag 





w pw b PpP P 
8 125 E 3 
To gd, dig + Vow = 125 + Vp To aig 
a: (125) ow - 125 8 1 
10 d =~ (125) = - 125 
b 10 S 
V = 3 = =a 
P = £ S 
10 4,5 d., 9 IO dg 





1255- z (125) 





= 
$ (125) hi 

a eS BT = .32 cu ft (approx). 
To (62.4) ü 


@ PROBLEM 402 


A barge of mass 15,000 kg, made from metal of density 
7500 kgm °, is being loaded in a closed dock of sur- 
face area 6633 m? with ore of density 3 gcm °. When 


80,000 kg of ore are aboard, the barge sinks. How does 
the water level in the dock alter? The area of the barge 
is assumed negligible in comparison with the area of 

the dock. 





Solution: Before sinking the total mass of barge plus 
load was 95,000 kg. Since the barge floated, the up- 
thrust of the water must have equaled the weight 

of 95,000 kg. The mass of displaced water was thus 
95,000 kg and, since the density of water is 10°? kg/m? 
the volume of the barge is 


m 


t 


where m is the mass of the barge plus its load. Hence 


V 


3 
y = SE X 10° ko -05 m? 
10? kg/m? 


The volume of the material of the barge is, 
similarly, 15,000 kg/7500 kgm ° = 2 m?, and the volume 


of the ore density 3 gcm ° = 3 x 10°? kgem™ is 

ag = 26 2 m?. The total volume occupied by the metal of 
the barge and the ore in the water after sinking is thus 
28 2/3 m?. This is the amount of displaced water after 


the barge sinks. 


The displaced water has therefore decreased by 
66 1/3 m?. The water level in the dock thus falls by an 
amount h, equal to the decrease in volume divided by 
the surface area of the dock, the surface area of the 
barge being negligible. Therefore 


h = S633 T Too ™ = 1 on. 
© PROBLEM 403 


When a metal cylinder of height 14 cm. which is floating 
upright in mercurcy is set into vertical oscillation, 
the period of the motion is found to be .56 s. What is 


the density of the metal? The density of mercury is 
13,600 kg - m`? and g is t? m » s~?. 
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Solution: Let the cylinder have a cross-sectional area 
A, length 1, and densityp , and let it float in the 
mercury of density p' immersed to a height y. In this 
position, shown by the solid line in the diagram, the 
cylinder is in equilibrium. Hence, the net force on 

the cylinder, composed of its weight (Fg) and the 


buoyant force (Fp) is zero. Then, taking the positive 


direction downward, 


Fo - Fp = 0 
or Fo = F (1) 
But Fo =m, g 


where mo is the cylinder mass. Since 


m 


pg a Na a 
P = Volume of cylinder (V) 
ae ee 
and Fo =p Agg (2) 


The buoyant force is equal to the weight of fluid 
displaced by the object. Hence 


FR = Ma g 
where Ma is the mass of mercury displaced. But 
m =p v' 


where V' is the fluid volume displaced. Hence, 


3 
Ii 


p' A - y) 


and F, = p' A(z - y)g (3) 
Using (3) and (2) in (1) 

pAkg = p' Ayg 

If the cylinder is pushed in a further distance x, 
the upthrust is greater than the weight, and there is a 


restoring force attempting to return the cylinder to its 
original position. If a is the downward acceleration, 
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we find, from Newton's Second Law 


Phet F =? 


Again, Piet = Fo = Fa = ma 


or patg p' Aly + x)g = pAka 


Since pAkg = p'Ayg 


p' Axg = pata 


seg 
and a ph x 


Comparing this with the equation of motion of a simple 
harmonic oscillator, we realize that 


2 = Og 
W PI 
Since T = 21/w, where T and w are the period and angular 
frequency of the motion, we note that 


w = 27/T 
2 ` 
and an a ED 
q? PR 
p'gT? 
A4n72 


— (13,600 kg ° m2) (72 <m..° s—2)(..56):* 82 
(477) (.14 m) 


7616 kg ° m-°. 


> 
Ii 


© PROBLEM 404 


A rectangular post 4 in. thick is floating in a pond 
with three-quarters of its volume immersed. An oil 
tanker skids off the road and ends up overturned at the 
edge of the pond with oil of 1.26 slugs + ft~* density 


leaking from it into the water. When the upper face of 
the post is just level with the surface of the liquid, 
what is the depth of the oil layer? What happens if 
more oil keeps pouring into the pond? 





4in. -y 





Solution: Before the oil is spilled, the post is 
oating in the water symmetrically. Let its cross- 
sectional area be A and its density p. Then, if three- 
quarters of the volume is immersed, only 1 in. is above 
the surface and 3 in. below the surface. The weight 
downward, For and the buoyant force Fp balance, since 


the post is in equilibrium vertically. Hence if Po 
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is the density of water, we may write 


Fo ~ Fp = 0 
pag x 4" - poAg x 3" = 0 (1) 
L-32 
or 5, z 


Note that the buoyant force is equal to the weight of 
water displaced by the post. (We have taken the positive 
direction downward). 


When the oil density p' pours on, it stays above 
the water. The water extends up to a height y and the 
oil fills the other (4 in. - y). Since equilibrium is 
still achieved, the weight downward must equal the sum 
of the two buoyant forces due to the water and the oil. 
Hence pAg x 4" = p,Agy + p'Ag(4" - y). Using (1) 


p H 4" = pp X 3" = pey + prs” = y)- 
po x 3" = p' x 4" 

c+ Fs Po = p" 

_ 1.94 slugs + ft °? x 3" - 1.26 slugs > ft * x 4" 

7 (1.94 - 1.26) slugs + ft ° 


= OsIh ne 4.56» 


Thus the depth of the oil layer is 2.85". 


If oil keeps pouring onto the pond, the post must 
stay as it is with respect to the water-oil interface. 
While the oil poured on initially, the post rose from 
the water to compensate for the extra upthrust from the 
oil by diminishing the upthrust from the water. Once 
the post is totally immersed, it is at the correct po- 
sition with respect to the water-oil interface for the 
sum of the two upthrusts to equal the weight. Adding 
further oil cannot alter this. 

@ PROBLEM 405 





Brass weights are used in weighing an aluminum cylinder 
whose approximate mass is 89 gm. What error is introduced 


if the buoyant effect of air (p = 0.0013 gm/cm’) is 
neglected? 


A 3 
Pbrass ~ 8.9 gm/cm 


np 3 
Pay 2.7 gm/cm 





Solution: If the objects on the pans occupy different 
volumes, then the volume, and therefore the weight of 
the air is different on the two objects and must be 
accounted for. The additional weight on the object 
with less volume is just equal to the weight of the 
additional volume of air. 


yaa 
p 

vp = —$ m = 10 m 
8.9 gm/cm? 

v = — 2 = 33 cm? 
2.7 gm/cm? 


The difference in volume V of air displaced on the 
two pans of the balance is 


= - = Bo as 3 = 3 
V Val Vp 33 cm 10 cm 23 cm 


Hence, the mass error 


m = Vp = 23 cm? x 0.0013 gm/cm? = 0.030 gm 


The error introduced is only a small fraction of 
the total mass, but in many experiments where accuracy 
is important an error of 0.030 gm in 89 gm is too great 
to allow. 


@ PROBLEM 406 












A tank of water is placed on a scale, which registers 
its weight as W = Mg. What is the change in the scale 
reading if a block of steel, of weight w = mg, is 

lowered into the tank, as shown in figure (B)? 


M (of H,O a A 
and con- mg 
So Sree tainer) 
N 
t scale 
(M+m)g 
FIGURE A FIGURE B FIGURE C 


Solution: The figure shows the situation. The steel 
is held in the water by a string with tension T. We 
wish to find the force exerted by the system on the 
scale. By Newton's Third Law, this is equal in magni- 
tude to the force exerted by the scale on the system, 
shown in figure (A). Since this system is in equi- 
librium, the net force acting on it is zero and 


T +N - (M+m)g = 0 


N= (M+mg-T (1) 
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However, in order to solve for N, we must know T. We 
can obtain T by applying Newton's Second Law to the 
system shown in figure (C). Since this system is in 
equilibrium, we may write 


T + Fa - mg = 0 


where F, is the buoyant force on the block. By 
Archimede's Principle, Fp is equal to the weight of 
water displaced by the steel. Hence, 


Fp = PIY 
where V is the volume of the cube and Py is the 
density of water. Then, 


T = mg - F, = mg - OgV (2) 


B 


Using (2) in (1), 


N (M + m)g + Pav - mg 


or N Mg + pgV 


This is the "weight" registered by the scale. If the 
tank were weighed without the steel, we'd find 


N' = Mg 
The difference in these 2 readings is 


- ' = - = 
N N Mg + PIY Mg PIY 


or the buoyant force. 
@ PROBLEM 407 


A ball of volume 500 cm? is hung from the end of a wire 


of cross-sectional area 2 x 107? cm’. Young's modulus 
2 


for the material of the wire is 7 x 10!’ dynes*cm™’. 
When the ball is immersed in water the length of the 
wire decreases by 0.05 cm. What is the length of the 
wire? 





Solution: When the ball is immersed in water, it 
suffers (according to Archimede's Principle) an up- 
thrust equal to the weight of a similar volume of 
water. Thus immersion causes a compressive force on 
the wire of magnitude 

F = 500 cm? x pg 


where p is the density of water. Hence 


F = 500 cm? xl g*cm~* x 981 cm*s * = 49 x 10" dynes. 


But Young's modulus for the wire is given by the 
formula Y = (F/A) (A/o), where A&/%y is the fractional 
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change in length of the wire, A is the latter's cross- 
sectional area, and F is the force normal to the cross- 
section of the wire. Hence 


AYA 


Qo = F 


-2x 10 cm? x_7 x 10: dynes‘cm 2x 5 x 10°? cm 
49 x 10* dynes 


142.9 cm. 


FLUID FORCES 
© PROBLEM 408 


Find the force acting on the bottom of an aquarium having 


a base 1 foot by 2 feet and containing water to a depth 
of one foot. 





Solution: Pressure, p, is given by height times density 
(when density is weight per volume). The density of the 


water is 62.4 1b - Therefore, 
fE? 
p = hw = l ft x 62.4 1b _ 62.4 16 
ft’ ft? 


Force = pressure x Area of bottom, therefore, 


lb 


F = pA = 62.4 
tt? 





x (1 ft x 2 ft) = 124.8 lb. 


Note that the shape of the vessel is not considered 
in this solution. It would be the same even if the sides 
were sloping outward or inward. 


@ PROBLEM 409 


Find the pressure due to a column of mercury 74.0 cm high. 
A — 
h 


Solution: The total force F acting at the bottom of the column of 
mercury is due to the weight of the mercury. Or, by Newton's Second 
Law 

F 


Since Density (p) 


1i 
= 
g 


and V= Ah where A is the cross sectional area of the column and 
h is its height. We then have 


F = pVg = pAhg 
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The pressure P at the bottom of the column is defined as 


F i = 
p = p= PE npg = 


(0.740m) (1.36 x 104 kg/m?) (@.80m/sec*) 

9.86 X 10* nt/m? , 

In the equation derived above, the pressure is that due to the liquid 
alone, If there is a pressure on the surface of the liquid, this 


pressure must be added to that due to the liquid to find the pressure 
at a given level. The pressure at any level in the liquid is then 


rer * hpg 


where P: is the pressure at the surface of the liquid. 
@ PROBLEM 410 


A rectangular tank 6.0 by 8.0 ft is filled with gasoline 
to a depth of 8.0 ft. The pressure at the surface of the 


gasoline is 14.7 lb/in?. (The density of gasoline is 
1.325 sl/f*). Find the pressure at the bottom of the 
tank and the force exerted on the bottom. 








irc ft 


Solution: The total pressure at the tank's bottom is 
the sum of the air pressure at the surface of the fluid 
and the pressure due to the gasoline above the tank 
bottom: 


= in? 
Pair 147 lb/in 


Since 1 lb/in? = 144 1b/f? 


P niii 14.7 lb/in® = (147 ) (144 15/7) = 2120 1lb/f? (1) 


To find the pressure on the bottom of the tank due 
to the gasoline, we note that the pressure is equal to 
the force on the bottom of the tank divided by the area 
of the bottom 


=F 
Pyas AB 
But Fjas = pgV where p is the density of gasoline, g is 


9.8 m/s*, and V is the volume of the gasoline in the tank. 
Hence 

rp = 

gas A 


But V = hA, where h is the height of th- asoline in the 
tank. Therefore 
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Pgas 


pgh = (1.313 sl/f*) (32 £/s*) (8 f) 


P 336 1lb/f? (2) 


gas 


Hence, using (1) and (2) 


a 2 
P otal = (336 + 2120)1b/f 

= 2 
Pustai 2456 1lb/f 
Noting that 

P S Ftotal 
total A 
ana Ftotal F Peotal A 


(2456 lb/f*) (48 £7) 
117888 1b 


@ PROBLEM 411 


How much pressure is needed to raise water to the top of 


the Empire State Building, which is 1250 feet high? 





Solution: Pressure is given by y 

(when density is weight per volume). This is seen from the 
diagram. Since pressure is force per unit area, the force 
the column of water exerts is equal to its height times 
the density of the material. 


p = hw = 1250 et x $2.4 1b or 
fe’ 
2 
M A E E E EES 


ft? 144 in.? 
© PROBLEM 412 


A capillary tube of length 50 cm is closed at both ends. 
It contains dry air at each end separated by a mercury 
column 10 cm long. With the tube horizontal, the air 
columns are both 20 cm long, but with the tube vertical 
the columns are 15 cm and 25 cm long. What is the 
pressure in the capillary tube when it is horizontal? 





Solution: When the mercury column is vertical, the 
pressure on the gas in the two parts is as shown in 
the diagram, where p, is the pressure at the foot of 


the mercury column and pz the pressure at the top. But 
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the difference in pressure at two levels in a vertical 
column of liquid is known from the laws of hydrostatic 
pressure. Thus measuring distance from the top of the 
mercury colum, 


p2 = P2 
and pı = pg(h) + p2 
whence p2 =- pi = - pgh 


Here, p is the density of mercury. 


Applying Boyle's law to section C of the gas when 
the capillary is in its 2 positions, we obtain 


PiAL1 = poAy 
Similarly, for section B 
P2AL, = PAo 


where py and &, refer to conditions when the tube is 
horizontal. Thus 


Lo Lo 
or = An and Be Pe 


LIRIA mem Ba 
Pi - P2 = pgh = Poko (+ - Z| = Poko on 


; pgh iga 
aii Po = Ro (L2 - £i) 
Po Rio 
ae a E Éa 15 cm x 25 cm %. 10 ons 
pg Ro (2 - hi) 20 cm (25 - 15)cm 


18.75 cm of mercury. 
© PROBLEM 413 


A rectangular cistern 6 ft x 8 ft is filled to a depth 
of 2 ft with water. On top of the water is a layer of oil 
3 ft deep. The specific gravity of the oil is .6. What 

is the absolute pressure at the bottom, and what is the 
total thrust exerted on the bottom of the cistern? 





Area =6X8 ft? 


Solution: The total force F acting at the bottom of 
the cistern is the sum of the weights of the water Wg, 
the oil Wo, and the air in the atmosphere above the 
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cistern (Fatm) + Since 


Density (d) = ES. and Pressure = Force 
Then 
F=Mg + Mog + Faim = d vig + doVog + Pek A 


where Vy, and Vy) are the volumes of water and oil re- 
spectively, and A is the cross sectional area of the 


cistern. 
Vy = hoA 
Vo = hyA 


A 


Therefore F (4h. 9 + dyghig + P 


tm) 


a) a 62.4 slug 
w — 32r its 


By definition of specific gravity (or relative density) 
of oil 


do 
Sy =ar 
w 

Since we are given that Sọ = .6 we have 


t 3 62.4 slu 
do = .6 d, = (.6) gh ial 


Also Bym = 14.7 1b/in? = 14.7 1b/in? x 144 in?/1 ft? 


hy =. aie and hen = 2 £t 


Therefore 


F = (SSatee] (2 ft) (32 ft/sec?) 


¥ 6 (6354 } (22 ft/sec?) + (14.7) (144)lb/ft? |A 


or F= (2357 1b/ft?] A 


PRE 2 
Picton A = 2357 1b/£t 


Since A = 6ft x 8 ft 


F = (2357 1b/ét?] (6 x 8 ft?) = 113,000 1b. 
© PROBLEM 414 


What is the force due to the liquid only acting on a circular plate 


2 in. in diameter which covers a hole in the bottom of a tank of oil 4 ft 
high, if the specific gravity of oil is .5? 
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The force on the circular plate 
is due to the shaded cylinder of 
fluid. 


4 ft 





Solution: Since the liquid in the tank is in equilibrium, it can exert 
only a vertical force on the bottom of the tank, as shown in the figure. 
Furthermore, the net force on the bottom surface of the tank is due only 
to the weight of the water above this surface. Hence, 

Fret = Mg (1) 
where M is the mass of fluid in the tank. Since the density of the 
fluid is 


M 
pig 
where V is the tank volume, we obtain 
M = pV 
and 
Faiet 7 PSV (2) 
The force on the circular plate of radius r is, using (2) 
F mr? = pot m? (3) 
plate net A Ps A 








where A is the area of the tank bottom. We may write the volume of the 


tank as 
V=hA (4) 


Here, h is the depth of fluid in the tank. Combining (4) and (3) 
2 
= pghA eA = Tipghr” 


Folate 
2 
= TI 
Piati pghr 
Now, the specific gravity of a substance, ô, is defined as 
eee 
Py 


where p' is the density of the substance and Pa is water's density. 
Hence 


2 
Plató = T (= ô ghr 


Folate 7 (3-14) (1.94 s1/£e°) 6.5) (32 £t/s2) (4 £e) (1 in?) 


In order to keep our units consistent, 
1 in = 1/12 ft 


idn” = 1/168 £7 
whence 


= (3.14) (1.94 1/£e3) (.5) (32 et/s?) (4 £e) (17144 £e?) 
= 2.71 ib. 


T itate 


@ PROBLEM 415 







A triangular plate is immersed in water (of density p) 
with one vertex at the surface and the others at depths 
of 6 in. and 12 in. What is the thrust on the plate due 
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to the pressure of the water only? Its areas is 63 in’. 
(See figure (a)). 


h A ges 


Fig. B 





Fig. A 
B 


Solution; At depth z from the water's surface,the press- 
ure is gpz, the symbols having their usual significance. 
The total thrust on the small element, parallel to the 
surface, shown in figure (a) is 


dF = gpzy dz. 
The total thrust on the plate is found by summing 


this differential element of force over the entire tri- 
angle. 


Zo 
F = | gpyz dz 
0 


Zo 
| p'yz dz 
0 he 
= go oa x | y dz where 
| p'y dz 0 
0 


p' is the density of the plate material. 
Zo Zo 

Here, | p'y z dz l p'y dz is the location of 
0 0 


the plate's center of mass relative to the water's sur- 


Zo 
face. | y dz is the area of the plate. 
0 


The total thrust on the plate is thus seen to be 
the pressure at the center of mass of the plate multi- 
plied by the area of the plate. This is a general 
result for all plates, as can be seen from the general 
nature of the derivation. 

In the particular case of the triangular plate, the 
area of 63 in* = 63/144 ft? is given. The center of mass 
of a triangular plate is two-thirds of the way from a 
vertex to the middle of the opposite side. From figure 
(b), we see that triangles BEC and DFC are similar. 
Hence 

CF „ cD 
CE CB 
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CD 


CF = (g) CE 


Since D is the mid-point of BC 

CF = (&)CE = %(6") = 3" 
Hence, D is 9" below the water's surface. But the 
center of mass is two-thirds of AD from A and must be 


6 in. = k ft from the surface. In this case, therefore, 


F = gp {location of C.M.} x {area of plate} 


32 ft/s? x 1.94 sl/ft® x 4 ft x 63/144 ft? 


15.58 lb 


where we used the fact that p = 1.94 sl/ft® for 
water. 
© PROBLEM 416 


Compute the atmospheric pressure on a day when the height of the 
harometer is 76.0 cm. 





Solution; The height of the mercury column of the barometer depends 
on density p and g as well as on the atmospheric pressure. Hence 
both the density of mercury and the local acceleration of gravity must 
be known. The density varies with the temperature, and g with the 
latitude and elevation above sea level. All accurate barometers are 
provided with a thermometer and with a table or chart from which cor- 
rections for temperature and elevation can be found. Let us assume 

g = 980 cm/sec® and p = 13.6 gm/cm3. The pressure due to the atmos- 
phere supports the weight of mercury in the column of the barometer 
(see the figure). If the cross sectional area of the column is A, 
then the weight of mercury in the column is 





W = mg 
where m is the mass of the mercury. Since 
mass 
Density (p) = ‘volume 
then 
W = p(Ah)g 


where V = Ah, h being the height of mercury in the colum. There- 
fore 
W 
A T Peh 
is the pressure due to the weight of the mercury acting downward. It 
must equal pg for equilibrium to be maintained in the fluid. (see 
figure). Hence 
Pa = pgh = 13.6 ®; x 980 
cm sec 
= 1,013,000 £228 


2 
cm 
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cm 





7 X 76 cm 


(about a million dynes per square centimeter). In British engineering 
units, 


76: ca'* 30 ta. = 2,5 kt, 
lb 
Pg = 850 ea 
ft 
Pa = 2120 lb- ME lb- 
ft in 


© PROBLEM 417 


A horizontal capillary tube closed at one end contains a 
column of air imprisoned by means of a small volume of water. 
At 7°C and a barometric pressure of 76.0 cm of mercury, the 
length of the air column is 15.0 cm. What is the length at 


17°C if the saturation pressures of water vapor at 7°C and 
17°C are 0.75 cm and 1.42 cm of mercury, respectively? 





Po 


Air Water 

Solution. Since the tube is horizontal and the pressure at 
the open end of the water column is always atmospheric, the 
pressure at the closed end ot the water column is also always 
atmospheric. The pressure in the moist air is made up of the 
partial pressures of air and of water vapor. When the equi- 
librium between the liquid and gas phases of a liquid is 
reached in a closed volume, the pressure of the vapor acting 
on the liquid equals the saturated vapor pressure. The eva- 
poration process effectively stops once this pressure is 
attained by the vapor. The air and water vapor act on the 
liquid surface independently, therefore the pressure on the 
inner surface of the water is the sum of the pressures p and 
Py? due to the air and vapor in the tube, respectively (as 


shown in the figure). 
P, =P + Py: 


Hence, for the two cases, the air pressure inside is 


p (76.00 - 0.75) cm Hg at 7°C, 


and Pp 


(76.00 - 1.42)cm Hg at 17°C. 


Applying the gas law to the air alone, since the air and 
water vapor exert effects independent of one another, 


pv PY 


T T 


where p, V, T are the pressure, volume and temperature (in 
°K) of the air. 


75.25 cm xX 15 cm x A 74.58 cm x yA 
or Se Se eR 


where A is the cross-sectional area of the tube and y is the 
length of the column at the temperature of 17°C. Hence 
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290 x 75.25 x 15 


y = ax cc me 15.68 cm. 


@ PROBLEM 418 


The pressure in a static water pipe in the basement of an 


apartment house is 42 lb: in, but four floors up it is 


only 20 lb - in. what is the height between the basement 
and the fourth floor? 





P,=201b-iñ" 


h pressure due to weight of water 
$ P4=42lb- in? 


Solution: If A is the cross sectional area of the pipe, 


F n 
then the pressure Py = ae where Fi is the force exerted | 


in the pipe at the basement must balance both the pressure 


Po |= + in the pipe at the fourth floor and the weight 


of the water in the column of height h (see the figure). 
If p is the density of water, then by definition 

p= 
where m is the mass of the water in the column of volume 
v = Ah. Then m = PAh and the weight of the water is 
W = mg = PghA. Thus the pressure due to the weight of the 


water is a = pgh. Hence 


Py = Po + pgh 


2 
(P, - Py) = (42 - 20) 1b - in’ = 2222, x 244 in 
in rte 


2 


3% 92 ft: so? xh 


= pgh = 1.94 slug - ft 


(22 x 144) lb - ft 99 


en E eee Cee a 
1.94 slug: ft? x 32 1b- ft 1.94 


= 51.03 ft. © PROBLEM 419 


A circular cylinder of cross-sectional area 100 ft? 
and height 8 ft is closed at the top and open at the 
bottom and is used as a diving bell. (a) To what depth 
must it be lowered into water so that the air inside 
is compressed to 5/6 of its original volume, if the 


atmospheric pressure at that time is 30 in. of mercury? 
(b) Air is pumped from the surface to keep the bell 
full of air. How many moles of air have passed through 
the pump when it is at the depth calculated above, if 
the atmospheric temperature is 10°C? 





Solution: Applying Boyle's law to the first part of 
the problem, we obtain 


PoVo= p x Ve =p x 2 Vo 
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8/6 ft 
where po and Vp are the initial pressure and volume 
of the air inside the diving bell. p and Ve are the 
final pressure and volume of the air in the bell. 


p= É Po 


Now, the pressure change that the air experiences 
can only be due to a change in pressure of the water 
with depth. The relation between pressure (p) and 
depth (h) in a fluid is given by 


P = po + pgh (1) 


where po is the ambient pressure at the surface of 
the fluid (see figure) and p is the fluid density. 
Now, the change in pressure caused by submerging the 
bell a distance h in the water is 


P - Po = pgh (2) 


But, the change in pressure experienced by the air 
in the bell is 


Ap = f Po. ~ Po = b Po (3) 


and this must be caused by the submerging of the bell 
a distance h in the fluid. Therefore, using (3) and 
(2) 


5 Po = pgh 

7 Po 

or = z 
50g (4) 


The ambient pressure is given as 30 in. of 
mercury. This is to be interpreted as meaning that 
the ambient pressure is equal to the pressure exerted 
by a column of mercury 30 in. long. Thus 


Po = (30 in.) p' g (5) 
vee is mercury's density. Thus, inserting (5) 
in 

h = {30 in)p' g — (30 in)p' 

5 pg 5 p 
Since the relative density of mercury is defined as 
os nt 
p 





we obtain 


h = 


(30 imBren(grin.y R 


But R = 13.6, and 


h (6 in) (13.6) = (% £t) (13.6) 


h 6.8 ft. 


The water level in the bell is thus at a depth of 
6.80 ft below the surface of the fluid. But 1/6 of the 
bell's volume, Vy, is water. Noting that 


Vo =A x 8 ft 


where A is the bell's cross-sectional area, we find 
that 


is water. Hence, the height of water in the bell is 
: ft. (See figure). The depth of the foot of the bell 
is thus 6.80 ft + 8/6 ft = 8.13 ft. The bell has thus 
been lowered 8.13 ft into the water. 

(b) If air filled the whole jar at this depth, 
the pressure on it would be that due to atmospheric 
pressure plus 8.13 ft of water. Using (1) 


Pp =po + pgh 


p= latm + (1.95 s1/ft°) (32 ft/s?) (8.13 ft) 
p= l atm + (62.4 1b/ft*) (8.13 ft) 
p = 1 atm + 507.312 lb/ft? 


Since atmospheres can't be added to lb/ft?, we 
note that 


1 lb/ft? = 4.725 x 10™ atm 


Then 


p = 1 atm + (507.312 1b/£t*) (4.725 x 10™ atm/1b/ft’) 


p = 1.239 atm. 


The pressure acting on the air in the bell is thus 
1.239 atm. The bell's volume, Vo, is constant at 


Vo = 8 ft x A= 8 ft x 100 ft? 


800 ft? 


Vo 


The number of moles in this volume is obtained from 
the gas equation 


pVo=nRT 





where R is the gas constant, T is the gas temperature 
in Kelvin degrees, and n is the number of moles of 
gas. Hence, at its submerged position 


PYo _ (1.239 atm)(s00 £t? 
RT liter-atm 6 
.0821 noie -K (283°K) 





n = 


where we used the fact that 
10° C = (273 + 10)°K = 283°K 


In order to be consistent, we transform 800 ft? 
to liters by noting that 1 ft’ = 28.32 liters. Then 


PVo 
nRT 
= 1.239 atm x 800 x 28.32 liters 
0.0821 litersatm-mole~!+K deg™! x 283°K 


1208 moles. 


On the surface of the water the number of moles in 
the diving bell was 


PoVo 
eS ae 


= l atm x 800 x 28.32 liters 5 °679-mcles . 
0.0821 liter*atm-mole +*K deg™ x 283°K 





The number of moles that have passed through the pump 
is thus 1208 - 975 = 233. 


© PROBLEM 420 













In a hydraulic press the small cylinder has a diameter 
of 1.0 in., while the large piston has a diameter of 
8.0 in. If a force of 120 lb is applied to the small 
piston, what is the force on the large piston, neglect- 
ing friction? 


LA Ahhh Ahhh 


Hydraulic Press 


Solution: Pascal's law states that pressure applied to 
an enclosed fluid is transmitted throughout the fluid in 
all directions without loss. In the hydraulic press 
shown, this means that the pressure applied to the 
smaller piston is transmitted unchanged to the larger 
piston. Since it has a larger area, it experiences a 
greater force since F = PA. Hence, we have 


P2 = Pi Sark 
A2 Ai 
A2 "(4.0 in.)? 3 
Po = gi © Sere, 120 ib = 7.7 x 10 lb 


1(0.50 in.)? 
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What is the diameter of the small piston of a hydraulic 
press when a force of 20 pounds on it produces a force of 


4 tons on the large piston whose diameter is 20 inches, 
assuming that friction can be neglected? What is the 
mechanical advantage? 








Solution: The force exerted on each piston is proportion- 
al to its area. This means: 

Fy Ai 

Fo Az 


where F, is the force on the small cylinder, Fz the 
force on the large cylinder, and A; and Az their respect- 
ive areas. Therefore, 


20 lbs ee ae 


lbs ee 
4 tons x 2000 tan 7(10 in) 


Yi = ł in? 


If friction is neglected, then AMA = IMA. The IMA 
of a hydraulic press is the ratio of the areas of its 
pistons. 


A l F 
IMA = AMA = g = "T (10 in)* _ j = 400. 
1 T (% in) 2 1 
CAPILLARY ACTION 


@ PROBLEM 422 


A capillary tube of internal radius 0.25 mm is dipped into 


water of surface tension 72 dynes + cm™’. How high does the 


water rise in the tube? The capillary tube is gradually 
lowered into the water until only 1 cm is left above the 
surface. Explain what happens to the water in the tube. 











Solution: Consider a capillary tube of radius r. The 
liquid in it makes contact with the tube along a line of 
length 2mr. Let the liquid in the tube be a height y above 
the surface of the liquid in which it is dipped. The up- 
ward force, T, is defined as the product of the surface 
tension,y, and the length perpendicular to the force, along 
which it acts. Then 


T = (y) (21r) (cos 6) 


where 9 is the contact angle. The downward force on the 
liquid in the tube is equal to its weight w. Then w 
equals the liquid's weight density, pg,multiplied by its 


volume Tr’y. 
w = pgtr’y 


For the liquid in the tube to be in equilibrium, these 
forces must be equal. 


w=T 
pgrr?y = y2nr cos 9 
Then y = 2y cos 6/pgr. 


Since the liquid in this case is water, the angle of 
contact is 0°, and the density is 1 g:cm~*. Hence 


i -1 
y = 2 x 72 dynes cm Lo es 
lg » cm? x 980 cm + s x 0.025 cm 


As long as more than 5.88 cm of tube shows above the 
liquid surface, there is no problem. The liquid rises to 
that height. But, as the tube is lowered, a stage will be 
reached when less than 5.88 cm are above the surface. 


What can not happen is that liquid pour out over the 
top. If it did, the liquid pouring over the edge could be 
used to drive a water wheel to provide energy; and the 
process would continue as liquid would always rise up the 
tube to take the place of that pouring from the end. In 
other words, a perpetual motion machine would be establish- 
ed, which is in direct contradiction with the principle of 
conservation of energy. 


What does happen is that the angle of contact at the 
top of the tube increases. Only the vertical component of 
the surface tension is used to balance the weight of the 
water column held up. As the height of the projecting tube 
gets smaller and smaller, the angle of contact gets larger 
and larger until, with y = 0, 6 = 90°, and the surface at 
the top of the tube is flat. 


In particular, when y = 1 cm, 


1 cm = 2y goso = 5.88 cos 0 cm. 


ss cos 6 san = 0.17 <ra @ = 80.2°. 
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@ PROBLEM 423 


Find the coefficient o of surface tension of a liquid if 
it rises to a height h = 32.6 mm. in a capillary of dia- 
meter D = 1mm. The density of the liquid is ô = 1 gr/cm?. 
The contact angle of the surface film is zero. 





Solution: The surface farce acting along the circumference 
of the water surface in the tube (as shown in the figure) 
supports the weight of the water column. Surface force is 
given by 

S = omD. 


Hydrostatic equilibrium requires that 
S=W, 
omD = g x mass = gô x volume 


gôht 
where g is the acceleration due to gravity. The coefficient 
of surface tension is 

1 


= 24 6 h D 


1 


ix (980 cm/s?) x (1 gr/cm?) x (3.26 cm) x (1074cm) 


80.4 dyne/cm 
@ PROBLEM 424 


A thin square metal sheet of side 6 cm is suspended 
vertically from a balance so that the lower edge of the 
sheet dips into water in such a way that it is parallel 
to the surface. If the sheet is clean, the angle of con- 
tact between water and metal is 0°, and the sheet appears 
to weigh 4700 dynes. If the sheet is greasy, the contact 
angle is 180° and the weight appears to be 3000 dynes. 
What is the surface tension of water? 
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Solution: The contact angle 6 is a measure of the 
curvature of the liquid surface adjacent to the metal 
sheet (see figure). In either case there are three 

forces acting on the sheet: the tension in the suspension 
which gives the apparent weight, the actual weight of 

the sheet, and the total surface-tension force. In the 
first case the angle of contact is zero and the surface 
tension force acts downward since it tries to restore 

the liquid to its original level. Thus since the sheet 

is in equilibrium F, = W + 2T, the factor 2 being 


necessary since thereare two sides to the sheet. In the 
second case the angle of contact is 180° and thus the 
surface-tension force is acting upward. Hence F; = 


W- 2T: 


The surface tension y is defined as the ratio of the 
surface force T, to the length, 2, along which the force 
acts. Each force T acts along one side of the sheet, the 
thickness of the sheet assumed negligible with respect to 
the length of the sheet. This length is perpendicular to 
T and is given to be 6 cm. We have 


T= yk 


Subtracting F from F,, we get 


Fi eE (W + 2T) - (W- 2T) = 4T 


Fı - F, = 4yh 


Therefore 
F, - F; 
= =- (4700 - 3000)dynes _ i ae 
Y n V 7x 6 om 70.8 dynes emi. 


© PROBLEM 425 


A soap bubble consists of two spherical surface films 
very close together, with liquid between. A soap bubble 
formed from 5 mg of soap solution will just float in 

air of density 1.290 g + liter when filled with hydrogen 


of density 0.090 g + liter. The surface tension of soap 


solution is 25 dynes • cm™. What is the excess pressure 
in the bubble? 








Solution: When the bubble is floating in air, the weight 
of soap solution plus the weight of the hydrogen must 
just be balanced by the upthrust due to the displaced air. 
The buoyant force of the air is equal to the volume of 
air displaced by the bubble multiplied by the weight 


density of air. Hence, if the bubble has a volume of y, 
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g(5 x 10°? grams) + (0.09 x 10° grams - em?) gy 
= (1.29 x 10° grams - cm”) gy. 


. hs ae cn 
<= BES ey IE le ae 


But the bubble is spherical and of radius r. Thus 


y= 4 x = 2 cm?. 


.° gs% 25% 3 am 
241 
Consider half of the bubble,as shown in the figure. The 
other half exerts a force to the left equaling twice the 
surface tension, y, multiplied by the perimeter or 


Fieni (2y) (27r) 


OY rF ai: 


We use twice the surface tension since the soap bubble has 
both an inner and an outer surface producing tension. The 
thickness of the bubble is assumed small in comparison 
with its radius letting us use the average value of r for 
both inner and outer surfaces. The force on the bubble 

to the right equals the pressure difference, P, between 
the outer and inner surfaces of the bubble times the 

area of the bubble in the direction being considered. 
This area is obtained by projecting the half-bubble on 

a plane perpendicular to this direction, as shown in the 
figure. The projected area of a sphere on a plane is a 
circular area and is equal to mr?. Then, 


Fright oe @r’) 


Since the half-bubble is in equilibrium, we have from the 
first condition of equilibrium that 


Fleft -3 Fright 
and A4Anry = Prr? 


yielding P = i 


for a soap bubble. The excess pressure in the bubble is 
then 


Ay e 4.x 25 dynes + cm} g z -2 
P = [te 100 dynes om. 


c 
@ PROBLEM 426 


What is the difference in the levels of a liquid in two 
connecting capillaries of diameters Dy and D5? The 


surface tension of the liquid is 9. The edge angles of 
the surface films are zero. 





Solution: The surface forces, Sı add So, acting on the 


water surfaces in capillaries 1 and 2 (as shown in the 
figure), respectively are 


Si = ™Djo, S3 = TDO . 
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— 


If Wy and 


tubes 1 and 2, 











— 


Wo are the weights of the water columns in 


the net force (neglecting the air pressure), 


at the bottom of each capillary is 


Corresponding pressures are 


F 


1 
P, = = 
I ise 
P arian 
2 Ay 


where g is the 
of the liquid, 


of the tubes. 


Fi = Wy + Si, 
Fo = Wo + S3 
kal - Ay = gh ô - Py. 
Th tk ee 
ba - A2 = gh ô - f 
Ay Ay 2 Ay 


gravitational acceleration, 6 is the density 


and Ay and Ay are the cross-sectional areas 


The hydrostatic pressures at the bottoms of 


the tubes should be equal, hence we have 





Py = Po 
giving S S3 
gh,6 - —=gh,6 - 37. , 
1 A) 2 Ay 
S S 
or 2 1 
6g(h, = h,) = ——-— » 
2 1 Ay Ay 
TD,0 TDO 
har RS tha | 


1 1 
= 40 (5 -= 5}: 
D Dy 


N 


The difference in tke levels of the water columns 


is therefore, 
h2 


40. (D.;- D 
-h, = (Dy; - P2) f 
Sg D; D3 





CHAPTER 11 


HYDRODYNAMICS /AERODYNAMICS 











Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 457 to 
471 for step-by-step solutions to problems. 


The study of fluids in motion is called fluid dynamics or sometimes 
hydrodynamics / aerodynamics because of the importance of water and 
air. 


Consider the problem of the realistic fall of a spherical object in a fluid 
medium. Let the radius of the mass be r, the density of the object be p, and 
the density of the fluid be p,. In Figure 1, we show all the important forces 
acting on the mass. First is the gravitational force (see STATICS) or 
weight W = mg = 4/3 nr'pg. Next is the buoyant force that the fluid exerts 
on the object from Archimedes’ principle B = m,g = 4/3 xr’ p,g (see HY- 
DROSTATICS). 


Also, we must include the viscous or resistive force 
2 
F p = 20 p-vivi[e.(v) 


where c,(v) is the speed dependent drag coefficient given by 24/R, for low 
speeds. The dimensionless Reynold’s number R, is an important quantity 
in fluid dynamics; for a spherical object, we have R, = 2r | v | / v where 
v is the kinematic viscosity of the fluid. On substitution of these formulae, 
we get the usual Stoke’s law resistive force 


F p = 6x rvp,v = 6x rm = bv 


B 
Fa FR 


WwW 


Figure 1 
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where ņ = pw is the dynamic viscosity of the fluid. Note that the last 
expression F, = bv agrees with what we used for the resistive force in 
DYNAMICS. Last, there is an acceleration drag force 
; ee 
F= 1/2 m,y = 2/3nr"p,v 
which must be incorporated especially for high density fluids. Many 
problems can be solved by neglecting the drag force since usually p, << p. 
The equation of motion from Newton’s second law is È F = maor using 
the free body diagram of Figure 1: 
mv = mg -m,g - 1/2m „v - 6arm 
The terminal speed of the object may easily be found from the late time 


condition t > © where the speed is constant. Solving for this speed 
algebraically, one gets v,, = (m — m)g/6n rn. 


The fluid dynamic equation of continuity 
V -j + ap/at = 0, 


where j = pv is the mass flux, expresses the conservation of mass. This 
equation may be used to solve problems where, for example, the diameter 
of the pipe in which the fluid flows changes (see Figure 2). If the fluid is 
incompressible, then dp / at = 0 since p = constant. Hence, 


PV-jd'r=-0-9j- da, 
where one must integrate over the entire pipe volume shown in Figure 2 or 
the areas on the left and right side A, and A, For incompressible fluids, 


this means that the product of the speed and the area is constant: v,A, = 
v,A,, which is a simplified continuity equation. 


Conservation of energy is also applicable to fluid dynamics and can be 
shown to imply that p/p + e + 1/2 v? = constant, where e is the energy per 
unit mass. If a fluid is irrotational as well as imcompressible, then we can 
apply Bernoulli’s equation in problem-solving 


p + pu + 1/2 pv? =H 


where u is the potential energy per unit mass (e.g., u = U/m = gh) and H 


Vi 


V2 
Figure 2 
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is the Bernoulli constant for the fluid. Note that the Bernoulli equation 
follows from the statement of conservation of energy with e = u. 


That the fluid is irrotational means that the velocity satisfies V x v= 
0; hence one may define a velocity potential such that v = Vo. For example, 
if water flows out of the tank of Figure 3, then the Bernoulli equation 
implies that p, + pgh = p, + 1/2 pv?. Taking both pressures as atmospheric 
pressure gives the velocity of efflux from the hole. 


á 


YIN 
Figure 3 
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Step-by-Step Solutions to 
Problems in this Chapter, 
“Hydrodynamics/Aerodynamics” 





© PROBLEM 427 


Water flows into a water tank of large cross-sectional 
area at a rate of 10 * m?/s „but flows out from a hole 


of area 1 cm*, which has been punched through the base. 
How high does the water rise in the tank? 








When the water reaches its maximum height 
in the tank the pressure head is great enough to 
produce an outflow exactly equal to the inflow . Equil- 
ibrium is then reached and the water level in the tank 
stays constant. 


Since the cross-sectional area of the tank is 
large in comparison with the area of the hole, the 
water in the tank may be considered to have zero 
velocity. Further, the air above the tank and outside 
the holes are each at atmospheric pressure. Apply 
Bernoulli's theorem, 


pı + pgyı + % pvi = p2 + kpgy2 + k% pv2 


with point 1 at the surface of the water at a height 
h above the hole and point 2 the hole itself. Then 


p, + pgh + O%mp <+(Or+°k: pv; 


a 


where v is the velocity of efflux from the hole. 
Hence, v = v2 gh. 


But at equilibrium v is the rate of influx 
divided by the area of the hole. That is, 
—~h 3 
y = 2B. 1 m/s. 
10 * m? 


Therefore the maximum height of water in the tank is 
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2 12 m2 s? 
29 2x9.8 m/s? 
© PROBLEM 428 


An observation balloon has a volume of 300 m? and is 
filled with hydrogen of density 0.1 g/liter. The basket 
and passengers have a total mass of 350 kg. Find the 
initial acceleration when the balloon is released, assum- 


ing that the air resistance is zero when the velocity is 
zero. The density of air is 1.3 g/liter and the upward 
force on the balloon is equal to the weight of air dis- 
placed by the balloon. 


Solution: The weight of air that the balloon displaces 
equals the upward force U on it, as a consequence of 
Archimides' principle. This law states that a body, wholly 
or partly immersed in a fluid(either a liquid or a gas), 
is buoyed up with a force equal to the weight of the 

fluid displaced by the body. This force is then 

U=W gV 











air = Pair 
where Pait is the density of the air, g is the accelera- 


tion due to gravity, and V is the volume of the balloon. 
We have 


Pair = (1-3 g/liter) (10? liter/m®) (107° kg/g) 
= 1.3 kg/m? 
Then U= (2.3 kg/m’) (9.8 m/sec”) (300 m*) = 3822 N 


The mass that must be moved consists of the basket 
and passengers (350 kg) and that of the balloon. The mass 
Mm, of the balloon is 


where Ph is the density of the hydrogen gas 


Pp = (0.1 g/liter) Q0? liter/m*) 10-° kg/g) = 0.1 kg/m! 


Therefore m = (0.1 kg/m’) (300 m°) = 30 kg 


and the total mass m is 


m = 350 kg + m, = 350 kg + 30 kg = 380 kg. 

Due to the gravitational force acting on this mass, 
there is a force W acting downward and equal to the weight 
of the total mass. 


W = mg = (380 kg)(9.8 m/sec) = 3724 N 





From Newton's second law, the sum of the forces 
acting on a body equals the product of its mass m and its 
acceleration. 


VF =m. 


The total initial force is equal to the sum of the 
weight of the balloon and the upward buoyant force. Taking 
the upward direction as positive, 


U - W= ma 
3822 N - 3724 N = (380 kg) a 
The initial acceleration is 


2. SBS 2 
a= 380 kg ` 0.258 m/sec”. 


@ PROBLEM 429 












Spherical particles of pollen are shaken up in water 
and allowed to stand. The depth of water is 2 cm. What 
is the diameter of the largest particles remaining in 

suspension 1 hr later? Density of pollen = 1.8 g/cm’. 









Solution: The terminal velocity of the particles 
after they are allowed to settle will very quickly 

be reached. After l hr the only particles left in 
suspension are those which take longer than ihr’ to 
fall 2 cm. The larger, heavier particles have already 
settled. The particles which have just not settled are 
those which take exactly 1 hr to fall 2 cm. That is, 


= 2 cm ee |! 
Vp = {ihe (3600 aa ~ Teo “m/sec 


We need another expression for the terminal velocity. 
Stoke's law states that when a sphere moves through a 
viscous fluid at rest, the resisting force f exerted 
by the fluid on the sphere is given by 


f£ = 61™nrv 


where n is the viscosity of the fluid, r is the radius 
of the sphere, and v is its velocity with respect to the 
fluid. The other forces which act on the sphere are 

its weight mg and the upward buoyant force B of the 
fluid. Let p be the density of the sphere and p' the 
density of the fluid. Then 


4 
mg = 5 mr? pg 
B= 4 mr? p' g (Archimedes' principle) 


The net force on the sphere equals the product of 
its mass and acceleration. Taking the downward direction 
as positive, 


mg - B - R = ma 
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B R 


T + 
se 5° SS 
Assuming the initial velocity is zero, this net acceler- 
ation imparts a downward velocity to the sphere. As this 
velocity increases, so does the retarding force. At some 
terminal Vine the retarding force has increased an amount 


such that the downward acceleration equals zero. At this 

point, the velocity of the sphere stays constant and is 

found by setting the acceleration equal to zero. Then 
mg =B+tR 


4 3 at aE 
3 7 eg = 3 Tr p'g + TNIV 


2 
vune © - 0") 


The radius of the largest particles still just in 
suspension is thus given by 


niv 


Piy T 
2g(p - p 
yet i 1 k 
2 i xao poise x 1800 cm/s = au i Ris- 
2 980 cm/s? (1.8 - 1)g/cm° 6 9 
By z 
d = 2r = 2010 on = 3.57 x 10™* om. 


© PROBLEM 430 













A water tank standing on the floor has two small holes 
vertically above one another punched in one side. The 
holes are 3.6 cm and 10 cm above the floor. How high 
does water stand in the tank when the jets from the 
holes hit the floor at the same point? 







FIGURE 1 FIGURE 2 


j For any hole in a tank, the velocity of 
discharge of the liquid is given by Torricelli's 
theorem. To derive it, consider a hole a distance d 
below the surface of the liquid in the tank (see 
figure 1). Using Bernoulli's equation, 


Pi + 4 pvi + pgy1 = p2 + & pvi + pgy2 
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take point 1 to be at the hole and point 2 at the 
surface of the liquid. The pressure at each point is 
the atmospheric pressure Pa since both are open to 


the atmosphere. If the hole is small, the level of the 
liquid in the tank falls slowly and its velocity v2 


can be assumed to be zero. Using the bottom of the 
tank as the reference level, 


Pa +4 pvi + ogy: = pa +.0 + pgye 


or vi = 2g(y2 - yı) 2g d 


Therefore, the velocity of discharge from a hole in 
a tank is given by 


v = v2gd 


In this problem, the velocities of efflux are 
horizontal from both holes. Using Torricelli's theorem, 
one gets for the upper hole (see figure 2); 


vi = 2g - hi), 
and for the lower one, 
V2 = ¥2g(h - ho). 


Water from the upper hole has a horizontal velocity 
vy and no initial vertical velocity u. In time t,, applying 


the formula (y-y,) = ut, + 1/2 gt? to the vertical 


motion , one obtains h, = 0 + 1/2 gt? or t 3y 2h, /g. 

In that time the horizontal distance gone is viti, 
which is the distance from the tank at which the jet 
strikes the floor. 


Similarly, the distance at which the jet from the 
lower holes strikes the floor is v2tz, where t2 = 


Y2h2/g. 
But these distances are equal, and thus vit: = 
vot2 or (viti)? = aa a A u Then 


2h, 2h2 


2g(h - hi) * 5 = 2g(h - h2) x 








(h - hi) x hi = (h - h2) x he 
hh, - h? = hh: - hi 


hh; - hhz = hi - hî 


h? - hj 


A be 


= hı + hz . p5 h = 13.6 cm. 
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© PROBLEM 431 





A stream of gas is escaping through a small opening at 
one end of a large cylinder under the action of an 
excess pressure (relative to air pressure) AP = 


10* dynes/cm?. If the density of gas in the cylinder is 
Ð = 8 x 10 * gm/cm*, find the escape velocity v. 











Solution: The excess pressure is about 10° dynes/cm? 


% 10.2 cm of water, whereas the normal air pressure 


Poa 
air 
ure is much smaller than the outside pressure, we can 
assume that there is no appreciable compression of the 
gas. Then, we can treat the gas escaping through the 
hole as incompressible and apply Bernoulli's equation. 
The pressures inside and outside the cylinder are 
related by 


is about 983 cm of water. Since the excess press- 


inë 2 
Pinside ~ Poutside * 4 pv 


Pa Fp = P,] 


2AP 


or Vv 


1 
DIN 


pai 2 x 10* dyne/cm? 


8 x 10 * gm/cm? 


5 x 10° cm/sec. 


@ PROBLEM 432 


The seal over a circular hole of diameter 1 cm in the 
side of an aquarium tank ruptures. The water level is 


l m above the hole and the tank is standing on a smooth 
plastic surface. What force must an attendant apply to 
the tank to prevent it from being set into motion? 





Solution; For streamline flow of an incompressible, 
nonviscous fluid, Bernoulli's equation can be applied. 
It states 


pı + 4 pv? + pgyi = pz + kpv + pgye 


where the subscripts 1 and 2 refer to quantities per- 
taining to any two points along the flow. The absolute 
pressure is p, p the density, v the velocity, g the 
gravitational acceleration, and y the elevation above 
some arbitrary reference level. 
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Take point 1 to be at the surface of the water in 
the tank, a height h above the hole which is taken to 
be point 2. The pressures above the tank and outside 
the hole are both atmospheric pressure. Applying 
Bernoulli's theorem to this case, we thus have 


p, + 0 + pgh = p, + sov? + 0. 


Here v is the velocity of efflux from the hole, the 
reference level for height being taken as the horizontal 
level through the hole. Since the cross section of the 
tank is very much larger than the area of the hole, the 
liquid in the tank is assumed to have zero velocity. 


Thus v = v2gh. 


Let A be the area of the hole. The mass of fluid 
ejected in time dt is dm = pdv = pAd& = pA dk/dt dt = 


p Av dt, and thus the momentum P acquired in time dt is 


pAv? dt. The escaping fluid therefore has a rate of 
change of momentum of dP/dt = pAv? and thus by Newton's 
second law F = dP/dt the force causing this is pAv?. By 
Newton's third law, an equal and opposite force acts 

on the tank. Hence, to prevent the tank from moving 
backward, the attendant must apply to the tank a force 
of magnitude 


2 
F = pAv’? = ptt x 2gh 


x 10°" m? x 2 x 9.8 m/s? x lm 


10° kg/m? x 


aja 


1.54 N. 


@ PROBLEM 433 


At two points on a horizontal tube of varying circular 
cross-section carrying water, the radii are 1 cm and 
0.4 cm and the pressure difference between these points 
is 4.9 cm of water. How much liquid flows through the 


tube per second? 





point 2 
point 1 
Discharge rate of a tube 
Solution: Since the tube is horizontal there is no 
pressure difference along the tube due to hydrostatic 
effects because the static pressure due to the weight 


of the fluid plays no part in the problem. Thus 
Bernoulli's equation is 


pit %4% pvi = p2t % pv (1) 
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where p is the density of the liquid, v its velocity, 
p its pressure, and the subscripts 1 and 2 refer to 
any two points along the tube. In time t, those 
particles of the fluid which were originally at point 
1 (see figure), move a distance vit. The total volume 


of fluid which moves past point 1 in time t is there- 
fore Aivit. Its rate of flow per unit time is then 


Aivi. Similarly, the rate of flow past point 2 is Azv2. 
Assuming the fluid is incompressible, these two rates 
of flow must be equal. We have 

Aiv, = A2V2 (2) 
This is the equation of continuity which states that 


the quantity of an incompressible liquid which flows 
through a tube per second is constant at all points. 


The pressure difference is given as 4.9 cm of 
water. This equals the pressure produced by the weight 
of 4.9 cm of water or 

Pi - P2 = pg x 4.9 cm (3) 


From equations (1) and (3), 


2(Pi1 - P 
deni ew et = 2% a.a cm) = (2g) (4.9 cm) 


(2) (980 cm/sec”) (4.9 cm) 


and vi - vi = 987 cm?/sec? (4) 
Using equation (2), 


Vi A2 
a =e = ————— = 0.16. 

Substituting vit = 0.167 v3 in equation (4) yields 
vi (2 - 0.167) = 987 cm?+s ” 


98? cm2-s ? 


0.9744 


or V2 = 


The quantity of water flowing through the tube per second 
is thus 


2 2 ig 
Ay sA m ; 2 98° cm*ss 
slid aves TX (0.4 cath < a 


50 cm?+s !, 


@ PROBLEM 434 








An aircraft wing requires a lift of 25.4 1b/ft?. If the 
speed of flow of the air along the bottom surface of the 
wing is to be 500 ft/s, what must be the speed of flow 
over the top surface to give the required lift? The 


density of air is 2.54x 107? slug/ft?. 
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Za 


Lines of flow about an aircraft wing 


ion: Below an aircraft wing, there is little 
disturbance of the air flow.Because of the shape of 
the wing, the streamlines crowd together above it, 
effectively decreasing the cross-sectional area A for 
the air flow. The equation of continuity states that 
for an incompressible fluid (such as air), Av = 
constant. Therefore, the velocity v of the air above 
the wing must increase. Consider two points in the 
air flow at the same height, the first at a point to 
the left of the wing (see figure) ,where the flow has 
yet been disturbed and the second at a point above the 
wing. Bernoulli's equation states that 


Pi + %4 pvi = p2 + 4% pv 


where the "y" terms in the equation cancel since the 
two points are at the same elevation. From this equation, 
we see that since vz is greater than vı, p2 must be less 


than pı. Since pı is also the pressure of the air under 
the wing, we see that the pressure is less above the 
wing than below it. This pressure differential gives 
rise to the lift on the wing. In Bernoulli's equation, 
let the subscript 1 refer to the lower surface and 

the subscript 2 to the upper surface of the wing. Thus 
the dynamic lift per unit area is 


Pi - pz = 25.4 lb/ft? 
Solving for the speed of flow v2 over the top of the 


wing in the first equation, we get 
2(P1 - p2) 

oe ee 2 

fe) 1 


a (2) 25.4 lb £t* + (35) (10") £t?/sec? 


(2.54) Q07 *) slug/ft* 
(ca) (10") +(25) Qo*)] £t?/sec? 


(27) (10") £t?/sec” 
v2 = 519.6 ft/sec. 
© PROBLEM 435 


Water flows at the rate of 300 fe Jala through an inclined pipe 
as shown in the figure. At A, where the diameter is 12 in., the pres- 


sure is 15 ibia." What is the pressure at B,where the diameter is 6.0 
in. and the center of the pipe is 2.0 ft lower than at A? 








Inclined Tube 


Solution: The mass of liquid entering the tube at point A,in a time 
At, should be equal to the mass leaving it at point B in At. Let the 
velocities and the densities at A and B be V49% and P1 »Po, respect- 


ively. In a time At, the liquid entering at A moves a distance 
v,At, hence the volume of liquid entering is Av,At . Therefore, the 


1 
mass of this fluid is Pi vA, ht. Similarly, the mass of liquid leaving 
at B is PoV Ê At. Dividing both terms by At, we get the continuity 


equation for the flow 
P14] = PaVa = 


For all practical purposes, we can assume liquids to be incompressible, 
therefore the density of liquid during flow remains constant 


and we have 
vyAy = voA, è 


For this problem Pomel 300 ‘3 min _ LS Pa A 
1 1 60 sec/min y 
3 


Hence A, v Av 
v= + Py L 2.50 ft /sec z= 6.4 ft/sec 
1 Tr 3.14 x (4ft) 


1 

A 2 

vagy, =* mee laa | 
2 ™(% ft) 


v, = 25.6 ft/sec. 


The pressure Pi at point A is 


P, = (15 1b/in.? K144 in.?/ft?) = 2200 1b/ft? 


The weight density of water 
3 
D = 62.4 1b/ft?, and therefore p = 1.94 slugs/ft`. 
The Bernoulli equation for the pressures at A and B is 
Kn 2 t) 
Pi P, pgh + 4 o( v5 vi 


where h is the difference between the heights of the centers of the 
cross-sections at the two ends of the pipe. The pressure at point B 


is 
P, = P) + pa(h, - TAEI, p 
2200 1b/ft” + (62.4 1b/ft? \(2.0 ft) + H94 slug/ft 
[(6.4) . — (25.6) 1 ft / sec” 
=2200 lb/ft +125 1b/ ft -596 lb/ft 
=1729 lb/ft =121b/in? 


466 








© PROBLEM 436 


An old-fashioned water clock consists of a circular cylinder 
10 cm in diameter and 25 cm high with a vertical capillary 
tube 40 cm in length and 0.5 mm in diameter attached to the 


bottom. The viscosity of water is 0.01 poise. What is the 
distance between hour divisions at the top of the vessel and 
at the bottom of the vessel? 








ion: The total volume of liquid Q which flows across 
the entire cross-section of a cylindrical tube in time t, 
is given by Poiseuille's law, 


4 
TR 
2- ta Ap t 


where R is the radius, n is the viscosity of the liquid, 
and Ap is the pressure difference between the two cross- 
sectional surfaces separated by a distance L. The water 
in the capillary flows as a result of the pressures due to 
the water in the cylinder and its own weight, as shown in 
the figure. Under its own weight, it would have a rate of 
flow given by, 


Q 4 
Hy e- Hoeee 
t “8 nL, (P913) 


where p is the density of water and g is the gravitational 
acceleration. The weight of the water exerts a pressure 

p gL, onthe upper cross-section of the capillary and 
gives rise to another pressure difference between the two 
ends of the capillary. The rate of flow due to this pres- 
sure difference is, 


ee L 
t 8 nb, (3 1) 


The total rate of flow is therefore, 


Q> 4 
Q E 2 = 1 R 
a a a es e 12) 


The quantity of water, Q, flowing from the capillary in 
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time t causes a drop in the level of the cylinder, h. The 
area of the cylinder is A, and thus Q/t = Ah/t. 


So aa) * 
E BAN Lz 


When the cylinder is full, Li = 25 cm, and 


_nx(0.25 x 107m)" x 10" kg/m" x 9.8m/s? x 0.65m 


8 x 7/4 x 10 fm" x 10 ~Ns/m* x 0.40m 


ls 


3.11 x 107°m/s = 1.12cm/hr 


When the cylinder is empty, Lı = 0 cm, and, 





ht = mR’ L = mR (1 +L a 
z BANE, Pgh BAL, \ “1 2) * tT) Fi, 
aa e = h 0.40 
tf, FL, t 0.65 
0.40 


Y. rZ cm/hr . 0.65 = 0.69 cm/hr 


Thus hour divisions are separated by 1.12 cm at the top 


and 0.69 cm at the bottom. Note that Ly varies slightly 


during the hour and, to be quite exact, an integration 
ought to be performed. The error involved is, however, 
slight, since the variation in Ly is very small in compari- 


son with Ly + Lo: 


@ PROBLEM 437 


A Venturi meter is a device by means of which the velocity of 
flow of a fluid can be measured. The diagram illustrates the opera- 
tion of one type of such a meter. If the value of A is 10 times 
that of a, and colored water is used in the U-tube, what is the vel- 
ocity vi of flow of water when the difference in levels h is 6 in.? 
See Fig. 


P, lower 
than 
atmospheric 





P, atmospheric 
Fig. A Fig. B Fig. C 


Solution: The operation of the meter, according to diagrams A and B 
is based upon Bernoulli's Principle. The indicator tube shows that 
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the pressure at the constriction (p,) is less than p,. The pressure 
P, due to the flowing fluid in the wide tube must balance both p, as 
well as the pressure due to the weight of water in the column, hefice 
it must be greater than Po: By the law of continuity 


Av) = av, 


This result follows from the assumed incompressability of the fluid. 
In the same time interval At, the same volume of fluid which enters 
the constriction must leave it. Or (see figure C). 

Abx, $ adx, 
At At 





where A and a are the cross-sections indicated in figure B. By 
definition of velocity 


Ax Ax. 
mn E z e2 
Wet ae ol Ae 
Then 
Avy av, 


We are given that A = 10a, then 
10 av, = av, 
10v, = Vo (1) 


By Bernoulli's Principle 
b dv, + p} = è dv, + Pp 


where d is the density of the fluid. This principle follows from 
the work-energy theorem. 
Consider a volume of fluid (fig. C) which flows into the constriction. 
The total work done on this element of fluid, is equal to the work done 
on it by the fluid behind it in pushing it through the constriction 
minus the work it does on the fluid in front of it when it pushes this 
fluid forward. This total work is equal to the change in kinetic 
energy of this element of fluid. Or 

J F +dx, - J F, dx, = FyAx, - FAx, = 3 mvs, - k ov) (2) 
Here F, is the constant force exerted on the element of fluid, by the 
fluid td the left of it, F, is the force it exerts on the fluid to the 
right of it, and v, and ¥, are the velocity of the fluid element 
before it enters the constriction, and after it enters the constriction, 
respectively. M is the mass of the fluid element. Equation (2) may 
be written as 


F Ax, + 3 mv, = Fx, +% mv, (3) 
Using the fact that the volume of fluid element pushed to the right 


equals the volume of fluid element pushed to the left (i.e., Abx, = 
ahx,) then 


A 
F Ox, +3 mv, = F, 2 Ax, +% mvs, 
Dividing both sides by the volume AAx, 

F F 

sk m= ez zm os 
A ae AAx, At a <a ASX; V5 
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or 
P, + & dvi = p, + 3 dv) 


Mass 2. Force 
Volum and Pressure irei 








since density = 
d is the density of water. Then 
Pi- Pp = ¥ av, - Vy) = (ooi - vi) 
= 4d(100v, ) (approx) 


where we used equation (1) But 


where A, is the cross sectional area of the indicator tube, and the 


difference of these forces (due to the fluid in motion) must equal the 
weight of water in the column of height h. Then 


F, - F, = mg = d(ah)g 
where m is the mass of water in the column, d is the density of water, 
and Ah is the volume of the water. Upon division of both sides by A» 
F, -F 
1 2 

Py ~ P2 A 

x 


= dhg 


Therefore 
hdg = za (100) 


a Sie ff} 2 E i's 
“1 = Too e = Too b= -64h 


“im -8Vh 
Substituting h = 6 in. = .5 ft: 
v= -8(.7 ft). = .56 ft/sec 
@ PROBLEM 438 


A space vehicle ejects fuel at a velocity u relative to the 
vehicle. Its mass at some instant of time is m. Fuel is 


expelled at the constant rate api - Set up and solve the 


At 


equation of motion of the space vehicle, neglecting 
gravity. 





= v 
= aie 
Solution: At any given time t, the momentum is mv. At 


time t + At the mass of the rocket is m + Am where Am 

is negative since the total mass of the vehicle is de- 
creasing, while the velocity is v + Av and the momentum 
is (m + Am) (v + Av). However, after time At, since Am 

in mass leaves the rocket, it introduces its own momentum. 
In the inertial frame of reference, the velocity of the 
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fuel is v - u which is the velocity of the rocket minus 
the velocity of the fuel with respect to the rocket. The 
mass of the fuel ejected during time At is Am, and so 
its momentum is Am(v - u). The law of conservation of 
momentum tells us that, in an isolated system the 
momentum at time t equals the momentum at t + At. 
Therefore, 


mv = (m + Am) (v + Av) - Am (v - u) 
Simplifying, we have 
mAv = - Am (u + Av) 


If we let Av + 0 to get instantaneous velocity and 
Am + 0 we have 


mdv = - dm(u) 
sa ces u 
dv = dm 5 


Integrating from vo to v (initial and instantane- 


ous velocities) and from M to m (where M is the initial 
mass and m is the instantaneous mass) we have: 


v m 
| dv = - | u an 
Vo M 


Integrating, we have 


v=ul1ln [2 + 5 + Vo 


471 





CHAPTER 12 


TEMPERATURE 


Basic Attacks and Strategies for Solving 


Problems in this Chapter. See pages 474 to 
485 for step-by-step solutions to problems. 





The amount of random motion of the particles (usually atoms and 
molecules) of a substance is related to the temperature of that substance. 
For example, the ideal gas has a total energy <E> = 3/2 NkT where N is the 
number of particles and k is the Boltzmann constant. The total thermal 
energy of a substance hence depends on both the amount of substance (N) 
and the temperature (T). Defined this way, clearly it makes a difference 
what the units of temperature are. 


A temperature scale is usually defined by two fixed points and an 
assumed linear change of some property of a substance (e.g., the length of 
a thermometer column or the resistance of a resistance thermometer) with 
the temperature. For the Fahrenheit scale, the normal freezing point of 
water is 32°F and the normal boiling point is 212°F (at atmospheric 
pressure). For the Celsius scale, these same two points are 0°C and 100°C. 
In the Kelvin or absolute temperature scale, they are 273.15 K and 373.15 
K. Most scientific formulae use the Kelvin scale where T = 0 K is the lowest 
possible temperature, absolute zero. Any two such temperature scales can 
be related using the equation 


(y -¥ Dx -x,)= (y, -y M(x, -2,) 
or y = mx + b. (See Problems 439 and 440 and refer to Figure 1.) 





Figure 1 
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The ideal thermometric substance has a coefficient of linear expansion 
a = 1/L, dL/dT which is constant. L, is the length at some standard or 
reference temperature where ais known. This coefficient a gives the linear 
dependence of the length of a substance on temperature (see Figure 2). If 
a = constant, then one can solve a problem to find the change in length of 
a substance AL = aL, AT. This concept is easily generalized to get the 
coefficient of area expansion ò= 1/A,dA/dT and the coefficient of volume 
expansion B = 1/V, dV/dT, which is given more precisely in thermody- 
namics by 1/V (8V/daT)p. If these coefficients of expansion are likewise 
constant, then one can solve a problem to find the change in area or volume. 


If a solid is isotropic, meaning that its properties are the same in all 
directions (independent of origin orientation), then we can relate a, ò, and 
B for use in problem-solving. Consider the volume expansion case and 
assume V = L?. Then, taking the differential, one obtains dV = 3L?dL = 3V 
dL/L or 1/V dV/dT = 3/L dL/dT proving that B = 3a. In the same way, one 
may prove that 5 = 2a for an isotropic substance. 


SS 
oo WE 


Figure 2 
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Step-by-Step Solutions to 


Problems in this Chapter, 
“Temperature” 





@ PROBLEM 439 


A Celsius thermometer indicates a temperature of 36.6°C. 
What would a Fahrenheit thermometer read at that tempera- 


ture? 





Solution: The relationship between the Celsius and Fahren- 
eit scales can be derived from a knowledge of their cor- 
responding values at the freezing and boiling points of 
water. These are 0°C and 32°F for freezing and 100°C and 
212°F for boiling. The temperature change between the two 
points is equivalent for the two scales and a temperature 
difference of 100 Celsius degrees equals 180 Frhrenheit 


degrees. Therefore one Celsius degree is z as large as one 
Fahrenheit degree. We can then say 


9 
op = Zo 
F 5 oC +B 


where B is a constant. To find it, substitute the values 
known for the freezing point of water: 


32° = z x 0° + B= B. 


We therefore have 


9 
o = o + o 


For a Celsius temperature of 36.6°, the Fahrenheit tempera- 
ture is 


Fis 2 x 36.6° + 32° = 65.9° + 32° = 97.9°, 
e PROBLEM 440 


What Fahrenheit temperature corresponds to -40° Centigrade? 


Solution: -40 C is 40 Centigrade degrees below the freezing point of 
water. Now 40°C = 9/5(40) = 72°F since 1 Centigrade degree is 9/5 
of 1 Fahrenheit degree. But 72°F below the freezing point, which is 
32°F, is 40°F below O°F (72 - 32 = 40). Thus -40°C = -40°F. This 
could have been obtained directly as follows. 


The formula for converting temperature in degrees Centigrade to 
degrees Fahrenheit is, 9 o 
F= 3 C + 32 


If “C= -40 then 
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‘C= 2(-40) + 32 


= -40. 
e PROBLEM 441 


What temperature on the Centigrade scale corresponds to the common 
room temperature of 68°F? ; 


Solution: Because 68 - 32 = 36, note that +68 F is 36 Fahrenheit de- 
grees above the freezing point of water. 36°F above the freezing point 
corresponds to 5/9(36) = 20°C above the freezing point since 1°F = 
5/9(1°C). But since the freezing point is 0°C, this temperature is 
+20°C. Thus +68°F = 20°C. 


This result could have been obtained directly as follows. 
The formula for converting temperature in degrees Fahrenheit to degrees 
Centigrade is 





. 1S . . 
C= 9° F - 32) 


If “F= 68 then 


c= 3(68 - 32) 


= 20° 
© PROBLEM 442 


The extremes of temperature in New York, over a period of 


50 years, differ by 116 Fahrenheit degrees. Express this 
range in Celsius degrees. 





Solution: Fahrenheit and Celsius temperature scales are 
related by 


(F° = 32). 


Since in this example, only a change in temperature is 
being converted from one linear scale to the other, we 
have 


AC? = a AF° 


Substituting, we get 


ce = 3 x 116 °F = 64.5 C° 
e PROBLEM 443 


Express 20°C and - 5°C on the Kelvin scale. 


Solution: The relationship between the Celsius and Kelvin 
scale is 


Ke? = 2739-4 Ce 
Therefore 20°C is 


T 273° + 20° = 293°K 


and - 5°C is 


T 


273°+ (- 5°) = 268°K 
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@ PROBLEM 444 


A certain platinum-resistance thermometer has a 
resistance of 9.20 ohms when immersed in a triple- 


point cell. When the thermometer is placed in surround- 
ings where its resistance becomes 12.40 ohms, what 
temperature will it show? 





Solution: The triple-point of water occurs when water 
can co-exist in its three forms: liquid, gas, and solid. 
This can happen at a temperature of 273.16° K and a 
water vapor pressure of 4.58 mm-Hg. Since the resistance 
of a thermometer is directly proportional to the temper- 
ature, we can write 


Ty T2 
R R 
or T: = Tı (R2/Rı) 


T, = 273.16° K oH = 368.1° K 
© PROBLEM 445 


A copper bar is 8.0 ft long at 68°F and has a linear 


expansivity of 9.4 x 107°/F°, What is the increase in 
length of the bar when it is heated to 110°F? 





Solution: Change in this object's dimensions is pro- 
portional to the change in temperature and the original 
length. Therefore the change in length of the bar is 


AL = Loa At = (8.0 ft) (9.4 x LO-YF°) (110°F - 68°F) 


0.0032 ft. 
© PROBLEM 446 








An iron steam pipe is 200 ft long at 0°C. What will 
its increase in length when heated to 100°C? 










(a = 10 x 10 © per celsius degree). 


Solution: The change in length, AL,of a substance 
due to a temperature change is proportional to the 
change AT, and to the original length, L, ,of the 


object: 


AL = a Lo AT 


where a is the proportionality constant and is called 
the coefficient of linear expension. 


Lo = 200 ft, «œ = 10 x 10°° per C°, 


T = 100°C, r i 0°C, 


Increase in length = AL = a LAT 


= (10 x 10-76) (200) (190) 
= 0.20 ft. 
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@ PROBLEM 447 


A certain weight of alcohol has a volume of 100 cm? 
at 0°C. What is its volume at 50°C? 


Solution: The coefficient of volume expansion of alcoho 
is 0.00112/°c. Thus, the increase of 100 cubic centimeter 
for a 50°C rise is 


Pago x 100 cm? x 50°C = 5.60 cm? 









The new volume is therefore 105.60 cubic centimeters. 
@ PROBLEM 448 


A brass plug has a diameter of 10.000 cm at 150°C. At what 
temperature will the diameter be 9.950 cm? 


Solution: It is observed experimentally that when a 
Sample 1S exposed to a temperature change AT, the sample 
experiences a change in length AL, proportional to AT and 
L, the original length of the sample. This (approximate) 
result may be written as: 


AL = aL AT (1) 


where a is the coefficient of linear thermal expansion. 
Solving (1) for AT, we find that 


AL (2) 


AT = Tar 


is the change in temperature required to implement a 
change in length AL. Substituting the given data into 
(2), we obtain: 


(9.950 = 10.00) cm. 


AT = > 
(19 x 10 ĉ/°C) (10.000 cm) 


T=- 260° C 
But we want the final value of T, not AT. Since 


AT = Tg ʻi To 


T AT + To 


f 


T 150° C - 260° C = - 110° C. 


E 


This is the value to which the temperature must be 
lowered in order to shrink the diameter of the plug to 


9.950 cm. 
© PROBLEM 449 


Two rods of the same diameter, one made of brass and 
of length 25 cm, the other of steel and of length 
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50 cm, are placed end to end and pinned to two rigid 
supports. The temperature of the rods rises to 40°C. 
What is the stress in each rod? Young's moduli for 


= and ‘10 x 


ret dynes > cm ce respectivel r and their respective 
y 
1 


steel and brass are 20 x 10}! dynes + cm 


coefficients of expansion are 1.2 x 107° C deg™ and 


7,6 x 307 Cdog s 





Solution: The temperature rises and the rods, if 
permitted to, would expand. Since they are rigidly 
held, they cannot do so and therefore suffer a 
compressive stress. The forces in the two rods must 
be the same. If they were not, then at the interface 
between them, the forces would not balance, equi- 
librium would not exist, and the interface would 
move until the forces were equal. 


Stress 


Strain ” where the stress 


Young's Modulus Y = 
is the normal force per unit (cross sectional) area 
acting at the end of the bar, and the strain is the 
fractional change of length A&/2% of a bar due to the 
stress. If Y„ and Y„ are, respectively, Young's modulii 


B S 

for brass and for steel, then, since the stresses are 
AL, Ak, 

equal Ys Bs = Ys ie P Le and ts are the lengths of 


the brass and the steel, respectively, when no stress 
is applied. 


But the total decrease in length (A, + Ake) is the 


amount the rods have not been allowed to expand when 
the temperature rose. To compute this sum, we use the 
formula relating the fractional change in length, AX, 
of a bar to a change in temperature t, AL = Lat. & 

is the original length of the bar, and a is the co- 
efficient of expansion of the bar. Hence 


sa o o 
Ak, + Ake Ln op x 40°C + Rod, x 40°C. 
hg 


But AL. = At, .Then 
s “B 
ba 


n 
K 


B S 
—— _ —— => o 
Ak, k + Y_ I (5% F tsas) x 40°C. 


-ag = 40°Cx (25 cmx1.8x10 "deg +50 cmx1.2x10 "deg 2) 


1 + (10 x 1011/20x10!!)x(50/25) 


2.1.x 10°? cm 


> E 


ad co N ee N E ee x ze xAL 


i 
s 7 iy B 2.1 x 10 cm. 


n 


The stress in each rod is 
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11 , -2 2e * om 
10 x 10 dynes cm xiran 
= 0.84 x 10° dyne : cm”. 
@ PROBLEM 450 


In the design of a modern steel bridge, provisions 
must obviously be made for expansion. How much does 
this amount to in the case of a bridge two miles long 


which is subjected to temperatures ranging from - 40°F 
to + 110°F, assuming an average expansion coefficient 
of .000012/°C? 





Solution: By definition of the coefficient of linear 
expansion 


AL 


a = aE 


£o. AT 


where A/o is the fractional change in length of an 
object due to a temperature change AT. 


In our case 


AX =a &o AT 


bom ( -000012 "eaha miles) (110°F - (- 40°F)] 
Ag = (.000012 °C) (2 miles) (150°F) 
o 
Since 150°F = 3 » 150°C = Pee 
Ag = (1.2 x 1075) (2 miles) (750/9) 
Ag = .002 miles 


@ PROBLEM 451 


The volume of the bulb of a mercury thermometer at 
0°c is Vo, and the cross section of the capillary is 


Ay. The coefficient of linear expansion of the glass 


is a, per c°, and the coefficient of cubical expansion 


of mercury is Bu per C°. If the mercury just fills the 


bulb at 0°C, what is the length of the mercury column 
in the capillary at a temperature of t°C? 





; An exaggerated view of the expansion is 
shown in figure (b). Figure (a) represents the initial 
situation. When exposed to a temperature change AT, 
the cross section of the capillary, the volume of the 
bulb, and the volume occupied by the mercury all change 
(see figures). 
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Vo v 
FIGURE A FIGURE B 
The final volume occupied by the mercury is 
“ee (1 + By 4) (1) 


where Bm is the coefficient of volume expansion of 


mercury. The new cross section of the capillary will be 


A= Ap (2 + 20, AT) (2) 


where 7 is the coefficient of linear expansion of 
glass. Similarly, the new volume of the bulb is 


v= Vo Q + 3a, at) (3) 


(Note that, initially, the volume of Hg = the volume of 
the bulb). 


Now, the volume of mercury outside the bulb in 
figure (b) will be 


ee Pad (2 + By AT - 1 - 3a, AT) 


Vay = Vy * Ve (Bu - 30.) ar (4) 
If the length of the mercury column in figure (b) 
is h, then 


Vag 7 Vg 7 BA = hao (2 +20 ar) (5) 


where we have used (2). Equating (5) and (4) 


ba, (a + 20, ar) = Vo (By = 30 ) AT 


Vo TBa | 20 
a OnT Sa 
QF ng cools E were Ate St 





Since AT = t°C - 0°C 








This is the length of the mercury column in the capillary 
at temperature t. 
@ PROBLEM 452 


A 20 gallon automobile gasoline tank is filled exactly 
to the top at 0°F just before the automobile is parked 
in a garage where the temperature is maintained at 70°F. 


How much gasoline is lost due to expansion as the car 
warms up? Assume the coefficient of volume expansion 
of gasoline to be .0012/°C. 





Solution: Here, we assume that the tank doesn't expand 
or contract. By definition of the coefficient of volume 
expansion 


AV 


8 = 3 aT 





where Vy) is the original volume Occupied by the liquid, 


and AV is the change in volume of the liquid due to a 
temperature change AT. 


The gasoline lost is then 


AV = B Vo AT 


AV = (.0012 °c) (20 gal) (70°F) 
But 70°F = B < (70°C) = E oC and 
AV = (.0012) (20 gal) (350/9) 


AV = .94 gal. 
@ PROBLEM 453 


The brass scale attached to a barometer reads correctly 
at 20°C. The barometer height is read as 75.34 cm of 
mercury when the temperature is 25°C. What is the true 


height at 0°C? The coefficients of volume expansion of 
mercury and of linear expansion of brass are 


B= 18 x 107°/°c and 4, = 1.8 x 107°/°c, respectively. 





Solution. The brass scale reads correctly at 20°C, but 

at 25°C, the scale expands and therefore indicates a 
smaller length than the true length of the measured object. 
Hence, the true length is given by the measured length 
plus the expansion of the brass scale due to the tempera- 
ture rise from 20°C to 25°C. Note that, the brass scale 
readings always give the true length of the scale at 20°C. 
The true length,£,of the mercury then becomes 


& = 75.34 cm + (75.34 cm) dp (25°C = 20°C) 


75.34(1 +9 x 107° Jem. 


The height t, of the mercury column at 0°C will be 


0 
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smaller than £ since the density increases with decreas- 
ing temperature and the same mass of mercury occupies a 
smaller volume. The volume at 0°C is 


Vv, =V- VB (25° = 0°C) 


0 
v(Qa - By ° 25°c) 


where V is the volume at 25°C. The cross-section A, of 
the glass tube containing the mercury remains practically 
constant as the temperature changes. Hence, the change 
of the volume of the mercury is reflected as the change 
in its length; 


Vv 
0o V 
TALS.” 25°C) 
o= 2(ı - By * 25°C) =2(2 = 4.5 x 1073) 


75.34(1 + 9 x 107°)(1 - 4.5 x 1073 )om 


75.01 cm. 


zæ 
I 


@® PROBLEM 454 
Find the change in volume of an aluminum sphere of 
5.0-cm radius when it is heated from 0 to 300° C. 


Solution: In the case of one dimensional thermal ex- 
pansion, we may relate the change in length of a sample 
to the temperature change which it experiences by 





AL = aL AT (1) 


where a is the coefficient of linear thermal expansion. 
Dividing both sides of (1) by AT, and taking the limit 
as AT + 0, we obtain the exact relation: 


dL 


ar 7% #9 


We are specifically concerned with the change in 


the volume of a sphere due to a change in temperature, or 


dv 
“aT (3) 


where V is the volume of the sphere. Using the chain 
rule, 


av_ _{ av) (_aR 
dT dR dT 


assuming that V changes only as a result of a change in 
radius of the sphere (R). 


E ET 
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dav 
aT 


dR 


= 2 
ATR” -aT 





Also, from (2), 


Eua = aR hence, 


3 
A = G18) (39) = Bay (4) 


where V is the original volume of the sphere. 
If AT is small, we may write 


AV = 3av AT (5) 


Substituting the information provided into (5), we 
obtain: 


AV 


3(2.2 x 10-°/c) Ee m5 x 1072 m) * (300°C) 


Av = 10 cm? 
@ PROBLEM 455 


A steel tube, whose coefficient of linear expansion is 
18 x 10 © per °C, contains mercury, whose coefficient of 


absolute expansion is 180 x 10 © per °C. The volume of 


mercury contained in the tube is 1075 m? at 0°C, and it 
is desired that the length of the mercury column should 
remain constant at all normal temperatures. This is 
achieved by inserting into the mercury column a rod of 
silica, whose thermal expansion is negligible. Calculate 
the volume of the silica rod. (See figure.) 





At 0°C, let the volume of the silica rod be 
Vo, the volume of mercury be V, and the cross-sectional 


area and length of the column be A, and $., respectively. 
Then at t = 0°C 


DA= V + Vo (1) 


At any temperature t, V and Ay will change to 


their new values as a result of thermal expansion. These 
new values, are, respectively V' and A, where 


v' 


v(l + Bt) 


and A 


Ao (1 + 2at) 
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Here, a and 8 are the coefficient of linear expansion of 
steel and the coefficient of absolute expansion of 
mercury. Note that we have imposed the constraint that 
the column length, £o, be constant. Hence, at temperature 
t, we may write 
2,5 A= V' + Vo 

or Qo A eel + 2at) = Ų (1 + Bt) + Vo (2) 

Using (1) in (2) 


(V + Vo) (1 + 2at) = V(1 + Bt) + Vo. 


Voll + 2at - 1) V(1l + Bt - 1 - 2at) 


V(B - 2a)t _ V(B - 2a) 
2at 2a 


vy = 10? mi (180 x 10 ê - 36 x 10 *®)deg ? 
36 x 10 © deg ? 


or Vo = 


ss _ 
= 10 xi m? = 4x 10 > m’. 


@ PROBLEM 456 





A glass bulb with volumetric expansion coefficient B, is weighed 


B 


in water at temperatures T and T . The weights of the displaced 
water are W and Wp respectively. Find the volumetric expansion co- 


efficient By of the water in the temperature interval from T to T 


1° 
Solution: The volumetric expansion coefficient B relates the change 


AV in the volume of a substance to a small change AT in the tempera- 


ture of that substance: 


AV _ 
7 B AT 


where V is the initial volume. 

The volume of the displaced water equals the volume of the bulb since the 
bulb is completely immersed in the water while being weighed. The change 
in the volume of the bulb is due to the change in the volume of the glass 
since the gas inside the bulb cannot appreciably enlarge the glass. If 


the specific weights of water at T and T 


1 are Py and Pw? re- 


spectively, then 


W 
Y ame | (1) 
B Py 
Wy 
Vp oY 3 (2) 
1 w 


are respectively the volumes of the bulb at T and T . The specific 


weight of water will decrease as a result of the thermal expansion of its 


volume since its weight remains constant. If the weight of water is 
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Wy and its volume at T is Ya » we can write 


where AV, is the volumetric expansion of water. Hence 
Vv 


a y E 
Py T V+ dv. Pw AV Pw (3) 
$ w w W 
1+— 
V 
w 
The volumetric expansions AV, and Av, are given as 
W 
Avy = ByVyiT = Pp pe (Ta - 7) W 
AV = BVAT= B N (T, - T) (5) 
From (1) and (2), we get 
W 
fog ae? a iis 
B Py Py 
1 
or, using (3), W AW 
AV, = af, + =) -1 
B V p 
w w w 
W, AV 
= 1w SY ) re alat 
Pw } wo Vy 


Substituting the expressions (4) and (5) for AV, and AV, in the above 


equation,we get W oe way 
W a ate 5 sk 
g An ae Py ey tale Pò 


or 


s 
B, = ats Pa 5 
B W w TTT 
1 
The volumetric expansion coefficient for water is 
W-wW 
W W-W a 1 i 
p wtp at M B, + a, + H) 


w WwW, 'B B 
1 W Ti =T) 1 
The above relation will hold for small AT =(7, - T). This corresponds 
to a small volumetric change for the bulb in the sense that 


@ PROBLEM 457 


A clock is controlled by a pendulum which correctly 
beats seconds at 20°C. The pendulum is a light jron 
rod, of coefficient of linear expansion 16x 10- 


Cc deg! , with a concentrated mass at one end. How 
many seconds does it lose in a week if the temper- 
ature is kept at 30 C? 





Solution: If the length of the pendulum is 
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CHAPTER 13 


HEAT /CALORIMETRY 










Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 488 to 
508 for step-by-step solutions to problems. 


One interesting fact about temperature is the concept of thermal 
equilibrium. This is summarized as the zeroth law of thermodynamics: if 
two bodies (A and B) are in thermal equilibrium with a third (C), then they 
are in thermal equilibrium with each other. In fact, the temperatures are 
then the same 


T,=T,=Ty 


Heat is a form of energy called thermal energy. Heat always flows from 
a hot body to a colder one. According to the first law of thermodynamics, 
the change in the internal energy of a substance is equal to the amount of 
heat absorbed by the substance minus the amount of work done by the 
substance: 


dU = dQ - dW. 


This is really just the conservation of energy. Heat is commonly measured 
in calories, where 1 cal = 4.186 J, 1 Btu = 252 cal, and 1 J =.738 ft-lb are 
some common conversion factors. One can solve a number of simple 
problems by converting calories to joules or calories to British thermal 
units, for example. 


In many situations, the amount of work done by a system on its 
surroundings is zero, or can be neglected. Then, according to the first law, 
the change in internal energy of the system or substance of mass m is just 
equal to the amount of heat absorbed 


U=Q-=mf cdT 


where c is the specific heat of the substance c = 1/m dQ/dT. If there are 
phase transitions, then one also has to take account of the amount of heat 
needed to change the phase. 


For example, consider water and its three possible phases: solid, 
liquid, and gas asin Figure 1. The specific heat of ice (solid water) or steam 
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(gaseous water) is c, = €, = 0.5 cal/g—K, the specific heat of liquid water is 

, = 1 cal/g-K, the latent heat of fusion is L, = 80 cal/g and the latent heat 
of vaporization is Lv = 540 cal/g. What is the amount of heat needed to 
change from m = 100 g of ice at T, = 223 K to 100 g of steam at T = 423 K? 


To solve any problem of this type, we first find the amount of heat 
needed to change the temperature of the substance to the fusion or melting 
temperature (T,= 273 K for water) Q, = me (T,- T,). Then, one calculates 
the amount of heat needed to change the phase from solid to liquid Q, = 
mL, Next, there is an amount of heat needed to raise the temperature from 
the freezing temperature to the vaporization temperature (T,= 373 K for 
water) Q, = me,(T, —T,). Also, we must add heat to vaporize the substance 
Q,=mL,, Finally, thereis an amount of heat needed to raise the temperature 
from the boiling temperature to the final temperature Q, = mc,(T —T,). The 
total heat is found by adding up all of the components. Clearly, one can 
also solve many problems which involve fewer steps and don’t go through 
both phase transitions. 


423 à 
373 > 
bi 323 l 
273 S+l 
S 
= Q (cal) 


Figure 1 
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Step-by-Step Solutions to 


Problems in this Chapter, 
“Heat/Calorimetry” 





THERMAL ENERGY 
© PROBLEM 459 


How many Btu are required to raise the temperature of 


2 pounds of water from 32°F to 212°F? 





Solution: The temperature rise is 180 degrees Fahrenheit. 
The number of Btu necessary is 


2 x 180° = 360 Btu, 


since one Btu is required to raise the temperature of one 
pound of water one degree Fahrenheit. 


@ PROBLEM 460 


A gallon of gasoline will deliver about 110,000 Btu when 


burned. To how many foot-pounds is this equivalent? 


Solution: 





1 Btu = 778 foot-pounds 


ft-lb 


778 Btu 





110,000 Btu x 110,000 Btu 


85,580,000 foot-pounds. 


@ PROBLEM 461 


How many calories of heat are required to raise 1000 grams 


of water from 10°C to 100°C? 





Solution: The temperature rise is 90 degrees centigrade. 
The number of calories needed is 


1000 x 90° = 90,000 calories, 


since one calorie is required to raise the temperature 
of one gram of water one degree centigrade. 


@ PROBLEM 462 


The density,p, of air at STP is 0.00129 g/cm, the specific 
heat capacity at constant pressure is 0.238 cal/g -°K, and 


the ratio of the principal specific heats is 1.40. What is 
the mechanical equivalent of heat? 





Solution: The equation of state of an ideal gas for one 
mole is PV = RT, where R is the gas constant, P is the 
pressure of the gas, T is its temperature in °K and V is 
the molar volume. This equation may be written as, 
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at 30°C its length will be f (1 + a x 10 deg), where a 
is the coefficient of linear expansion of iron. 


The period of the pendulum is given by T = 


2x V #/g. Since it is easier to differentiate the log 
of T with respect to f than to differentiate T directly 
with respect to f, we obtain 


log T = log 21 £) = log (s£) 
log T = ķ% log izt 


J [log T] = g [4 log ant ] 


l aT _ . An 

tT ae ~ % an? g 
at _ af 
pr 72e 


This is an exact relation between dT and df. If 
AT and Ai represent small changes in T and in re- 
spectively, then, 


AT At _ 
—p © ts 2 10 deg. 


AT 


2s x x 16x 10 deg! x 10 deg 


trex hoT "38; 


Note that T = 2s, since each "tick" of the pendulum 
encompasses 1/2 of its periodic motion. The number 
of seconds lost in a week is thus 


(AT) (# secs. in 1 wk.) = (1.6 x 107*)x(302400 s) 


48.4 s. 
@ PROBLEM 458 


Compute the average kinetic energy in electronvolts of a 


gas molecule at room temperature. 





Solution: Absolute kinetic energy does not depend on 
the mass of the molecule; therefore, the molecules 
of all gases have the same absolute kinetic energy at 
a given temperature. 


ss _ 3 
KE = 5 kT 


where k is the Boltzmann constant and the temperature T 
is expressed in the Kelvin scale. Room temperature is 
20°C or 293°K. Substituting values: 


KE 


3 x (8.62 x 1075 ev/°K) x (293°K) 


0.038 ev 
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RT 


tg 
alz 
" 


where M is the molecular weight, and Q is the density of 
air. Thus, 


9 


RB = 1.013 * 10° dynes com”? _ 1.013 x 10 
M p T.29 x 273 


0.00129 g*cm ~ x 237°K 


ergs/g -°K 


Also C_ - Cy = R, where Cp and Cy are the molar heat capa- 


cities at constant pressure and constant volume respective- 
ly. Thus C_ - cy = R/M, where Cp and Cy are the corres- 


ponding specific heat capacities per unit mass. Further, 
c/c, = y. Therefore, 


(cp - c) = cfi à 3) = 0.238 cal/g - °K x [2 = a5 


0.238 0.40 
1.40 


ziw 
" 


= cal/g - °K. 

The value of R/M is thus given in two systems of units, one 
mechanical and the other thermal. The mechanical equivalent 
of heat is thus obtained by dividing one by the other. 

Hence 


9 


= 1.013 x 10 Bee S 1.40 
g 1.29 x O73 red Ka 0.238 x 0.40 cal/g - °K 
= 4.23 x 107 srgs/cal. 


© PROBLEM 463 


How many calories are developed in 1.0 min in an electric 


heater which draws 5.0 amp when connected to a 110-volt 
line? 





Solution: A resistance (the electric heater) which draws 
5.0 amp when connected to a 110 volt line develops power 
(or energy per unit time) given by 


p= energy _ I?R 


time 
But, by Ohm's Law, V = IR, hence 
P = I(IR) = IV 
The energy developed in 1.0 min is then 


60 sec 
Sages 


E = Ivt min 


5 amp x 110 volts x 1 min x 


= 33,000 Joules 


(The unit of time was converted to seconds to make it 
compatible with the MKS system being used.) 
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Since 1 calorie = 4.19 Joules 


1 cal 


a S- ) Sa 3 
4.19 Joules T9 x 10 ngA. 


E = 33,000 Joules x 
@ PROBLEM 464 


A 1000-gram metal block fell through a distance of 10 


meters. If all the energy of the block went into heat 
energy, how many units of heat energy appeared? 





Solution: 

Work is given by the force acting on the block 
times the distance travelled by the block, when force 
and distance are in the same direction.Hence, 

Work = (980 x 1000)dynes x 1000 cm 


98 x 10’ erg. 


Since 1 joule = 10’ ergs, 98 x 107 ergs equals 
98 joules. There are 4.19 joules/cal. Therefore, 


98 joules 
Bene” 4.19 joules/cal 
= 23.5 cal approximately. 


e PROBLEM 465 


Protons of mass 1.67 x 107?7 kg and moving with a 
velocity of 2 x 10’ m+ s ™ strike a target of mass 
l g and specific heat capacity 0.334 cal -> Ge. 86 


deg !. The proton stream corresponds to a current of 

4.8 WA. At what rate does the temperature of the target 
initially rise if one-third of the energy of the protons 
is converted into heat? 





Solution: Each proton carries a charge of 1.60 x 107}? 
C. If the current I flowing is 4.8 uA, the number of 
protons striking the target in 1 s must be n, where 


-19 
Ienga nat $o * 20 E = 4.8 x 107° A. 


n = 3.00 x 10}? protons. 


In one second the total kinetic energy lost by the 
protons is KE =n x mov’ where mov" is the kinetic 


energy of each proton. We are given that one-third of 
this energy is converted into heat in the target. If in 
one second the temperature rise of the target is t, 
the heat gained by the target is Q = mct,where c is the 
specific heat of the target (of mass m) and Q = 1/3 KE. 
Therefore, mct = 1/3 x %4% nm v? or 
nm v? P 
t= gme 

— 3.00x10'*x1.67x10~?7kgx4x10'“m?-s~? 

6x Igx 4.18 J*cal 'x0.334 cal*g “+c deg™! 


239°C. 
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@ PROBLEM 466 








Water flows at a rate of 2.5 m? + s~! over a waterfall 
of height 15 m. What is the maximum difference in tem- 
perature between the water at the top and at the bottom 
of the waterfall and what usable power is going to 


waste? The density of water is 10° kg + m`? and its 
specific heat capacity is 10° cal + kg-' + C deg™?. 





Solution: The water loses potential energy and gains 
Kinetic energy in falling over the waterfall. The 
maximum possible temperature difference between the 
water at the top and at the bottom of the falls occurs 
if all this kinetic energy is converted to heat. The 
potential energy lost, mgh, is completely converted to 
heat in this case. The power available is the potential 
energy lost in a time T, or 


where m is the mass contained in a volume of water V, 
and p is the mass density of water. Note that 

V/t is the volume of water passing over the waterfall 
per unit time. Hence, 


P = 10% kg + m7? x 2.5 m? + s7! x 9.8 m+ s7? x 15m 


3.675 x 10° W = 367.5 kw. 


Under the conditions we have assumed ,all this 
power goes into heat. 


The rise in temperature, At, of a mass of material 
m, caused by an amount of heat Q is given by the 
relation 


Q = me At 


where c is the specific heat capacity of the material. 
Hence 


= 2. Qt 
At = nc = cm/t 
In our case, P = Q/t and 


At = P artes 
cm/t mc 
Furthermore, m is the mass of water in a volume V, or 


m = pV 


= eVgh _ gh 
whence At pvc = 


s pe? 
At = —— 22 mr s 1 eg 0.0350 C. 


4.186 x 10? J + kg! + C deg™! 


This is the temperature change experienced by a 
mass m of water in falling through a distance h. 
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© PROBLEM 467 


(a) How much heat energy is produced by a 5-kg rock that falls a vertical 
distance of 10 m before it strikes the surface of the earth? Assume 
that the rock was initially at rest. 


(b) How much would the temperature of 1 kg of water be raised by the rock 
striking the earth's surface? (4.19 x 1023 of heat energy is required to 
raise the temperature of 1 kg of water 1 K.) 





Solution: (a) For this motion the kinetic energy is initially zero since 
the rock was released from rest. Just before colliding with the earth, 
the kinetic energy is a maximum. The conservation of energy requires 
that the increase in kinetic energy of the rock must equal the change in 
its potential energy, 


U- U 


6.” mgh - mgh) = mg (h - hg} 


5 kg, and g= 9.8 m/s, the change in the 


Since h- ho = Om - 10m, m 
potential energy is 


(5 kg) (9.8m/s*) (-10 m) = -4.9 x 1073 


U- UD 
The minus sign means that the potential energy has decreased. The in- 


creased kinetic energy is then 2 
4.9x10 J. 


This kinetic energy is all converted into heat upon collision with the 
earth. Consequently, the heat energy Q of the rock and earth is 


Q = 4.9 x 1075 
3 


(b) Since 4.19 x 10°J of heat energy will raise the temperature of 

1 kg of water IK 4.9 X 102 J of heat energy will cause a temperature 
rise of 

4.9 X 1075 


J =1.2x 102 °K 
4.19 x 10°3/°K 


in 1 kg of water. 
@ PROBLEM 468 


A 10-g lead bullet is traveling with a velocity of 10* cm/sec 
and strikes a heavy wood block. If, in coming to rest in the block, 
half of the initial kinetic energy of the bullet is transformed into 


thermal energy in the block and half into thermal energy in the bul- 
let, calculate the rise of temperature of the bullet. (The block 
remains stationary during the collision.) 





=”. 


ty 


Figure A Figure B 


Solution: This problem involves the transfer of energy of one form 
(kinetic energy) into energy of another form (heat). The total energy 
of the bullet-block system before the bullet strikes the block is just 
the kinetic energy of the bullet. Or 


Er 





4 mv? = % x (10 g) X Qot cm/sec)? 


5 x 108 ergs 
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After the bullet strikes the block, it loses its kinetic energy. The 
law of conservation of energy demands that this energy appear as ther- 
mal energy in the block and bullet. Or 


Be eee Spock: * Mitler 31 Makiet 


for we are given that Qiock = Qbullet - Hence, 


bullet = By/2 a 
But Qbullet = cmAT where c is the specific heat of the lead bul- 


let (the amount of heat required to raise the temperature of one gram 
of the substance one degree centigrade), m is the mass of the bullet, 
and AT is the rise in temperature of the bullet due to the thermal 

energy. The specific heat for lead is 0.0310 cal/g.c*. We then have 


An = bullet _ BTL 
mc mc 
a #x5 x 10° ergs 


G.186 x 10° ergs/cal) @.0310 cal/g- Òx 10 g 


= 19.3 °C 
è PROBLEM 469 


Near the absolute zero of temperature, the specific 
heats of solids obey the Debye equation, c = kT’, 
where T is measured in °K. For a particular solid k 


has the value 2.85 x 10 * cal/g*K deg". Calculate 
the heat that must be supplied to raise 50 g of the 
solid from 10°K to 20°K and the mean specific heat 
capacity of the solid in this interval. 





Solution: The specific heat capacity varies markedly 
with temperature. The mean value of the specific heat 
is defined by 


T2 

a 1 | 

c = —=—— caf?rt 
T2. =- T; Tı 


Over the range 10°K to 20°K its mean value will be 


al 


20°K 20°K 
1 1 A 
= aT = -507 kT*-dT 
TEET er TOK J bor 


20°K 
=% % kT’ = ake aS 
= 10K loog WE: 


x 10 * cal/g*K deg*[20" - 10*]K deg“ 
= 106.9 cal/g*K deg. 


This compares with a magnitude for c of 28.5 cal/g°*K deg 
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at 10°C and 228 cal/g*K deg at 20°C. 


The heat that must be applied to raise the temper- 
ature of 50 g through the range of temperature is 


Q = mc(T2 - Ti) 


50 g x 106.9 cal/g*K deg x 10 K deg 
= 53,450 cal. 


HEAT OF FUSION 


e PROBLEM 470 





A skier descends a slope of 30° at a constant speed of 
15 m/s. His total mass is 80 kg. How much snow melts 
beneath his skis in 1 min, if the latent heat of fusion 
of snow is 340 J/g and it is assumed that all the 
friction goes into melting snow? 














Solution; When the skier is descending the slope, the 


forces acting on him are his weight mg vertically down- 
ward and the two forces exerted on him by the slope,the 


normal force N at right angles to the slope and the 


frictional force F opposing the motion (see figure). 
Since the skier does not rise from the snow and is 
traveling with constant speed, all forces perpendicular 
to the slope, and all forces parallel to the slope, must 
cancel out,as a result of Newton's Second Law. Hence 

N = mg cos ð and F = mg sin 9. 


By Newton's third law, an equal and opposite force 


F is exerted by the skier on the snow. This equal and 
opposite force moves its point of application a distance 


v in 1 s, where v is the constant velocity of the skier. 
Hence the rate of working of the frictional force act- 
ing on the snow is 


> > 3 
P= F - v = Fv = mg sin ðv 
= 80 kg x 9.8 m/s? x & x 15 m/s = 5880 W. 
If all this power is used in melting snow, the 
energy available per min is Q = 5880 J/s x 60 s/min 
= 352,800 J/min. But if a mass m of snow is melted 


per min, the heat required is mL, where L is the latent 
heat of fusion of snow. Hence 
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m x 340 J/g = 352,800 J/min or 


m = 5880 pe admin = 1038 g/min = 1.038 kg/min. 
e PROBLEM 471 


How much heat is required to change 25 kg of ice at -10°C 


to steam at 100°C? 





We have 4 separate situations which we must con- 
sider in this problem. First, the ice is heated to its 
melting point, which involves a change in temperature. 

Next, the ice changes state to form water during which there 
is no change of temperature. Then, as heat is added the 
water reaches its boiling point and any further addition of 
heat serves only to finally change the state of the water 
to steam and will not raise the temperature of the boiling 
water. Note that the specific heat of ice is different from 
that of water. 

Heat to raise temperature of ice to its melting point = 
m,c, At, = 25 kg(0.51 Cal/kg C°) [0 - (-10°C)] = 128 Cal. 
iy = 25 kg(80 Cal/kg) = 2000 Cal. 
Heat to warm water to its boiling point =m c At = 


ww w 
25 kg(1.0 Cal/kg C°) (100°C - 0°C) = 2500 Cal 


Heat to melt ice =m 


Heat to vaporize water = mL, = 25 kg(540 Cal/kg) = 13,500 
Total heat required 128 Cal 
2,000 
2,500 
14,000 
’ Cal 


Note that in this summation 128 is negligible and may be 
disregarded, since there is a doubtful figure in the thou- 
sands place in 14,000. 


© PROBLEM 472 


What must be the speed v of a lead bullet if it melts 
when striking a steel slab? The initial temperature of 
the bullet is To = 300° K, its melting point is T, 


= 700° K, its heat of melting q = 5 cal gr™!, and its 


specific heat c = 0.03 cal gr K° ~, 





Solution: Assume that all the kinetic energy of the 
bullet is transformed to heat energy upon impact. The 
heat released first raises the temperature of the bullet 
to its melting point T,, and then supplies the heat of 


melting the lead. The amount of heat Q, required to 
raise the temperature of the bullet to the melting 
point is 


mc (T; - To) 


Qi 


(m gr) x (0.03 cal gr~! K° ~) (700 - 300)K° 


12 m cal. 
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where m is the bullet's mass. 
Melting requires another amount of heat Q,, where 
Q2 = mg 
(m gr) x 6 cal gr a) 


= 5m cal. 


Therefore, the total amount of heat used up after 
the collision, is 


Q=Q; + Q, = (12m + 5m) cal 


i] 


17 m cal. 


The conservation of energy principle in this problem 
can be stated as 


Ey inetic =Q 


or Łk% mv’ ergs = 17 m cal x 4.19 x 10’ ergs/cal 


2 2 xia 42 4cR9ix 2402 


14.2 x 10° cm?/sec? 


3.8 x 10° cm/sec = 380 m/sec 
@ PROBLEM 473 


< 
1i 


500 g of lead shot at a temperature of 100° C are poured 


into a hole in a large block of ice. If the specific 
heat of lead is .03, how much ice is melted? 





Solution: As the lead is poured into the hole in the 
ice, the latter will melt (gain heat energy) and the 
former will cool off (lose heat energy). By the principle 
of conservation of energy,we may write 


heat lost by lead = heat gained by ice (1) 


Now assuming that the lead doesn't undergo a phase 
change during the process, we have 


heat lost by lead = m co |At| (2) 


where Mo is the mass of the lead, Co is the specific heat, 


and |AT| is the magnitude of the temperature change ex- 
perienced by the lead. Unlike the lead, the ice changes 
phase during the process. Assuming that not all of the 
ice is melted, the portion that is melted will be in 
equilibrium with the remaining ice. Hence, 


heat gained by ice = mi L (3) 
where mi is the mass of ice melted, and L is the heat 
of fusion of ice. Then using (3) and (2) in (1) 


AT) = m L 
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m, cy |AT, | 


Pay” 
or m; = L 
Bs (500 g) (03 cal/g°C) | (0°C - 100°C) 
i 80 cal/g 
m; = 18.75 g 


Note that the final temperature of the lead is 0°C. 
Since not all the ice is melted, the lead comes into 
equilibrium with the ice and water at 0°C. 


© PROBLEM 474 


A 200 g ice cube is placed in 500 g of water at 20°C. 


Neglecting the effects of the container, what is the 
resultant situation? 





Solution: Note that a cube of ice at 0°C will lower 
the temperature of the water, and that for every 80 
calories of heat energy absorbed by the ice, one gram 
will be melted without any change in temperature. If 
the heat given off by the 500 g of water cooling to 
0°C exceeds the amount necessary to melt the 200 g 

of ice, then the water will not cool to 0°C. If, how- 
ever, it is less than sufficient to melt all 200 g 

of ice, only a fraction of the ice will be melted, 
and the resultant temperature will be 0°C. 


The amount of heat that must be withdrawn from 
the water to lower its temperature to 0°C is 


Q = mc AT 


where m is the mass of water, c is its specific heat, 
and AT is the change in temperature that the water 
experiences., 


(500 g) (1 cal/g°C) (20°C) 


Q 
10000 cal 


Q 


The amount of ice that 10000 calories will melt 
at 0°C is 


= 125 g 





This is less than 200 g, the original amount of 
ice. Therefore a 75 g block of ice finds itself 
i i 99C: 
floating in water at © PROBLEM 475 


A piece of iron of mass, M = 20g is placed in liquid air 


until thermal equilibrium is achieved. When it is quickly 
taken out and placed in water at 0°C, a coating of ice of 
mass, M = 5.22g forms on it. The mean specific heat, ci 


of iron over the range of temperature of the experiment is 
0.095 cal/g -°C and the heat of fusion L, of water is 80 


cal/g. What is the temperature of the liquid air? 
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Solution: The iron is initially at the same temperature T 
as the liquid air. When placed in water, it takes heat 
from the water until its temperature reaches 0°C. The 
amount of heat Q lost by the water can be found from the 
amount of ice formed as a result of this transfer of heat. 


i] 


ML 
(5.22gr) (80cal/gr) 


Q 


= 417.6 cal. 
The heat acquired by the iron as its temperature is raised 
by 0°C - T°C = - T°C, must be equal to the heat Q lost by 


the water in turning to ice. Then, if M is the mass of 
the iron, 


Q = -CMT 


417.6 cal = -(0.095 cal/gr-C) (20gr) T 


giving 
he was 417.6 oç 
20 x 0.095 
= -220°C 
CALORIMETRY 


e PROBLEM 476 


A 100-gram piece of ice at 0°C is added to 400 grams of 
water at 30°C. Assuming we have a perfectly insulated 


calorimeter for this mixture, what will be its final 
temperature when the ice has all been melted? 





Solution: The heat gained by the ice must equal the heat 
lost by the water. In addition energy is lost because the 
ice changes from the solid state to the liquid state, which 
requires the addition of the heat of fusion (which is 
80 cal/gm for ice). 
The heat gained by the ice is a: 
a = (mass x heat of fusion) 
+ (massxspecific heat of icexchange in temperature) 
= mL + mcAt 
H_ = 100 gm x 80 cal/gm + 100 gm 
x (1 cal/gm x °C) x (t - 0°)C 
where t is the final temperature. 


The heat lost by the warm water is H, 


Hı = mcAt 
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Hı = 400 gm x (1 cal/gm x °C)x (30° - t°)C 

Since heat gained must equal heat lost, 

100 x 8,000 cal + 100t° cal = 12,000 - 400t° cal 
whence 

(100 + 400)t° cal = 12,000 cal - 8000 cal 
and 


t = 8 degrees centigrade, 
@ PROBLEM 477 


Five kg of aluminum Cc, = 0.91 J/gm°K.) at 250°K. are 
placed in contact with 15 kg of copper E, = 0.39 


J/gm°K.) at 375°K. If any transfer of energy to the 
surroundings is prevented, what will be the final 
temperature of the metals? 





If the final temperature is T the change in 
the internal energy of the aluminum will be 


AU = mc AT 


where m is the mass of Al, Cy is the specific heat of Al, 
and AT is the temperature change the sample experiences. 
Hence 


AU = 5 x 0.91 (T - 250) 


Similarly, for Cu 


AUcu = 15 x 0.39 (T - 375) 


According to conservation of energy 


AU AU + AU cu = 0 


Total ~ *~Al 
Thus 5 x 0.91(T - 250) + 15 x 0.39(T - 375) = 0 


from which we can calculate T = 321° K. 
e PROBLEM 478 


The entire power from a 100-hp automobile engine is used 
to agitate 50 kg of water thermally insulated from its 


surroundings. How long will it take for the temperature 
of the water to rise 10 Celsius degrees? 





Solution: Since 1 hp = 746 watts (W), the power avail- 


able is 7.46 x 10* W. All this power is turned to heat 
in the agitation of the water. A watt equals a joule/sec. 
Therefore the rate at which heat is supplied to the 
water is 


(7.46 x 10* joule/sec) _ 4 
4-186 joule/cal = 1.782 x 10* cal/sec. 


500 


In time t the heat supplied is thus 1.782 x 10* cal/s 
X T 


The temperature rise takes place according to the 
following equation, the specific heat capacity of water 


being assumed constant and of value 1 cal/g*C deg over 
the range of temperature considered: Q = mc(tz2 - tı), 


the symbols having their usual significance. Thus 
1.782t x 10° cal/s = 5 x 10° g x 1 cal/g°C deg 


x 10 C deg 


© PROBLEM 479 


500 g of alcohol at 75° C are poured into 500 g of 
water at 30° C in a 300 g glass container (cy 


lass ` 
.14). The mixture displays a temperature of 46° C. 
What is the specific heat of alcohol? 





Solution: When the alcohol is poured into the glass- 
water system, the former loses heat energy, and its 
temperature drops. The latter gains heat energy and 
its temperature rises. Hence, by the principle of 
conservation of energy 
heat loss by alcohol = heat gained by H20 + 
heat gained by glass (1) 

In general, if a sample of mass m, composed of a 
substance of specific heat c, is exposed to a temper- 
ature change AT, it will lose or gain heat energy 

Q=mc AT. 

Using this fact, we may write 


heat gained by H20 = m0 CHO ATH .0 


(500 g) (1 cal/g°C) (46°C - 30°C) 


8000 cal 


ined b lass = m_c_ AT 
heat gaine yg g g g 


(300 g) (.14 cal/g°C) (46°C- 30°C) 


672 cal 


heat lost by alcohol = ma Cx AT. 


(500 g) (c) (75°C - 46°C) 


(14500 cal) Ca 
501 


(Note that the heat gained by the alcohol is negative. 
Hence, the heat lost by the alcohol is positive. This 
is the reason why AT, > 0). Using these facts in (1) 


(14500 g °C)ca = 8000 cal + 672 cal = 8672 cal 





© PROBLEM 480 


The temperatures of three different liquids are maintained 
at 15°C, 20°C, and 25°C, respectively. When equal masses 
of the first two liquids are mixed, the final temperature 


is 18°C, and when equal masses of the last two liquids 
are mixed, the final temperature is 24°C. What tempera- 
ture will be achieved by mixing equal masses of the 
first and the last liquid? 





Solution: Let the mass used in all cases be m, and 
label the specific heat capacities of the liquids ci, 


C2, and c3, respectively. The heat Q which must be 


supplied to a body of mass m and specific heat c to 
raise its temperature through an increment At is given 
by 

Q=mcAT 


In the first mixing, the heat lost by the second liquid 
must equal the heat gained by the first. Thus 


mcz x (20 - 18)°C = mc; x (18 - 15)°C 
or 
207 m~i 


Similarly, for the second mixing, 


mc, x (25 - 24)°C = mcz x (24- 20)°C 
or C3 = 4c2. 
It follows that c3 = 6c). 


If the third mixing produces a final temperature t, 
then one applies the same argument as before, to obtain 
mc3 X (25°C - t) = mc, x (t = 1§°C) « 


en's 6c, (25°C - t) = ec, (t - 15°C) 
150°C - 6t = t - 15°C. 


165 o 
=> ec 


@ PROBLEM 481 





A 1.4447-gm sample of coal is burned in an oxygen-bomb calorimeter. 
The rise in temperature of the bomb ( mass m) and the water surrounding 
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it (mass m) is 7.795 F = 4.331 C°. The water equivalent of the calo- 
rimeter [= m +m (c /c )] is 2511 gm. What is the heating value of the 
wW c e wW 






coal sample? 






Solution: The heat flowing in or out of a body of mass m with specific 
heat c is given by 






Q = mcAT 
where AT is the change in temperature of the body. Therefore, 
Heat liberated = (2511 gm) (1 cal/gm C ) (4.331 C`) = 10,875 cal 


_ heat liberated -~ 10,875 cal 
Heating value = bass of heating agent 1.4447gm 


cal _ Btu 
= 7525 a 13,520 1b 


@ PROBLEM 482 
An aluminum calorimeter of mass 50 g contains 95 g of 


a mixture of water and ice at 0°C. When 100 g of 
aluminum which has been heated in a steam jacket is 


dropped into the mixture, the temperature rises to 
5°C. Find the mass of ice originally present if the 
specific heat capacity of aluminum is 0.22 cal/g-C deg. 





Solution; The heat lost by the cooling aluminum must 
equal the heat gained by the calorimeter and contents. 
If a mass y of ice were originally present, the total 
heat gained would have to include the heat acquired 

by the ice in melting, the heat gained by the 95 g 

of water in rising in temperature, and the heat gained 
by the calorimeter in doing likewise. The heat Q 
absorbed by a mass m of specific heat c as its temper- 
ature rises an amount At is: 


Q=mcAT 


Also one gram of ice absorbs 80 calories of heat in 
changing into water. Thus, 


heat gained by the aluminum 
calorimeter 


ll 


(50 g) (0.22 cal/g-C deg) 
(5 ="0}:°C 


heat gained by ice as it 
melts 


(y) (80 cal/g) 


heat gained by water (95 g) (1 cal/g*C deg)(5 - 0)°C 


heat lost by chunk of 
aluminum 


(100 g) (0.22 cal/g*C deg) 
(100' = 5)°Cc 
since steam has a temperature of 100°C. Thus 


100 g x 0.22 cal/g*C deg x (100 - 5)°C 
= y x 80 cal/g + 95 g x 1 cal/g°C deg 


x (5 - 0)°C + 50 g x 0.22 cal/g*C deg x (5 = 0)°C 
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.*. 80 y cal/g = (0.229500 - 250)- 95 x 5] cal. 


` _ 1560 _ 
= =35" = 19.50 g. 


< 
I 


@ PROBLEM 483 


An immersion heater in an insulated vessel of negligible 
heat capacity brings my = 100 g of water to the boiling 


point from 16°C in 7 min. The water is replaced by m= 


200 g of alcohol, which is heated from the same initial 
temperature to the boiling point of 78°C in 6 min 12 s. 
Then 30 g are vaporized in 5 min 6 s. Determine the 
specific heat and the heat of vaporization of alcohol, and 
the power of the heater. 





Solution: In 7 min 100 g of water are raised in tempera- 
ture by (100 -16)°C = 84°C. The amount of heat provided by 
the heater to the water is, 

a Cy mAT 
where Cy is water's specific heat, and My is the mass of 


water. 


(1 cal/gr.°C) (100 gr) (100°C - 16°C) 


Q, 


3 


= 8.4 x 10° cal 


(@.4 x 10° cal) x (4.186 J/cal) 


3.52 x 104 J 


The rate of delivery of the heat energy is, 


Qy Q 3 
a pa wW _ 8.4 x 10 
iia. <i min sec/min) 420 cal/s 
= 20 cal/s 
3255": 10! 
= a J/s = 83.7 W 


Therefore the power of the heater is 83.7 W. With 200 gr. 
of alcohol in the vessel, the temperature rises from 16°C 
to 78°C in’ mir 12g.’ “ait Ca is the specific heat of alco- 


hol and Ma is the alcohol's mass, it absorbs, 


Qu = CMa (78°C - 16°C) 
= Ca (200 gr) (62°C) 


amount of heat during the temperature rise. The power of 
the heater remains the same while heating the water or the 
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alcohol, hence, in calories per second, we have, 


Qa Qa 
Enn min s/min) + a: . y 
Ca x (200 gr) x (62°C) 
20 cal/s = SPE Uy aa Pr 
giving 
c (20 cal/s) (372 s) 
a gr C 


0.6 cal/ C°.gr 


30 gr of alcohol are vaporized in 5 min 6 s = 306 s, 
hence the amount of heat, Q', required to vaporize it at 
78°C is; 


Q' p x (306 s) 


3 


(20 cal/s) (306 s) = 6.12 x 10° cal. 


If L is the heat of vaporization of alcohol, Q' is given 
by, 


Q* = L (30 gr) 


Then, ’ 3 
E Galeon LO” cal 
b= shoe = Sie Lo cab 


204 cal/gr 
@ PROBLEM 484 


In a typical experiment performed to measure the mechanical 
(electrical) equivalent of heat the following data were 
obtained: resistance of the coil, 55 ohms; applied voltage, 


110 volts; mass of water, 153 gm; mass of calorimeter, 

60 gm; specific heat of calorimeter, 0.10cal/(gm C°); time 
of run, 1.25 min; initial temperature of water, 10.0°C; 
final temperature, 35.0°C. Find the value of J. 





Solution: The current through the coil resistance is, by 
Ohm's Law 


R 55.0 ohms 


The power (or energy per unit time) developed by the 
coil is 


— energy dissipated _ I? R 


time 


In 1.25 min. the energy dissipated by the coil, to the 
surrounding water and calorimeter container, is 
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(2.00 amp)? (55.0 ohm) (1.25 min x ot see 


E=I? Rt 


16.5 x 10? Joules 


By the principle of conservation of energy, this electrical 
energy generated by the coil is converted entirely to heat 
energy. This heat energy is absorbed by the surrounding 
water and calorimeter container. As a consequence, the 
temperature of the water-calorimeter system increases from 
the initial temperature, 10.0°C to the final temperature, 
35.0°C. Consequently, the heat energy absorbed by the two 
bodies in this system is given by 


Q= m, c+ M, e(t - A (1) 
where Cy and C, are the specific heats (that is, the amount 
of heat requiréd to raise the temperature of one gram of 
the substance one degree centigrade) of water and of the 


container, respectively. Substituting the given values in 
(1), and noting that Co is defined as 1 cal/gm°C, 


Q = [(153 gm) (1 cal/gmec) + (60 gm) (.10 cal/gm°C) ] 
[35.0°C - 10.0°C] 


= 3975 cal. 
But from the principle of conservation of energy, electrical 
energy = heat energy or 


16.5 x 10° Joules = 3975 cal. 


Therefore, in order to find how many Joules are 
equivalent to 1 calorie, we develop the proportion 


x Joules _ 16.5 x 10° Joules 
l ca 5 ca 


J 


or J= 4.15 Joules/cal. 


Alternatively, 4.15 Joules = 1 cal. 


@ PROBLEM 485 














A 100 g block of copper (Soy = .095) is heated to 


95°C and is then plunged quickly into 1000 g of water 
at 20° C in a copper container whose mass is 700 g. 

It is stirred with a copper paddle of mass 50 g until 
the temperature of the water rises to a steady final 
value. What is the final temperature? 






ution: The heat lost by the hot copper block as 
it cools to temperature t, 


Mrock®cu(tes ~ tg) = (100 g) (.095 cal/g) (95° c- tg) 
where Sou is the specific heat of copper. 


The heat gained by the water, the container, and 
the paddle is 


506 


(water "#0 + Meontainer®cu * ™ paddle cu) (Se; t20) 
Here S430 is the specific heat of water. Then 
((1000g) (1 cal/g) + (700 g) (.095 cal/g) + (50g) 
(.095 cal/g)) (t, - 20° C) 
Equating the heat lost to the heat gained: 
(100 g) (.095 cal/g) (95° C - t,) = ((1000 g) (1 cal/g) 
+ (700 g) (0.95 cal/g) + (50 g) 
(.095 cal/g)) (t, - 20° C) 
Regrouping and solving for te? 
(9.5) OSS- Ga te) = (1000 + 66.5 + 4.75) (t - 20° C) 


9022:59 C= 9.5 te = 1071.3 (t; - 20) = 1071.3t, - 21430°C 


22330° C = 1081t, 





© PROBLEM 486 


When 2.00 1b of brass at 212°F is dropped into 5.00 1b of water 


at 35 .0°F the resulting temperature is 41.2 F. Find the specific 
heat of the brass. (Neglect the effect of the container.) 





Solution: The quantity of heat a. added to the water is 


Q = mc AT 
ww W 
where m and c are respectively the mass and specific heat of the 
water, and AT; {s the increase in temperature of the water. Similarly, 
the heat Qg lost by the brass to the water is 
Qg = mpcpiTy » 
AT, being the decrease in the temperature of the brass. The heat will 


flow from the brass to the water until they are at the same temperature. 
Since the total energy of the system is conserved, the heat leaving 
the brass equals the heat entering the water, 


mc AT, = mc AT. 
(2.00 1b) (cp) (212 F - 41.2°F) = (5.00 1b) (1.00 Btu/1bF’) (41.2 °F - 35.0 F) 


cp = 0.091 Btu/1bF 
© PROBLEM 487 


Given the necessary precautions, water can be cooled to a 
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temperature T = -10°C. What mass of ice m is formed from 
M = 1 kg. of such water when a particle of ice is thrown 
into it and freezing thereby produced? Regard the specific 
heat of the supercooled water as independent of the temper- 
ature and equal to the specific heat of ordinary water. 





Solution: The ice particle causes some of the water to 
freeze. The physics behind this process is somewhat in- 
volved. However, we can solve the problem if we consider 
what happens in the final state. 

The partial freezing caused by the ice particle re- 
leases heat into the system consisting of ice and water. 
This heat is the latent heat of freezing released by all 
freezing water and must be absorbed by the rest of the 
system. Therefore, the freezing can continue only as long 
as the water is capable of absorbing the heat released in 
the process. Equilibrium is attained when the water reaches 
0°C at which point water must first freeze if it is to 
attain a higher temperature. Since water gives off heat 
when it freezes and there is nothing to absorb this heat, 
freezing stops at this point. 

The latent heat of water is 80 cal/gr. Therefore the 
heat released in forming m grams ot ice is 


AQ = (m gr) x (80 cal/gr). 


The same heat is used to raise the temperature of 
the 1 kg. of supercoded water by 10°C; 


AQ = cM AT 


(1 cal/gr c°) x (10° gr) x (10°e) 


where c is the specific heat of water. Therefore we get 


(m gr) * (80 cal/gr) = 104 cal 


and the amount of ice produced is 


4 
10 
m= jg 9" = 125 gr = 0.125 gr. 
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CHAPTER 14 


GASES 





Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 512 to 
545 for step-by-step solutions to problems. 






The concept of the ideal gas is essential to much of thermodynamics 
and statistical physics. An ideal gas consists of N particles with no in- 
teraction between the particles (U = 0). Hence, the Hamiltonian, or total 
energy function, just consists of the kinetic energy of the particles 


N 
H = KE +U = J, p?/2m. 


i=1 
If the particles reside in a box of volume V = L? (see Figure 1), then the 
pressure on a wall of the box is 


p=F/A=N<2mv_/(2LW „) > L° =Nm<v2>/V 


using the fact that the total force is N - Ap/At. According to the equipartition 
theorem, every quadratic degree of freedom in the Hamiltonian gets 1/2 kT 
of energy: 


< 1/2 mv? > = 1/2kT. 
Hence, using 
<v?>=3<v2>=3kT/m, 
we obtain the ideal gas equation of state 
pV = NkT = nRT 


where R is the ideal gas constant and n = N / N, is the number of moles. 


x! xl 


Figure 1 
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Given any three of the four variables in the ideal gas law, one can easily 
calculate the other. Furthermore, the equipartition theorem gives us the 
root mean square speed 


Vem W<v2> = V3kTin 


which can be found from the temperature and particle mass m = A grams/ 
N,. Note that the temperature used must be the absolute, or Kelvin, 
temperature T(K) = T(°C) + 273. The equipartition theorem also tells us 
that the average total energy of an ideal gas is U = <H> = 3/2 NkT. 


For real gases, a better model is the van der Waals’ equation of state 
(p + a/V?) (V —b) = NkT which clearly reduces to the ideal gas EOS when 
a =b=0. Thermodynamic processes are said to be isothermal if dT = 0 or 
T = constant, isobaric if dp = 0 or p = constant, and isochoric if dV = 0 or 
V = constant. 

For an adiabatic process, where dQ = 0, i.e., there is no heat transfer, 
we can derive another law in addition to the ideal gas EOS. Consider without 
loss of generality just one mole of gas n = 1 mol. Taking the differential of 
pV = RT, we get pdV + VdP = RdT. The first law of thermodynamics says 
that dU = dQ—dW. Hence, dU = c,dT =-pdV, where c, is the heat capacity 
at constant volume c, = (dQ /dT) = (8U/8T), given by 3/2 R for one mole of 
an ideal gas. Using algebra and integrating, one obtains the adiabatic gas 
law pV’ = constant where y = (c, + R)/cy. 


A similar problem-solving technique can be used to find the change in 
temperature with height of the atmosphere dT/dh. One assumes (see 
HYDROSTATICS) that p = pgh and thus dp = — pgdh. Application of the 
ideal and adiabiatic gas laws then gives finally dT/dh = — (y — 1)gM/yR, 
where M is the molar mass of air = 29 grams. 

Another application of ideal gas theory is to model the propagation of 
sound waves in a gas. Fluid dynamics can be used to argue that 
v = 4/B/p . Furthermore, the bulk modulus is B = -V dp/dV, from the 


p(v) 


* 
v Vrms id 


Figure 2 
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chapter ELASTIC DEFORMATION. A problem-solving method is then 
to take the differential of the adiabatic gas law obtaining ypV*"'dV + V'dp 
= 0. Substitution then gives the speed of sound as c = 4/y RT/M. 


A more sophisticated problem-solving technique of dealing with ideal 
gases involves using the Boltzmann distribution 


2 nie 
dn = Ce™ /2kTg?y = Np(v)d v 


where C is a normalization constant equal to N(m/2xkT)*”, p(v) is the 
Boltzmann probability function, and dv is the differential element in 
velocity space. Using spherical coordinates, d*v = 4 nv’, and one can use 
the Boltzmann distribution to calculate the average speed <v>, the most 
probable speed v*, or the mean square speed <v’>. This is most easily done 
using the speed probability function 


2 
p(v) =(4nv?C/N)e™ ie 
shown in Figure 2. 
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Step-by-Step Solutions to 


Problems in this Chapter, 
“Gases” 





ATOMIC/MOLECULAR CHARACTERISTICS OF GASES 
@ PROBLEM 488 


About how many molecules are there in 1 cm? of air 
and what is their average distance apart? 


Solution: The number of molecules in 1 cm? can be 
calculated from the ideal gas equation: 

pv 

kT 





N.= 


The pressure of the air is approximately p = 10° dyne 


cm™?. The temperature of the air is approximately 
300° K. If V = 1 cm’, 


TS 10 dyne/cm? x 1 cm? 
(1.38 x 107" erg/°K =x 300° K) 


N= 10° dyne/cm? x 1 cm? 
1.38 x 107! dyne-cm/°K x 300° K 


2.5 x 10?9 


In 1 cm? of air there are approximately 2.5 * 16+? 
molecules. Imagine the 1 cm’ to be divided up into 
little cubes of side a, each of which contains a 
molecule. Then the volume of each cube is a. Hence, 
in 1 cm’, there are 1 cm?/a? cubes. Since there is 1l 
molecule in each cube, the number of cubes must equal 
the number of molecules in 1 cm?. 


3 
iem’ = 2.5 * 10!* 
a3 
3 - 
a? «oe dw T; 20 cm? 
2.5 x 10}? 
a = 3.4 x 1077 cm 


This is the average distance apart of the molecules 
and is about 20 times the size of an oxygen or nitrogen 
molecule. 


© PROBLEM 489 





The best vacuum that can be produced corresponds to a 


pressure of about 107~'° dyne cm”? at 300° K. How many 
molecules remain in 1 cm?? 


472 
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Solution: We can use the ideal gas equation to calculate 
N, the number of molecules in the given volume: 


pv 
kT 


= 10 *° dyne/cm? x 1 cm? 
1.38 x 107! dyne-cm/°K x 300° K 


N 


t 


2,500 
There is still a large number of molecules left. 


@ PROBLEM 490 


What is the average velocity of the molecules of the air 
at 272.262 


Solution: From a simple atomic mođel in which we consider 
the atom as a hard spherical body subject to completely 
elastic collisions we can develop an equation for the 
average kinetic energy of a molecule which is: 





2 _ 3kT 
1 Ma hie 


where m is the mass of one molecule, Ya is its average 


velocity, k is Boltzmann's constant, and T is the 
absolute temperature of the environment of the molecule. 
Multiply both sides by Avogadro's number Ny and 2 


2 = 
Namv i 3N KT 


But Nam = Mi and Nak = R since Mi is the mass of one 


mole of molecules, and R is the gas constant which is 
Boltzmann's constant times Avogadro's number. Substitut- 
ing and rearranging we have: 


y = 3RT 
a mi ; 
Air consists mainly of nitrogen, which is diatomic, and 
its effective molecular mass is approximately twice the 
atomic mass of nitrogen. So 


M <= 2 x 14 = 28 gm/mole 


yt te (3) (8.32 Joule/mole °K) (273 + 27)°K 
a 28 gm/mole 


where we have used the fact that 27° C = (273 + 27)°K. 
Hence 
2 = Joule 
ve 267.43 om 


But 1 Joule = 1 nt - m= 1 kg « m?/s? = 107 gm ° cm?/s? 
and 
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< 2 
v2 = 267.43 x 10’ ire = 267.43 x 107 cm?/s? 
gm» s 


Therefore v = 5.17 x 10" cm/s. 


This is equivalent to 1,160 miles per hour! 


© PROBLEM 491 


Compute the r.m.s. speed of 02 at room temperature. 


Solution: The r.m.s. speed of a gas molecule is 


ta 3RT 
Vem.s.. 0. M 


where M is the molar mass of the gas, T is its temper- 


ature in degrees Kelvin, and R is the gas constant. 
Hence, 


y k (3) (8.31 joule/mole°K) (273°K) 
Tengs (32 x 107? kg/mole) 


Here, we have used the fact that 0°C = (0 + 273)°K. 


= á 5 

| ne Y2.13 x 10° m?/s? 
n 2 

Vie ee, = 4.61 x 10° m/s. 


@ PROBLEM 492 









Show that the average distance, £, a molecule travels 
between collisions in a gas is related to the number 
density n and the molecular diameter d by 


Figure A Figure B 


Solution: Consider a molecule moving through a region 
of stationary molecules. It can collide with those 
molecules whose centers are at a distance less than 

or equal to d from its center. If the speed of the 
molecule is v, it moves a distance vt in time t 

and collides with every molecule in the cylindrical 
volume vt mda? (Fig.A). 


The molecules in this cylinder cannot avoid the 
incident molecule because the diameter of the cylinder 


514 





is 2d, twice that of a molecule. If there are n 
molecules per unit volume, the number of molecules 
in the cylinder is 


N = nvttd?. 


Actually, after each collision, the molecule 
changes its direction and the cylinder mentioned 
before makes zigzags as shown in Fig. B. The number 
of collisions is just the number of molecules in the 
cylinder, hence the average distance per collision 
is 


2 is called the mean free path. 
© PROBLEM 493 


A container with a pressure of 3 atmospheres and a 
temperature of 200° C. contains 36 gm of nitrogen. What 
is the average speed of the nitrogen molecules? What is 


the mean distance between molecules (assuming that the 
container has a cubic shape), and approximately what 
distance will a molecule travel before it collides with 
another? 





Solution: The number of moles of gas present is the 
mass of gas present divided by the molecular mass of 
nitrogen, or 


n = 5g = 1.29 


The pressure is 


p = 3 atm 


3 x 1.013 x 105 N/m? = 3.04 x 10° N/m? 
Thus the volume of the container is by the ideal gas law 


nRT 


P 


— 1.29 moles x 8.313 joules/°k x 473° k 
3.04 x 105 N/m? 


_ 1.29 moles x 8.313 N-m/°k x 473° k 
fe a x N/m 


Leet S10 


That is, the volume is a cube with sides 25.6 cm. The 
total number of molecules is the number of moles of gas 
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times Avogadro's number, or 


6.02 x 1023 molecules 


(1.29 moles) moles 


= 1.29 x 6.02 x 1073 molecules 


so that the volume per molecule is 
ag 3 
16.7 x 10 m pe 2.15 x 1072 ° m? 
1.29°% 6,02" X SOF" 


= 2.15 x 107?° cm? 
This corresponds to a cube with sides 2.8 x 107’ cm, 
which is the mean distance between molecules. 


The mean square speed is calculated from 


k% mv? = 2 kT 


where m is the mass of one molecule of nitrogen, v2 

is the mean square speed of the molecule, k is Boltzmann's 
constant, and T is the absolute temperature. Furthermore, 
since k = R/No where R is the gas constant and No is 
Avogadro's number, and mNọ = M where M is the mass of one 
mole of gas, we have: 


ar SKT — SRT .. 3RF 
m Nom M 


Ta 3 x 8.313 joule/°k mole x 473° k 


437 k 
28 x 10 mes 


— 3 x 8.313 kg-m?/s? °k mole x 473° k 
28 x 107? kg/mole 





4.21 x 10° m*/sec? 


Thus the average speed c of a molecule is 


c= /v2 = 6.5 x 102 m/sec. 


When two molecules of radius r collide, their centers 
are a distance 2r apart. Therefore, a molecule travelling 
along a straight line will collide with other molecules 
within a distance 2r of its center (we assume a simplified 
model in which one molecule moves and the others remain 
stationary and in which all collisions are elastic). During 
a time At, the molecule which we are following travels a 
distance cAt. Thus, the molecules with which our molecule 
will collide are all found within a cylinder of base 
radius 2r and height cAt. This cylinder is called the 
collision cylinder. If N is the number of molecules in 
volume V, then the density of molecules is N/V. If we 
multiply the volume of the cylinder by the density of 
molecules we will have the number of molecules in the 


cylinder (4mr* cAt N/V). Dividing this quantity by At 


we have the number of collisions per unit time (4mr’c N/V). 
The average time between collisions is the reciprocal of. 
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this, called the mean free time (V/4nr? cN). If we multiply 
this by the average velocity, we have the average distance 
a molecule travels before colliding with another (the mean 
free path): 

cV 
4nr*cN 

V 


4nr?N 


L = 


Substituting our values, we have (in the present case 
let r = eSa eaS: 


16.7 * 107? p? 
4n (1.3 x 107?° m)? (1.29 moles) (6.023 x 107° moles™?!) 


1.01 x 10°’ m 


@ PROBLEM 494 


How many kilograms of O, are contained in a tank whose 


volume is 2 et? when the gauge pressure is 2000 1b/in? and 
the temperature is 27°C? 





Solution: Assume the ideal gas laws to hold. The molecu- 
lar weight of 05 is 32 gm/mole. The volume V is 


v= 2 ft? = 2 ft? x 28.3 liters = 56.6 liters. 


TE 


Gauge pressure is the pressure above air pressure. Air 
pressure is 14.7 1b/in?. Therefore 


P 2000 1b/in? + 14.7 lb/in* = 2015 1b/in? 


abs 


2 
ROT MAS Cas fale ey 
14.7 atm/(1b/in*) ais 


The temperature must be expressed in Kelvin degrees 
in order for us to be able to use the ideal gas laws. 


T = t + 273 = 300°K. 
Hence the number of moles of gas in the tank is then 


Paps V _ 137 atm x 56.6 liters 


a RT = 0.08 liter*atm mole K x 300°K = 315 moles. 


The mass of this amount of gas is 





m = (315 moles) (32 gm/mole) =10,100gm = 10.1 kgm 
Note that we had to convert P and V to the appropriate 


units in order for them to be consistent with the units of 
the ideal gas law. 
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@ PROBLEM 495 


Compute the r. sms. speed of the molecules of oxygen at 76.0 cm. 
Hg. pressure and 0° Cc, at which temperature and pressure the density 
of oxygen is 0.00143 gm/cm® ° 





Fig. B 
Fig. A: Elastic Collision with wall. 


Solution; The pressure exerted on a wall by an ideal gas can be 

calculated as follows. In Fig. (a), the elastic collision of a 

molecule with the wall is shown. If the force exerted on the mole- 
cule during the collision is perpendicular to the wall, then the x 
and y components of the molecule's velocity are not affected. The 
collision is assumed to be elastic, therefore the z component of the 
velocity is reversed in direction but remains unchanged in magnitude 


vi en 
x 
v'sv 
y x 
a-y 
vz z 


The z-component of momentum of the molecule changes by an amount 
a t ia = ‘33 
ap, -Pr Ps mv, an 
= -2mv_. 
z 


Now, we need to know the number of molecules that strike the wall with 
velocities 7, per unit time per unit area, Let us consider an in- 
finitesimal area dA on the wall and the molecules incident on it 
with velocities parallel to 7. These molecules will be included in 
the tube shown in Fig. (b). Molecules in the tube that strike the 
wall with a velocity Ÿ in time dt must be at most a distance 

= vdt from the wall. Therefore, if we restrict the length of the 
tube to vdt, all the molecules inside it with velocity ? will strike 
the wall within the time dt. The molecules lying outside this tube 
with the same velocity 7 will not strike dA during the same period. 
Since the molecules move in random directions, we expect that the 
number of molecules per unit volume, moving with velocity 7, does not 
depend on the direction of 7 but rather on its magnitude v. If the 
density of the molecules with speed v is n(v), the total number of 
the molecules in the tube with speed v is 


= n(v) X volume 
= n(v) xX vdt dA cos 0 
n(v) v: dt dA . 


Because of the randomness of the motion, the average number of mole- 
cules moving toward the wall with velocity X is equal to the average 
number moving away from the wall with velocity -v. Therefore, the 
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number of the molecules in the tube striking the wall is half the 
number we found for those with speed v; 


1 
anD = z0) v dt dA . 


Therefore, the total number of particles incident on an area dA 
per unit time is 


aN(¥) _ 1 
ar 5 2) v, dA ‘ 


The total rate of change of momentum is the number of collisions per 
unit time multiplied by the momentum change in each collision. Using 
Newton's Second Law, 


Gs eco E E amv_) dA 
zat 27” vA vz) 
= -nv n(v) dA 


where aF is the element of force which the area dA exerts on the 


molecules which strike it. The reaction force exerted on the wall by 
the molecules, using Newton's third law, is 


dF = dF, 
thus the pressure on the wall becomes 


aF 2 
peiser = BV, n(v) . 


Now, we have to find the total average pressure, since not all mole- 
cules have the same 7. For this, we re-express the average of the 
quantity je n(v) as 


2 2 
> = 
zga n(v) a a 


n 


where n is the average number of particles per unit volume; 
Sani total number _ N 
T total volume V ° 
The average of v , for a gas,is the sum of the averages of its com- 


ponents 





T E E A 
Vos Vv Fe + VL. 
x y z 
The motion is completely random, therefore all the directions of motion 
are equally probable, _ Therefore we may take 


ves view? miv? 


kad 
< 
w 


which gives 


In this problem, the pressure of oxygen is the weight of a 0.76 m, 
mercury column with unit area: 


p = volume X density X g = Py f 


0.76 m X 13.6 X 10° kg/m? x 9.8 m/sec” 


= 1.01 x 10° nt/m? . 


Pressure can be expressed as_ 


1 ~2/mN 1 aM 1 
Meal: alls )=5 A Etetea )= Fv fox 


v 
giving — 
fox 
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Hence, the r.m.s speed is 
Z 3X 1,01 x 10° nt/n* 
1.43 kg/m” 


Ja 


461 m/sec. 


='2.12 X% 10° a? ee" 





< 
n 


@ PROBLEM 496 


Calculate (a) the root-mean-square speed of the molecules 
of nitrogen under standard conditions, and (b) the kinetic 


energy of translation of one of these molecules when it is 
moving with the most probable speed in a maxwellian distri- 
bution. 





Solution: (a) Each molecule of an ideal gas may have a 
velocity with rectangular components vai vai M5. Hence, 
the square of the velocity of one molecule is 
v = |v? +? + v,? 

x y Zz 


If we calculate this for every gas molecule, add the re- 
sults, and divide by the number of molecules in the box, 
N, we find 


H 
H 
H 
I 
N 
N 
a 
wl 


where the bar over a quantity indicates an average value. 
(The summation symbol } indicates that we calculate vć for 
each gas molecule and add the results.) Since no direc- 
tion of motion is preferred for the gas molecule, 
vi ave ee 
x y Zz 





and Zz 3 


v = 3v 
x 


we cally v? the root mean square speed, e 


Now, the average kinetic energy of one molecule is 
related to the temperature T of the gas by 


E tae 
zmv = zKT (1) 


where m is the mass of one gas molecule, and k is Boltzmann's 
constant. Then the kinetic energy of 1 mole of molecules 
is found by multiplying (1) by No’ Avogadro's number, or 


1 2 20.3 
wom ms * ZN kT 


The gas constant, R, is, however 
R= KNo 


and mN5 = M the mass of 1 mole of gas. Hence 
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42: ia 2 _ 3RT 


1 
= =RT = 
Mv aR and v = 
If we consider a kg mole of the gas, we have 
= 2 
222 3 joule é 1_mole _ 5m A 
v^ = 3x8.31x10 Sk-mole 273 KAE KON kom 2.43 x10 tae ; 
=/ v? =/ 2.43 x 10°m*/sec” = 492 m/sec. 
(b) Ex = Save, where Va is the most probable speed. 


The mass of a nitrogen molecule can be calculated from its 
molecular weight and Avogadro's number: 





m = M/N 

= 2g—*F x l kmole 
kmole 92x 107° molecules 

= 4.6410 -° kg/molecule. 

ve = 78/3T V .921 Yone 
A ET 2 

Hence E, = mvi = 5m (921 L 

= (5) (4-64 x 10776 xg] (-921) [2.4 
= 3.76 x 10°7* Joule 


@ PROBLEM 497 


wl 


Show that (7)? does not equal v^ . 


Solution: Consider four particles with the following velocities: 
1,2,3, and 4 cm/sec. The mages oo of the <ra of vis 


Gi. (ERE S ke es = ter m/s. = 6,25(cm/sec)” 


whereas the average of v2 yA 


p (x + (2)? + (3)? + 9) = ) en? zA 
4 az 


= (LE4E ot 18 \em?/s? = 7.5(cn/sec)” 


Vv 


so that there is a substantial difference between the two methods 
of averaging. 


If the individuaal velocities are +l, -2, -3 and +4 cm/sec, there 
will, of course, be no change in the value of v, but the average 
velocity v will be zero. 


@ PROBLEM 498 


The constant b in van der Waals' equation for helium is 


23.4 om? «mole -. Obtain an estimate of the diameter of a 


helium molecule. 
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Solution. At low densities, real gases obey the ideal gas 
law PV = URT. When the density of a real gas increases, 

we can no longer neglect the fact that the molecules occupy 
a fraction of the volume available to the gas and that the 
range of molecular forces is greater than the diameters of 
the molecules. Van der Waals developed an equation to take 
these factors into account. Assume the molecules have a 
diameter d. Then they can't approach within a distance 4/2 
of the walls and a distance d from the center of another 
molecule. Therefore,the volume available to the molecules 
is less than the volume V of the container that is used in 
the ideal gas law. The free volume per mole is less than 
the "geometric" volume per mole, V/u, by a volume b. Modi- 
fying the ideal gas law, 


p(v-b) = RT 


where v is the "geometric" volume per mole, V/u. To account 
for the intermolecular forces, we note that they vary as 

the square of the number of particles per unit volume. In- 
versely, they then vary as the square of the volume per 


mole, as Qyy?. The gas acts as though it experienced a 
pressure in excess of that applied externally. This pres- 
sure is equal to a constant a times 2 

l/v)". The excess 
pressure (a/v)? causes the gas to occupy less volume than 
if it was ideal. Further modifying the ideal gas law 
gives van der Waals equation of state of a gas, 


[p + $) v» = RT. 
v 


The equation linking the constant b in van der Waals' 
equation to the molecular diameter is 


_ 2 3 
b = Nom € 


+ 43 = 3b. T com> » mole | 
2 8 ie ee a oe 
0 27 x 6.02 x 10 mole 


d= f——2* 23.4 og = 2.65 A. 
2m x 6.02 x 10 


Find the minimum radius for a planet of mean density 


© PROBLEM 499 


5500 kg: m> and temperature 400°C which has retained 


oxygen in its atmosphere. 





Solution. The escape velocity from a planet is given by 
the relation 


G x =Tr' p 
ya g IE j Sepet ALn /%< pe: (1) 


where r is the planet radius, M is its mass, and P is its 
density 
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If most oxygen molecules have velocities greater than 
this, then, when they are traveling upward near the top of 
the atmosphere, they will escape into space and never re- 
turn. A slow loss of oxygen from the atmosphere will there- 
fore take place. In this case, however, we are told that 
the planet has retained its oxygen and we can assume that 
escape velocity from the planet is greater than the rms 
velocity of the oxygen molecules. When the two are equated, 
the minimum radius for the planet results. We need the rms 
velocity of oxygen molecules. This speed V is so defined 
that the internal energy U would be the same if all the atoms 
had this speed. For a gas consisting of N atoms, V is 
defined by 


U = Nom? (2) 
where m is the mass of one atom. 


If the gas is ideal and monatomic, then we also know 
that 


Dak NŠkT (3) 


where k is Boltzmann's constant and T is the temperature of 
the gas in °K. Oxygen is neither ideal or monatomic but 
equation (3) is still a good approximation since the gas is 
not very dense and therefore interatomic forces can be 
ignored. 

Equating equations (2) and (3), we get 


my" = 3kT. 


Multiplying both sides by Avogadro's number Ny (the number 
of molecules in one mole of the gas), 


ie 
Nymv" = 3N,kT (4) 


But Nam equals the mass, M', of one mole of the gas. Also, 
by definition N,k = R where R is the universal gas constant. 
Substituting these two expressions in equation (4) yields 


Mv" = 3RT. 


Solving for the velocity, we have 


y= / 3 (5) 


Set equations (l) and (5) equal to each other so as to find 
the minimum radius. Then 


/3orornin = RETR 


where T is the absolute temperature in the atmosphere, and 
M' is the mass per mole of O3. 


The temperature of the oxygen is 400°C + 273° = 673°K. 
Oxygen gas is diatomic, and its effective molecular mass is 
therefore twice the atomic mass of monatomic oxygen 


523 








1 3 1 


M' = (2 x 16)g * mole = 32 x 10 > kg * mole 


_ JOE 
Tmin 8GToM' 
” 9 x 8.315 J:mole ++K deg 1 x 673 K deg 
8 x 6.67 x 10 ~-N-m@*kg ^ x 7 x 5500 kgm > x 32 x 10 -kg+mole + 


Jsa (te. WASIOR AKO one eA. 13208010 413.1, ion, 


© PROBLEM 500 









What is the average kinetic energy of air molecules at a 
temperature of 300° K? What would be a typical speed for 
nitrogen molecules, which are the major constituent of air? 


The mass of a nitrogen molecule is approximately 4.68 x 


x 10726 kg. 





Solution: The kinetic energy of a particle can have more 
than one term which is quadratic in velocities. If the 
molecules of an ideal gas display only three dimensional 
translational motion, then the kinetic energy of a molecule 
is 
mae 2 L 2 I 2 

k = 7 Mv, + 7 mv, + 7 Mv, 
where Ta’ vy! v, are the velocity components respectively 
along the x, y, and z directions. There are three indepen- 
dent quadratic terms and we say that the system has three 
degrees of freedom. The equipartition theorem states that 
the average kinetic energy Ek of a particle when the system 


is in thermal equilibrium is 


= _l 
Ek = 3 nkT 


where n is the number of degrees of freedom of the system. 


For T = 300° K, we have 


E, = > kT = (3)@.38 x 10723 3/°K) (300° K) 


= 6.21 x 10772 J 


The average speed of a nitrogen gas molecule may be found 
using the kinetic-energy relation, > 3 mv, For the 
nitrogen molecule, then, the average speed v is 


E 
v= om -21 
Ey = 42)(2.61 x 10" 3) = 0.265 x 10° m?/s? 
4.68 x 10 °° kg 
= 26.5 x 104 m2/s* 
or Vn%-obo2 % 10? m/s 


524 


e PROBLEM 501 


Considering air to be an ideal gas to a first approxima- 
tion, calculate the ratio of the specific heats of air, 


given that at sea level and STP the velocity of sound 


in air is 334 ms !, and that the molecular weight of 


air is 28.8 g-mole ’. 





Solution: The speed of sound in air is 


caji (1) 


where # is the density of air, and 8 is its bulk 
modulus. The latter is given by 


B = -Ap/ (AV/V) 


where AV/V is the fractional change in volume of a 
volume element of air when it is exposed to a change 
in pressure Ap. For infinitesimal increments, we 

may write 


== 338 +: Vep: 
DE ee | av (2) 
Now, the compressions and rarefactions of the 
sound waves travelling through air are adiabatic. 
Hence, the pressure experienced by a volume of air, 
v, must satisfy 


pv’ = constant = Q (3) 


where r = Cp/Cv, the ratio of the molar specific 
heat at constant pressure and the molar specific 
heat at constant volume. Then, using (3) 


dp _ 4 (= ] T eae 


dv av vt av 
$= -% ay * i 
Since a = pvt, this becomes 
dp -pP ve y tol eee vl 


Using this relation in (2) 

ret a 
p = -V pV") =TP 
Inserting this in (1) 


c= f/B (4) 
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But, if air is assumed to be an ideal gas, it 
must follow the ideal gas law, or 


pV = WRT 
where T is the temperature of air in degrees Kelvin, 
and u is the number of moles of air in a given volume 
of the gas, V. Then 
RT 
p = > 
M 
Now = = 
=i 


where M is the mass of air in a volume V, and Mọ is 


the mass of one mole of air. Hence 


_ MRT _ PRT 
~ MoV Mo 


by definition of p. Using this in (4) 





sa J 
Mo 
>M? 
whence Y = hr 


e, 2 = 
28.8 g -mole x 33,400 cm*-s 


7 as Fs. 
8.31X10 ergs: mole -K deg x273 K deg 
1.415. 


GAS LAWS 
@ PROBLEM 502 


A volume of 50 liters is filled with helium at 15° C to 
a pressure of 100 standard atmospheres. Assuming that 


the ideal gas equation is still approximately true at 
this high pressure, calculate approximately the mass of 
helium required. 





Solution: From the ideal gas equation, PV = nRT (where 
P, V, T are the pressure, temperature and volume of the 
gas, R is a constant, and n is the number of moles of 
gas in V.) We can find the number of moles required, 
and from the atomic mass we can calculate the total 
Mass required. Thus, converting all data to cgs units, 
we have 


100 atmospheres x 1.0 x 10° ee 


cm? atmospheres 


P 


1.0 x 10° Syne 


cm? 
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V = 50 liters x 10° om’ 5.0 x 10° cm? 
liter 
T = 25°. + 273°. = 288° K 


Substituting into the ideal gas equation, 


1.0 x 10° XPE 5.9 x 10" cm? 


cm? 
_ , 8.3 x 10’ erg 7 
" °K mole si 
12 è 
— 5 x 10°" dyne + cm = 2.09 x 10? moles 
7 er ° 
[2-3 x 10 opore] (288 K) 


The atomic mass of helium is approximately 4 gm/mole, 
and since helium is a monoatomic gas, one mole of helium 
contains 4 gm of matter. Therefore, 210 moles of gas 
contains 


210 moles x 4 gm/mole = 840 gm. 
The helium has a mass of 840 gm. 


@ PROBLEM 503 


Does an ideal gas get hotter or colder when it expands 


according to the law pV? = Const? 





Solution: The ideal-gas equation states that 
pV = nRT 


where V is the molar volume, R is the gas constant, 
T is the temperature and n is the number of moles. 


Therefore, for pV? = Const., we have 
(pv)V = Const. 


nRTV 


Const. 


Const. 


or V= ART 


We see that as the volume increases, temperature 
must decrease since V is inversely proportional to T. 


@ PROBLEM 504 


A certain quantity of a gas has a volume of 1200 cm? 


at 27°C. What is its volume at 127°C if its pressure 
remains constant? 





Solution: Charles' law states that for constant pressure 
the volume of a gas is directly proportional to its 
absolute temperature (in degrees Kelvin). Converting the 
temperatures into Kelvin's temperatures by adding 273 

we have, 
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T, = 27° + 273° = 300° K 


T2 127° + 273° = 400° K 


Using Charles' law, we obtain 
vı = kT; and v2 = kT2 
where k is a constant. 


Taking the ratio of these 2 equations, we find 


aw, een he. tage 8 
vi Tı ' 1200 cm? ~ 300° K 


then 


V2 =_1200 cm? x 400° K = 1600 cm? 


TR © PROBLEM 505 


An ideal gas is contained within a volume of 2ft?, when the pres- 


sure is 137 atmosphere and the temperature is 27°C. What volume would 
be occupied by this gas if it were allowed to expand to atmospheric pres- 


. 
sure at a temperature of 50 C? 





Solution: We may use the ideal gas law to analyze the behavior of the 
ideal gas. 
PV = nRT 


where P is the pressure of a container (of volume V) of gas at an 
absolute temperature T. n is the number of moles of the gas and R 
is the universal gas constant. Since we are dealing with a fixed mass 
of gas, we may write 


x = NR = constant. 


Alternatively, 


where (Vp T) and (V,»P,.T, ) are the conditions which describe 


the behavior of the gas before and after it expands, respectively. 
Since T, = 273° + 27° = 300K and T, = 273° + 50° = 323°K then 


1 2 
tain wh = (2 x 122 x 222)te3 = 29ste 
poppan 1 * 30 è 


@ PROBLEM 506 





A 5000-cm* container holds 4.90 gm of a gas when the 
pressure is 75.0 cm Hg and the temperature is 50° C. 


What will be the pressure if 6.00 gm of this gas is 
confined in a 2000-cm? container at 0° C? 


Solution: From the ideal gas law, 
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P,Vi P2V2 


mıTı 


m2T2 
Note we can use masses instead of number of moles since 
they are proportional. 


3 
Pa 72000. CRo- - 95-9 om Bg x S000 en" 
6.00 gm x 273° K 4.90 gm x 323° K 


P; 194 cm Hg 


@ PROBLEM 507 
An automobile tire of volume 5.6 x 10° cc is filled 


with nitrogen to a gauge pressure of 29 psi at room tempera- 
ture 300° K. How much gas does the tire contain? If, during 


a trip, the temperature of the tire rises to 320° K., what 
will be the pressure? 





Solution. First we convert the data to MKS units. Gauge 
pressure is the pressure above atmospheric pressure (14.7 
psi). Thus the total pressure is 


p = 29 + 14.7 = 43.7 psi 
Using the conversion factor 1 psi = 6.9 x 102 N/m; 


43.7 x 6.9 x 10° N/m? 


p 


3.02 x 10° N/m?. 


The volume is v= 5.6 x 10° m? 


P 


The amount of gas in moles is 


AA 
RT 


n 


_ 3.02 x 10° x 5.6 x 107° 


è x 300 
= 0.68. 


The molecular weight of nitrogen (N,) is 28 gm. Since there 
are 0.68 moles of nitrogen in the tire, the mass in grams is 


"i = 0.68 moles Ny x 28 gm/mole N, = 19.0 gm. 


As the temperature rises, n and V are constant (for 
this example); therefore the ideal gas law 
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reduces to 


Po To 
Pa T 


Substituting values, 


P2 _ 320 
43.7 psi 300 
p, = 46.6 psi. 


The gauge pressure will be 46.6 - 14.7 = 31.9 psi, and this 
will be the pressure read by the service station attendant. 


@ PROBLEM 508 


To what volume must a liter of oxygen be expanded if the 
mean free path of the molecules is to become 2m? The 


molecules of oxygen have a diameter of 3 A. Assume that 
the gas starts at STP. 





Solution. The mean free path L is the average distance 
between successive collisions of a gas molecule and is 
given by 


a a E. 
12nd? mnd 


where n is the number of molecules per unit volume and d 
is the molecule's diameter. If L is 200 cm, then 


— 0.707. 0.707 
n= = . 


Lra? 200 om x 1(3 x me om? 
The gas equation is pV = NRT, where No is the number of 
moles present in the volume V. But n)/V is the number of 


moles of gas per unit volume. Multiplying it by 
Avogadro's number, Nor (the number of molecules in one 


mole of a substance) yields the number of molecules of 
oxygen in a unit volume. Therefore, 


n n 
Qn = meee 
ye B= n and 7 Ny 


Substitution into the gas equation gives 


n 
p = =-RT = 
No 


0.707 x 8.3 x 10” dynes cm+ mole`} eK degl: x 273 K de 
200 cm x 13 x 10°°)* cm* x 6.02 x 10°> mole 
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= 0.047 dyne “om”, 


But since the temperature remains unchanged, the expansion 
takes place according to Boyle's law. 


P)V) * PaVa 


The gas starts at STP (standard temperature and pressure). 
This corresponds to a temperature of 0°C and a pressure of 
1 atm. 

Thus 1 liter changes to a volume Vor while the pressure 


changes from 1 atm to 0.047 dyne -om 2, 


To keep the units consistent, use is made of the fact 


that 1 atm = 1.013 x 10° aynes* cm * and 1 liter = 10° cm. 


Then 


1.013 x 10° dynes + cm”? x 10° cm? = 0.047 dyne + om “x V, 
9 
te vp = LOB % 207 m3 = 2.155 x 102? om? 


@ PROBLEM 509 


Find the number, n, of cycles that the piston of the air 
pump in Fig. B must go through in order to pump a vessel 
of volume V from a pressure P; to a pressure P2, if the 


change -n the volume corresponding to one cycle of the 
piston is v. Assume that the air in the vessel is in 
good thermal contact with the surroundings. 





‘ A+B 
Fig. A Fig. B 
The expansion of air during pumping is an 

isothermal (constant temperature) process since, as 

a result of thermal contact with the surroundings, the 
air in the vessel will have the same temperature as 

that of the air outside. The process is shown in Fig. A, 
where expansion proceeds from the initial state A to the 
final state B. It is governed by the ideal gas law 


PV = nRT, = Constant. 


If the volume is increased by an infinitesimal 
amount dV; then the pressure change can be obtained 
from 

d(Pv) = 0 


Pdv + vdP = 0, 
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op . . W 


or = y` (1) 
The volume changes by an amount v during one cycle. 
This corresponds to a decrease AP in the pressure of 
the vessel. Integrating (1) from initial to final 
parameters of the system during one cycle, we get 





P.-AP V+v 
i 
| a av 
P vV 
i 
P,-AP V+v 
or ln P =- ln V 
P. vV 
pi 
P.-AP 
i Peg V+v 
in = ln y (2) 


When the next cycle starts, the pressure of the vessel 
goes down to Pi - AP, but the volume of the vessel is 


again V. Therefore at the end of the second cycle the 
pressure becomes Pi - 2AP and (2) for this case is 


Pi -= 2AP V+v 


ln P, P = =- In E (3) 


Rearranging (3), we have 

















a "om Oe B RTI BEY 
aN Pa ~ AP vV 
i i. 
P. - 2AP Pine | AP 
3 a V_+_¥ 
ln P - ln P = ln —T 
i i 
P. - 2AP P, -AP 
BES V+ v i 
ln LE = ln V + ln <= . (4) 
4. i 
Now, we substitute (2) in (4), 
P, - 2AP 
i = Veron VPS V tg 
ln zp mes eked ln v ln v = 2 1n v 


4 
If we repeat the cycle n times; 


P, -="nAP 
i — Vt 
an eed nin eS a 
pF 
If Pi is the original pressure P, of the vessel, then 


@, - nAP) is the final pressure P3, 
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ro Viv 
ln ; nln 7 


Thus, the number of pumping cycles required to 
achieve the pressure Pz is 
ln pi/P2 
n = Int + W/V 


© PROBLEM 


Find the decrease of air pressure with elevation under 
the assumption that the atmosphere is a homogenous 


ideal gas at a uniform temperature. (Neglect the 
variation of the gravitational acceleration g, with 
elevation). 









A 


Solution: For this purpose, consider an air column 

of cross section A and height h, as shown in the figure. 
In the equilibrium state, the pressure at any elevation 
is produced solely by the weight of the gas above it. 
The differential volume element of height dh in the 
figure increases the force on the lower cross-section by 


daw = (Adh) pg 


where p is the density of the air, and (Adh)p is the 
mass of gas in the volume Adh. The resulting decrease 
in pressure is 

aw _ 


GP © See ep gh (1) 


(pressure decreases as height increases). Then the 
ideal gas law, written for one mole of the gas, is 


PVM = RT. 


If M is the molar mass of the air, then p is 


M MP 


p = = =— (2) 
VM RT 


Substituting (2) in (1) 


d 
dP = RT I dh 
dP __ Mg 
ee pr P- 
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Integration of this equation gives 


Shi = Pre Mg/RT h 


where Py) is the pressure at the earth's surface. 


@ PROBLEM 511 





Gas expanding in a gas engine moves a piston in a 
cylinder and does 2000 ft-lb of work at a constant 
pressure of 3000 1lb/sq ft. How much does the volume 
change? 








Solution: The work done by a gas in expanding a 
piston a distance ds is 


dW =F + ds 
where F is the force exerted by the gas on the piston 
of area A. Since F and ds are in the same direction, 
dW = F ds 
By definition of the gas pressure, p, we have 


ee 
PA 


or F=pA 
Using this in the expression for dw, 
dW = p A ds = p dV 


where dV is the change in volume of the gas during 
the expansion. The net work done by the gas, in ex- 
panding at constant pressure from volume V, to 


volume Vz, is 
V2 V2 


W= | pdav=p f dV = p(V2 - Vi) 
Vi Vi 


Solving for V2 - Vi, we obtain 


for the volume change of the gas. 


© PROBLEM 512 





Bubbles of air escaping from a cylinder of compressed 
air at the bottom of a pond 34 ft deep are observed 
to expand as they rise to the surface. Approximately 


how much do they increase in volume if it can be 
assumed that there is no change in temperature? 
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Solution: Recognizing this as a situation involving 
Boyle's Law, it follows that 


bi es 


YW Pe 
where the subscripts b and t refer to bottom and top 


respectively. Furthermore, p and V represent the 
pressure and volume, respectively. But Py is atmos- 


pheric pressure Q atmosphere = 14.7 lb/in.?). 


The pressure at the bottom of the pond is 
Ph = Py + (eg)h 


where is the density of water, g = 32 ft/s*, and 
h is the depth of point b relative to the surface of 
the pond (point t). Therefore, 


Pp = l atm + (62.4 1b/ft*) (34 ft) 


1 atm + 2121.6 lb/ft? 


Ph 
Since 1 lb/ft? = 1/144 lb/in?’ 


2121.6 lb/ft? = aa lb/in? = 14.73 lb/in? 


Because 14.7 lb/in* = 1 atm 
2323.6. b/e S 1 acm 


Hence Pp = 2 atmospheres (29.4 lb/in.?) 


It follows that >= 2 


è PROBLEM 513 


A cylindrical glass tube of length L is half 
submerged in mercury, as shown in Figure a. The tube is 
closed by a finger and withdrawn. Part of the mercury 


flows out. What length of mercury column remains in the 
tube? (Figs. b and c). Take the atmosphericpressure P 
to be H cm Hg. a 





v Pa 
Pa Eo P oaas $ P 
{ 4 Zj yea p 
a ae 
Zi E 
A 4 Pa 
Fig. A Fig. B Fig. C 


Solution: When the tube is submerged in mercury with both 
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ends open, mercury rises in the tube until the levels of 
mercury in the tube and in the container are the same 
(Fig. a). We expect no change in the level of the mercury 
inside the tube if we close the top of the tube since the 
air trapped inside was previously in equilibrium with the 
atmospheric pressure Pa Closing the top does not change 


the state of the air inside so that the air pressure on 
the mercury inside the tube is still Da (Fig. b). When 


the tube is in air with its top still closed, the mercury 
flows out until the pressure at the bottom of the tube 
equals air pressure (Fig. c). If P is the pressure of 
the air in the tube and h is the length of the remaining 
mercury, we can write 


r W. 
p =p + Wei ht of the mercury _ P+ Hg 
a cross-sectional area A 


Oy Ach 
P + 1 = P+ hPg (1) 


where Pig is the specific weight of mercury. 


We can find P by using Boyle's law for the air trapped 
in the tube. Since the temperature remains constant, we 
have, 


(R? x (Volume in Fig. b) = (P) x (Volume in Fig. c) 


1 
or Pa zLA = P(L - h)A 
ae ad 
giving P = 71 =. (2) 
Substituting (2) in (1), we get 
P =P ¥ +h (3) 
a a2(L-h Pug’ 


We are told that ry is equal to the weight of H cm long 
mercury column with unit cross-sectional area, 
ve = Hug: 


Hence, (3) becomes 
Hp = Ho L + hp 
Hg Hg 2(L - h) Hg 


or H=H sp +h. (4) 
If we solve (4) for h, we get 

2H(L - h) = HL + 2h(L - h) 

2HL - 2Hh = HL - 2hL + 2h? = 0 


2h? - 2h(H + L) + LH = 0. 
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The roots of this equation are, by the quadratic formula, 


H + L +v¥(H + L) - 2LH H- Tack Heels 
Sea ae E ee A A 


h = 7 


Since P < P_, we see that Png < Hp yg OF h < H. 


The root 
H + L+H +L 


2 


is greater than H, therefore it can not be the physical 
choice. Hence 


Biti bie Cho tl 


oe ren 


@ PROBLEM 514 





Air at pressure 1.47 lb/in.? is pumped into a tank whose 
volume is 42.5 ft*. What volume of air must be pumped in 


to make the gage read 55.3 lb/in.* if the temperature is 
raised from 70 to 80°F in the process? 


Solution: P, = 14.7 lb/in.? 





Gage pressure is the pressure present minus the 
air pressure. Therefore, when the gage reads 55.3 lb/in.?”, 
the actual pressure P, is 


P = 14.7 lb/in.? + 55.3 lb/in.? = 70.0 lb/in.? 
T, = 70°F = 294°K 

T2 = 80°F = 320°K 

Vo = 42.5 EE 

The volume of air V, pumped in can be found from 


PV} P2V2 
the ideal gas law. — = —_ 
nıTı nz2T2 


Since the number of moles of air is constant, this 
reduces to 


P,Vi P2V2 


Ey Snopy 


PST 
(14.7 lb/in-")Vi — (70,0 1b/in.?) (42.5 fE) 
— ee eee 320°K 


_ (70.0) (42.5) (294) es _ 
Vi = a G20 fE 2186 ft 


@ PROBLEM 515 


An automobile tire whose volume is 1500 in.? is found to 


have a pressure of 20.0 lb/in.? when read on the tire gage. 
How much air (at standard pressure) must be forced in to 


bring the pressure to 35.0 lb/in.?? 
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Solution: The 1500 in.? of the air at 20 1b/in.? is com- 
pressed into a smaller volume at 35.0 1b/in.? 


PVE 5 ipia 


We must remember to add, 14.7 lb/in.?, the atmospheric pres- 
sure to the value read on the tire gauge. 


P: 


Po 


(34.7 1b/in.2)(1500 in.?) 


20.0 1b/in.* + 14.7 1b/in.* = 34.7 1b/in.” 
35.0 lb/in.* + 14.7 lb/in.? = 49.7 lb/in.” 


(49.7 1b/in.*v, 
vV, = 1050 in.? 
The volume of air added to the tire is 
1500 in. - 1050 in.? = 450 in.? 
when its gage pressure is 35.0 lb/in?. 
The volume at atmospheric pressure will be foundfrom 
Boyle's law, 


14.7 1b/in.* x V = 49.7 1b/in.* x 450 in.°? 
_ 49.7 Ma bs 3 
V 14.7 450 in. 1500 in. 
© PROBLEM 516 


A cyclinder containing gas at 27°C is divided into two parts 


of equal volume, each of 100 cm, and at equal pressure, by 
a piston of cross-sectional area 15 cm”, The gas in one 


part is raised in temperature to 100°C; the other volume is 
maintained at the original temperature. The piston and walls 
are perfect insulators. How far will the piston move during 
the change in temperature? 





i The heating of one side of the cylinder increases 
the pressure of the gas in that portion. If the piston were 
fixed, the volumes on the two sides would stay equal and 
there would be a pressure difference across the piston. 

Since the piston is movable, it alters its position until 
there is no pressure difference between its two sides: the 
hotter gas expands and thus drops in pressure, and the cooler 
gas is compressed and thus increases in pressure. When 
equilibrium has been reached, the two pressures are equal at 
Po? the cooler gas now occupies a volume smaller by an amount 


dv and the hotter gas a volume greater by a corresponding 
amount dV. The ideal gas equations for both compartments 
are 


(1) 


nRT 


Po (V + dv) 
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where n is the number of moles in each compartment, T and 
T are the temperatures. Dividing (1) by (2), we get 


V-ad 7 
V + dav T. 


' 
VI = aT -= VT + dvT 


v(t -= T) = av(r + T') 


' 
or a = Taer 
T +r 


Therefore, the change in the volume of each compartment is 


3 


x 100 cm? = 10.85 m>: 


av = {372 300)%¢ 


+ 


The piston has an area of 15 cm”, Hence it moves a distance 


of 10.85 cm?/15 cm? = 0.723 cm. 


@ PROBLEM 517 


Two bulbs of equal volume joined by a narrow tube of negli- 
gible volume contain hydrogen at 0°C and 1 atm pressure. 

1) What is the pressure of the gas when one of the bulbs 

is immersed in steam at 100°C and the other in liquid oxygen 


at -190°C? -3 3 
2) The volume of each bulb is 10 m` and the density 


of hydrogen is 0.09 kg» m7? at 0°C and 1 atm. What mass of 
hydrogen passes along the connecting tube? 





i 1) When the two bulbs are at different tempera- 
tures, one bulb contains ny moles at temperature Ti occupy- 


ing volume V, and the other no moles at temperature T, also 


occupying volume V. Once equilibrium has been attained, 
both must be at the same pressure p. Originally, the gas 
in the bulbs was at To = 0°C = 273°K with the pressure 


Po 7 l1 atm. It had (ny + no} 
gas equation in this case is pV = nRT where R is the gas 


moles in a volume of 2V. The 


constant. Then pp) (2V) = (a + ng) RT or 
n, +n, 
PoV = 7 ET (1) 


When the bulbs are immersed in steam and liquid oxygen, the 
gas equation for each bulb is 


T, = 100°C = 373°K (2) 


pV = n,RT : 


1 
pV = n,RT,, T, = -190°C = 83°K (3) 


Dividing (2) by (1), we get, 
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n,RT 


kas jata Sete: < SOE 
Po 7 (m1 +9) RT) 
£ 2n T1 7 2T) a 
ny 0 


From (2) and (3), we see that 


or mot, (5) 


2T 
2- i - 43 = 0.497. 
o 
O ja t gtlty (I t 833R) 
2 
Hence 


p = 0.497 py = 0.497 atm. 
At the initial temperature To, one bulb contained 


EN + n3) moles and at temperature Ti it had ny moles. 


Since Tı = 100°C > To = 0°C, gas in this bulb expands and 


some of it flows into the other bulb. The number of moles 
that pass along the connecting tube is 


ze h ny} Pa Fi zb, jj n,). 


n E 
The equation Sie ok from (5) is identical to 
Bro Ta 
Rp PoP ys Py Tilly R 
ny + No T +T 


(a, - a] _ 71 ~ 72 _ 373°K - 83°K _ 290 
= T, FT. ~ 373°K + 83K ; 
Fe, + n,) Ta +T K + K 456 
Thus ine of the mass in the bulb at 0°C passed along the 
tube as the temperature varied from 0°C to 100°C. But each 
bulb held 1073 m? at 0°C, corresponding to a mass of 


nj 


3 3 3 


107? m? x 0.09 kgm = 9 x 107° 


kg. 


540 


The mass passing along the tube is thus 


290 5 5 


Isg”? * 10°? kg = 5.72 x 10 ~ kg = 0.0572 g. 


© PROBLEM 518 





A factory chimney of height h = 50 m carries off smoke at 
a temperature Tj = 60° C. Find the static pressure AP 
producing the draught in the chimney. The air temperature 

is T) = 0° Cc. The density of air is dọ = 1.29 x 10-3 g cm73 


at 0° Cs 










Solution: Let us assume that initially the chimney has no 
smoke. The pressure A (see the figure) is the sum of the 


air pressure P, at B plus the pressure at A due to the air 


B 
column in the chimney 

Pa = Pa + gd ph 
where g is the gravitational acceleration, and do is the 
density of air at To = 0°C. 


When hot smoke fills the chimney, the temperature 
inside becomes T)- We can take the density of the smoke- 
air mixture as approximately equal to that of the air dy 
at T}. The pressure at A in this case, is 


' = 
P A Pa + gd, 


Right before A, where hot air is being produced, pres- 
sure is equal to the air pressure Pat Since Pin < Par 


hot air is pushed upward by the difference 


h. 


ra do 6 a = 
rE ye = gh( do dy, ). 

We can arrive at this result in a simpler manner if 
we realize that the warm air in the chimney is less dense 
than the surrounding cold air and is in touch with the 
cold air at the two ends of the chimney. Hence, as a 
result of Archimedes' principle for fluids, hot air will 
be buoyed up with a force equal to the weight of the cold 
air displaced by the warm air. The net force AF acting on 
the warm air column therefore equals the difference between 
this buoyant force and the weight of the warm air 

AF = gd)V - gd,V = gAh( do - a) 


The resulting draught pressure AP is 
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AF 
AP = F ioe gh( dp = a) 


Let us assume that air can be thought of as an ideal 
gas. We do not expect the pressure inside the chimney to 
differ appreciably from the outside pressure since it is 
mainly the higher temperature that determines the volume 
of the warm air: 


v * Constant x temperature. 


Under the assumption that pressure is approximately 
constant, the volume of a gas at two different temperatures 


Ti and To obeys the relation 
Yo a 70 4 
4 i 
The mass of air in both cases is the same 
Mass = Voĉo = Vi 1’ 
giving 
‘o-= 
v dy 


The density of warm air at T° C is related to the 
density of air at 0°C by 


st di oe 
d, = do T ‘ 
The final expression for AP is therefore 
$i To 
AP = ghd), l1- a = ghd, l1- r$ i 
or = (980 cm/sec? ) x( 50 m x 102 cm/m ) x 


-3 3 273°K ) 
x (1.29 x 10 ` gm/cm ) x |1 - (5935 + 60% 


1.14 x 10? dynes/cm? 


© PROBLEM 519 


A barometer tube extends 89.4 cm above a free mercury sur- 
face and has air in the region above the mercury column. 
The height of the column is 74.5 cm at 25°C when the reading 


on a true barometer is 76 cm. On a day when the temperature 
is 11°C it reads 75.2 cm. What is the true atmospheric 
pressure? 








Solution: Since there is a fixed mass of air at all times 
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in the top of the barometer tube, the gas law (pV/T) = const 
may be applied to it directly. 

In the first case when the temperature is 25°C=25 +273= 
298°K, the barometric height is 76 cm of mercury. This is 
the pressure exerted at the free surface of mercury and 
thus, by the laws of hydrostatic pressure, at the same 
horizontal level inside the barometer tube. At points in 
the tube higher than this, the pressure drops off with 
height. 

If there were true vacuum instead of air above the 
mercury column in the tube, the mercury would rise to a 
height of 76 cm, which is the atmospheric pressure. How- 
ever, the rise of the mercury is resisted by the pressure 
of the air trapped in the tube (see the figure), therefore . 
the pressure of the trapped air must be equal to that ex- 
erted by (76 - 74.5) = 1.5 cm of mercury. The volume of 


the trapped air is (89.4 - 74.5)A em? = 14.9A cm, where 


A om” is the cross-sectional area of the tube. 


In the second case, when the temperature is 11°C = 
284°K, the pressure of the trapped air is @ - 75.2 cm of 
mercury) , where Po is the atmospheric pressuře on that day. 
The volume of trapped air is 
(89.4 - 75.2)A cm? = 14.2A cm°. Hence 


3 
1.8 ax 14.90 om? (Po Taart. 2A 
ere 


e'e Po 7 75.2 cm = 1.5 cm or Po = 76.7 cm of mercury. 


© PROBLEM 520 


The dew point (the temperature at which the water vapor in 
a given sample of air becomes saturated and condensation be- 
comes possible) of a mass of air at 15°C is 10°C. Calculate 
the relative humidity and the mass of 1 liter of the moist 


air if the barometric height is 76 cm of mercury. The gram- 
molecular weight of air is 28.9 g and the saturated aqueous 
vapor pressures at 10°C and 15°C are 9.2 mm of mercury and 
12.8 mm of mercury, respectively. 





Solution. The relative humidity is defined as 

100 x saturated vapor pressure at the dew point 
Saturated vapor pressure at the given temperature’ 

Therefore the relative humidity is 


9.2 


12.8 x 100% = 71.9% 


RH = 





Using the gas law, one can calculate the number of moles 
present independently for (a) the dry air and (b) the water 
vapor. Measuring the pressure p in atmospheres and the volume 
v in liters gives 


o pee 1 atm x 1 liter 7 
(a) n RT 0.082 liter-atm/mole - °K x 288°K 0.0424 "mole 
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and 9.2 mm Hg : 
le mm Ho/atm* 1 liter 
b) n! = Sa oer et HAE 1 Liter 


= 0.00051 mole. 
The mass of moist air consists of dry air and water vapor. 
In one liter of moist air, there are 0.0424 moles of dry 
air and 0.00051 mole of water vapor, hence its mass is 


M = 0.0424 mole x 28.9 g/mole + 0.00051 mole x 18.0 g/mole 


(1.2254 + 0.0092)g = 1.2346 g. 


© PROBLEM 521 








The pressure of the nitrogen in a constant-volume gas 
thermometer is 78.0 cm at 0°C. What is the temperature 
of a liquid in which the bulb of the thermometer is 
immersed when the pressure is seen to be 87.7 cm? 








Solution: In a thermometer there is one physical 
property (thermometric property) whose change is used 
to indicate a change of temperature. The thermometric 
property of the thermometer, in this case the pressure, 
is taken as being directly proportional to the Kelvin 
temperature. Therefore 


T = cp 


where c is a constant of proportionality. We can then 
state that for two temperatures on this scale, the 
following relationship holds: 

Ti Pi 

T2 P2 


Let Tı be 0°C or 273°K. Substituting the known values, 
we get 


T, = P2 _ (273°K) (87.7 cm) 


-_ o 
Pi (78.0 om 2, 307°K 


Reconverting to the Celsius scale, 


T2 = 307°K - 273°K = 34°C 


© PROBLEM 522 





In a Wilson cloud chamber at a temperature of 20°C, particle 
tracks are made visible by causing condensation on ions by 

an approximately reversible adiabatic expansion of the volume 
in the ratio 


final volume _ 1.375 to l. 


initial volume 


The ratio of the specific heats of the gas is 1.41. Esti- 
mate the gas temperature after the expansion. 





Solution. The adiabatic expansion of an ideal gas obeys 
the law 


pv’ = constant 


where Y is the ratio of the specific heats at constant 
volume and at constant pressure, 


Cc 
reg 
Also, by the ideal gas law P = nas, we also have = = 


constant (for the number of moles of gas within the chamber 
is constant). 


Then qv“? = constant. If T) and Vi are the initial 
temperature and volume respectively, and To, V3 are the 
final ones, 


5 a ee yil 
TVi = TV3 


ai o ap 
V 


2 


or e = 
Ti 








Taking the logarithm of both sides, 
Zu 

2 

log |= 


From the logarithmic table, we get 


EL 
V 


2 


(y - 1)1log 








= 0.41 105 (rys) = -0.0567 


= 1.9433. 


My 
= = 0.878. 
1 
T .87 


= 0.878T, = 0 


l 8 x 293°K = 257..2°K = -15.8°C. 
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CHAPTER 15 


THERMODYNAMICS 





Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 548 to 
566 for step-by-step solutions to problems. 






The second law of thermodynamics states that the change in entropy 
of a closed system is non-negative 


AS =0 


where for a reversible process AS = AQ/T. For a Carnot cycle (see Figure 1) 
or any reversible process, the change in entropy is, in fact, zero. One can 
often use the first law to find the amount of heat since AU = AQ — AW. For 
an isochoric process, the work done by the system is zero and hence AU = 
AQ. If the volume is not constant, then one must integrate p dV to find the 
work. 


The entropy of an ideal gas is easily found by the above problem- 
solving method. For one mole, the first law gives dQ = C,dT + pdV. Hence, 
dS = dQ/T = C, dT/T + R dV/V, and by integration one obtains S = C, In 
T + R ln V + S, where S, is an integration constant. 


For a liquid or solid with specific heat c = 1/m dQ/dT, the change in 
entropy is conveniently found from f (mc/T) dT, which is just a natural 
logarithm for c = constant. If one makes a graph of mc/T versus the tem- 
perature, the entropy change is just the area under the curve. In a 


QH 





Figure 1 
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phase transition, which occurs at constant temperature T, (for example), 
the change in entropy is just AQ/T, = mL,/ T, 


A Carnot cycle consists of an isothermal expansion from A — B (see 
Figure 1) at temperature T, followed by an adiabatic expansion from B > 
C. Next, there is an isothermal compression from C — D followed by an 
adiabatic compression D — A, which returns the system to its original 
condition. For any cyclic process, AU = 0, and hence AQ = AW = Qu- Qe 
The thermal efficiency of the engine is thus e = AW/Q,, = 1-Q,/Q,,. One can 
show by applying the first law to the legs of the process that Q./Q,, = T,/ 
T Therefore, even an ideal engine has efficiency less than one. 


The third law of thermodynamics says that at T = 0 K the entropy of 
a perfect crystal is zero. This is sometimes referred to as Nernst’s theorem. 
One consequence of the third law is that if a solid body is heated from 
absolute zero, the entropy of that body is given by 


S-f' CT) dT, 
0 


where C(T) = dQ/dT is the heat capacity. The Nernst theorem hence implies 
that C(0) = 0. 
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Step-by-Step Solutions to 
Problems in this Chapter, 
“Thermodynamics” 






ENTROPY 


© PROBLEM 523 





What is the change in entropy of a gas if the temperature increases 


from 100°K to 101°K when heat is added and the volume is kept constant? 


Solution: Consider a system containing a large number of particles. 
——— 

When heat is added to this system, the average kinetic energy of the 
particles will increase. This is reflected as an increase in the temp- 
erature of the system. The system will have a higher internal disorder 
as a result of increased thermal motion of its constitutents. 


The entropy of a system is a measure of the tendency of a system 
to increase its internal disorder. Therefore, as heat is added, entropy 
increases. In our problem, let the increase in entropy be As when 
pole „System reaches a new equilibrium after its temperature increases by 

= 1°K Since AT << T = 100°K, the amount of the heat added must be 
mc small, and the entropy change is 


where Q is the quantity of heat added. 


The heat added to a gas is equal to the gas' increase in internal 
energy plus the work done on the gas while expanding. The volume is 
kept constant, therefore the mechanical work done is zero . Using N 
for Avogadro's number and k for Boltzmann's constant, we have (for 

3 


an ideal monatomic gas) Q = AE = 3 Nk AT 


where AE is the increase in the internal energy of the gas. Hence, 


3, AT _ 3 (6.02 x 1023mo18}) x (1.38 x 1072?5/*k ) 1k 
as snt 


tT 2 100°K 


0.125 joule/moleK 


@ PROBLEM 524 


Find the entropy rise AS of an ideal gas of N molecules 


occupying a volume Vi when it expands to a volume V3 under 
constant pressure. 





Solution: If dQ is the heat added to the system, dW is 
the work done by the system and dV is the change in the 
internal energy of the system, the first law of thermo- 
dynamics states that 


dQ = dU + dw, 


or TaS = dU + Pav, (1) 


where S is the entropy, and P, V, T are, respectively, the 
pressure, the volume and the temperature of the gas. The 
internal energy of an ideal gas (whose molecules have only 
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translational motion) is 
U= $ NKT 
where k is Boltzmann's constant. 


Since for an ideal gas 
PV = NkT, (2) 
its internal energy can be expressed as 


v= $ Pv. 
If P is constant, we get 
au = 2 rav. (3) 
Substituting (3) in (1), 
TaS = 3 pav + Pav = 3 Pav 
TS £ 
or d5 = > T dV. 
P _ Nk 
From (2), we see that Ty’ Therefore 
Pe dav 
dads = z Nk Tv (4) 


Integrating (4) between initial and final states as 
the gas expands, we get the entropy rise 


< 
Niu 


2 v 
AS = 3 Nk l Ws 3 wk i a> 
Vy 


© PROBLEM 525 


When 100 g of water at 0°C are mixed with 50 g of water at 


50°C, what is the change of entropy on mixing? 





Solution. The 100 g of water at 0°C are arbitrarily said to 
have zero entropy. The 50 g of water at 50°C have a greater 
entropy than the same quantity of water at 0°C, since it 
contains more heat energy. Entropy S is defined as 


ds = 2 (1) 


where ds is the infinitesimal change in the entropy due to 

an infinitesimal quantity of heat dQ in the system. T is the 
instantaneous temperature in Kelvin degrees. Integrating 
both sides of equation (1) gives 


Q2 
ps dQ 
S, - Sı = | T (2) 
Q) 


In raising its temperature from a temperature ty to to, a 
substance absorbs heat dQ given by 
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dQ = mcdT (3) 


where m is the mass of the substance, c is its specific 
heat, and dT is its change in temperature in Kelvin degrees 
(same as change in Celsius degrees). Substitution of equa- 
tion (3) into equation (2) yields 


ta 
z dT 
oy ey * J me FF (4) 
% 


In degree Kelvin, 0°C = (0 + 273)°K = 273°K and 50°C = 
(50 + 273)°K = 323°K. Let m, = 50 gm and m = 100 g. The 
L 1 


specific heat of water is given by c = 1 cal+*g ~+K deg. 
Then 

323°K 

a = APs 3223n a 

S, Si = mc =r = me ln 373) = 50 g x lcalsg 

273°K 

K deg) x 2.303 x 0.0730 
= 8.4 cal*K deg}, 

Since S} = 0, it follows that S, = 8.4 cal +K deg, 


When the water is mixed, the heat gained by the cold 
water is equal to the heat lost by the hot water. There- 
fore, m,c t3 = t = mc t, - t3) where ti is the original 


temperature (0°C) of the 100 g of water, to is the original 
temperature (50°C) of the 50 g of water and t3 is the final, 
intermediate temperature of the system. 


o 
100 g x (, = 0°C) = 50g x (orc n un Or 2500°C 


= 16.67°C. 


Converting to Kelvin degrees in order to be able to use 
equation (4), we have t} = 16.67°C = (16.67 + 273)°K = 
289.67°K. 

The entropy of the final mixture is 


t3 289.67°K 
. | are aru 289.67 
s,- | 7 * (m + m,}c T = (a, + ma)e in| 795507 
tı 273°K 


1 


150 g x 1 cal* g`} +K deg x 2.303 x 0.0257 


8.9 cal- K deg`}. 


The increase in entropy is thus 0.5 cal °K deg ?. 
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© PROBLEM 526 















A 5-gm block of aluminum at 250°K is placed in contact 
with a 15-gm copper block at 375°K. The equilibrium 
temperature of the system is 321°K. The specific heat of 


aluminum is Gye 0.91 joules/gm-°K, and that of copper 
Cy = 0.39 joules/gm- K. What is the change in entropy 
of the system when the two blocks of metal are placed in 


contact? 


Area = mC In Tı/T2 


when He = const. 


0 Ti To T 
Solution: The entropy is defined as being the area under 
the mC, T vs T curve. We can always find this area by 


drawing the curve and counting the squares. However, if 
Cy is a constant, we can obtain the answer from a 


formula. The area is just 


T2 Cy 
AS = | m- dt = mc in T/T, 
T 
1 
where T, is the final temperature, T, the initial and m 
is the mass of material. The above expression is correct 
when v = const., which is approximately true for a solid. 


Now, the aluminum warmed up from 250°K.; thus, 


+ o 
= 5 gm x 0.91 Jongs x ln lK = 1.14 joules/°K 





ASay 


The copper was cooled from 375°K to 321°K. 


a joules 321°K 
AS cu 15 gm x 0.39 gm-oK * In 3550K 
= - 15 x 0.39 1n 33 joules/°K 


= - 0.91 joules/°K 
We can then determine that 


AS = AS + ASgy = (1-14 - 0.91) joules/°K 


Al 


= 0.23 joules/°K. 
There was net increase in entropy of the system by 
0.23 joules/°K. even though the internal energy remained 
constant. 
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WORK/HEAT CYCLES 


@ PROBLEM 527 





A small boy pumps up his bicycle tires on a day when 
the temperature is 300°K. Find the temperature of the 
air in the bicycle pump if the tire pressures are 
to be 24.5 lb/in*® and the air in the pump is assumed 
to be compressed adiabatically. For air, y = 1.40. 








Solution: During an adiabatic process, the quantity 


p17) /Y T remains constant, when p and T are the press- 
ure and the temperature of the gas. In the final stages 
of the pumping, air at Tı = 300°K and atmospheric press- 


ure pı = 14.7 lb/in? is drawn into the bicycle pump and 
compressed adiabatically to a pressure of pz = 24.5 
lb/in? and a temperature Tz. Therefore 


pli Nay x pst Yr, 
T2 H akii 
Tı (P2 





or 


Taking the logarithm of both sides 


T2 Pı 
ea eee EE tad 
log H 7 log Da 
à « 040 va) 
alate << [3 ve 


Using the logarithmic table, we get 
Tz 
m- = 1.157 

1 


and T2 = 1.157 Tı = 1.157 x 300°K 


347°K = 74.1°C. 
@ PROBLEM 528 


One liter of an ideal gas under a pressure of 1 atm is ex- 
panded isothermally until its volume is doubled. It is 

then compressed to its original volume at constant pressure 
and further compressed isothermally to its original pressure. 


Plot the process on a p-V diagram and calculate the total 
work done on the gas. If 50 J of heat were removed during 
the constant-pressure process, what would be the total change 
in internal energy? 





Solution. During an isothermal change, T is constant. The 
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V3 =V V3 = 2V1 


work done on the gas in such a change is 


Ve 


w=- | pav. 


Vi 


This is negative because the pressure on Yg the gas is in 


opposition to the volume change. From the ideal gas law, 
pV = nRT, we get 


v Vv 
£ £ y 
= -| BRTay = - AVi Stet 
W= | -y AV = -nRT | V nRT ln > PV, in ts 
V, Vv, + i 
i i 
P; 
=- = 
= -P,V; ln Pe 


where the subscripts i and f refer to initial and final 
states respectively. 

Thus the work done on the gas in the first change is 
(from (1) to (2), as shown in the figure) 


Y2 
wW = -Pivi in vy 


6 


= T atm x 1.013 x 10 dynes/cm?-atm) 


x (a liter x 10° om?/1it ) x in 2 


6 3 


= -1.013 x 10° dynes/cm x 10° cm? x 1n 2 


= -7.022 x 10° ergs = -70.22 J. 


Further, since the volume is doubled, by the application 
of Boyle's law PV) = PV, we see that the pressure is halved 


at (2) 
vV 


F 
Po ~ Py a 3P1° 


The work done on the gas in the second change is (from 
(2) to (3) 
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V3 


= = = = - = 1 - 
W, = Pa| av = P2(V, v2) = -3P V; 2v,) 
Vv 
2 


5 
= 37)’, 


6 2 3 3 
= 1.013 x 10 _dynes/cm/ x 10° cm” _ 50.65 J. 


2 x 10 ergs/J 


The work done on the gas in the final change from (3) 
to (4) is 


W =P,V, ln P3 = -l V, ln P2 
3 P33 Py P11 Py 


1 t2 
ZPV In x = 5 PV, In 2 


_ 1.013 x 10° aynes/em* x 10? cm? x 1n(2) 


2 x 10 ergs/J 


= 35.113 


The total work done on the gas is thus Wy + Wo + W3 = 


(50.65 + 35.11 - 70.22)J = 15.54 J. In the first and third 
processes the temperature does not change. In an ideal gas 
the internal energy depends only on the temperature, so that 
no change of internal energy takes place in the first and 
third processes. Any work done on the gas in these changes 
is equal to the heat transfer taking place. 

The second process is isobaric. The change in internal 
energy during the process is given by the first law of 
thermodynamics as AU = Q - W, where Q is the heat energy 
added to the system and W the work done by the system. 

Hence AU = -50 J - (-50.65 J) = +0.65 J. The internal energy 
thus increases by 0.65 J during the three processes. 


@ PROBLEM 529 


What is the maximum efficiency of a steam engine if the 


temperature of the input steam is 175° C and the temper- 
ature of the exhaust is 75° C? 





Solution: Carnot's Theorem states that the efficiency 
ofa reversible engines operating between the same 2 
temperatures is the same. Furthermore, no irreversible 
engine (including our steam engine) can have an 
efficiency greater than this. The efficiency of a 
reversible engine is 


T2 


eal- T, 


where T2 and T, are the Kelvin temperatures of the 


low and high temperature sinks, respectively, of the 
engine. Hence, for our steam engine 
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o 
dct i _ (75 + 273)°K 


max m L- ITs + 2T K 


We have used the fact that 
tT (°K) = T (°C) + 273° 


et _ 38-82-2000 _ 
Then Cos = 1 748 748 «22s 


In terms of percentage 


e = 22.3 &. 
@ PROBLEM 530 


A house near a lake is kept warm by a heat engine. In 
winter, water from beneath the ice covering the lake is 
pumped through the heat engine. Heat is extracted until 
the water is on the point of freezing when it is ejected. 
The outside air is used as a sink. Assume that the air 


temperature is -15°C and the temperature of the water from 
the lake is 2°C. Calculate the rate at which water must 
be pumped to the engine. The efficiency of the engine is 
one-fifth that of a Carnot engine and the house requires 
10 kw. 





Solution: The thermal efficiency of a heat engine is de- 
fined as the ratio of the heat converted to mechanical 
work by the engine to the heat Q, supplied to it. If Q) 


is the heat rejected to the reservoir, efficiency is, 
Q1-02 


The efficiency of a Carnot engine operating between two 
reservoirs at temperatures T, > T}? is given by the ratio, 


Hence, for the practical heat engine of the problem we 
have, 


Heat is taken from the lake water as it cools from 2°C to 
0°C before ejection. The mean temperature of the hot-tem- 
perature source is thus 274°K. If m is the mass of water 
flowing through in time t, the heat taken in at the hot 

reservoir in unit time is Q,/t = (m/t)c x 2°C, where c is 


the specific heat capacity of water. Heat is rejected to 
the air as sink at a temperature of -15°C = 258°K, the 
amount of air available being assumed infinite so that the 
temperature remains constant. Further, the work done 

(Q3 - Q,) is given as 10 kW = 1043+ s71. Thus, from the 
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first equation, we have, 


10° J/s 1 (274 — 258) °K 
(m/t)x 4.18 J/g°Cxacdeg 5 274° K 


4 
m_ 5 x 274 x 10 
S ET Fete x 69/5 = 102.4 x 10°g/s, 


The rate of water flow necessary is thus 102.4 liters/s. 
@ PROBLEM 531 


One gram of water (1 cm?) becomes 1671 cm? of steam 
when boiled at a pressure of 1 atm. The heat of 


vaporization at this pressure is 539 cal/gm. Compute 
the external work and the increase in internal 
energy. 





ion: The work done by the water in expanding 
— volume V, to volume V; is 


V2 
W= | p dv 
Vi 


where p is the pressure exerted by the water on its 
container. In our problem, p is constant, whence 


= pvz - vi) = p(Vy - vy) 


where is the volume occupied by the steam, and V 


L 


is the volume occupied by the water. Hence, 
W= p (vy = va) 


1.013 x 10° dynes/cm? (1671 - 1)cm° 


Here we used the fact that 
l atm = 1.013 x 10° dynes/cm? 
= 1.695 x 10° ergs 


Since 1l erg = 2.389 x 10 è cal 


W = (1.695 x 10° ergs) (2.389 x 107° cal/erg) 
W = 41 cal 
The Law of Thermodynamics is 


AU = AQ ~ AW 


where AU is the change in internal energy of the water- 
steam system during the stated process. Also, AQ and 
AW are the heat added to and the work done by the 
system during the process, respectively. Denoting the 
gaseous state by the subscript V, and the liquid state 
by the subscript L, we obtain 

Uy - U, = AQ - AW 
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The heat, AQ, added to the system is the amount needed 


to vaporize the water, or 


AQ = mL 
90. Se? 
Hence the 


Then U 


(1 g) (539 cal/g) 
539 cal - 41 cal = 


external work, or the external part of 


= 539 cal 
498 cal. 


the heat of vaporization, equals 41 cal, and the in- 


crease in internal energy, or 


the internal part of 


the heat of vaporization, is 498 cal. 


@ PROBLEM 532 


A cylinder contains an ideal gas at a pressure of 2 atm, 
the volume being 5 liters at a temperature of 250°K. 


The gas is heated at constant 


volume to a pressure of 


4 atm, and then at constant pressure to a temperature 
of 650°K. Calculate the total 
For the gas, Cý 


processes. is 
The gas is then cooled at 
original pressure and then at 
its original volume. Find the 
these processes and the total 
in the whole cyclic process. 







Y2 atm 


=o —e 


heat input during these 
21.0 J*mole~!.K deg™!. 


constant volume to its 
constant pressure to 
total heat output during 
work done by the gas 





3 

F 

p-V diagram 
1 


4 
V 


1.5 liters 


Solution: 


The number of moles, n, originally present 


—_—_—_—_——— A : 
at point (l) in the P-V diagram can be calculated from 


the gas equation 


- PV 
n= RT 


2 atm x 5 liters 
0.0821 liter-atm-mole !+K 


The specific heat Cp 


C 
P 


In 


the universal gas law) 
Pi = Bz. 
Ti T2 
™ P2 
or T2 = T; Pi 


= =0.487 mole. 
deg 'x250°K 


at constant pressure is 
Cy, + R= (21.0 + 8.317) J- mole’: K deg” 


29.317 J*mole ‘*K deg °. 


going from (1) to (2), V is constant. There- 
fore in the first change,P/T remains constant: 


(from 
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i P2 _ 4 atm _ 
Sinco Lpp gee 2, 
we have 

T2 = 2T; = 2 x 250°K 
= 500°K 


The heat input along the change of state from (1) 
to (2) is 


Hi2 = nC (T2 = Er) 
= 0.487 mole x 21.0 J-mole !-K deg ! x (500 - 250)°K 
= 2558 J 


In the second change, from (2) to (3), P and there- 
fore V/T are constant 


V2 e V3 
T, Ts; 
Pay, sity 
or V; = tT SAS roM) 
650°K 


= 5000K 95 Iit = 6.5 ILE, 


Heat input during this change is 
H23 = nep (Ts a T2) 


= 0.487 mole x 29.317 J.mole '-K deg ! x (650 - 500)°K 
= 2143 J. 


The total heat input during these two processes 
is thus H = Hi2 + H23 = 4701 J. 


During the change from (3) to (4), the gas cooled 
at constant volume. Hence 


P3 z Py, 
T; 4 
Py 
or Ty, = P, T; 


Since P,/P;= 4% we get 
T, =% Ta =k% x 650°K = 325°K. 
The heat rejected by the gas during this process is 


H3, = nC, (Ts Pe T,) 
= 0.487 mole x 21.0 J-mole '+K deg ! x (650 - 325) °K 
= 3325 J 


In the second cooling process, from (4) to (1), P is 
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kept constant; 


ve Vs 
Ty ay 
Vi 

or ay age Ej 


vV : 
r 25 i aa 
since gI" N os ee e: 


5 
635 





x 325°K = 250°K 


as expected. The heat output during this change is 


Hyi = nc, (Ts a0 3) 
= 0.487 mole x 29.317 J-mole ! K deg! (325 - 250) °K 
= 1072 J. 


The total heat output during the cooling processes is 
thus 


H' = H3,4 c Hia = 4397 J. 


The difference between heat input and heat output 
is 304 J. This must appear as work done by the gas, 
since the internal energy of the gas must be the same 
at the beginning and at the end of a cyclic process. 


The mechanical work done during the cycle is 
given by 


2 3 4 
w- | pav+ { ravs f rave f Pav, 
1 2 3 4 


which is the area enclosed by the rectangular figure 
in the P-V diagram. 


This is a rectangle of height 2 atm and length 
1.5 liters. The area under the curve is thus 


W = 2 x 1.013 x 10° dynes*cm-? x 1.5 x 103 cm? 
= 3.504 «-10".ergs s3041, 
which agrees with the net heat input. 


® PROBLEM 533 


In a certain engine, fuel is burned and the resulting heat 
is used to produce steam which is then directed against 
the vanes of a turbine, causing it to rotate. What is the 


efficiency of the heat engine if the temperature of the 
steam striking the vanes is 400° K and the temperature of 
the steam as it leaves the engine is 373° K? 
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Solution: The efficiency E of a heat engine is the ratio 
of the net work W done by the engine in one cycle to the 
heat Q, absorbed from the high temperature source in one 
cycle. 


W 
E = <= 
Q1 


For the Carnot cycle, which describes the operation of a 
reversible heat engine, we know the efficiency to be, 


ME: daise PA 


E = ae. M. p | 
Q1 Qı Ty 


where T3 is the low temperature reservoir. Carnot stated 


that the efficiency of all Carnot engines operating be- 
tween the same two temperatures is the same and that no 
irreversible engine working between these two temperatures 
can have a greater efficiency. This means that the maxi- 
mum efficiency of this heat engine is given by, 


e = ah, 2 Ort are ks = 0.068 = 6.8% 


© PROBLEM 534 


Three moles of a diatomic perfect gas are allowed to 
expand at constant pressure. The initial volume is 


1.3 m? and the initial temperature is 350°K. If 
10,000 Joules are transferred to the gas as heat, 
what are the final volume and temperature? 





FIGURE A 
FIGURE B 
Before After 
Expansion Expansion ae 
(1) cas aes (2) P WT) ©, Ve, T) 
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FIGURE C FIGURE D 


a | 
Yv, 3 





V 
i NG 
! \ Wy 
1 XN 
V. l 
L] 
Translational Degrees Rotational Degrees 
of Freedom (3) of Freedom (2) 


Solution: Since the process of heat (Q) addition 
occurs at constant pressure, we may write 


=u C.(T = 7) 

Q u pit 1 
where u is the number of moles of gas in the system, 
Cp is the molar specific heat at constant pressure, 


and T2 - T, is the temperature difference between the 


2 equilibrium states (see figures (a) and (b)). Now, 
Q is given (10,000 Joules), as is u and T. Hence, we 


may solve for T, as a function of Ch: If we can calcul- 

ate the value of Cp from kinetic theory,we will have 

obtained T2. We now perform the appropriate calculation. 
Consider a gas moving from one equilibrium state 

to another, via some thermodynamic process. We assume 


that the process occurs at constant volume. Using the 
First Law of Thermodynamics, we obtain 


AU =Q-W (1) 
Here, AU is the change in internal energy of the gas 
during the process, and Q and W are the heat added to 
and the work done by the gas, respectively, during the 
process. Writing (1) in differential form 

dU = dQ - dw (2) 


In general, the element of work done by the gas 
in an expansion is, by definition 


aw =F - ds 
where F is the force the gas exerts on the piston 


(see figure (a)) and ds is the element of distance the 


piston moves during the expansion. Since F acts perpendi- 
cular to the face of the piston (that is, F and ds 
are parallel), we obtain 

dW = F ds (3) 


But F may be written in terms of the pressure p, that 
the gas exerts on the piston face of area A 


F = pA 
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Using this in (3) 

dW =p ds A= p dv 
where dV is the differential change in volume of the 
ger the expansion. Substituting this in (2), 
we find 


dU = dQ - p av (4) 


Applying this equation to the above-mentioned 
isovolumic process, we obtain 


dU = dQ 
since dv = 0. By defintion, however 
dQ = ų Cr aT 


where c is the molar specific heat of the gas at 


constant volume, and dT is the differential temperature 
change the gas experiences due to the addition of heat 
dQ. Then 


au = u C, aT (5) 


We now assume that the change in internal energy 
of a gas is only a function of the temperature differ- 
ence experienced by the gas. Then, no matter what 
thermodynamic process the gas experiences, (5) holds. 


Consider next an isobaric thermodynamic process. 
Again, we apply (4) 


dU = dQ - p dav (4) 
Since the process occurs at constant pressure, 
dQ = GC. GL (6) 
Q u p 


where Cy is the molar heat capacity at constant press- 


ure. Furthermore, from the ideal gas law 
pV = uRT 


If p is constant, 


dv 
P ap ~ uR 
or pV =uRAdT (7) 


Using (6), (7), and (5) in (4) 


u Cy dT =u Cp dT - u R aT 


or Cp pt ed R (8) 


Equation (8) relates the molar specific heat at constant 
pressure to the molar specific heat at constant volume. 
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All the derivations up to now have been necessary 
in order to obtain certain relations involving molar 
specific heats, namely equations (5) and (8). We now 
turn to an examination of the internal energy of a 
diatomic gas. Each method of energy storage of a di- 
atmoc molecule is called a degree of freedom. If we 
view a diatomic molecule as being dumbell-shaped, then 
it has 5 degrees of freedom (see figures (c) and (d)). 
The molecule may move translationally in 3 directions 
(x, y, Zz) with 3 kinetic energies (+ mvè, k mvg i mv? ). 
Furthermore, it may rotate about 3 axes (x, Yy, Z), 
again, with 3 kinetic energies (5 T wee k Iyoy’ 

k% Tw? ). However, the rotational kinetic energy 


about the y axis is negligible (see figure (d)) because 


Iy ETE Ir Iz Hence a diatomic molecule has 5 inde- 


pendent methods of energy absorption, or 5 degrees of 
freedom. Notice one important fact: each of these 
kinetic energy terms has the same form, mathematical- 
ly. That is, they are all of the form of a positive 
constant times the square of a variable which has a 
domain extending from - ~ to + ». The theorem of 
equipartition of energy tells us that, when 
Newtonian mechanics holds, and the number of gas 
particles is large, each term of this form has the 
same average value per molecule, namely, kT. I 
other words, each degree of freedom of a gas molecule 
contributes an amount ķ% kT to the internal energy of 
the gas. For a diatomic gas, then, the internal energy 
per molecule is 

5 


Ui = 5 (%4 kT) = 5 kT 


The internal energy for u moles of molecules is 


= =) 22 
U = UNoU; = 3 UkKNoT = 3 uRT 


Using this in (5), we may solve for Cy 
5 
d 7 uRT 


1 = 
yu T ii 


R 


niu 


Oe = 


Using this fact in (8) 


t eee RR poe. 
C5 = Cc, +R= = +R= 3 R 


Getting back to the original problem, use this 
value of Cp in the first equation 


7 
Q=u Cp (Te - Ti) = 5 u R(T. - Ti) 





or T2 =T) +3 Q = 350°K + 3 10,000 Joules -Jg 
z UR z| (3 moles) |8.31 Zole °K 
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T2 = 350°K + 114°K = 464°K 


Using the ideal gas law for the 2 equilibrium states 


pVı = URTi 
pV2 = URT2 
V2 To 
or Va = Ti 
T2 
MELS = |464 _ 3 
whence V2 = Ti Vi ss 132m2 eo LS72 tm 


© PROBLEM 535 


A refrigerator which has a coefficient of performance 
one-third that of a Carnot refrigerator is operated 
between two reservoirs at temperatures of 200°K and 


350°K. It absorbs 500 J from the low-temperature 
reservoir. How much heat is rejected at the high- 
temperature reservoir? 





Solution: The coefficient of performance of a Carnot 
refrigerator is defined as the ratio of the heat 
extracted from the cold source and the work needed to 
run the cycle. Hence, 


Qi Ta 
E_ = ———~__ or equivalentl U 
ec e i aaki a Y T-T 
where Qı is the heat absorbed at temperature T, and 
Qz is the heat rejected at the higher temperature T2. 


Here all temperatures T are to be expressed in Kelvin 
degrees. The actual refrigerator has thus a coefficient 
of performance 


Qi 1 Ti 

Q2 = Qi E 3 To ad Ty 

Q2 - 500 J 3(350 - 250)°K 
—00 5 ~~ ~ 250K ~~ 


a a Q2 = 1100 J. 


or 


@ PROBLEM 536 


In an airconditioning process a room is kept at 290°K., 
while the temperature outside is 305°K. The refrigerat- 
ing machine has compression cylinders operating at 

320°K. (located outside) and expansion coils inside the 


house operating at 280°K. If the machine operates re- 
versibly, how much work must be done for each transfer 
of 5000 joules of heat from the house? What entropy 
changes occur inside and outside the house for this 
amount of refrigeration? 





Solution: An engine works by accepting heat at a high 
temperature, converting part of it into work, and re- 


K99 
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expansion 
coils 


inside 


jecting the remainder at a lower temperature. A re- 
frigerating machine works the opposite way. By supply- 
ing to it an amount of work W, it will accept heat Qi 
at a low temperature and reject heat Q: = Qı + W ata 
higher temperature. 


The efficiency n of a reversible heat engine is 
given by 


Or =<cGis Tao Ts 


1 Qı T: 


3 
ll 
ojs 


where W is the net work done by the machine in one 
cycle and Q, is the heat absorbed in one cycle. Since 
a refrigerator and a heat engine operate in opposite 
ways, and Q2 > Qı, its efficiency can be defined as 


where W is the work done on the machine. 


The sequence of events is shown in the diagram. 
The machine operates between reservoirs at 280°K. and 
320°K. If Q, = 5000 joules, we have 


280 Qs = Qi Q2 = 5000 J 
(1 os ae 
Q2 = 5715 J 


The work done can be found from 


x ae 
Q2 





or W = nQ2 = 0.125 x 5715 J » 715 J 


Irreversible transfers of heat occur when the 
entropy of the system increases. This occurs for a 
transfer of heat from a high temperature reservoir 
to a low temperature reservoir. In this problem, 
there are two irreversible transfers of heat, one 
between the inside of the house and the low temperature 
reservoir, for which 


entropy, AS = Q; rs - Tana 


Texp coil Tinside 


o: (385 - 30 = 0.62 J/°K. 


and one between the high temperature reservoir and the 
outside: 





AS = a SSS 
Tout Toylinder 


oz [355 e zo) = 0.88 J/°K. 
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CHAPTER 16 


HEAT TRANSFER 





Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 570 to 
584 for step-by-step solutions to problems. 






In much of thermodynamics, the mechanism of the transfer of a 
quantity of heat AQ from surroundings to system is not relevant. However, 
for the practical design of insulation and windows, this issue is quite 
important. The three basic mechanisms of heat transfer are conduction 
(requiring the contact of two bodies at different temperatures), radiation 
(involving the emission of photons of electromagnetic energy), and con- 
vection (utilizing the motion of a fluid). 


Newton’s law of cooling describes the change in temperature of an 
object with time. Let the initial temperature of the object be T, and that of 
the surroundings be T, Then, the law states 


dT/dt = -k(T - T) 


where k is the cooling constant for the situation. The negative sign implies 
that T >T and hence T decreases with time. This law can also be connected 
with the concept of the specific heat c = 1/m dQ/dT by writing dT/dt = 1/mc 
dQ/dt, where dQ < 0 since the system is losing heat to the surroundings. By 
integration, one finds the solution is T(t) = T,- (T, - Toe as shown in 
Figure 1. After solving a differential equation one should always check 
that the initial and final conditions are satisfied: here T(0) = T, and T(~) 
=T; 


The law of heat conduction for a slab of thickness dx and cross sec- 





Figure 1 
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tional area A says 
dQ/dt = -kA dT/dx 


where k is the thermal conductivity of the material and dT/dx is the 
temperature gradient. For a finite thickness Ax of e.g., glass, one could 
write the previous equation as dQ/dt = -kA (T, — T,)/ Ax, where T, might 
be the temperature inside a house and T, that outside. 

The concept of blackbody radiation is important in the development of 
quantum physics. Consider an ideal gas of photons of volume V in thermal 
equilibrium at temperature T, as in Figure 2. One can show that the 
differential number of modes of such a blackbody gas is dn = 2V/(2xA) d*°p 
where p = fk is the photon momentum; fis Planck’s constant, and k = 27 / 
à = w/cis called the wave number. The factor 2 arises from the fact that 
photons have two possible polarizations. 

The Rayleigh-Jeans law follows from assuming that the electric and 
magnetic fields of which the photon is made each contribute the 1/2 kT 
possible from the equipartition theorem. One then obtains for the differen- 
tial energy per unit volume 


dU = dE/V = kT? / r’? dw = u(w) dw 


where w is the angular frequency of the photon and u(w) is the blackbody 
radiation intensity. This Rayleigh-Jeans form of the intensity only agrees 
with the experimental data at low frequencies (see Figure 3). That it does 
not agree at high frequencies is called the ultraviolet catastrophe. 


At high frequency, the method of attack is due to Wien and involves the 
equation 


dU = fw 3/n2c3 e 4 do. 


This formula basically states that at high frequencies the intensity is 


exponentially declining (see Figure 3) and involves the Boltzmann factor 


e ° where E, = fw is the energy of a single photon. Both the Rayleigh- 


Jeans and Wien’s law are combined in the Planck blackbody distribution 


i EM 
| 


Figure 2 
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du = (hw®/c)[(1/(e*?™ - 1). 
The total energy density of the blackbody is found by integration 
U -f u(w)do = oT" 


where ois aconstant and U = oT is called the Stefan-Boltzmann law. The 
units of o in the previous expression are erg/K*. In problem-solving, 
sometimes one is interested in the flux, which has units of energy /area- 
time. The equation for the flux is F = co / 4 T* = o T*, where o, is the Stefan- 
Boltzmann constant and has units of erg/s —- cm?— K*. 


U(W) 


Wmax 


Figure 3 
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Step-by-Step Solutions to 


Problems in this Chapter, 
“Heat Transfer” 





THERMAL CONDUCTIVITY 
© PROBLEM 537 


On either side of a pane of window glass, temperatures 


are 70°F and 0°F. How fast is heat conducted through 
such a pane of area 2500 cm? if the thickness is 2 mm? 





Solution: The equation of heat conduction is 


(e O gc. aT 
at 7T ™ & (1) 


where dQ/dt is the rate at which heat is transferred 
across a cross-section A of a material with coefficient 
of thermal conductivity K. dT/dx is the temperature 
gradient in the material. 


In the steady state, the temperature at each point 
of the material remains constant in time. Hence, the 
rate of heat transfer across a cross-section is the 
same at all cross-sections. As a result of (1), dT/dx 
must be the same at all cross-sections. If T, is the 


temperature at a cross-section at x,,and T, is the 
temperature at x2, we obtain 


Ta = T 
ar. AT _ +2 1 (2) 


dx Ax X2 - X; 


(Note that this is a direct consequence of the fact 
that dT/dx is constant). Using (2) in (1) 


Te = Ty Ti = To 


ao se KA Se. 
r 1 


=KA 














Za = Xi 


But x2 - x; is equal to L, the length of the material 
across which the heat conduction is taking place. 


dQ _ KA (T, - T2) 
dt L 


For the pane of glass, 


70°F @ Xı 0 mm 


Ta 


T2 = O°F @ X2 = 2 mm 
Furthermore, K = .0015 cal/cm*es*°C for glass, whence 


dQ _ (.0015 cal/cm-s+°C) (2500 cm”) (70°F - 0°F) 
dt 2mm - 0 mm) 
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Since 70°F = 5/9 * 70°C = 350°C/9, we obtain, 


dQ _ (.0015 cal/cm+s+°C) (2500 cm?) (350°C/9) 


dt (.2 cm) 


aQ 
at 


729 cal/s 


Note that, by convention, temperature decreases as x 
increases. Hence, T2 < T, and x2 > Xı. AS a result, 
dg/dt > 0 in the direction in which dT/dx < 0. 
© PROBLEM 538 


How long will it take to form a thickness of 4 cm of ice 
on the surface of a lake when the air temperature is -6°C? 


The thermal conductivity K of ice is 4 x 10° 


3 cal/s = cm - °C 


and its density is p = 0.92 g/cm. 





— wy 
RAR NOt AANA T 
water A po po Tas poet 
Ar N ar re 
wA de a ln ON 
Solution. Let the thickness of the ice layer at any instant 
e represented by y. The next layer of thickness dy forms 
through the transfer of heat dQ from water to air through the 
ice as shown in the figure. Let this transfer take place in 
dt seconds. The heat lost by the freezing water, is 


dQ = pA dy L 


where A is the area of ice formed, @ is its density, and L 
is the latent heat of water. This is equal to the heat 
transmitted through the layer of ice already formed, 


-kA(T, - T, Jdt 
POP (T2 1) 


Yy 


where Ti and T3 are the temperatures of the water (near the 
ice) and air, respectively and k is a constant. Hence 
= T =T 


A dy L = = 
p Y y 


or dt = T dy 


Integrating the above equation from y = 0 to y = 4 cm, we 
get 


E 4 cm 
4 cm 
_ Sape | = L E2 
dt = = ydy = im [2v2] 
j k Ts Ty i k Ts Ti 0 


where t is the time it takes for the ice to grow 4 cm thick. 
571 





2 3 


e- pbx 8 cm?) 8 cm? x 0.92 ar/em> * 80 cal/or 
See arr rar ee em 


2 1 4 x 10`? cal/s °C deg-cm x 6°C deg. 


24.53 x 10° s 


409 min 


6 hr 49 min. 
@ PROBLEM 539 


A cubical tank of water of volume 1 m? is kept at a 
steady temperature of 65°C by a 1-kW heater. The 


heater is switched off. How long does the tank take to 
cool down to 50°C if the room temperature is 15°C? 


lution: While the heater is operating, the heat 
supplied by it, 1 kW = 240 cal-es~', is just sufficient 
to make up for the heat loss that would take place 
according to Newton's law of cooling. 





ae i k(t m ts) 


where t is the temperature of the cooling body at 
T= 0, ts is the ambient temperature, and k is a 


constant. Furthermore, dt/dt is the rate of change 
of temperature with time. Before using this law, 

we must evaluate k for the case at hand. In order 

to do this, note that the definition of the specific 
heat of a substance is 


_ dQ 
c= ndt 


where m is the mass of the substance, åQ is an 
increment of heat energy, and dt is an increment of 
temperature. Then 


-~ 49 
at = = (2) 
dt _ dQ 
and Gt ~ medt ne 


But dt/dt < 0 in (1) if (t ae t) > 0, and dt/dt > 0 


in (3) if dQ > 0. But, if dQ > 0, the temperature 
change dt > 0, as in (2). Hence, there is an in- 
consistency in the sign of dt/dt between (1) and (3). 


For consistency, replace dt/dt in (2) by - dt/dt. 
Now dt/dt has the same meaning in (1) and (2). Taking 
account of this, and inserting (2) in (1) 


ait RF, k(t 7 ts) 





Š lido 
or mck = E t at 


But dQ/dt is the heat power supplied to the tank. Thus 
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240 cales™ x S 
mck = 725 cais G = 4-8 cales +c deg”. 
But the mass of 1 m? of water is 10° g and the specific 
heat capacity of water is 1 cal+g7!-c deg”, Hence, 


k = 4.8 x 107° s~1. when the heater is switched off, the 
tank cools according to the equation dt/dTt = - k(t ie 


T 
dt | 
———— = - k Fo ke 
eee 0 


nee 
7 J6§5°¢ 


where t = 65°C at t = 0 and t = 50°C at t =t. Then 


50°C 
| at 


wes 7 = = kT 
65°C 
50°C 
ih Jec = - kt 
sS 
65°C 
In |50°C - 15°C| - 1n |65°C - 15°C| = - kt 


ln |65°C - 15°C| - 1n]50°C - 15°C| = kt 


50°C F 
= se = x 


1 
tT = ¢ n |10/7| 
. ee e 10 _ 10° x 0.3567 
c+ ERRE AE EA 


74313.5 s = 20.64 hr. 
@ PROBLEM 540 


A copper kettle, the circular bottom of which is 6.0 in. 
in diameter and 0.062 in. thick, is placed over a gas 
flame. On assuming that the average temperature of the 
outer surface of the copper is 214°F and that the water 


in the kettle is at its normal boiling point, how much 
heat is conducted through the bottom in 5.0 sec? The 
thermal conductivity may be taken as 2480 Btu/ (ft? 

hr -F°/in}. 











Solution: The heat Q conducted through the bottom of 
the kettle in time t is given by 


rs AT 
Q=K At 7 


where AT/Ax is the temperature gradient in F°/in, K 
is the thermal conductivity and A is the area of the 
bottom in ft”. We have 


a Ae 3.0 a 2 
A= Tr* = 7 T2 fe) = 0.20 ft 
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t = 5.0 sec = 5250 hr = 0.0014 hr 

The temperature on the inside of the bottom of 
the kettle is the same as that of boiling water 
(212°F). Since the temperature on the outside of the 
bottom is 214°F and the thickness of the bottom of 
the kettle is 0.062 in, the temperature gradient 
across the bottom is 


AT _ 214°F - 212°F _ : 
ix ~@.0@f in ~*~ 22° F/dn 


The heat conducted through the bottom is then 


Btu 
ft? hr °F/in 


Q 2480 (0.20 £t*) (0.0014 hr) (32°F/in) 


22 Btu 


® PROBLEM 541 


Sheets of brass and steel, each of thickness 1l cm, are 
placed in contact. The outer surface of the brass is 
kept at 100°C and the outer surface of the steel is 


kept at 0°C. What is the temperature of the common 
interface? The thermal conductivities of brass and 
steel are in the ratio of 2: 1. 





Solution: Once equilibrium conditions have been 
attained, the same quantity of heat must pass through 
all sections of the system in unit time. In other 
words, the heat current flowing through the system 

is constant; otherwise alterations in the temperature 
at various points would take place. This would be 
contrary to the condition that equilibrium had been 
established. The heat H flowing in unit time across 
the brass is 


o - 
w= mya dooce = t a) 


where K, is the thermal conductivity of brass, 


A is the cross-sectional area of the brass slab, 
and t is the temperature of the common interface. 
Heat flows from the inner surface of the steel to 
its outer surface with the same rate, 


t - 0°C (2) 


where K, is the thermal conductivity of steel. From 
(1) and (2), we get 


o - a o 
KA lease tox,at E c 
bE Ki _ t 
= = aAa O T 
Ko 100 Cc oo t 


But we are given that K,/K2 = 2, hence 
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t =2 
100°C - t 


200°C - 2t =t 


@ PROBLEM 542 


A steel rod of length L = 20 cm and cross-sectional area 
3 om? is heated at one end to T, = 300"%k while the 


other end rests in ice. Assuming that heat transmission 
occurs exclusively through the rod (without losses from 
the walls), calculate the mass m of the ice melting in 
time At=10 min. The thermal conductivity of steel is 
-1 -1 

cm ``. 


k = 0.16 cal deg sec 





Solution: Thermal conductivity k as given above, indicates 

the amount of heat transferred per second per square centi- 

meter per degree centigrade through 1 cm length of steel. 
The rate of heat transfer through the steel rod is 

given by 

A x Ti T 
L 


heat 2 


sec 





ge ed 
ieee eet 


where T3 is the temperature of the colder end of the rod. 
Hence, 


ao _ (0.16 cal K°™} sec? cm71) x [3 cm?) x (300 - 273)K° 


Be 20 cm 


0.648 cal/sec. 


In time At = 10 min., the amount of heat transferred 
by the rod to the ice is 


AQ (0.648 cal/sec) x At 


(0.648 cal/sec) x (10min Xx 60sec/min) 


388.8 cal. 


f The heat of fusion of ice is 80 cal/gr, which means 
in order to melt 1 gr. of ice, 80 cal. must be added to 
the ice. Therefore, 388.8 calories will melt 


KS a 
<a. se ee ee 


of ice. 


@ PROBLEM 543 









Determine the power required to maintain a temperature 
difference of 20° C between the faces of a glass window 


of area 2 n and thickness 3 mm. Why does a much lower 
power suffice to keep a room with such a window at a 
temperature 20°C above the outside? The thermal con- 
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4 -1 1 1 


ductivity of glass is 25% 10°" cal-s"*+cm™*C deg. 








Side View 
heat flow 
ti t2 
Cross Sectional 
Area, A, of Slab 
X1 Xo 
(t43 ty) 


Solution: The equation appropriate to thermal 
conductivity is 


dQ _ | dt 


where dQ/dt is the rate of heat transfer across a 
cross section of area A of a slab of material of 

thermal conductivity k. dt/dx is the temperature 

gradient in the material. 


Now, if we assume that the heat transfer is 
occurring as a steady state process, the temperature 
of each point of the slab will be time independent. 
If this is the case, dQ/dt is the same at all cross- 
sections of the slab. However, by (1), this means 
that dt/dx is constant at all cross-sections. Hence 
dt/dx decreases linearly along the slab. Using the 
figure, 


dt _t2- ty 
dx Xo = By 


But x, - X, = L, the slab thickness, whence 


dt _ t2 - t; 


dx L 
dQ __ (t2 - tı) 
and at = kA E waa 


Since t} < tı, we may rewrite this as 


áo -p a Ma Fe 


at L 


In this equation, t, and t, are the temperatures 


of the slab at positions x, and x,. (See figure.)In 
this particular case, t, = t2 + 20°C and 


go = 25 x 10 * cal+s ecm !«Cideg™} x 2 x 10% cm? 


is 20 C deg 
0.3 cm 
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= 3.33 x 103 cales '. 
Here we have used the fact that 
2-m*.= 2.x 10° ‘cm? 
and 3 mm = .3 cm 


These conversions follow from the definitions of a cm. 
and mm. 


Since 1 cal = 4.19 Joules 


dQ = 3.3 x 10? cals? = (3.3 x 10° cal+s ') @.19 J+cal *) 


dQ _ oh = ene 
= * 13.95 X10" Jea 


Thus 3.33 x 10° cal = 13.95 x 10% J are required per 
second to replace the lost heat. The power required is 
thus 13.95 kilowatts (kW). 


A much smaller power than this is required in 
practice because the inner surface of the window and 
the air in contact with it drops in temperature because 
of the heat loss through the glass. Heat is conducted 
from the rest of the room through air, the thermal 
conductivity of which is very low. The inner surface 
of the window is thus not maintained at a temperature 
20°C above the outside. A similar effect will occur on 
the outside of the window. The temperature difference 
across the window may well drop to only a few degrees, 
in which case only a fraction of the above power needs 
to be supplied, giving a much more reasonable figure 
for the heat that needs to be supplied per second. 


© PROBLEM 544 








Two vessels, filled with liquids at temperatures Tii and Tzi 


are joined by a metal rod of length L, cross-section A and 
thermal conductivity k. The masses and specific heats of 
the liquids are my, m, and Cyr C3 respectively. The vessels 





and rod are thermally insulated from the surrounding medium, 
What is the time t required for the temperature difference 
to be halved? 










Vessel 1 Vessel 2 


Ti k— b—s| T2 
Solution: Let the vessels have instantaneous temperatures 
T1 and T3 (as shown in the figure) with T] > To. After 


they are joined by the metal rod, heat flows from vessel 1 
to vessel 2 at a rate 


= 


- T 
"Epia: t 


heat dQ k 
Sa AR = ka 
L 


sec dt 








As heat is transferred, the temperatures of the vessels 
tend to equalize. Therefore the rate of heat transfer de- 
creases in time. The temperature variations aT, and dT, 


caused by the transfer of heat can be obtained by noting 
that the same heat dQ which leaves vessel 1 must enter 
vessel 2. Therefore 


dQ = cım, (-ar, } = comdT, 


where (-dT,) indicates a decrease in T]. Substituting for 
dQ in (1), we get 


-cım dT, ka (r -T 


—i = 2 2 and (2) 
c,m,dT, 7 kA T) - T, 
E aa . ii 


Let us rearrange equations (2) and (3) as follows 


a PGA a GA nn 
dt c mL 

aT, r k A(t, - T2) Af 
dt cm, L : 


Then, if we subtract (5) from (4), we obtain the rate of 
change of the temperature difference Ti - To with time: 


al ig 1 athe. T - T 
dt dt t L\cym, Cm, ( 1 2); 


The solution of the above differential equation gives the 
time dependence of m - T2): 
- A lrig ) 
L \c,m cm, )t 
E-L 27a 


("1 f 13) j (1 ‘ np j 











where (7 = T2) is the temperature difference at 
initial 
t= 0. 
The time t required for (7, - T2) to equal one half 
of its initial value ("1 - Taj is 
initial 





kA 1 + E 
“Tle miada 
ü 1 





initial 


Taking the natural logarithm of both sides of the above 
equation, we get 


kA/ 1 L 1 
- = + t = 1ln 5 = -ln 2. 
L ( 1™) Eas) 2 
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or t = L ln 2 
kA + 
(Gm, CoP. 


L C4 Com M> 


= ln 2. 
ass ing ak + E 








@ PROBLEM 545 









The passenger compartment of a jet transport is 
essentially a cylindrical tube of diameter 3 m and 
length 20 m. It is lined with 3 cm of insulating 






material of thermal conductivity 10-* calecm“!.C 





deg™'+s~!, and must be maintained at 20°C for passenger 
comfort, although the average outside temperature is 

- 30°C at its operating height. What rate of heating 

is required in the compartment neglecting the end 
effects? 














N 

N*2 W 

Sass > 
SSS 


Solution: The hull of the aircraft is a good 
conductor of heat and may be considered to be at the 
outside temperature. The circular cylinder of insulat- 
ing material has thus a temperature of 20°C inside and 
- 30°C outside (see figure). 

Consider a cylinder of the material at distance 
R from the center of the craft and of thickness dR. 
By the normal equation of conductivity, the flow of 
heat across this infinitesimal cylinder per second 
is at 

H = KA aR 


where dt/dR is the variation of temperature with R 

(the temperature gradient) and A is the area of the 

surface across which the heat flow occurs. Hence 
A= 2 RL 

and H = 2m RL K dat/dR 


Therefore dR = ar REE Gt 
where L is the length of the cylinder. Thus 


aR _ 27KL 
a ae dt. 


The quantity H is a constant since the system is in 
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equilibrium. If the same quantity of heat did not 

pass over every cross section of the insulating mater- 
ial, heat would build up somewhere and the temperature 
would rise. This is contrary to the condition that 
equilibrium shall have been attained. 


For the whole cylinder of insulating material, then 
R2 te 


dR _ 2nKL 
a eo | dt 


Ri tı 
where the temperature at R, is tı, and the temperature 
at Ro = t2 (see figure). Then 
R2 
_ 2TKL 2 ) 
ln R e (t2 ti 
Hence 


27TKL(t2 - t; 
ae ln R2/R, 


27x10 -*cal*cm~!*Cdeg ~+s “}x20x102cm[20-(- 30)] °C 
In (300/294) 


3100 cals“? = 12,980 Jes ™ % 13.0 kw. 
Here we have used the fact that 
l cal/s = 4.186 J/s 
This is the heat which flows through the walls. In 
order to keep the temperature of the cabin constant, 


an equal amount of heat power must be supplied to 
the cabin by external means. 


HEAT RADIATION 
© PROBLEM 546 


The heat energy E radiated from the surface of a solar 
storage tank at a temperature T each second is 


E = constant [r = a4) a 


where Ta is the ambient temperature of the room and A is 


the total surface area of the storage tank. How much 
larger is the energy loss when water at 340°K is used to 
store the solar energy as compared to Glauber salts at 
310°K? Assume the ambient termperature is 293°K. 





Solution: If we assume that identical storage tanks are 
used for storing the solar energy, then the surface area 
of each tank is the same. We obtain 
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4 






constant 3404 - 293 
constant] 310 


A 





energy lost by radiation from water _ 
energy lost by radiation from salt 
= 3.2. 


The heat loss from the water would be 3.2 times greater 


th for salt. 
pis © PROBLEM 547 


The solar constant, or the quantity of radiation received 
by the earth from the sun is 0.14 Wecm~?. Assuming that 
the sun may be regarded as an ideal radiator, calculate 


the surface temperature of the sun. The ratio of the 
radius of the earth's orbit to the radius of the sun 
is 216. 





Solution: To calculate the temperature of the sun, T, 
we use Stefan's Law 


R=- o- T" 


Here, e is the emissivity of the radiator, o is a 
constant, T is the temperature of the radiator in 
Kelvin degrees, and R is the rate of emission of 
radiant energy per unit area of the radiator. Hence, 


k SARS 
T? = ao (1) 


Regarding the sun as an ideal radiator, e= l. 
Furthermore, 


p 
Ro 


where A is the surface area of the sun, and P is the 
power provided by the sun as a result of radiation. 
Using these facts in (1) 


© eae 
7 cA (2) 


Now, the power per unit area intercepted by the earth 
is 


Pr = .14 W/cm? 


where A' is the surface area of a sphere having a 
radius equal to that of the earth's orbit. Hence, 


P = (.14 W/cm?) A' (3) 
Using (3) in (2) 
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(.14 W/cm2)A' 


4 = 
E fo} A 
A' _ 4n xr? ; 
Now — = — ıı where r and R are the radius of 
A 4n R? 


the earth's orbit and the radius of the sun, respect- 
ively. Then, 


T* = 


(.14 W/cm?) ap 
ae eA i or 


ie} 


iy} 
Të = 0.14 Wecm x (216)? 


5.6 x 107!? Weoem™?*K deg~* 


Arg T = 5.84 x 10°°K. 
@ PROBLEM 548 


In some underdeveloped nations dung is used as fuel for 
cooking. This is wasteful because it deprives the soil 

of valuable nutrients. It should be possible to use 

solar cookers in some of these countries. Generally, the 
"stove" consists of a curved aluminum mirror which focuses 
the heat energy on a collector plate (see figure). Cal- 
culate how long it takes to raise the temperature of 1 


liter of water from 293°K to the boiling point, 373°K. 
Assume that the diameter of the mirror is 1 m and that 70 
percent of the incident solar energy is actually avail- 
able for heating the water. To raise the temperature of 


l liter of water 1°K, 4.186 x 10° J of thermal energy is 
required. The power radiated by the sun at the surface of 


the earth is 5.5 x 10? W/m? 





Collector 
plate 


Aluminum 
mirror 


Solution: The collection area A of the mirror is, 
A = mr? = 1 x 107) n)? = 7.9 x 107? m? 
The total power P incident on the reflector is, 


P = (5.5 X 10°W/p?) (7.9 x 10° m’) 
= 4.345 x 10? W 


Since the conversion efficiency is only 70 percent, the 
power converted to thermal power H is, 


H = P(7.0 X 107) = (4.34 X 107W) (7 x 107) = 3.04 x 10? J/s 
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OOOO 


The temperature must be increased by 80° K (from 293 to 
373° K). The total thermal energy Q required is then, 


Q= (4.19 x 107 3/°R) (B x rote R) = 3.35 x 10°J 


The time would be the amount of thermal energy needed de- 
vided by the rate at which thermal energy is produced. 
Hence, 








35x10 g 2 
t=- = Z 7 =11.0x 10 s 
3.04x10 s/s 
2 
1 
= 21.010 8 1.84x10 min 
60 ¢/min 


@ PROBLEM 549 


A wice 0.5 mm in diameter is stretched along the axis 
of a cylinder 5 cm in diameter and 25 cm in length. 
The wire is maintained at a temperature of 750°K by 
passing a current through it, the cylinder is kept at 
250°K, and the gas in it has a thermal conductivity of 


6 x 1075 cal*cm™!+c deg “+sec™!. Find the rates at 
which the heat is dissipated both by conduction through 
the gas and by radiation, if the wire is perfectly 
black. 





Solution: The heat flow due to conductivity through a 
hollow cylinder is given by 


2TKL (t2 - tı) 


ma In (R2/R1) 


where R, and R: are the inner and outer radii of the 


cylinder, L is its length, and K is the coefficient of 
thermal conductivity of the material of which the 
cylinder is composed. Also, tı is the cylinder temper- 


ature at its inner radius, and similarly for t2. In 
this case, therefore 


g= 27*x6x10 "calscm -C deg“'+s 1x25 cmx(750-250)C deg 
In (2.5 cm/0.025 cm 
= 1.02 cal-s™. 

The rate of emission of energy per unit area by 
radiation is the net outflow according to Stefan's 
Law. Thus, in the usual notation, 

R=eo (T* - T9) 


where T is the absolute temperature of the outer 
cylinder surface, and similarly for Tọ, e is the 


emissivity of the cylinder's surface, and o is a 
constant. However, 


H' = RA=eo A(T* - TH) 


where A is the area of the surface which emits the 
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radiation. Since the wire is emitting the energy, 
and it is to be considered a black body, 
e = 
and A = 27 RiL 
H'= 


5 .67x10 ~'?*Wecm~? *Kdeg “*x2m7x0.025 cmx25 cm(750*-250") (K deg) * 
4.186 Jecal”! 


= 1.67 calles”. 





CHAPTER 17 


ELECTROSTATICS 






Basic Attacks and Strategies for Solving | 
Problems in this Chapter. See pages 588 to 
614 for step-by-step solutions to problems. 


Electrostatics is the study of discrete or continuous systems of electric 
charge at rest. Electric charge comes in two varieties, positive and 
negative, the MKS unit being the Coulomb = C. Like charges repel one 
another and unlike charges attract each other. Fundamental to electricity 
is Coulomb’s law, which states that between every two charges, there exists 
an electric force given by (see Figure 1) 


F=kq,q,/r’r 


where k, = 9.0 x 10° N — m*/C? is the MKS Coulomb force constant. Ifusing 
the CGS system of units, k, = 1 exactly, and the charge is measured in esu 
or electrostatic units. If there is more than one charge in the vicinity, then 
one must sum up the vector force from each nearby charge to get the 
resultant force (see VECTORS); this is called the principle of superposi- 
tion. 


The electric field acting on a charge is defined as the electric force 
acting on that charge divided by the magnitude of the charge. Hence, for 
a single point charge the electric field is given by E = k,q/r? f. The electric 
field at a point in space due to a system of point charges can also be found 
using superposition, i.e., Newton’s parallelogram rule. Positive charges 
are sources of electric field and negative charges are sinks (see Figure 2), 
which means that electric field vectors point away from positive charges 
(£ direction) and towards negative charges (-r direction). Electric field 


F z 
F F 
y 
q, 
Figure 1 


585 





lines are found by connecting electric field vectors, as shown in Figure 3. 


For a continuous charge distribution of charge density p = charge/ 
volume, the electric field must be peer i“ integration 


E- =f kP rd rr? 
where dq = p d'r is a differential amount of charge. For a surface charge 
distribution, dq = o dais often used where o = charge/area, and for a linear 
charge distribution dq = à dL is appropriate where à is the charge per unit 
length. 
Maxwell’s first equation of Gauss’ law states that 


vV-E- 4nk.p or QE. da= 4k sq; 


where the vector del V = (d/ax , d/dy, ð/ðz) and V: E is read as the 
divergence of E. This law is usually used as a method of calculating the 
electric field, The electric flux , through a surface is given by the e surface 
integral f E ; da;if the surface is closed, then we write Ẹ E- da. 


For example, with a single point charge q, we would draw a Gaussian 
sphere at radius r about the charge. By symmetry, the electric field is i the , 
radial direction perpendicular to the spherical surface. Thus, E «da = E 

-r? dQ, where dQ is the differential element of solid angle given by sin 0 d0 
do. Since the solid angle goes from zero to 4n steradians, Gauss’ law implies 
that 


$p =P E- da- 40 rE = 4nk,q. 
Hence, we conclude that the electric field of a point charge is E = k g/r’. 


The concept of the electric potential or voltage is also useful in problem- 
solving 


V=-f E-dr. 


Figure 2 
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If the electric field is constant, then the potential difference AV = V,- V, 
= — Ed, where d is the distance from point B to A. This definition of the 
potential insures that the electric potential energy of a point charge is given 
by U = qV. For a single point charge the electric potential is 


- f° kgf? dr 
or k.q/r. Hence, the equipotential lines ofa point charge are given by circles 
in two dimensions (as shown in Figure 4) or spherical shells in three 
dimensional space. 


Note that the definition of electric potential as 


V--f E-dr 
implies that one may calculate the electric field from E = - VV, where in 


this context del is read as the gradient of V. For example, in one dimen- 
sion, we would have E, = -dV / dx. 


Figure 3 


Figure 4 
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Step-by-Step Solutions to 
Problems in this Chapter, 
“Electrostatics” 






© PROBLEM 550 





What is the electric field intensity at a point 30 centi- 


meters from a charge of 0.10 coulombs? 


T 
(0) 


C) TEST CHARGE +q 


Q 


Solution: The electrostatic force on the test charge q, 
due to tħe charge Q is, by Coulomb's law, (see figure) 


p = KOg 


r 


The electric field intensity at point B is defined 


as: Ta F [- Rogen 
q q 
= KQ 
r? 


In the problem we are presented with, we have 
Q = 0.10 coulomb, 


30 cm = 3.0 x 107! m 


K 
li 


Then 


e = 9x109 2t- m? , 0.10 coulombs 


coulombs? (3.0 x 107!)2 m? 


10?° nt/coulombs 


@ PROBLEM 551 





Show how two metallic balls that are mounted on insulating 
glass stands may be electrostatically charged with equal 


amounts but opposite sign charges. 








Solution: The two metal balls are assumed to be initially 
uncharged and touching each other. (Any charge on them may 
first be removed by touching them to the earth. This will 
provide a path for the charge on the spheres to move to 
the ground). A charged piece of amber is brought near one 
of the balls (B) as shown in the Figure. The negative 
charge of the amber will repel the electrons in the metal 
and cause them to move to the far side of A, leaving B 
charged positively. If the balls are now separated, A 
retains a negative charge and B has an equal amount of 
positive charge. This method of charging is called 
charging by induction, because it was not necessary to 
touch the objects being electrified with a charged 

object (the amber). The charge distribution is induced 

by the electrical forces associated with the excess 
electrons present on the surface of the amber. 


® PROBLEM 552 





What is the intensity of the electric field 10 cm froma 


negative point charge of 500 stat-coulombs in air? 


Solution: The electrostatic force on a positive test 
charge q' at a distance r from a charge Q is, by Coulomb's 
law, (in the CGS system of units) 


' 
r? 
The electric field intensity E is defined as the force 
per unit charge, or 


> 


F k 
z= F = kQ 
q 


r? 


E points in the direction the force on the test charge 
acts. In a vacuum, k = 1 (to a good approximation, k = 1 
for air as well), therefore the electric field 10 cm 
from a point charge of 500 stat-coulomb is 


500 stat-coul 
(10 cm)? 


E = (1) = 5 dyne/stat-coul pointing 


directly toward the negative charge. 
© PROBLEM 553 


If 5 joules of work are done in moving 0.025 coulomb of 
positive charge from point A to point A', what is the 


difference in potential of the points A and A'? 


Qst 
Coulombs x ag 


Solution: To solve this problem we use our formula for 
the definition of the volt, E = > x 


The work is 5 joules and the charge Q is 0.025 
coulomb. Then the potential difference 
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i 5 joules os 
E = 5,025 coulomb ~ 200 volts 


© PROBLEM 554 








Suppose that a small, electrically charged metal ball is 
lowered into a metal can as illustrated in the Figure. 
Show how the charge is distributed when (a) the ball is 
inside the can but not touching and (b) after the ball 
touches the inside of the can. 





A) 


is used to detect the presence 


of electric charge on the outside surface of the can. 


Solution: When the charged sphere is lowered to the 
position as in Figure (b), free electrons from atoms in 
the metal migrate to the inner surface because the positive 
charge of the ball exerts an attractive force. Since the 
net charge of the isolated can was originally zero, there 
is now a charge imbalance within the conductor. An excess 
of positive charge results. In a fraction of a second, 
due to transient currents within the conductor, the 
positive charges can be thought to mutually repel, 
spreading to the outside surface of the can. The outside 
surface then has a positive charge equal to the negative 
charge on the inside surface. As the ball and can touch, 
they form a single conductor and the electrons on the 
inner surface of the can move onto the metal ball and 
neutralize the positive charge carried by the ball. The 
final result is that the excess charge of the metallic 
sphere, placed in contact with an insulated metal can, 
resides entirely on its outside surface (see Figure C) 
This experiment provides a verification of Gauss's law. 
If a Gaussian surface is constructed inside the outer 
surface of the metal can, then there is no net charge 
within the surface. Then, according to Gauss's law, 


Q 


£0 


where @ is the electric flux through the Gaussian surface 
due to the net charge Q within the surface. This then 
becomes ® = 0. Any excess charge must therefore reside on 
the outer surface of the conductor, outside the Gaussian 
surface. 


@ PROBLEM 555 


A charge is placed on a string of infinite length so that 


the linear charge density on the string is n coulombs/m. 
Find the electric field due to this charge distribution. 





Solution: This problem can be solved using Gauss's Law. 


We construct as our Gaussian surface a cylinder, 
whose axis of symmetry coincides with the string, of 
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4¢—— opposing 
\ charge 
\ elements 





Fig.: Figs- 2 
length L, and of radius R. It can be seen from symmetry 
that there can be no component of the electric field 
parallel to the string, since all contributions to the 
field in that direction will cancel (see Fig. 24). Since 
the field vector can be expressed in terms of components 
that are either perpendicular or parallel to the string, 
the resulting field will be radial. It can also be seen 
from symmetry that the magnitude of the field will be 
uniform over the surface of the cylinder, excluding the 
circular top and bottom. The flux through these portions 
is zero, however, since the field lines do not pass 
through their area. 

The flux through the cylinder is therefore: 


a, = | E+ a$ =E | cos 0° dS = E | dS = ES = 

= E + 27RL 

Since the field is constant in magnitude it can be 
factored outside of the integral sign. The field lines 
coincide with the surface vector elements of the cylinder, 
which is the same as saying that they make an angle of 
zero degrees with each other. The corresponding term 
cos 0° in the integral reduces to 1, leaving only dS in 
the integrand which reduces to S, the total surface area 
of the cylinder (excluding the top and bottom). 

The charge on length L of string is nL, thus by 

Gauss's Law: 


1 
o_ = = m = E 
= ATkpad 4n Tne, q E 
E * 27mRL = nL 
Eo 
fo es -2 


2 1 
where kp = Tit. . 
@ PROBLEM 556 


(1) What is the electric intensity in a copper conductor of 


resistivity ¢ = 1.72 x 1078 ohm meter having a current 


density J = 2.54 x 10° amp/m°? (2) What is the potential 
difference between two points of a copper wire 100 m apart? 
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Solution: (1) By definition, E, the electric field, is 
related to the current density, J, through the relationship 
Š 

o 


Pa 

E = 

But o = Ş and therefore, 
lēl= ob 


(1.72 x 1078 


ohm: m)( 2.54 x 10° amp/m? ) 


4237°*°10"2 volt /mi 


(2) E is related to V by 


— 


b 
vy -V,=- | E-a. (1) 
a 


From the figure, E is parallel to the axis of the cylindri- 
cal wire. If we evaluate (1) along a line in the direction 
of E and parallel to the cylinder axis, we obtain 


V 


b Wy E(a - b) 


< 
1 

< 
" 


(4.37 x 1972 volt) (g - 100 m) 
V. =- V. = -4.37 volts. 


Therefore, Vb is at a lower potential than Va’ 


A second method of solution is to calculate the re- 
sistance (R) of a length of the wire from 


where A is the cross sectional area of the wire. Using 
Ohm's Law, 


v,- V= 





$2; 


If A and the current I are given, Na 


- Vb may be found. 
® PROBLEM 557 


The spherical shell of a Van de Graaff generator is to 





be charged to a potential of 10° V. Calculate the minimum 


radius the shell can have if the dielectric strength of 


air is..3.X% 30° Vem. 


Solution: The potential and electric intensity at the 
surface of a sphere of radius R are 





v=—2 and gE =—2—_-=7 
ATER Ame oR? 
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Note that these relations are the same as the formulae 
for the potential and electric field of a point charge 
at a distant R from the charge. Thus, the field due to 
a sphere of charge Q is the same as that due to a point 
charge of charge Q. Therefore, R = V/E. But the maximum 


acceptable value of E is 3 x 10 vem™ for, at any 


higher value of E, the air will break down, and arc 
discharges through the air will result. Hence,the 
maximum radius for the spherical shell is 


6 
Pi cee Ey, 


3 x 10° vem? < 
e PROBLEM 558 


A mechanical device moves a charge of 1.5 coulombs for 
a distance of 20 cm through a uniform electric field of 


2 x 103 newtons/coulomb. What is the emf of the device? 





Solution: The electromotive force or emf € is the work 
one by transporting a unit charge through an opposing 
electric field E. This input of work becomes available 
as an electric potential (as in a battery). In order to 
move the charge q, a force of magnitude F = Eq must act 
opposite to the electric force on the charge. An amount 

of work 


> > 
W =F -° d= Egå 


will be supplied over a distance d. The emf is this work 
per unit charge, therefore 


c = — = Ed 


= (2 x 10? N/coul) (0.2m) = 400 volts. 
© PROBLEM 559 


A metal sphere of radius 5 cm has an initial charge of 107° coul., 


Another metal sphere of radius 15 cm has an initial charge of 107° 


coul, If the two spheres touch each other what charge will remain on 


each? 








R, 
Solution: First we find the field of the charged sphere by using 
Gauss's law, 
+ 
fz è a? TE E 
% 
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Here, q is the total charge enclosed by the Gaussian surface and the 
integral is a surface integral. Consider a spherical Gaussian sur- 
face of radius R centered at the center of the sphere. 


The magnitude of E is the same at all points on the Gaussian 


surface by symmetry considerations, È and aa are in the same 
directions, as well (i.e., both point radially outward). Gauss' 
law then reduced to 


E| aA = E pm? = Zz 

2 © 

For 4m R“ is the surface area of the sphere. Thus, 
Ez Tk +5 
Oo R 
The field external to the sphere is as if all the charge were con- 
centrated at the center; the field internal to the sphere must be 
zero. Since the sphere is a conductor. Similarly the potential ex- 
ternal to the sphere will be as if all the charge were concentrated 
at the center. The dient, (i inside the sphere must be constant since 
i 





E, the potential gradient, oOey 

av 

dr }’ 

is zero (see figure). The potential, then, at any point on the 
sphere or external to the sphere, is, by definition 


E=- 


p £ dR 1 q 3 
V(R) - V(X = - Ede = ai a | 
J ame, “o R? ane, R |, 
1 Kpa 
But V(% = 0, V(R) = r- 2 . If we set Ko TTAN V(R) = TE . 
0 0 


When the two spheres are touched, their potentials must become 
equal. This is accomplished by a movement of charge from one sphere 
to the other, until the potentials equalize. After touching, 


dy Io 
Vv, =V, or K, T = K, i 


where q and do are the charged on spheres 1 and 2 respect- 
ively. 


Thus 4 ETEN 
da Ro 5 
a, = 34, 
But the total charge is 
a, +4, = 107° coul + 10°° coul 
= 10 ` (l + 0.1) coul (1) 


214i” oi 


Also, 34, = a » and using (1) 
4q, = 1.1 x 107° coul 
a = 2.75 X 10 coul 
a = 8.25 X 107° coul 


Initially we had q} = 10` coul and a, = 10 coul. 
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© PROBLEM 560 


An electron is released from rest at one point ina 
uniform electric field and moves a distance of 10 cm in 


1077 sec. What is the electric field strength and what 
is the voltage between the two points? 





Solution: To find the electric field strength we 
divide the force exerted on the test charge, the 
electron, by the magnitude of the electron. 


F 
E = = 
q 


We are given the distance the electron travels 
and the time it takes. We must try to find a relation- 
ship to use in solving for the unknown F, in order to 
determine E. 


Then: For a uniform electric field, the force 
on the electron is constant; hence, the acceleration, 
a= F/M, is also constant. The distance traveled is 


ie 


e 
t? 
The field strength is the force divided by the charge: 
F 2md 
E = = 


d = k at?ê, 80 


rj 


d = at = 


N| 

N Nje 
a 3 

@ les 





and Fa 


tj 





et? 


z 2 x (9.1 x 107?® g) x 10 cm 
(4.8 x 107?° statc) x (10 7 sec)? 


= 3.8 x 107° statV/cm 

The voltage is 

V=Exd 
= (3.8 x 107? statV/cm) x 10 cm 
= 0.038 statV 


= 0.038 x 300 = 11.4 V 
© PROBLEM 561 


A charge of 1 C flows from a 100-V outlet through a 


100-W light bulb each second. How much work is done 
each second by this electrical source? 





Solution: The voltage, V = 100 V, and the charge, 
q = 1l C, are given. By definition of potential 
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where W is the work done in moving the charge q 
through a potential difference V. Then 


W = qv = (1 C)(100 V) = 1 x 10? J 


Alternatively, since the power rating of the light 
bulb is given as 100 watt, it dissipates 100 joules of 
energy per second. Therefore, for each second, the 
source must supply 100 joules of energy (or do 100 
joules of work per second) to provide the energy 
dissipated by the light bulb resistance. 


© PROBLEM 562 


An isolated sphere 10 cm in radius is charged in air to 
500 volts. How much charge is required? If this charge 
is then shared with another isolated sphere of 5 cm 


radius by connecting them together quickly with a fine 
wire, what is the final charge on each and what is the 
final potential of each? 





FIGURE A FIGURE B 
n=10 cm. 1 =10 cm. 
Vi =500Y n=5 cm. 


Solution: Figure A shows the first situation. (We 
assume both spheres are made of a conducting material.) 
The potential of a sphere is 


1 


2 it62 ¢& 
V 4TEo R 


where €) is the permittivity of free space, and q is 
the charge on the sphere of radius R. Solving for q, 
and using the given data 

Gg = ATE >RV 


-2 
(10x10 m) (500 V) -9 
se 56X10 C (1) 


9 
(9x10 N-m*/c’) 


This is the charge needed to raise the sphere of 10 cm 
radius to 500 V. 


In figure B, we show the 2 spheres connected by a 
fine wire. In this situation, they have equal potentials 
and 


Vi = V2 
SE ponemag nines 
Q 4TEo Ri 4TEo R2 
Rı 
whence qi =e (2) 


Here, the subscript l, refers to variables involved 
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with the larger sphere, and similarly for the subscript 
2 and the smaller sphere. Furthermore, since both 
spheres share the charge initially on the larger sphere, 


qi +qz2=q (3) 


where q is given by (1). Using (2) in (3), we solve 
for q2, 


Ri 
goes fae 
eee «Re = 
q2 Rı 2s I 3 
s- +1 
R2 


-9 -9 
whence q, = 28x 10 C#1.86x10 C 

-9 
Furthermore, Ol: Gnd ihe (5.6-—1.86) x10 C 


-9 
q,~3.74x10 C 


The final potential of the larger sphere is the 
same as the final potential of the smaller sphere. 
Both spheres then have a final potential of 

ES 
Væ Vr eva 4me oRi 


-9 9 
(3.7410 C) (9x10 N- m/c’) 





—2 
(10x10 m) 
V= 336.6 Volts 


@ PROBLEM 563 


Prove the following theorem: The electric field outside of an 
infinite cylindrically symmetrical charge distribution is equivalent to 
the field due to an infinite line charge of equal linear charge density. 





Solution: First, we compute the field due to a cylindrical shell of 
charge. We note that the field must be radial since no other direction 
is preferred. We erect as a Gaussian surface, a cylinder, of radius 
r (r >R) and height £, concentric to the shell. (See figure (a)). By 
Gauss' law (since E is constant along any cylinder concentric to the 
axis): 


f E°dA= ATQ, 27rRE = 47 (sTRLO) 
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where oO = sis is the surface charge density of the shell. We note 
that since the field is radial, the flux through the top and bottom of 
the Gaussian cylinder is zero. Thus: 


4 
ATRO „2m MRT 22 2À 
— = Āe = -ne R p 
r r r r 


where ì=q/} is the linear charge density. This formula holds for a 
cylindrically symmetrical charge distribution since we can consider 
such a configuration as the superposition of many cylindrical shells of 
charge density Àj» 1 = 1,2,8, 


e= a, Bey ae, AO H) 


an 
P 


where Mah +t Met lo tere = Bs Be See... = total 


Now, we compute the field due to an infinite line charge. 

Figure (b) depicts an infinite line of charge of linear Charge density 
A, with a cylindrical Gaussian surface of radius r and height ZL, 
surrounding it. Again, we see as with the cylindrical shell, that the 
field must be radial since no other direction is preferred. Thus, the 
flux through the top and bottom of the Gaussian surface is zero. Ap- 
plying Gauss's law: 


J È * dA = 2mrf E = 4m2A = 4nq 


The same result is thus obtained. 


© PROBLEM 564 





A very large conducting plate has a surface charge 


density of 107? coul/m’?. What is the energy density of the 
field produced by this charge distribution? 


Charged Plane = 
Conduct KEF re Y 
onductor ly ee 

roy 

i i 


Solution: The electric field due to the evenly charged 
Sheet can be obtained by applying Gauss' Law at the sur- 
face of the sheet (see figure). By the definition of a 

conductor, the electric field at the surface of the con- 
ductor must be at right angles to it. (The y components 


of E due to 2 symmetrically placed elements of the con- 
ductor's surface cancel, whereas the x components re- 
inforce. ) 


If we allow the Gaussian surface S to be very close 


to the surface of the conductor and neglect the fringing 
at the edges, we may use Gauss’ Law, 
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cog JE - dS = 0; or €oAE = ôA, 
where A is the total surface area of the conductor. There- 
fore, 
a 
Eo 
where 6 is the surface charge density. The energy density 
of the field E is, by definition, 








€9E?” 
u = 5 or 
Eo §)2 §2 
siie EN 
naf 
But Eo = = , where K, = 9 x 10° ae à 
E 
62 
Hence u= 3 4nK, = 2nK, 6? 


In this problem 


co? 


Nem? Š 
u = 2r x [2 * 20" ne] «. TO"* sy 


N 
5 
56.52 x 10 mz 


u 


Because 1 Joule = 1 N em 


u = 56.52 x 105 Joures 


@ PROBLEM 565 


In the figure, a fine wire, having a positive charge per 


unit length A, lies on the y-axis. Find the electric 
intensity set up by the wire at point P. 








Charged Wire 


Solution: Let the wire be subdivided, in imagination, 
into short elements of length dy. The charge dq on an 
element is then A dy. Let r represent the perpendicular 
distance from P to the wire and È the vector from 
dq to P. If,we view dq as a point charge, then it sets 
up a field dE and P given by 

ag = x 299 . , SAdy | 

s? s? 


599 





a, r , . ; > 
where s is a unit vector in the direction of s, and 


k = 9 x 10° N + m?/c?, and the resultant intensity E 
is the sum of all these infinitesimal fields dE along 
the y-axis, or 


s- x | Hise 


The unit vector s lies in the yz-plane, so its x- 
component is zero. The magnitude of its y-component is 
sin @ and that of its z-component is cos 6. The vector 
equation above is then equivalent to the three scalar 
equations 


E, = 0 

+0 
E =k sin 6 dy 
yY s2 


ti 
i] 


. 


2 


+00 
k | cos 6 dy 
s 


—o 


The wire is considered to be sufficiently long so 
that the limits of integration are from - œ to + œ. 


Let us change the integration variable from y to 0, 
so y = r tan 6, s= r sec 6 and 6 varies from - 5 to 


5 as y varies between - ~ and + ~. Since 
y =r tan 6, 


dy = r sec” 6 dé, 


Hence, 
> 2 
e =k 2 (sin 6) (r sec 6) ae 
y s? 
T 


2 


Since sec 6 = 


Kin 
` 


T T 
T l x ul 
Ey = kA i {sin 6) (s*/r)d0 _ KA h sin 0 de = 0. 


-1 s? 


T 
2 

This result is not unexpected since in the figure we 
see that for each dq at y = Y, there is another dq at y = 
- Y. The y-components of the electric fields of these two 
charges cancel, whereas the z-components add up. 


T 
E =k f dy cos 6 
j _ s? 


2 
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T 
5 2 
BETYS f (cos 2) (sec 9) de 


T s 
2 
T 

wie 2 (cos 6) (g?/r?) 
at, £? 


T 
kA fz cos 0 dé = kà 


Fi 


In the figure, positive charge is distributed uniformly 
over the entire xy-plane, with a charge per unit area, 
or surface density of charge, o. Find the electric in- 
tensity at the point P. 








Solution: Let the charge be subdivided into narrow 
Strips parallel to the y-axis and of width dx. Each 
strip can be considered a line charge. 

The area of a portion of a strip of length L is 
L dx, and the charge dq on the strip is 


dq = oL dx. 


The charge per unit length, di, is therefore 


dì = og =o dx. 
Considered as a line of charge the strip sets up at 
point P a field dE, lying in the xz-plane and of 
magnitude ax 


dE = 2ko EN 


which is the field due to a line of charge. 
The field can be resolved into components dE, and 


dE,- The components GE. will sum to zero when the entire 


sheet of charge is considered. To see this consider the 
lines of charge at points x and - x. The x-components of 
each pair cancel each other. The resultant field at P 
is therefore in the z-direction, perpendicular to the 
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sheet of charge. It will be seen from the diagram that 


dE, = dE cos 6 


and hence jo 


m cos 0 dx 
E= | dE, = 2k | es A 


If we use 6 as the integral variable (which varies 


between - 5 and 5 ), and note that 


a 
cos 





r= e * =a tan 0, dx=a sec? 0 dé 


we obtain 


o 
e = axo | cos? ax 


Tv 
2 2 2 
- 2x0 | Lcos? 6) (a sec? 8) ag = 2k or 


T 


bj 
Note that the distance a from the plane to the 
point P does not appear in the final result. This means 
that the intensity of the field set up by an infinite plane 
sheet of charge is independent of the distance from the 
charge. In other words, the field is uniform and normal 
to the plane of charge. 

The same result would have been obtained if point 
P, had been taken below the xy-plane. That is, a field of 
the same magnitude but in the opposite sense is set up on 
the opposite side of the plane. 


@ PROBLEM 567 










The nucleus of an atom has a charge +2e, where e is the 
electronic charge. Find the electric flux through a sphere 


of radius 1 & Ga m). 


Solution: This problem is solved most directly by using 
auss's Law: 
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be = Ankpad 


where q is the total charge enclosed by the sphere. The 
orientation of the charge within the sphere does not 
matter. Gauss's Law yields: 


o_ = 4nk,, (2e) = 8mk,e 


E 

We can also find the flux from its definition: 
> 

a, = f E- as 


where dS is the differential surface area vector which 

is always perpendicular to the surface. Taking the 
nucleus to be at the center of the sphere, we see that 
the field, being radial, is perpendicular to the sphere 
surface. Since the nucleus is equidistant from all points 
on the sphere, the magnitude of the field is constant 
over the entire surface, and is, by definition: 


2e 
RÊ 
where R is the radius of the sphere. 
Thus, we may take E outside of the integral sign: 


E = kg 














E 2k, cos 0° dS = 2k, £ ds = 
E E R2 | E R2 S 
= e = e . 2 = 
2kg R? S 2k, 5 ATR 8TKpE 


The E vector makes an angle of 0° with the as 
vector, since both are perpendicular to the surface of 
the sphere (see diagram). 

The cosine is introduced since the integrand is 
the inner product of the two vectors Ë and as, and by 
definition, if À and B are vectors then: 


> > >> 
A • B = |A||B| cos (A,B) 
where (A,B) is the angle between Å and È. 
S = 4nR? is the surface area of the sphere. 
Substituting 


AR 
kp = 9 10% 22, 
coul.? 


and e = 1.6 x 107}? coulombs 


we obtain the magnitude of the flux. 


wer) 
p = (8) (3.14) |9x10° —S™ | (1.6 x 1071? coul.) 
coul.? 
= -8 N-m? 
= 3.61 x 10 a ge 


We note that this result is independent of the radius 
of the sphere. We could have seen this immediately from 
Gauss's Law, since the flux through the sphere is entirely 
determined by the amount of charge enclosed within it. 
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@ PROBLEM 568 


Consider a sphere of radius a which has a charge q evenly 
distributed on its surface. What is the electric field 
outside the sphere? 





| Charge 


q 
Solution: Due to the fact that the charge is uniformly 
distributed over the surface of the sphere (and therefore 
symmetric), we realize that the electric field must have 
the same strength at any point a distance r away from the 
center of the charged sphere. Furthermore, we expect the 


lines of E to begin on the positive surface charges and 
emanate radially from the surface of the sphere. Consider 
a spherical surface of radius R and with the same center 
as the charged sphere. If the field at this surface is E, 
then the total electric flux through the surface is 


ða = fi - ad = | E ds 


because È and dS are parallel. Hence, 


7 2 
Lan = 47TR*E 


where 4TR? is the surface area of the spherical surface. 
Since the charge enclosed by the surface is q, then by 
Gauss's Law, 


= 4. 
be Te Therefore, 


4TRĉ°E = 2 from which 
= 1 
= 47 Eo fr 


= Ke or 


Thus the field outside the sphere is just as if all the 
charge q were located at the center of the sphere. 


@ PROBLEM 569 








A positively charged ring of radius R lies in the Y-Z plane. 
Compute the electric intensity at point P on the axis of 


the ring. 








To calculate the electric field intensity at a 
point P from a continuous distribution, we calculate the 
electric field intensity due to one arbitrary element of 
charge, dq, at the point P, and then integrate this over 
the entire region under consideration. The electric field 
intensity, due to a differential charge element dq is 


given by $ an 
dE = 15, (1) 


Ame, £ 


where dE is_the field intensity due to dq, dq is an element 
of charge, r is a vector from dq to P, and r is the magnitude 
of this vector. In this problem, however, we can simplify 
the integral in (1). Note from the figure that the Z com- 
ponents of the field intensities due to charge elements dq 
on opposite sides of the ring will cancel because they are 
of equal magnitude, but opposite in direction. Hence, the 
net electric field intensity will point,along the x-axis 

and will be due to the x component of dE, which is of magni- 
tude (dE) cos a. Now we may neglect the vector nature of 
the integrand in (1), because the problem has been reduced 
to a calculation in one dimension. Therefore, 


Enet = | dE cos a. 


From (1), we obtain 
uo a | dg cos a 


net 
Ame, r 


Because cos Q, ATED, and r are constants, we may write 
E = ~L COS a] g (2) 
net ATED r a- 

Integrating (2), we find 


cos a 
T r 
4 Eo 


E 


aa (3) 


where q is the total charge on the ring. Note that this 
field intensity is directed along the x-axis, and varies in- 
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versely with r°, 

At the center of the ring,a = 90°, cosa= 0, and E = 0, 
as is evident by symmetry. At distances sue cosperes 
to R, the angle a is small, cos 4 is appro tely 1, 
and s2(see figure) is nearly equal to ré. Hence at 
large distances 


E =_1 a 
4TEO0 s 


In other words, at large distances the ring can be con- 
sidered a point charge. 
© PROBLEM 570 





A circular hoop of radius 0.3 m receives a charge of 
0.2 pC (picoCoulomb). Determine the potential and the 


field strength at the center of the hoop and at a 
point on the axis of the hoop 0.4 m from the center. 
Where on the axis is the field strength a maximum? 





Fig. B 


ard 





Pan 


Solution: Consider a small element d of the hoop 
carrying a charge dq (see fig. A). The potential at a 
point a distance z along the axis of the hoop due to 
dg is 
aae poode conse 
TEO Arneg Wy? +z? 


The total potential at the point due to the charge 
on the whole hoop is thus 


” ani aee ao yudhins 
y | av | 4meor 4te or | dq 
See CENS 


4neqvy2 + z2 


r is constant, for every line element dl is equi- 
distant from the point of interest. q is the total 
charge of the hoop. Thus the potential at the center 
of the hoop occurs for z = 0 m, and 


= wh 
Ve 4me€ oy 


 Ss%_x 30 *? © x 10° N+ m? + c ? 
0. 


x 9 
3 m 


6 x10? v. 
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Also,when z = 0.4 m, 


0.2 x 10 '2c x 9 x 10° N+ mês C? 


Vows = 
Y0.37 + 0.4% m 
-3 a 
PE SA E nie Bee A N D 


0.5 


The electric intensity at the general point on 
the axis is 


jn, E z 
cee TT 


Teg (y? + 27) 2/2 


From symmetry considerations,the direction of E must be 
along the z-axis. Let the electric field due to the 
charge dq of each segment df be resolved into a vertical 
and a horizontal component (see fig. B). From the 
symmetry of the hoop about its center, the horizontal 
components of the electric field due to the charges on 
any two segments df on opposite ends of the center will 
cancel one another. The vertical components are in the 
same direction and_add algebraically. The direction, 
then, of the total E due to all pairs of segments df 

at opposite ends of the center,will be vertically up- 
ward, or along the positive -axis: Thus at the center 
of the hoop where there is no vertical component of 

the electric field due to the charge dq on a segment 
d, E is zero and at the position where z = 0.4 m, 
using (1) 


„ 9 x 10° N+ m? +c? x 0.2 x10 '%C x 0.4m 
a (V0.3 m)? + (0-4 m))? 


E 


_~ 0.2 x10 2? cx 0.4mx 9 x 10° N+ m+ Cc? 
(0.5)* m” 


§.76 *.10 *yv>m'. 


Note that when z is positive, E is positive, and_ 
when z is negative, E is negative. The direction of E 
is thus always along the axis away from the hoop. 


The electric intensity E is zero when z = 0 and 
also when z = œ; E must therefore pass through a 
maximum value somewhere between these two points. For 
a maximum dE/dz = 0, or using the product rule for 
differentiation, 


q 3qz 


2,2,372 PRE Ly tage 
ane ly +z) ane lY +z) 
e y* Ea tN or z=t—-t. 


Thus, at a distance along the axis of (0.3//2) m = 
0.21 m, E has its maximum value of 
_ O62 R2l07 +e ee £82) ee Seo ee me ee 


E = 
max (0.32 + 0.21?)?/? m? 


7.70 x 10 * vem". 
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@ PROBLEM 571 


By direct calculation, determine the value of the electric 
intensity at any distance from an infinite plane sheet 

of uniformly distributed charge. Show that the result 
follows at once from an application of Gauss's law. 





Ye 
Fig. A Fig. B Fig. C 
Solution: Consider any point X at a perpendicular dis- 
tance h from the plane sheet of charge density p. See 
figure A. Drop the perpendicular from the point to the 
sheet, cutting the latter at 0, and draw two circles, 
centered at 0, at radii of y and y + dy. Take a small 
portion of the annulus so formed, of length df, and 
consider the electric intensity dE' at the point X due 
to the small (almost point-like) element of charge. 
Then the electric field due to a point charge is 


z dg 
dE" = 4me€ or 


A e 2 dg _ a 
Since the charge density p JA aldy then, 
get = 2 ak dy 


ave, xr? 

The direction of dE' is the same as that of r, and 
dE' may therefore be resolved into components along OX 
and at right angles to it. The component along OX has 
the same value; no matter what position on the annulus 
d& occupies. But the element of the annulus diametrical- 
ly opposite dł produces a component perpendicular to 
OX equal but opposite to that produced by dł. (See 
figure B). These two components thus cancel out, as 
do all components from diametrically opposite elements. 
The electric intensity from the whole annulus is thus 
perpendicular to the sheet and has magnitude 


dE = f dE' sin 6 = i sin 6 f dar 


4meor 
ony = —hoy dy- 
2e h? + y?)? 2° 


We used the fact that sin 0 = h/r (geometric con- 
siderations in figure A) and that the sum of all the 
infinitesimal elements of length dl about the whole 


ar Day 


Aner? 


HID 
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ring is equal to the circumference of the ring. Also 
used was the fact that r = ch? + y7)%, 


For the whole sheet of charge the electric intensity 
is the sum of contributions due to all the annulii of 
radius y = 0 to y = © (for the infinite plane sheet). Or 


0 
= xe | @ 4: y?) pi! 


aun pirg — ae 


E 


2E 9 h 2€ 6 


To apply Gauss's law to the same problem, construct 
a cylinder of small and uniform cross-sectional area dA 
at right angles to the sheet and bisected by the sheet 
(see figure C). Since the sheet is infinite and the 
charge uniformly distributed, the electric intensity 
must be the same at all points equidistant from the 
sheet, and thus by symmetry must be everywhere per- 
pendicular to the sheet. Hence E is everywhere parallel 
to the sides of the cylinder and thus the flux of E 
from the cylinder through its sides is zero. The magni- 
tude of E at each end of the cylinder will be the same 
if the cylinder is bisected by the sheet, and E will 
be perpendicular to each end. Hence, applying Gauss's 
law, we obtain 


[era [Ea E a 


+ Œ i SR) sottom] 
Since dA is small, | E+ aA X E+ dk and 


| E- ak = (pan + o + naa = 2naa] = “2, 


but p = ETN and 


2EdA = (pdA/£9). 


Therefore E = p/2e,). Thus E is everywhere perpendic- 
ular to the sheet and has the same value p/2e, at all 


points. 


@ PROBLEM 572 





(a) What is the magnitude of the electric field at a 


distance of 1K(= 107? cm) from a proton? 
(b) What is the electrostatic potential at this distance? 
(c) What is the potential difference in volts between 


positions 1R and 0.2 from a proton? 
(d) A proton is released from rest at a distance of 


1R from another proton. What is the kinetic energy 
609 












when the protons have moved infinitely apart? If one 
proton is kept at rest while the other moves, what 
is the terminal velocity of the moving proton? 

(e) A proton is accelerated from rest by a uniform 
electric field. The proton moves through a potential 
drop of 100 volts. What is its final kinetic energy? 

(Note that 100 volts = 0.33 statvolts.) 


Solution: 





(a) From Coulomb's law 


E = — = = = 5*% 10° statvolt/cm 
r? (1 x 10 ® cm)? 


Statvolt/cm is the dimension of electric field. The field 
is directed radially outward from the proton. 


(b) Electrostatic potential is given by| 2 - aS . By 


convention, we shall assume that the potential is 0 at 
infinity, and we shall set our limits of integration 
accordingly. 


CO œ 
(r) = £ar=-2} = 2 

rr? r 
5 x 10 ?° esu 
1x 108 cm 


= 





= 5 x 10 2 statvolts. 


(c) The potential difference between two points is 
P2 
f È + ds where pı and pz are the two points. Therefore, 


P 
p2 p2 1x107? cm 
| E+ ds | 2- dr = | e ar 


1 
2 
P, Pi Y 0.2x107® cm * 


1x107? cm 


I 
! 
KIO 


0.2x107° cm 


=. 5.*107'* esu , _5 « 10° esu 
l x 10 ê cm 0.2 x 10 ® cm 
= 0.2 statvolts 


(a) By conservation of energy we know that the kinetic 
energy must equal the original potential energy. Potential 


energy is given by fi ° ds, where potential energy is 


zero at infinity. The force is given by qE. Therefore, 


| -, - ° as = | £ + dr 
1x10 cm 1x10 ° om E 
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I 
1% 


1x10 ° cm 


= (4.8 x 10°7'° esu)? ~ 


= 23 x 10 '? erg 
1 = 10° cm 


If one proton is kept at rest while the other moves, 
the terminal velocity of the moving proton is given by 
(using conservation of energy) 


4 Mv? = 23 x 1071? erg 


2 = 2 * 23 x 10''? er 
1.67 x 10 7" gm 
2 


2 x 23 x 101? Ba 


EGI R TOEN Oa 


2 
12 Cm 


We 


ik 


6 cm 
53%: XO sec 


v 


(e) The kinetic energy will be equal to the change in 
potential energy. This is equal to = 

P2 

| F + ds. Here F = gE and energy is | qE • ds 

Pi Pi 


P2 
q | E+ ds = dġi2 , Or 


P, 


(4.8 x 10 2° statcoul) (0.33 statvolt) 


I 


1.6 x 10 ?° erg 
© PROBLEM 573 


A ring of charge with radius 0.5 m has a 0.02 m gap (see figure 


(a) . Compute the field at the center if the ring carries a charge 
of +1 coulomb. 





ring of charge 


@—® negative charge segment 


Figure A Figure B 
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Solution; The field can be found by superposition of the fields of an 
imaginary ring of charge, and a hegative charge segment located where 
the gap would be ( see figure (b) ). 


We must first calculate the linear charge density of the incomplete 


ring. 
q 1 coulomb 


2 —— 
= = 
length of ring 27 R-0.02 T2m™0.5)- 0.02]m 


0.321 coulombs/m 


where o is the linear charge density and R= 0.5 is the radius. We 
can approximate the arc length of the gap with the linear distance 
between the ends since this chordal length is small compared with the 
radius. 


The field at the center due to the complete ring is zero. Since all 
charge elements are diametrically opposite to the center, all field 
elements must cancel. Thus the field is entirely due to the negative 
charge segment. Both the ring and the segment must have charge den- 
sities whose absolute values (since the segment is negative) equal the 
charge density of the incomplete ring. Thus, the charge on the segment 
is: 
q' = (0.02m) (-0.321 coulombs/m) =-6.42 x 10” *coulombs 
The field at the center is: 
2 -3 
' ü 8 
E= kis o x10 55 6.42 X:10._ C “Z 2.31 x 10° N/C 
r c (0.5 m) 


where we have treated the segment as if it were a point source, 
@ PROBLEM 574 


A small metallic ball is charged positively and negatively in a 
sinusoidal manner at a frequency of 60 cps. The maximum charge on the 


ball is 107 coul. What is the displacement current due to this alter- 
nating charge? What would the displacement current be if the charging 
frequency were 10” cps? 





Solution: The charge on the ball can be written as 


q = do sin wt 


where is the maximum charge on the ball aoi coul), w = 2Mf 


do 
(£ = 60 cps) and the sine function expresses the sinusoidal variation 
of the charge. According to Gauss's law, the total electric flux 
through a Gaussian surface about the sphere is given by 





q, sin wt 
_ oe 0 
pl =f E- ds =i 
E £ € 
The displacement current ip is defined as 
=< SRE _ _ dg 
io = ĉo at 7 Mo sin wt = 4 (1) 


It is called a displacement current because even though there is no 
actual movement of charge from one position to another, the mathematical 


form of io has the form of an actual charge flow. (See equation (1)). 


The maximum value of the displacement current occurs when |cos wt | =1. 
Then 


ip = mq, = 2M£ qo 
max 
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At 60 cps 


i, = 21x 60 dsc” x 10% coal 
max 4 


= 3.77 X 10`" amp 
If the frequency were 10° cps, then 
i = 20X 10° sec? x 1076 coul 
= 6.28 amp 
@ PROBLEM 575 


Charge is uniformly distributed over a spherical 
volume. Show that the electric intensity at any 


point inside the volume is the same as if all the 
charge closer to the center were concentrated there, 
and the rest of the charge removed. 





sphere of charge 


surface S 


Solution: Consider any sphere concentric with the 
charged volume and of lesser radius r than the charged 
volume (see figure). By symmetry, the electric intensity 
must be the same at all points on the surface of a 
sphere of radius r since the charge is uniformly 
distributed within the sphere. Thus, the electric field 
intensity must be purely radial in direction. Hence 

the flux of intensity from such a sphere is, by 
definition, 


è -{ 8-8 


In this surface integral, Ë is the electric field in- 


tensity, and aS is a vector element of area for the 
surface S. In this case, S will be the above-mentioned 


sphere of radius r. Since E is a function of r only, 
and radial in direction, we may write 
E = E(r)r 


where r is a unit vector in the radial direction, 
originating at the center of the sphere shown in the 


figure. But dS is also in the radial direction, since 
it is an element of surface area of the sphere of 
radius r. Then 

as = ds r 
Using the last 2 equations, we evaluate 2a: 


é = E(r)r > r dS = | E(r) as 
e s s 
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Since E(r) is constant over any sphere of radius r, 
ð, = E(r) | aS = E(r) x 4nr? (1) 
S s 


where 4mr? is the surface area of S. But by Gauss' Law, 


«i. 
‘=> (2) 


where Q is the net charge enclosed by the surface over 
which A is evaluated (S). 


Combining (1) and (2) 


Q 


Ate or? 


E(r) = 


where Q is the total charge inside the sphere of radius 
e 


But the same equation would have been obtained if 
all the charge inside a radius r were concentrated at 
the center and the rest removed, which proves the 
premise stated in the problem. 
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CHAPTER 18 


ELECTROSTATIC INTERACTIONS 










Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 618 to 
658 for step-by-step solutions to problems. 


Recall that the electric field measured at position r. T, from a single point 
charge q, is given by E, = k.q,/r’, I. See Figure 1. The electric field is 
defined for all space afbúd that charge. The single charge also defines a 
scalar potential V, = k,q,/r, at position r, The electric potential is also 
defined for every pent in space around that charge. 


To calculate the electric field from a continuous charge distribution, 
one must evaluate f k dq r/r?. In an analogous fashion, finding the 
potential of a continuous charge distribution involves determining 
J k,dq/r. 


If there is another discrete charge at position T, then that charge will 
experience a Columb force 


F. sre, -kedari 


where the additional subscript just makes clear the importance of the two 
charges. If other forces are involved such as tension, friction, weight, or 
resistive force, then all of these forces must be shown ina free body diagram 
and used with the equilibrium condition = F = 0 to solve the problem. The 
two charges also possess an electric potential energy 


U= -f F dr- kedaj y 


For a set of discrete charges, one simply sums to get the total potential 
energy of the system U = 2 U,, where the sum only includes each pair of 
charges once. 


Figure 1 Figure 2 
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Consider the situation of Figure 2, the case of n = 2 discrete charges 
producing an electric field and a scalar potential at point P in space. The 
electric field at point P is 

E= DE,-k.o,f7r,+k.a,r3F,. 
The electric potential at point P is V = È V, = k,q,/r, + k,q,/r,. In solving 
numerical problems, be sure to use the correct units and constants k, = 1 
in the CGS system and k, = 9.0 x 10° in the MKS system. 


The exact electric field of the electric dipole configuration (Figure 3) 
is given by 
Rie 2A 2A 
E(r) = k.qfrjr, + k.ar,r,- 


If the distance between the two charges 2a is small, then the electric field 
is given by E, = 2k p cos 0/r° and E, = kp sin 0/r°, where the dipole 
moment is p = 2qa. This may be calculated from the potential V = 
kr p/r?, where the direction of pis from the negative to the positive charge. 


The electric field of a parallel plate capacitor (Figure 4) with nothing 
in between the plates is found from Gauss’ law 


f E- da= 4nk.q, 
which gives EA = 4nk oA using a Gaussian pillbox on the left plate of the 
capacitor. Hence, the electric field is 4x ko. The voltage is easily found to 
be V = Ed = 4nk od in magnitude since the electric field is constant. The 
capacitance is defined as the charge on a plate divided by the voltage 
between the two plates: C = q/V. Hence, C, = oA / 4nk od = A/4nk d. Hence, 


capacitance of a parallel plate capacitor depends only on the area and 
distance between the plates. 


Maxwell’s first equation is modified in the presence of a dielectric 
medium of dielectric constant K = £/ £, to be 





TTH 


Figure 3 Figure 4 
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V-E=4r kpK or P E- da= 4nk.q, /K. 


Hence, in calculating the electric field of a capacitor when there is a 
medium present, one obtains E = 4n ko /K. Since K > 1, the electric field 
is reduced. Furthermore, the voltage also would be reduced leading to an 
increased capacitance C = KC. 
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Step-by-Step Solutions to 
Problems in this Chapter, 
“Electrostatic Interactions” 


ELECTROSTATIC INSTRUMENTS 


© PROBLEM 576 


Calculate the electrostatic force on a due to afF 


1a) and 


the force on d3 due to a,( Fo, ) for the case illustrated in the 


figure. 





= +5 = +5 
a % 


Solution: Using Coulomb's law and doing the calculation in the CGS 
—_—_—_— 
system, of units we have 


Fo = (+3 stat C) (45 stat O} . . 0.6 dyno. (to the left) 


(5cm)? 
p = @&5 stat C)(+3 stat C) 


= + 0.6 dyne (to the right) 
21 (5 cm)” 


Both forces have the same magnitude (Newton's third law for electro- 
statis forces) and are repulsive. 
@ PROBLEM 577 


Calculate the resultant force, on the charge q; in the 





+50 -5 
statcotomb statcoulomb statcoulomb 


+20 


Solution: The force exerted by qı on q; is 





qıq3 
1 = m 
Ri 
a ASLE S) aa 2.5 dyne 
(10)? 


The negative sign denotes an attractive force. The 
force exerted on q; by qz is 


q2q3 
F} = 





R3 


618 


_ (20) (- 5) _ - 100 
(30)? 900 


= - 0.111 dyne 
Since qz is positive and q, is negative this force 
is attractive and is directed to the right toward q2. 


The resultant force on q; is 


FR = Fi < F2 = =- 2.5 - (- Ost) 


= - 2.389 dyne 
and is directed to the left. 
@ PROBLEM 578 


Suppose we have two charges, a = + 4 statC and ga% -6 statC, 


with an initial separation of r = 3 cm. Wnat is the change in 


potential energy if we increase the separation to 8 cm? 





Solution: The potential energy of two point charges, A and q, ’ 
separated by a distance re is given by 


V W 
12 rT 


Therefore as the separation is increased from ri to To: the change 


in potential energy is 


1 1 
AV. = q.q, [= - = 
12 Tma r3 ri | 


1 1 
= (4 statC)(-6 statC) x ee Son 
= (-24 statc’)| 3S 

24cm? 
state? 
poe 
cm 
= +5 ergs 


In this case,there is a net increase in the electrostatic potential 
energy (that ts, AV, > 0) because work was done by an outside agent 


against the ped electrostatic force. 
e PROBLEM 579 


What is the force between two positive charges of 100, 


coulombs and 200, coulombs, respectively, when they are 
separated a distance of 3 centimeters? 





Solution: Using Coulomb's Law, 
Q1Q2 


2 


F=k 





r 
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we have 
Qı = 100 coulombs = 107* coulombs 


Q2 = 2 x 107* coulombs 


a2 
k = electrostatic constant = 9 x 10° {nt-m?) _ 
coulombs* 


and r= 3 cm = 3 x 1072 m 


a) ae 
Then F = 9 x 109 ®t- m?) 


coulombs? 


10-* coulombs x 2 x 107" coulombs 
(3 x 10-2)? m? 


= 2 x 105 nt 


x 


@ PROBLEM 580 


Alpha particles are subatomic objects that have a mass of 
about 6.7 x 10-27 kg and a charge of 3.2 x 10°29 c. calcu- 


late the force on an alpha particle when it is in an 
electric field &Ẹ whose strength is 1 x 10? N/C. 





Solution: The charge, q = 3.2 x ic” C, and the electric 


field, = 1 x 10° N/C, are given. By definition of the 
electric field, 


where F is the force on the charge. Therefore, 


F = at = (3.2 x 107}? Ò (1 x 10° wg) = 3.2 x 10776 w. 


The weight of the alpha particle is 
W = mg 


(6.7 x 10°77 xg) [o-s oa 


jaren N. 





m 
2 
sec 


We see that the force due to the electric field is very much 
larger than the gravitational force on the particle 


(01° orders of magnitude greater!) f 


@ PROBLEM 581 


Two equal conducting spheres of negligible size are 


charged with 16.0 x 107!4¢ and -6.4x 10724 ¢, re- 
spectively, and are placed 20 cm apart. They are then 


moved to a distance of 50 cm apart. Compare the forces 
between them in the two positions. The spheres are 
connected by a thin wire. What force does each now 
exert on the other? 
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Solution: The equation giving the force between the 
spheres, which may be considered as point charges, is 
by Coulomb's law, 


1. qıq2 


TE 
ATEQ 2 


F = 





where qı, q2 are the charges on the spheres, and r is 
their separation. Thus 


1 qıq2 1 qıq2 
manaren (0.2)? m? TE E (0.5)? m? 
Fi 2 
: at. AO Sy 
ee Fo 6% 


(0.2)? 


If the spheres are joined by a wire, the charges, 
which are attracted to one another, can flow in the 
wire under the influence of the forces acting on them. 
The charges will neutralize as far as possible and 


16.0 x 10°" + (- 6.4 x 10 '*)] = 9.6 x 10 ** C will 
be left distributed over the system. Neglecting the 
effect of the wire, by symmetry 4.8 x 10 '* C will 


reside on each sphere. The force between the two 
spheres is now 





Pree a es 
es 4TE0 2 
a 8 YO". Beate ake R SS 


(0.5)? m? 
6599 x LO- TTN 


@ PROBLEM 582 










e 
(a) What is the magnitude of the electric field at a distance of 1A 
(= 107 cm) from a proton? (b) What is the potential at this point? 
(c) What is the potential difference,in volts, between positions 1 


and 0.2 A from a proton? 


Solution: (a) From Coulomb's law 
5 xX 107)? statcoulomb 
r 1-x.10-°om 

N (300)( 5 X 10° W/em w1.5 X 10°v/cm 


E= S æ% m5 xX 10°statvolts/cm 


Here, e is the unit of electronic charge, and r is the distance 
between the proton and the point at which we calculate the field. 
We have also used the fact that 
1 statvolt = 300 j es 
cm cm 


The field is directed radially outward from the proton. 
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(b) The electrostatic potential at a distance r from the proton is 
e 5 X 10" seatocizan 
(r) = = A ee 
1 X 10 cm 
w5 X10” statvolts w 15 V 


from the conversion factor given above. 


-8 
(c) The potential at 1 X 107° cm is 15 V; at 0.2 X 10 cm it is 


75 V. The difference 75 - 15 = 60 V, 


@ PROBLEM 583 









In the Bohr model of the hydrogen atom, the electron is considered 
to move around the nuclear proton in a circular orbit that has a radius 
of 0.53 x 1078 cm. In what electric field and in what potential does 

the electron move? 









Hydrogen Atom 


Solution: The electric field AA experienced by the electron is radial 
and has a magnitude of 


e 
Ea = 
r 


where e is the electronic charge of a proton, and r is the dist- 
ance between electron and proton, 


E 4:8 x 10`}? statc 
(0.53 x 10 Sem)” 
1.7 x 10" statV/em 


which is a very large field indeed. Sparking usually occurs in air 
when a field strength of 100 statV/cm is reached. The electric poten- 
tial of the electron is 


i 


e 
$e Sus ss 
4.8 X10 statc 
0.53 x 10° 
= 0.09 statV 


which is rather small. The potential difference between the terminals 
of a flashlight is 1.5 V or 0.005 he ies 


The electric field E depends on 1/r? » whereas the potential a, 


depends on 1/r; since r is extremely small Co. 5 x 10 Fa) in ka 


case of the hydrogen atom, the field strength is large while the 
potential is small. 


@ PROBLEM 584 





Consider the array of three charges shown in the diagram. Find the 
force on charge 1 caused by the other two charges. Calculate the field 


at the position of 1 due to the other two charges. 
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Fig. 1 Fig. 2 Fig. 3 


Solution: The force at 1 will be the vector sum of forces caused by 
charges 2 and 3. The magnitudes of these forces are 


=g Dang 22 
ae a 
=x (aa 
“gee 8 
But a = au? (figure 1). Therefore 


E 
3 m 


is an attractive force, and F repulsive. Their x- and y- 


Fig 13 


components are (figure 3). 
(Fia) x 

(Fia)y =S “e 
(Fia)x x e 
2 


is)y = K ~ sin 45° 


a 
o 


2 

se 
L 

2 e 
> cos 45 


Thus the resultant force F at 1 is 


= (*,,), rahi re cos 45° “5 
s" Gy +i) EG 


The magnitude of F is 2 
F= BP + = 1.59 K a 
x y E L2 


If q=e and L=1Å = 107} m, then 


for sin 45° = 


sl 
al 


nts’) y 16x101? cous) 2 


9 
F = 1.59 x [9x10 
coul? * "072° Ta 


= 2.24 x 10° N 
The electric field E at position 1 is given by the force at 1 
divided by the net charge at 1, 2q: 
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E p: 
E = = 1.59 Kg 
a? 








2q 

2.24 X 107 N 11 N 
=> = = 2:0 10° <> 
2(1.6 x. 20 coul 


e PROBLEM 585 


In the simple case of the field due to a single point 


charge q, check the method for obtaining E from 9. See the 
figure. 








Solution: Choose the points A and B to be on the same 
radius, Tn which case the component of E in the direction 
AB is the total field. Let A be at a distance R from q and 
B at a distance (R + 6), where 6 is very small. In general, 


work = | FP. dr 


where the integral is evaluated over the path of travel of 
the object which we are working on. For this problem, 


# and dr are parallel because we are moving q along a 
radius. Hence, 


R 
work = | F dr 
R 


Now, because 6 is very small, F will be essentially 
constant along the path of travel, and we may replace it by 


its average value, F. Therefore 
work = F 6 (1) 
(This relation becomes more exact as ô gets smaller.) 
Also note that, by definition of the potential difference, 
between R and R + 6, we obtain 
work = qAV 
Substituting this in (1), we find 


qAv =F 6 
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or E= = (2) 


As ô > 0, we will obtain E, the exact value of the electric 
field intensity. 


The potential at A is by definition 
A-a 

= R 

The potential at B is 


B 
o~- = aie 
eS R+ 
ao. 
= R R + 6 


Using equation (2), E = 


MEn $ (R + ô) 
= "36: Ee + 6) 
ô 


Taking the limit as 6 + 0, we find 


E-% 


for the value of E at a distance R from q. 


@ PROBLEM 586 


Compute the electric field and the electric potential at point P 


midway between two charges, Qi = Q3 = +5 statC, separated by 1 m. 


2 ~ 
R R 


Q = +5 Q, = +5 
Solution: The magnitude of a test charge is +l unit of charge. The 
forces on a test charge placed midway between two identical charges Qi 
and Q are m Q A 
1 r2 12 
1 
Roa Q2 A W A 
e aa 
2 2 








Where the unit vector £19 points from Q, to Q, s r], r, are the 
> 
distances between the test charge and Qi and Q3» and Fi and 
F are equal in magnitude but opposite in direction. The net 
force is therefore zero at P; 
F= Fi + F, =O. 
The force on a unit charge gives the electric field strength at that 
point, then the electric field E at P is also zero. 
Although the electric field at P is zero, this does not imply that the 


electric potential is also zero. The total potential By devel is the 


sum (the algebraic sum since potential is a scalar) of the potentials 
due to Qi and Q3 : 


Q 
fe a 
te r 50 0.1 statV 
Q 
Še zn = = 3 = 0.1 statV 
Therefore, ý 2 


te total = aE 1 + $e 2 = 0.2 statV 


Notice that if either Q, or Q, is changed from +5 statC to -5 statc, 


the electric potential will vanish but the electric field will not. 
Therefore, the fact that either the field or the potential is zero in 

any particular case does not necessarily mean that the other quantity will 
also be zero; each quantity must be calculated separately. 


@ PROBLEM 587 









Two small conducting balls, each of mass 0.25 g, are 
hanging from the roof on insulating threads of length 
50 cm so that they just touch. A charge, which they 

share equally, is given to them and each takes up a 

position such that the thread by which it hangs makes 
an angle of 45° with the vertical. What is the charge 
on each? 









Solution: There are three forces acting on each ball, 
the weight mg acting downward, the Coulombian_ repulsive 
force F acting horizontally, and the tension T in the 
supporting thread. Since the ball is in equilibrium, 
horizontal and vertical components must separately 
balance (see figure). Thus 


mg = T cos 45° and F = T sin 45° 
or, dividing these 2 equations: 
F = mg tan 45° = mg. 


But, by Coulomb's Law 
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Aneor* 41€9(2h sin 45°)? 


where q is the charge on each ball, and r is the 
separation of the 2 balls. 
ag q? = 4me€9(2h sin 45°) ?mg 


_ [2.x 0.5 mx (1¥2)]? x 2.5 x 10 * kg x 9.8 ms ™ 
9 x 10° Nem?*+c* 


13:6 * 16 * c**. 


he Saree SE 


© PROBLEM 





(a) Determine the field intensity midway between two identical 
positive charges of 200 stat-coulombs each, in oil of dielectric con- 


stant 5, if the charges are 6 cm apart. 
(b) What is the answer if one charge is positive and the other is 


negative? 


200 p 200 +200 p -20 
A B 
oo) Coe 
6 cm. om. 


Solution: (a) Before attempting to calculate the numerical value of the 
field intensity E at point P due to each charge, note that if unit 
positive charge is placed at P, the forces acting on it due to each 
charge will point in opposite directions and will balance each other to 
give a resultant field intensity of zero. (See figure (a).) 


E at P is zero. 


(b) A unit positive charge placed at P will experience a force due 


to A: (see figure (b)) 

200 stataC 

El Sy state a 4.4 dynes/stat- 
Sayne-ca? |O) 
yne- 
coulomb to the right. K is the dielectric constant of the media. It 
accounts for the influence the media has on the electric field of a 
charge. 
Also due to B: 2 
E, = K7 4.4 dynes/stat-coulomb also to the right 


therefore 


E= E+ E, = 8.8 dynes/stat-coulomb from + charge 


to - charge. 
@ PROBLEM 589 


Two point charges + 2q and - q are separated by a distance 
L. At what point on the line between their centers is the 
electric field zero? 








Solution: Suppose that this point is a distance x from 
the + 2q charge, as shown in the figure. 


By definition, the electric field at a point P is 
Kq 
"a, 


r? 


where q is the charge producing the field, r is the distance 
from q to P, and Kp is a constant (K=9x10°9N-m?/c”). 

The field at x due to 2q is 

E zs K 2g 


+ 
E e 


The electric field E_ due to the negative charge is 
ES = =k, 
(wL) 2 
The resultant electric field at the point P is then, 
by the principle of superposition, equal to the sum of 


the fields due to the individual charges 2q and - q. 
Because we want Enet at P to be zero, we have 


E=0=E£, + E_ 


à 2go -a BE 
fg x? (x - L)? 


Kpa 


or xÊ 2(x - L)? 


x? = 2x? - 4xL + 2L? 


x2- 4xL + 2xL?= 0 
4L + VI6L2 - 8L? 4L + /(2-4)L? 
x = e—————————————— SE Oe 
2 2 


2L+ 724 
3.41 L or 0.588 L 


All we have done so far is to find two points along the 
axis where the fields due to +2q and - q are equal in 
Magnitude. We have yet to take account of the vector nature 
of the fields. At the interior point x = 0.588 L the vectors 
are in the same direction, so that the fields are added. 
However at x = 3.41 L the field vectors are in opposite di- 
rections, so that the resultant field is zero. 


e PROBLEM 590 


An electric field is set up by two point charges qı and 


q2, of the same magnitude (12 x 107° coul; see diagram) 


but opposite sign, as shown in the figure. What is the 
electric intensity at points a, b, and c? 
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EA, 
c 60° Ec 
v7 7 


/ / 


10 cm/ E25 soem 
È E 

+12x1009C 

Ey ot gq \yf=12x10°9C 

sem Sm O- 

b a 6cm ac a2 

So ion: By definition, the eR of the electric 
field intensity, E, is 


E = ko 


r? 


where q is the charge causing the field, and r is the 
distance from q to the point at which we wish to cal- 


culate E. (k = 9 x 10°? N + m?/ c?). If the field is 
due to more than one charge, then the total field at a 
point is the vector sum of the fields due to each 
charge at that point. 


At every point, the intensity due to the positive 
charge is directed radially away from that charge, and 
the intensity due to the negative charge is radially 
inward toward the charge. 


At point a, the intensity due to each charge is 
directed toward the right. The resultant intensity Ea 


is also toward the right and its magnitude is the arith- 
metic sum of the individual intensities. Hence, 


kqı kqz2 
E. = —— - —— 
aey? i 
g. = (9 x 109 EE | (12 « 107* c) _ (- 12 x 10° 
4 c? 36 x 10 * m? 16 x 107% m? 
E, = 9-75 x 10" N/C toward the right. 


At point b, the intensity set up by q, is directed 
toward the left and that set up by qz2 is toward the right. 


The magnitude of the first is greater than that of the 
second because q, is closer to b than q2. The resultant 


intensity E, is toward the left and its magnitude is the 
difference between the individual intensities. Therefore, 


kq: kq2 
B= - ——— - ——__ 
(4 cm)? (14 cm)? 
E = |/- 9 x 10°29 na oe ae E © Be» 
b 16 x 10°" m? 196 x 10°" m? 
as 6.2 x 10" N/C, which is toward the left. 
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At point c, the individual intensities have the 
directions shown and the resultant intensity E, is 
their vector sum. Note, from the figure, that the 
vertical components of É; and E2 will cancel, and their 
horizontal components will reinforce. Hence, 























Eo = |E: | cos 60° + E> cos 60° 
[Z.| |E2| 
Roa Gere 
ot Hotel 4h a 
2 1] (10 cm)? e cm) ? 
2 [| [9 = 207° Nom (12 x 10°? c) 
2 100 x 10 * m? 
big 9 x107? Ve (- 12 x 10 ° C) 


100 x 10° mê 


= 1.08 x 10* N/C toward the right. 


@ PROBLEM 591 


The square ABCD has a side of 10 cm length. Equal positive 
charges of+50 statcoulombs are placed at A and B and equal 
negative charges of - 100 statcoulombs are placed at C and 
D. Calculate the electric field at P, the center of the 
square. 





+50 +50 

statcoulomb statcoulomb +50 +50 

AG oe QE A 

P 

nd D de } Q 372 b 

-100 +E, 7100 -100 stat- -100 
statcoulomb statcoulomb coulomb 

Fig. 1 Fig. 2 Fig. 3 Fig. 4 


Solution: P is the point where the two diagonals AC and 
BD cross. Let AP = BP = CP = DP = R. Then, applying 
Pythagoras' theorem to the right angle triangle APB, 


AP? + BP? = AB? 


2R? = 10? cm? 
R? = 50 cm? 


R 7.07 cm 


The charge da at A produces a contribution Ey to the 
field at P given by definition as 
q 
_ A 
2 = oF 
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50 statcoul. 


50 cm2 
; statcoul _ , _dyne _ 
Since 1 ai = statcoul 


Ey = 1 dyne per statcoulomb 


Since the charge at A is positive, Ex points directly away 


from A, (see figure). Similarly, the charge at B produces 
a contribution 


Eg = 1 dyne per statcoulomb 


which points directly away from B. The negative charge 
dç at C produces a contribution 
de 
Eo TR? 


100 statcoul 
50 cm 


2 dyne per statcoulomb 


Since de is negative this contribution points directly 
toward C. Similarly, the charge at D produces a contribu- 
tion 


Ep = 2 dyne per statcoulomb 


which points directly toward D. 
Adding together Ey and Eq: which point in the same 


direction, we get a vector of magnitude 3 dyne per stat- 
coulomb pointing toward C. Adding Ep to Ey we get a vector 


of magnitude 3 dyne per statcoulomb pointing toward D. This 
is shown in the figure. This figure also gives the triangle 
of vectors PQR used to add the two vectors shown. Here we 
are using the parallogram law of vector addition. 


The resultant field E = PO is obviously vertically 
downward and its magnitude is obtained from Pythagoras' 
theorem. 


PQ? = PR* + RQ? 


E? = (3? + 37)dyne?/statcoul? 
= 18 dyne?/statcoul? 
E = 4.24 dyne per statcoulomb. 


The resultant field at P is therefore 4.24 dyne per 
statcoulomb pointing in the direction AD. 
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@ PROBLEM 592 


How many electrons must be added to a spherical conductor 


(radius 10 cm) to produce a field of 2 * 107°? N/coul just 
above the surface? 





Solution: The electric field E at a point in space, due 
to a spherical conductor having a total charge Q is given 


by 


where K is a constant having a value of 9 x 10° ma. 
c? 


and R is the distance from the center of the sphere to the 
point at which we wish to calculate È. The charge needed 
to produce a field of 2 x 107° N/coul. at the surface of 
the sphere (R = 10 œm = .1 m) is then 


_ R°E 
Q =-K 


2 -3 
— (.1 m)? (2x10-7°N/c) -= 2.22 x 10715 C 
(9x10? N-m?/¢ ) 
(The radius was converted to meters in order to make it 
compatible with the MKS system being used.) Since one 
electron has a charge of 1.6 x 107?° coul., n electrons 
will produce a charge of 2.22 x 10715 coul. Setting up 
the following proportion, 
l electron = n electrons 
1.6x107}°? coul 2.22x107!5 coul 


We may solve for n 


i 2,22" Ore Cat S r 
n = SH go eoni * 1.39 x 10°. 


e PROBLEM 593 











Compare the electrostatic and gravitational forces that exist 
between an electron and a proton. 





Solution: The electrostatic force law and the gravitational force 
—— 


law both depend on 1/r® : 
mm 





__ <2 
Fy = 6-3 
x 
2 
where G = 6.67 x 10 8 Sez" , and r is the distance between 


2 
g 
44, 
masses my and m, . Furthermore, Fe = > in the c.g.s. system, 
r 


where r is the distance between ay and do ° Therefore, the ratio 
FaFa is independent of the distance of separation: 
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7 SS 
+> “", 


For the case of an electron and a proton this becomes 


OTOA 
F Gm m Gm m 
G ep ep 


Substituting the values of the quantities, we find 


*: 4.80 x 10`}? statc)? 
= ‘ = 
Ya 6.67 x 10 “dyne-cm /g") x (9.11 x 10°% g) x (1.67 x 10° g) 


= 2.3 X 10°? 


Thus, the electrostatic force between elementary particles is enormously 
greater than the gravitational force. Therefore, only the electro- 
static force is of importance in atomic systems. In nuclei, the strong 
nuclear force overpowers even the electrostatic force but not to the 
extent that electrostatic forces are completely negligible. Many im- 
portant nuclear effects are the result of electrostatic forces. 


© PROBLEM 594 


Show that, for a given dipole, V and E cannot have the 
same magnitude in MKS units at distances less than 2 m 
from the dipole. Suppose that the distance is Y5 m; 
determine the directions along which V and E are equal 


in magnitude. 





-q A +q 

m 

Solution: The expression for the magnitude of the 
potential due to a dipole is 


y = REOS 6 
4te or? 
where p is the dipole moment (p = q£) of the dipole, 


r is the distance from the dipole to the point at 
which we calculate V, and 6 is as shown in the figure. 





Teo is a constant equal to 9 ° 10°N e m?/c?. The magnitude 


of the electric field intensity is 


E = —P jf cos? @ + sin? 06 


ieg r? 


If these are to be equal in magnitude, 
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cos 9 = 4 05° 9 + sin” 6 


= 


2 _ 4 cos? 0 + sin? 0 


or r = 4 + tan? 9 


cos? 9 


The minimum value of r? occurs when tan 6 = 0. Hence 
the minimum value of r for V and E to be equal in 


Magnitude occurs for r? = 4; that is, r = 2 m, in MKS 
units. 


If r = 45 m, then V and E are equal in magnitude 
when 


(5)? = 4 cos? 0 + sin? 0 
cos? 6 
5 cos? 0 = 4 cos? 6 + sin? 6 
cos? @ = sin? 6 
Thus @ = 45°, 135°, 225°, or 315°. 
@ PROBLEM 595 


Calculate the potential energy of the charge distribution shown in 


the diagram. 





-q 
L 


+2q 3 -q 


Solution: The potential energy of any two charges 4i and 4j is 
T aa = 
ij 
where R is the distance between the two charges, and 


i 9 Nem 
Kp = 9x 10 T. 
c 





The potential energy of the charge distribution is the sum of the poten- 
tial energies of every possible pair of charges within the distribution. 


Hence, 
=- K [LLE , LCa) Liai | 
U= U + U3 + UZ, +i + 4 + L 


12 1 


Since a” = L? + L we have d= J2L and 
2 2 2 
Us £ a #5 
== 
ri 
=-3.29 Kg L joules 
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If q=e and EEAS 10° «, then 
9 aca’ Gane 

p a -8 
coul 10 m 


coul 





U = -3.29 X 9 X 10 


=-7.58 x 10°29 3 


The negative sign indicates that work would be required to disassemble 
the charge distribution (i.e., work must be done against attractive 


electrical forces). 
@ PROBLEM 596 


Compute the electrostatic force of repulsion between two 


o-particles at a separation of go? cm, and compare with 
the force of gravitational attraction between them. 





Solution, For this problem, we use Coulomb's Law which 
states that the electrostatic force between two charges is 
directly proportional to the product of the two charges and 
inversely proportional to the square of the distance by which 
the charges are separated. The constant of proportionality 
is written as 1/4 TE where Eo has the value of 


8.85 x 10-2? coul?/nt - m°. -19 
Each a-particle has a charge of +2e, or 2 x 1.60 x 10 

= 3.20 x 107}? 

of 1071} 


coul. The force of repulsion at a separation 


cm or 10713 m is 


re 


0 


li 
wo 

x 
m 
o 





9.18 * 10°? newton 


and since 1 newton = 105 dynes, 


F = 9180 dynes. 


This is a sizable force, equal to the weight of nearly 
10 grams! To find the force of gravitational attraction 
we use Newton's Law of Universal Gravitation. This has 
the same form as Coulomb's Law(an inverse square law) 
but instead of charges we have masses and the constant 
of proportionality is called G. The mass of an %- 
particle (2 protons + 2 neutrons) is 


24 24 


4 x 1.67 x 10°24 = 6.68 x 107 27 


gm = 6.68 x 10 ^" kgm. 


The gravitational constant G is 


-11 newton-—m- 
kam re 
gm 


G = 6.67 x 10 








The force of gravitational attraction is 
' 


ee 
$ 


tj 
i] 


-11 (6.68 x 10727]? 


10 


6.67 x 10 


2.97 x 10737 newton. 


The gravitational force is evidently negligible in 
comparison with the electrostatic force. 


@ PROBLEM 597 


Calculate the magnitude of the electrostatic force exerted by the 


proton on the electron in a hydrogen atom and compare it with the 
weight of the electron. 





Solution: In a hydrogen atom the nucleus is a single proton and a 
single electron moves around it at an average distance away of 


0.53 x 10° Sem. The charge on each particle is e and the electro- 


static force is, by Coulomb's Law, 
ee S 7 (8 x 107) °e6u)? 
a (0.53 x 1078 cm)? 


Since 1 dyne + cm = 1 esi? 
Pi = 8.2 x 10°? dyne 


The mass of an electron is 
m = 9.11 x 10°25 gram 
By Newton's Second Law, the gravitational force on m, is 


E = m8 
where g is the acceleration of m due to gravity. F is then the 
weight of m’ Hence 8 


F= (9.11 x 10728m) (980 cm/s?) 
= 8.9 x 10725 dyne 
The ratio of the electrostatic force to the weight is 


FiS 5 %.2-x30°9 


mS 3.9 x 102° 


The electrostatic force is therefore overwhelmingly larger than the 
weight. We never have to worry about gravitational forces when we are 
considering the theory of the hydrogen atom. 


@ PROBLEM 598 


If the electrode spacing is 1 x 107° m and the voltage is 


1 x 10" V, how large is the Coulomb force that is respons- 


ible for the separation of dust particles from the air? 
Assume that the particle's charge is + 200 quanta. 
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Solution: The electric field £ existing between two 
pene EARS EL 
plates is 


4 
Va LLU ys 10? vin 


Quanta represent the number of unit charges present on 
the dust particle. A unit charge is the charge present 


on a proton or 1.6 x 107'*® coul. Therefore, the electro- 
static force experienced by the particle is 


F = ge = (2 x 107) (1.6 x 107?® C)(1 x 10” V/m) 
3e22%510,'2-5 


This is approximately 10 to 100 times larger than the 
gravitational force on the particle. 


© PROBLEM 





What electric field intensity is just sufficient to bal- 
ance the earth's gravitational attraction on an electron? 


If this electric field were to be produced by a second 
electron how far away must it be put? 


+++ + Or 
-> ~~ 
o“ E mg? R 
one e~ producing 
See ee oe the same field 
Solution: The gravitational force on the electron is mg 
and the force due to the field E is eE. Thus if they are 
to balance (see the figure) 


eE = 


on 


E = 


a (9-1 x 107°! kg) (9.8 m/s?) 
(=.1.6. x 1071 a) 


=-5.57 x 107?! N/coul 
If this field is supplied by another electron a 


distance R away (see figure) then by definition, the 
electric field due to this electron at R is 





gE = ke 
R? 
om2 
where k = 9 x 10° a = , and e is the signed charge of an 
c 


electron. Hence, solving for R, 


= ke 


2 
R gooi 
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Using the previous calculation of E, 

aí ac x 10° FF) 1.6 x 107)? o) 
(- 5.57 x 107?! N/c) 

R? = 25.8 m? 

R= 5.1m 


© PROBLEM 600 


An electron is separated from a proton by a dis- 


tance of 10710 m. What is the gravitational and electro- 


static potential energy due to the proton at the position of 


the electron? How much work is required against each field 
to move the electron to a position of separation 


-10 ä 


5 x 10 2 
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Solution. The mass of the proton is m = 1.67 x 10 ^’ kg, 


and the mass of the electron is m, = 9.11 x 10731 kg. The 
-19 





magnitude of the charge on each is e = 1.60 x 10 coul. 


The gravitational potential energy is given by 


a «GG ee 
Us = 6 -E 


_ (36.67 x 10722) x (1.67 x107) x (9.11 x 10731 
=s R 


-67 
TA Aa jontas 


R 
wi 
Un = “ke E 


_-(8.99 x 10°) x (1.60 x 101°)? 
R 


28 


«72.30 x 10" joules 


-10 57 


Thus at R = 10 m, Ug = -1.01 x 10° J and Up = 


-2.30 x 1028 J. at R= 5 x 107° m, Ug = -2.03 x 10°58 5 


and Ug = -4.60 x 1071? J. The work required to move from 
one point to the other is 


E -58 
Wo = AU, = 8.1 x 10 A 


1.84 x 10728 5, 


We dU, 





In both cases work had to be done on the electron, thus W is 


positive. Notice that We is greater than Wo by the enormous 


factor of about 10*°, which indicates the weakness of the 
gravitational interaction. 


@ PROBLEM 601 


Suppose that all of the electrons in a gram of copper could be 


moved to a position 30 cm away from the copper nuclei. What would 
be the force of attraction between these two groups of particles? 





Solution: The atomic mass of copper is 63.5. Therefore, 1 g of 
copper contains a number of atoms given by Avogadro's number divided 
by the mass of 1 mole (that is, 63.5 g): 
23 
No. atoms = 9:02 X10" atons/mole . 0,92 x 1077 atoms/g 
63.5 g/mole 


The atomic number of copper is 29; in other words, each neutral cop- 
per atom contains 29 electrons. Therefore, the number of electrons 
in 1 g of copper is 


No. electrons in 1 g = 29 x 0.92 x 1072 = 2.7 X 107% electrons 


Thus, the total charge on the group of electrons is 


2.7 x 107 x (-e) 
2.7 x 107 x (4.8 x 10° 


-1.3 X 1014 statC 


q 
s 10 


statc) 


A similar positive charge resides on the group of copper nuclei. 
Hence, the attractive electrostatic force (in the OGS system) 


wr wie 
E 2 
r 


where r is the distance between charges a and do - Therefore, 


since the 2 groups of charges with which we are concerned both have 


magnitude q 2 
E TE E E 10"* statc)? 


E Yr (30 om)? 
1.9 x10" a 


yne 
Because the nuclei and electrons have opposite charges, this force is 


attractive. It is as great as the gravitational force between the 
Earth and the moon: 


@ PROBLEM 602 


A shower of protons from outer space deposits equal charges +q on 


the earth and the moon, and the electrostatic repulsion then exactly 
counterbalances the gravitational attraction. How large is q? 





Solution: If R is the distance between the earth and the moon, the 
electrostatic force in the CGS system is 


E a 
If M and M, are the masses of the earth and the moon respectively, 
the gravitational force is 
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Since the two forces are equal, 
2 GMM 


R? R 


q ir ha 
@ PROBLEM 603 


How much energy in electron volts must be expended to 
separate the atoms in the potassium iodide molecule, 


32k Lety, if the ions are originally separated by a dis- 


tance R = 3.04 Xx 10710m? The potential energy for Cou- 
lomb's law of force is, 


_-ke” 


Ep r. i 


where e is the electric charge of each ion and d is the 
distance between the charges. 


ok 109 N $ m/e" 





Solution: When the ions are bonded together their sepa- 
ration distance is R, so the potential energy is, 


-ke? _ _ |9 x 10°n(m* /c™)\(1.6 x 107 


R 3.04 x10 V 


19, 





R = 
Ep! ) 


=-7.6 x 107193 


When the ions are very far apart, the separation distance 
d becomes very large and may be assumed to be infinite. 
The potential energy for infinite separation distance 
is zero: 

E_ (%5) = -ke? = 0 

p 





The binding energy of the molecule is the difference 
between these two potential energies (the amount of energy 
needed to breakup the molecule). 

19 


Binding energy = Ep (eo) = ED (R) = 7.5 * 10°79 


Since I ev = 1.6 x 1072? 


atoms may be written, 


ie eet oe e 


1.6 x 10” J/ev 


J, the energy to separate the 








© PROBLEM 604 


The photoneutron effect is the absorption of a photon by a 
heavy nucleus with subsequent emission of a neutron. The 
threshold energy of the photon is found to be about 10 MeV. 
Assume that the neutron is removed from the nucleus by apply- 
ing to it a constant force which has to move it through a 


distance of 40547 cm outward. Calculate the order of magni- 
tude of this "average nuclear force" and compare it with the 
electrostatic force between two protons separated by 





Solution: The minimum energy needed to remove the neutron 
from the nucleus (the threshold energy) is 10 MeV. This is 
the work which must be done by the constant force to "pluck 
out" the neutron. 


Work done by force = 10 MeV 


Sey x 1.60 2x 107!" erg 


lev 


= 10X 10 


= 1.602 x 10`" erg. 


But, Work = Force x distance 


because, in this case, the force is constant and parallel 
to the displacement. Hence, 


43 si 


Force x (107%? cm) = 1.602 x 10 > erg 


Force = 1.602 x 108 dyne. 


Notice, first, that this force, which is present inside a 
single nucleus, is equivalent to the weight of about 160 
kilograms. It could support the weight of two men. 

The electrostatic force between the two protons (in 
c.g.s. units) is 


2 
Electrostatic force aa 
R 


_ fa. x -107*° esu |? 
ae - 
1.9 x 107)? om 


6.4 x 10° dyne. 


The "average nuclear force" is about 25 times larger than 
the electrostatic force. Since, in reality, the nuclear 
force falls off very rapidly as the neutron is pulled out- 
ward, the force in the initial position is considerably 
larger than the average. 
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CAPACITANCE 
e PROBLEM 605 


If a 1,000-V battery is connected to two parallel plates 


separated by 1 mm (107? m), what is the electric field? 





t+ee tet 





Solution: The potential of the battery, V = 1,000 V, and 


the distance between the plates, d = 1073 m, are given. By 
definition, the difference in potential experienced by 
moving a charge from point A to point B is 


B 
Vp = Va = -| E edk (1) 
A 


where E is the electric field and d is an element of the 
path traversed in moving the charge. Now, looking at the 
figure, we see that, for the plates of a battery, E is 
perpendicular to the plates. If we evaluate (1) over a 
straight line path parallel to E, we find 


Va = Va = -| E dl = -Í E di = -E d 


where d is the plate separation. Then 


V,.-V 3 
ee [Mo val a 10" Ves 10° vm. 
m 


10 
e PROBLEM 606 


The plates of a parallel plate capacitor are 5 mm apart and 


2 m? in area. The plates are in vacuum. A potential dif- 


ference of 10,000 volts is applied across the capacitor. 
Compute (a) the capacitance, (b) the charge on each plate, 
and (c) the electric intensity. 





Solution: 
AGYA 
(a) Co = fod 
= 8.85 x 1071? x —2__, 
5 x 10 
= 3.54 x 10°” farad 
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3.54 x 107? 


uf 


3540 upf. 


(b) The charge on the capacitor is 


CV 


q ab 


3.54 x 1072 x 104 


5 


3.54 x 10°” coulomb. 


(c) The electric intensity is 


1 l q 
E == 0o= = 
o AS 


(36n x 102) x (1.77 x 107) 


20 x 10° volts/meter. 


The electric intensity may also be computed from the poten- 
tial gradient. 


= eae Bes 20 x 10° volts/meter. 


© PROBLEM 607 


An electron in an oscilloscope tube is situated midway 
between two parallel metal plates 0.50 cm apart. One of 
the plates is maintained at a potential of 60 volts 
above the other. What is the potential gradient between 
the plates? What is the force on the electron? 





Solution: The difference of potential between points a 
an , 1S, by definition 


b 
y-n- fè-a (1) 
b a 

a 


where the integral is evaluated over an arbitrary path 
between a and b and Ë is the electric field intensity. 
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In this example, È is constant between the plates (see 
figure), and b 
> > 
Vb - Ya =- E.» | dg (2) 
a 
Also, we evaluate (2) over the path shown in the figure, 


since Ë and d are in the same direction for this path. 


Then R x2 , 
vy, * Ve =-E- im dg = - E(x: - xı) 
Via ~ X1 
and =- =- oY (3) 
(x2 -"x1) 


By definition, AV/Ax is the potential gradient. Hence, for 
this case, by (3) 


BEES AV _ _ 60 Volts 
= W s- oe 
-5 x 10°2 M 
a x = =» _60 Volts _ _ 419 x 1093 X 
5 x 107? m 
Therefore, 2X = - 12 x 10° ¥ 
Ax m 
V 
en 3 Z= 
E = 12 x 10 4 


By definition, the force on the electron is the product of 
E and the electron charge, or 


F = Eq = (1.2 x 10" nt/coul) x (- 1.60 x 107?° coul) 
- 1.92 x 1077° nt 


This force is toward the plate of higher potential. 


© PROBLEM 608 













Consider two large parallel plates of area in? separated by 
lmm. (a) What is the capacitance of the system? (b) Suppose that 
the capacitor is charged so that there is a charge +q on the upper 
surface and -q on the lower where q = 10~3coul. How much work must 
be done to charge the capacitor? (c) What is the force between the 


Figure @ Figure b 
Solution: (a) The capacitance of a parallel plate capacitor is given 
by: 
r E. a O 
d 4nNkid 


where A is the area of each of the plates, d is the separation of 


1 
the plates, and = 
"ane 














2 2 2 
C= 1m z 5 zz = 8.05 x 10 9. ooul Se 
4(3.14) (9 X 10°nt - m /coul ) (10 m) kgm 


= 8.05 X 10 ° farads 


(b) The work done in charging the capacitor equals the energy stored 
in its 


2 -3 2 2 
(10 `coul) -m 
W=E= $2,530. E= 62.1 = 62.1 joules 
c 8.05 X 10 9 cou see sec 


kg-m 


(c) To find the force between the plates, we must first calculate the 
field between the plates. We construct as a Gaussian surface, a rec- 
tangular box with one face within the top plate and another between the 
plates, as in the diagram (a). Since the plates are separated by a 
distance which is small compared to their length, the field between 
them is uniform. Therefore: 


J 2 ad eS , Es as 

e AG, 
where A is the area of the face of the Gaussian surface between the 
plates. We see that since the vertical sides are parallel to the field, 
they make no contribution to the flux. The face within the top plate 
also makes no contribution to the flux since the field within a conductor 
is zero. 
Next, we must calculate the force on an infinitesimal charge element dq 
on the bottom plate. Part of the field between the plates is due to 
charge elements such as this one. Therefore, in order to obtain the net 
external field acting on dq (which we use to calculate the force on dq) 
we must subtract the field due to dq, from the field between the plates. 
We construct as a Gaussian surface a rectangular box (see figure(b)) with 
horizontal faces very close to the surface of dq. Close to dq, the field 
is vertical and uniform. This occurs because, at this distance, dq ap- 
pears to be a long sheet of charge. Since dq has an almost infinitesimal 
width, the flux through the vertical faces is negligible. 


By Gauss's law: 


JÈ- ad = zar - 2S, E =fr 
0 0 0 


Thus, the net external field acting on dq is: 
o 


= Sa ae ee 


E'=E-E, = 


i & 26) 26, 
The force on dq then is: 
dF = E'dq = —— dq 
26, 


Therefore the total force on a plate is 


2 
F = faF = a ee oe 


26 26 24 2e A 
(10 20m1 ? 4 cl? 
ra -12 Zr 5-65 X10: Frada 
{8.85 x 10` t?farads/nX 1m” ) 
2 
= 5.65 x 10° e = 5.65 x 10° 7 = 5.65 x 10°N 
coul -sec sec 
e paanga -m 
kg-m 








@ PROBLEM 609 


The electric field in the space between the plates of a 


discharge tube is 3.25 x 10° newtons/coul. What is the 
force of the electric field on a proton in this field? 
Compare this force with the weight of the proton, if 


the mass of the proton is 1.67 x 107?’ kg and its 


charge is 1.60 x 10-'® coul. 





Solution: E, the electric field strength, is defined 
as the force per unit charge q, or 


E = F/q 
The magnitude of F is 
F = Eq = 3.25 x 10° nt/coul x 1.60 x 107'® coul 


= 5.20 x 1077**° nt 
The weight of the proton is given by the force of 
gravitational attraction on m. By Newton's Second Law, 


F = ma 
g 
where a is the acceleration of m and Fg is the force of 
gravitational attraction on m (the weight of m). Be- 
cause the acceleration of m is due to the earth's 
gravity, we may write 


a = mg = (1.67 x 10777 kg) (9.80 m/s”) 


1.64 x 1077° nt 


li 


To compare the force on the proton in the electric 
field to the weight on a proton (also a force), we take 
their ratio. Hence 


F _ 5.20 x 10715 nt 


F = 3.17 x 101? 
1.64 x 107?" nt 


This emphasizes the fact that the force caused by 
an electric field may be much greater than that due to 
a gravitational field. 


© PROBLEM 610 


A charged oil drop of mass 2.5 x 10 " g is in the 


space between the two plates, each of area 175 cm?, 
of a parallel-plate capacitor. When the upper plate 


has a charge of 4.5 x 10 7” C and the lower plate an 
equal negative charge, the drop remains stationary. 
What charge does it carry? 





Solution: The electric intensity between equal and 
oppositely charged parallel plates is given by the 
equation E = o/e»9,where o is the surface charge 


density on one of the plates. By definition, 


g = 


PIO 


and E = Q/Acey, where Q and A are the charge on, and 


area of, the positive plate. The force on the oil drop 
is, by definition of the electric field intensity, 
F = gE = qQ/Ac,, where q is the oil drop's charge. 


Since this force balances the weight of the drop, 
mg = qQ/Aeo, or 
_ mg AE o 
Q 
_ 2.5x1077 kgx9.8 mes ?x175x10 * m?x8.85x10 *7C*+m ?-N ? 
4.5 x 10;7-C 


8.43 x 10 ** ©. 


@ PROBLEM 611 


Suppose that in Millikan's experiment an oil drop weighing 
1.6 x 10723y remains stationary when the electric field 
between the plates is adjusted to a value of 5 x 10°N/c. 


What is the charge on the oil drop in this case, and how 
many units of the charge quantum does this represent if 

the particle is moving with a constant velocity between 

the plates? 





Solution: In the experiment, the charged particle is at- 
tracted upward by the electrostatic force. If the electric 
field in which the particle is moving is E, the electro- 
static force is 

Fe = qE 
where q is the charge. The gravitational force pulling the 
particle downward is its weight 


W.2-1.6:% 102730 


The particle is moving with a constant velocity (i.e., zero 
acceleration) therefore the net force acting on it must be 
zero. This means that 


F.=qE=W or 


e 
qa Wa Lex 10713 D 
“E aeS ste ES. > 
E 5 x 10°K/C 3.2% LO Cs 
Electric charge in nature exists in integral multiples of 
1.6 x 16°C; hence the particle of the problem has 
3,2 «10.79 


= = 2 quanta of charge. 
1.6 x 10 Z/quantum 
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@ PROBLEM 612 


A plane parallel plate capacitor consisting of two metal 
circular plates 5 cm in radius separated 1 mm in air, is 
charged to 300 stat-volts, whereupon it is connected in 
parallel to another similarly charged capacitor (positive 


terminals connected together and negative terminals 
connected) (see Figure A). How much energy would be re- 
leased if the combinations were discharged by a short 
circuit? 


—> Gaussian 
+_+_+t 4.4] © surface 
A Q 
Figure A Figure B 
Solution: For a plane parallel plate capacitor: 
= -KA 
C = Gra 


This result can be obtained as follows. According to 
the definition of capacitance C, 


where Q is the total charge on one plate, and V is the 
potential difference between the plates. According to 
Gauss's law, if the Gaussian Surface is constructed as 
shown in Figure B, then 


K an N i. 
Tn E * Gn EA = Q (1) 


in the CGS system. 


This relation holds because the electric field E is 
a constant in the parallel plate capacitor. Q is the 
charge enclosed by the Gaussian Surface. It is also 
the total charge on either plate, due to the construc- 
tion of the surface. Also, for a parallel plate 
capacitor 


V = Ed (2) 


Therefore combining (1) and (2), we get the result for 
the capacitance of the parallel plate capacitor. 





~ Os we ge? a 5? 
ae 47a 4 x 1mm x 1 cm/10 mm 
9:25 


T? 62.5 stat-farads. 


Recalling that the energy stored in a capacitor is 
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2 
24.16 
A fe 


nje 
Nj- 


W= QV = 


and choosing the second form because C and V are known 


W, = %4 C,V,7= 4 (62.5) (300)? 31.25 (90,000) 


2,820,000 ergs 
But the total energy stored in the two capacitors is 
Wi + Wo = 2W, 


oo W 


2 (2,820,000) 5,640,000 ergs 


-564 joules Ans. 


This is the energy available and able to be released at 
the combination were discharged by a short circuit. 


Solution in Mks Units: Data: 


plate radius = 5 x 102m d=10%m V= 9 x 10% volts 


= 
c= ipg 25_x 10 "= 6.94 x 101) farads 
$ 4f 9 x 10° x 10 3 


But 1 farad = 9 x 10?! stat-farads 


.°. C = 6.94 x 10 !! x 9 x 101! = 62.5 stat-farads 


Check. 
W= & C,V? = 56.94 x 10 !! x 81 x 10° 
= 28.1 x 10 2 joules 
But 1 joule = 10’ ergs. 
-°. W= 28.1 x 10 2 x 10”? = 2.81 x 10° ergs 
Total W= 2 x 28.1 x 10 2 = .562 joules 
= 5.62 x 10° ergs Check. 


© PROBLEM 613 


The space between the plates of a parallel-plate capacitor is filled 
with dielectric of coefficient 2.5 and strength 5 X 10°V-m". The plates 
are 2mm apart. What is the maximum voltage which can be applied between 


the plates? What area of plates will give a capacitance of 10°3uF, and 
at maximum voltage what are the free and bound charges per unit area of 
the plate and dielectric surface? 





Solution: The dielectric strength of the dielectric is the largest 
electric field which it can withstand before becoming a conductor. We 
must relate the voltage between the capacitor plates to E nax (dielectric 


strength). This can be done by realizing that voltage differences are 
defined by 


sta Sea te: (1) 
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Gaussian 
Surface 


area A 





BE. = field set up by plates 
Ep = field set up by dielectric 
È = net field = By + È, 


where Vp? Y refer to the potentials at z =b and z= a, respectively 


(see figure), and E is the electric field. The integral in (1) is a 
line integral, and it is to be evaluated over an arbitrary path connect- 
ing a and b, d being a small element of path length. Looking at 


the figure, we see that E is composed of contributions from two sources- 
the conducting plates (E) and the dielectric material (Ep) Note that 
the latter is in opposition to E, - Since E is uniform in direction 
and magnitude for a parallel-plate capacitor, (1) becomes 

ae elie Mi (2) 


The easiest path to evaluate this line integral along is a straight 
line path from z = a to z = b, In this case, 


a= ah 
Since 

E=-Ek 
(2) becomes 


b 
vy, - Vv, = - (ER) J a k) 
V - Y = E(b - a) 


But b - a = d (see figure) and we define 
Vo - v = AV 
as the potential difference between the plates. Therefore, 
AV = Ed (3) 
The maximum voltage which can be applied between the plates is 
av. =k d= (s x 10° 2X2 x 10°°n) 
max max m 


AV = 10v 
max 


To answer the second part of the problem, we must relate the capacitance 
of the capacitor to its geometry. We do this by beginning with the 
definition of capacitance (C) 


> Qs 
C= (4) 


where Q is the charge on 1 capacitor plate. If the free charge den- 
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sity on the plate of cross-sectional area A is Te (see figure) then 


Q= oA (5) 
Using (5) and (3) in (4) “ 
G a (6) 


Since we don't know E in this portion of the problem, we must elimin- 


ate it from (6). This may be done by using Gauss' Law for a dielectric 


ÑE. ds =? net (7) 
s 


where € is a constant, and Qae is the total free charge enclosed by 


t 
the surface s over which the integral is evaluated. Evaluating (7) 


over the Gaussian surface indicated in the figure, 





Q 
— -_ — - e Cad net 
$. E - ds =f E( sy )-ds +f E(s, )'ds rates + (8) 
T SB 
where Sy and S, are the top and bottom of the rectangular surface. 
Now, ds is a vector element of surface area. For Sy ds = ds k and 


= A 


= A 
for ds = -dsk. Then, using the fact that E = -Ek everywhere, 


Sg >? 
(8) becomes 


À E-ds = J (-E(s_)k): (ds R) + J, (-s, fr): (-ds $) = “ast 
T B 


lite; Q 

$ E-ds = Vy Men he + p E(s, 8 = mat 
B 

Now, E( sy ) is the value of E at Sy» which lies in the top conduct- 

ing plate. By definition of a conductor, then, Sy) = 0. Therefore 


> = Q 
6 E'ds = J Es, )ds = -ast (9) 
s S5 


But E(s, ) = E, the electric field between the capacitor plates. This 


is constant, and (9) becomes 


Q 
e = —net 
Ef ds EA è 
S8 
since the area of S3 is A. Hence 
pä Oaet 
a 
Now, Fees includes the free charge found within the Gaussian surface. 
Therefore (see figure) 
Qnet ğ a 
and 
o 
E=— (10) 
e€ 
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Using (10) in (6) 
C= 


alg 


oA 
“t 4 
e 
But K, the dielectric constantis defined by 
e 
K=— 


% 


Hence, € = € K and 


s Ke A 


c=-4 (11) 





Solving for A 


Cd 
mi Ke, (12) 


Substituting the given data in (12) 


-3 3 


10° uF Ă2 x 10` 
(2.5)(8.85 x 107!2C2/N.m? ) 


Asma 


The free charge density can be found using (10) 


pes €KE 


A= 


o 
or 
o= (5 x 10°v/m)(2.5)(8.85 x 107}202/N-m? ) 


o, = 110.6 x 107 °¢/m? 


From the figure, note that the net field E is the superposition of 
the field due to the bound charges of the dielectric (%) and the field 
due to the free charge on the capacitor plates (E ). Then 


E = Eo + Ey (13) 


<j o 
But, by (10) and the figure, E = - ff . Since the bound charge ac- 
cumulates only on the surface of the dielectric, we may consider the 


dielectric slab to be equivalent to a parallel plate capacitor with 
surface density oy and an air dielectric. 


g, 
E a: 
0 
Similarly, ğ 
E =-—f 
c € 
0 
Hence, from (13) 
o o G, 
-Żk-- Fkk 
0 0 
or 
€ e 
-0, = - 0, = +0, ~ 
$ f €& b € 
€ (3 
(ej aa a FA 
€p b €& 





Since 





Noting that - 
o, = 110.6 x 10° C/m? 


331.8 x 107c/n? 





ve 


o, = 66.4 x 107 °C/m? 


@ PROBLEM 614 













Two hollow spherical shells are mounted concentrically, 
but are insulated from one another. The inner shell 
has a charge Q and the outer shell is grounded. What 
is the electric intensity and potential in the space 
between them? 







When the outer shell is not grounded, why does a 
charge outside the system experience a force when the 
inner shell is charged? 





Solution: In the region between the shells, because 

of the g ape of the arrangement, the electric in- 
tensity must have the same magnitude at all points 

a distance r from the common center, and must thus be 
everywhere radial in direction. Hence, applying Gauss's 
law to a region bounded by a spherical surface of radius 
r (see the figure), we have 


jarak (1) 
Eo 


where Q is the total charge enclosed by the Gaussian 
surface, and dS is an element of surface area of the 
Gaussian surface. È is parallel to dS, thus (1) becomes 


“ ip a 2. E oie 
e | as = arr? Eo or E neor? 
But E = - dV/dr by definition of E as a potential 
gradient. 
. Q Q 
os. QV = —— ar or v= Tert C; 
Ane or” vaca 


where C is a constant of integration. But at the outer 
spherical shell of radius r = b, V = 0. 
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‘ = Q a 
“eo a 0 = =~: C or € neb: 


. ee eee! 
-> V= Tie E z) . 


Lines of force come from the inner shell and all 
end on the outer shell. The same number of lines of 
force end on the outer shell as start on the inner 
shell; hence the charge induced on the inside of the 
outer shell is equal and opposite to that on the inner 
shell. Thus a charge - Q is induced on the inside of 
the outer shell. But this shell was initially un- 
charged. Hence a charge + Q must be left on the out- 
side of the outer shell. 

If the outer shell is grounded, electrons flow from 
the earth to neutralize this positive charge. In the 
absence of grounding, the positive charge remains on 
the outside of the shell and produces a field of force 
around the system which affects any other charge in 
the vicinity. 


© PROBLEM 615 


Two parallel plates of area A = 1 m? are given equal 
and opposite charges of Q = 30 microcoulombs each. 


A sheet of dielectric of permittivity e = 15 x 10 !? 


coul*/newton-m? occupies the space between the plates 
(see Fig. A). Compute (a) the resultant electric in- 
tensity in the dielectric, (b) the induced charge per 
unit area on the faces of the dielectric. 





Fig. A “x “8 Fig. B 


~- 


Solution; (a) The charge per unit area on the plates is 





o = N = 30 x 10 ê coul/m?. 


The resulting electric field between the plates can 
be obtained by applying Gauss’ Law to surface S in 
Fig. b. 


| è-a- Q 
€ 


S 
In Fig. B, we see that on surface S, Ê - da = 


- E da and on the rest of the surface È - da = 0 
since the field through the sides S, of the surface 


is zero. The electric field is constant between the 
plates. Therefore 


| E+-da=-E f da = - EA, 
S Sı 


giving E ===- 
p = 30% 10 ë coul/m? 
15 x 10 !2 coul?/n-m? 
= 2.x 10° voits/m.- 
(b) The dielectric coefficient is 


€_ igi Pew Ont? 
fo 8,85 x 10 !2 


K = 


= 1.7. 


The induced charge on the dielectric of a capacitor 
is given by 
a ay 
Qina = 2 [a z) 
Then the induced charge density in the dielectric is 





a 
I 


_ Pind _ Q een 1 
ind A A K 


“pd 


30 x 10 © (1 = 1/1.7)coul/m? 


oO. 
SF ind 


12.3 x 10 © coul/m?. 
@ PROBLEM 616 


An electron travels from one to the other of two plates, 
between which is maintained a potential difference of 
1000 V. With what speed and with what energy does the 
electron arrive at the positive plate? 


A positively charged particle with equal and oppos- 
ite charge but 3680 times the mass is then released at 
the positive plate. With what velocity and what energy 
does it reach the negative plate? 





Solution: The electron travels through a potential 
difference of 1000 V. The energy acquired is thus 
E = eV, where e is the charge of the electron = 


1.60 x 10 '* C) and V is the potential difference 
between the plates. Thus E (1.60 x 107}° C) (1000 v) 


= 1.60 x 10 '® J. However, the energy required to move 
an electron through a potential difference of 1 volt 
is an electron volt (eV). Hence) the energy required to 
move the electron through a potential difference of 
1000 volt is 1000 eV, whence 1000 ev = 1.60 x 107'* J. 
As required by the conservation of energy, all this 
potential energy is converted to kinetic energy on 
arrival of the electron at the positive plate. Hence 


mv? = 1.60 x 10 '*§ J or 


+ o S220 * 76 ** g, 
9.1 x 20 ** kg 


v 


Par v = 1.88 x 107m» s. 


For the positively charged particle, the charge it 
possesses is the same in magnitude as that of the 
electron and it moves through the same potential differ- 
ence in the opposite direction. Hence, it acquires the 


same energy of 1.60 x 10 '® J. The velocity, however, 
is smaller because of the much larger mass. Thus 


k% miv? = 1.60 x 10 Le- or 


3.20 x 10 ** J 


vi = — 
9.1 x 10 3! x 3680 kg 


as Tr = °s:10°*- 10% mss"? 


@ PROBLEM 617 


A parallel plate capacitor of 2 meter” in area and with 


charge q = 3.54 x 107° coulomb is insulated while a sheet of 
dielectric 5 mm thick, of dielectric coefficient 5, is in- 
serted between the plates. Compute (a) the electric inten- 
sity in the dielectric, (b) the potential difference across 
the capacitor, (c) its capacitance. 





Solution: 

(a) The insertion of a dielectric between the capacitor 
plates alters the electric intensity because of the reversed 
field set up by the induced charges on the dielectric. 

The electric intensity is 





E= KE ” p= $ 
fe} fe} 
cnet ate hi antn aidie EAA 
5 x 8.85 x 1071? 2 
= 4x 10° volts/meter. 


(b) The potential difference across the capacitor is re- 
duced to 


Ves = Ed 


5 3 


4.% 103 4x-5 +x: 80- 


2000 volts. 


(c) The capacitance is increased to 


ëE aA. 
Vab 
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3.54 x 107° 
*. gu00. 


= 1.77 x 107° farad 
= 17,700 wpf. 


The capacitance may also be computed from 


AL A 
cfeeqg Ke,@a 
-12 2 
= 5 x 8.85 x 10°12 —2__, 
5 x 10 


= 17,700 ppt. 
@ PROBLEM 618 


Suppose the plates in the figures have an area of 2000 cm? 


or 0.20 m?, and are 1 cm or 107? m apart. The potential 
difference between them in vacuum, Vj), is 3000 volts, 


and it decreases to 1000 volts when a sheet of dielectric 
1 cm thick is inserted between the plates. Compute the 
following: (a) the relative permittivity K of the di- 
electric, (b) its permittivity £, (c) its susceptibility 
x, (d) the electric intensity between the plates in 
vacuum, (e) the resultant electric intensity in the di- 
electric, (f) the electric intensity set up by the bound 
charges, and (g) the ratio of the surface density of 
bound charge, op’ to that of free charge, Og: 

+ + +++ + SE BE 


Fig. 1 Parallel Plate Capacitor Fig. 2 The Effect 2 The niece of the Dielectric 








Solution: The dielectric is polarized when inserted 
between the plates and the polarization charges (or 
bound charges) effectively neutralize some of the surface 
charges on the plates, as shown in figure 2. This then 
reduces the field strength in the dielectric, thus lower- 
ing the voltage difference across the plates, since the 
latter is proportional to the electric field (V = Ed). 
What remains unchanged in this case is the true charge 
density on the plates, i.e. the total charge on the 
plates. The ratio of the field in the dielectric to that 
in the vacuum gives the relative permittivity of the 
dielectric 


(a) Keb =D = 2 = 3 


(b) £= Ke, = 3¢, 


(c) paes 6, = 26, 
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V 3 
(a) E, = L _ 3 x 107 volts _ 3 x 105 volts 
i 1072 m 
3 
(e) =, Vv = E 18 volts _ 495s volts 
: 10°? m 


The bound charges of the dielectric set up a new 
electric field ED in the slab which opposes the electric 


field Eo due to the plate charges. The new field E is 
the resultant of these two 


(£) Bp T Er Eme 2 10° volts/m. 
The surface charge density o is given by 


(g) o = €9Eo = 3 X 105 Eo coul 
m2 


The bound charges on the surface of the slab have a 
density 


fo am, EBS = £6 (Eo -= E) = €E (K w1) 


E = 2 x 105 €.. coul/m’, 
X 


and we get 


a 





CHAPTER 19 


ELECTRODYNAMICS 





Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 661 to 
683 for step-by-step solutions to problems. 






The electric force may be treated just as any other force and all the 
methods discussed in VECTORS, KINEMATICS, and DYNAMICS used 
with it. In terms of ENERGY problem-solving methods, they also may be 
used. A special unit of energy useful with atomic physics problems is the 
eV or electron volt, given by the charge of one electron times a potential of 
one volt or 1 eV = 1.602 x 10° J = 1.602 x 10“ erg. 


An electric charge moving with velocity v is influenced by both electric 
and magnetic fields. The net force is given by the Lorentz force law 


F = qŒ + (k,/o)v x B) 


where c is the speed of light equal to 3 x 10'° cm/s. In the CGS system 
of units, the magnetic force constant k „ = 1, whereas in the MKS system, 
k, =C 


Consider the motion of a charged particle in the case where E= 0 and 
B = B z. Let the initial velocity of the particle be given by v, =V x 
Combining the Lorentz force law with Newton’s second ii we get 


qv x B= my or qB(-v.y + vx) = 


using the general expression v= (v,, v,). The component equations are then 
v, =v, and v, = —w v,, where w = qB/m is called the cyclotron frequency. 
Combining these two differential equations, we get Vv, + w*v, = 0, which 
being simple harmonic must have solution v, = v, cos ot. Thus also v, = 
-v, sin wt. Integrating each of these equations one again gives 


x =(v,/w)sinwt and y= (v,/w) cos wt 


assuming x(t = 0) = O and y(t = 0) = mv,/ qB =r the cyclotron radius. Since 
the trajectory satisfies x? + y? = r?, the particle moves in a circle at constant 
speed, i.e., centripetal motion. 


The electric current is defined by I = dq/dt. The equation of continuity 
expresses the conservation of electric charge 
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V -j+ dp/t=0 or pj- da= -d /d& p dêr 
just as in fluid mechanics (see HYDRODYNAMICS) it expressed the 
conservation of mass. The current density j = pv is defined as the charge 
density p = p,q times the particle or drift velocity Vor the current per unit 
area (p, is the number of charges per unit volume). Hence, the equation of 
continuity simply says that electric current arises from charge leaving a 
region of space. Current is the flow of charge. 
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Step-by-Step Solutions to 
Problems in this Chapter, 
“Electrodynamics” 






@ PROBLEM 619 


A convenient unit of energy in atomic physics and in 
nuclear physics is the electron volt (ev). One electron 
volt is defined as the potential energy difference of a 
charge e between two points having a potential difference 
of one volt. What is the equivalent of electron volts in 
ergs? What is the kinetic energy of an alpha particle 


(He* nucleus or doubly ionized helium atom) accelerated 
from rest through a potential difference of 1000 volts? 





Solution: Potential energy is equal to eAd. This is 
so since the change in energy is 


| F - ds and F = gE 
so that energy is q fe e ds or gAg, and here q = e. 
Therefore, 


l electron volt = eAd = (4.80 x 10`!’ esu) 


al 
En statvolt 


[300 volts = 1 statvolt] 
=-1.60 x 10 '? erg 
The kinetic energy of the alpha particle is: 
2e (1000 volts) = 2000 electron volts 
where 


2000 ev 


(2 x 10% ev) (s50) (4.80 x 107° esu) 


3.2 x 10 ° erg 
© PROBLEM 620 


A proton, starting from rest, falls through a potential difference of 


6 
10 V. What is its final kinetic energy and final velocity? 





Solution: At its rest position, the proton has only potential energy 
and no kinetic energy. As it falls, it loses potential energy but 
gains kinetic energy. In its final position, the proton has only 
kinetic energy and no potential energy. However, the law of conser- 
vation of energy demands that at all times, the sum of the kinetic 
and potential energies remain constant. Consequently, the sum of the 
two energies at the rest position must equal the sum of the two en- 
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ergies at the final position. Or 
PE + 0 = 0 + KE 
By definition of potential V, 


y = Bnergy ` E 
Charge q 
ann PE = eV 


where e is the charge of the proton and V is the potential dif- 
ference through which it falls. Therefore 


10° elec.volts = $ nv ; 


where an electron volt is the energy required to move a charge e 
through a potential of 1 volt. The final kinetic energy is then 


-12 
10 eV nd SE 1.602 x 10 EIE = 1,602 x 107° erg = bay? , 


To compute the final velocity, we use this relation, then 


2 x (1.60 x10. erg 
V = T24 . 
1.67 x10 ¢ 


where ti = 1.67 x ‘eo g. Consequently, 


v= 1.38 x 10° cm/sec . 


@ PROBLEM 621 







An electron initially at rest is accelerated through 1 cm 


by an electric field of 3 x 10* V/m. What is the terminal 
speed? 






+++ +++ + 4 





x Xe 


Solution: In order to solve for kinematical variables 
such as position, velocity, and acceleration, we must use 
Newton's Second Law to relate the net force on our system 
to its acceleration. We then integrate this equation to 
obtain v(t) and x(t). 


In this problem, the only force acting on the electron 
is that due to the electric field È. By definition 


Ba E 
q 

where F is the force acting on q. Hence, 
F = qË 
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Since the electron charge is - e, where e = 1.6 x 107!%coul. 
we may write 


> > 
F = -eE 
But, by the second law, 
> > 
F = ma 
where m and a are the electron mass and acceleration, 
respectively. Therefore, 


> > 
ma = - eE 


ie ec A = Sa 3 
or aS Sane E 
For our problem, È is constant. Since e and m are 
also constants, the same must be true of a. Looking at 
the figure, we see that E is in the negative x direction. 


If îĉ is a unit vector in the positive x direction 


È = - Ef 
and a = [Fae] «- Ef) = oh î (1) 


Noting that a is only in the x direction we may drop 
the vector notation in (1) and resort to scalar notation. 


a = Æ (2) 


where a is positive when in the positive x direction 
But we want to know v in terms of x. Using the fact that 


dt ax) (dt ax| ‘% 
we obtain a= v av 
dx 
or adx = vdv 
Using (2), 
(=) dx = väv 
x v 
eE f f 
ES d = vdv (3) 
Xo Vo 


where the subscripts"f" and "9" indicate final and 
initial values, respectively. Integrating (3) 
v 

£ 


SE (xp - xo) =v? | = (v2 -vi 


m 





Solving for Ve 


eE 
ct. el 


I 
wr 
< 

Phy 

1 
< 

on 








Tn (xg Xo) + v3 = vé 
ve = a - X) + V3 


But vo = 0 since the electron is initially at rest, and 
X- - Xo = 1 cm. Therefore, 


wh 2(1.6 x 10 1° coul) (3 x 10? V/em) (1 cm) 
E y (9.11 x 107°? kg) 


< 
1 


£ v1.054 x 10!* m/s? 


1.03 x 10’ m/s 


< 
Fh 
ll 


@ PROBLEM 622 





An electron is released from rest in a uniform electric 
field E = 1 N/coul. What velocity will it acquire in 
traveling 1 cm? What will then be its kinetic energy? 


How long a time is required? (Neglect the gravitational 
force.) 


a : 
2 ———-—_____—_> 
eh. a= 

= 


Motion of ein È 


Solution: The force on the electron is constant, there- 
fore the electron moves with a constant acceleration (see 
the figure). By Newton's Second Law 
a 
F_eE_ ae BS 1, 8 X Lot m 
ne ae a sec? 


Its velocity after traveling 1 cm, or 10 2 m; is 


v? = vo? + 2a(x - Xo) 
where vo and xo are the initial velocity and position of 


the electron. Both of these are zero in this problem. 
Hence, 


v = VY2ax = (2) (1.8 x 1015 m/s2) (10 2 m) 
Š 6 M_ 
= 6.0 x 10 -eg 


Its kinetic energy is 


% mv? = (%) (9.11 x 107°?! kg) (36 x 10}? m?/ s?) 


1.6 x 107!” joules. 


i} 


and it represents the work done by the electric force F 
on the electron. 
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The time is found from v = vo + at. But vo = 0 
hence 


t= z = 3.3 x10 2«see. 


@ PROBLEM 623 


A proton is at rest a long way away from the earth. It 
falls toward the earth under the influence of the earth's 
gravitational attraction. When it reaches the earth, all 


its kinetic energy is converted into the energy of a single 
quantum of light. What is the frequency of this quantum? 


Solution: When the proton is at an infinite distance from 
the earth, the mutual gravitational potential energy of the 
earth-proton system is zero. When the proton reaches the 
surface of the earth, the mutual potential energy of the 
system is 


GM_m 
is. a 
G R 
e 
where m is the mass of the proton, M. is the mass of the 


e 
earth, and Ro is the radius of the earth. The kinetic 


energy gained by the proton is equal to the potential 
energy lost, and so, if v is the velocity with which the 
proton strikes the earth, 


GM_m 
Dv? oe 
e 





All of this energy is converted into the energy of the quan- 
tum of light. The energy of a quantum of light is given by 
hv, where v is the frequency of the light. Therefore 





GMM 
hy = z 
e 
GM M 
cA 





-11 N m 27 


k 


4 







6.67 x 10 (6 x 1074 xg )(1.67 x 1077” xq) 





(6.63 x 10>" g-s 6.37 x 10° m) 


= 1.6 x 1014 sec"). 


This frequency is in the infrared. 


A proton is accelerated from rest for 1 nanosecond 


by an electric field E = 3 x 104 volts/meter. What is the 
final velocity (see figure)? 
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The general equation of motion involving time, 
constant acceleration, and velocity is Ve = Vo + at. The 


acceleration is given by the electric force, eE, divided by 
the mass of the proton. vo, the initial velocity, is zero. 


Therefore, the expression for Ve is: 


ay _ eE 
Ve =at = Mt 
P 

e = 1.6 x 107}? coulombs 


E=3 * 104 volts/meter 


M =27 


1.67 x 10 
Pp 


kg 


1 * 107? sec 


t 


-19 4 =9 
Ve = 1.6 x 10 3 x 10 J\1 x 10 = 2.9 x 10° meters/sec 


1.67 x 10° 


© PROBLEM 62 






What potential difference V in an electron gun is required to 
accelerate an electron that was initially at rest to a final speed of 


1x 10’ m/s? 


Negative Plate Positive Plate 


(=) (+) 


We evaluate the work 
integral over this path. 


Solution: The electron starts from rest at the negative plate and ac- 
celerates straight across to the positive plate and then escapes through 
a small hole to form the electron beam. (See figure). By the work- 
energy theorem the change in kinetic energy of the electron is equal to 
the work done on the electron by the net force acting on it. Looking 
at the diagram, the net force on the electron is that due to the elec- 
tric field E. By definition, 
E = F/q 
where F is the force on charge q. Since q = -e, the electronic 
charge, fas = x 

F = qE = -eE 
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NNN eT ce 
ee 


Hence, the work done on the electron is 
b b 

Wa J F.dr= J -eE . dr 
a a 


where the integral is evaluated over a path between points a and b. 
Using the work-energy theorem, 


b -_ 
% nv, -%4 mv = -e L E sar . 


Here, Vb and v are the electron speeds at points a and b, and 


m is its mass. Since the electron starts from rest, ers O and 


b 
4 mv = -e J E- dr. (1) 
a 
By definition, aS x 
pe E-dr=v, d vi (2) 


where Yb? Ya are the potentials at points b and a. Then, using 
(2) in (1) 

4 av, = e(¥, - a) 
Hence mv, 


oj Tey ae 
Using the given speed and the known values of electron mass and charge, 


_ (g.a1 x 107 32ee) roa? 73A 


2(i.6 x 107}? coul) 


_ 9.11 x 107!” Joules 


3.2 x 10°)” Coul 


TOPY 
b a 


Vet Y 
b a 


But 1 Joule = 1 volt 
Coul 2 
= 2.8 X 10° volts 


ay 
b a 





@ PROBLEM 626 


The SLAC accelerator is capable of accelerating electrons 


to an energy of 4 x 1o22 eV. If the number of electrons 


in the beam corresponds to a current of 6 x 1075 A, (a) how 


many electrons arrive at the target each second and (b) how 
much energy, in joules, is deposited in the target each 
second? 


Solution: (a) Since a current of 1 A is defined as the 
flow of 1 C of charge each second, the beam current 


6 x 2037 A implies that 6 x 107° C of charge strikes the 
target each second. The charge of each electron is 
LG. i% 10° 2° C; therefore, the number of electrons N arriv- 


ing each second is 
6 x 10`" c/s 
N = 


2 E EREET? 3e T9 x 1014 electrons/s 
1.6 x 10 C/electron 


(b) The energy of the electrons can be expressed in joules: 
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E = (4 x 102° ev) (1.6 x 10729 g/ev) = 6.4 x 107° J 


Therefore, the energy deposited in the target by N electrons 
per second is 


14 


E = (6.4 x 107? J) (3.75 x 10! e1ectrons/s) 


= 2.4 x 10° g/s. 
This energy consumption is about the same as the amount of 
electrical energy used by a town of 1,000 people. 


If an electron is projected into an upward electric field 
with a horizontal velocity Vo, find the equation of its 


trajectory. 





x 
Trajectory of an electron 


P E in an electric field. 


Solution: The direction of the field is upward (see 
the figure) and the force on e is eÉ, where e is the 


electronic charge, and E is the electric field intensity. 
Since e < O the force on the electron points downward. 
The initial velocity is along the positive x-axis. The 
only force is in the - y-direction, therefore the 
acceleration along the x-axis is zero. The y-acceleration 
is > 

> _Fy_ ef 

a, ee wee (1) 


where e < 0. 


After a time t, the position of the electron will be 


X = X, + Vogt + & alt? 
y= Yo + Voyt + k a t? 


tes Yo) and (Vase Voy) are the components of the initial 
position and velocity of the particle. If we take xo = 0, 
Yo = 0 as the starting point of the particle, and note 
that a, = 0, Yoy * 0, we may write 


x= Voxt 
y =} at? na 
Substituting (1) in (2) 


x= Voxt 


668 


+ (3) 
eE 


2 
om t 


yom 


Writing È in terms of a unit vector (3) in the 
direction of the y - axis 


E= BE § 


Substituting this in the equation for y appearing in 
(3), we obtain 


2 
el a 


Solving the x equation of (3) for t, and sub- 
stituting this in (4), 


x 
t = — 
Vox 
eEx? 
Y= 4 (5) 
2mv,_? 
x 


Note that e < 0, and since all the other quantities in 
(5) are positive, y < 0 which is the equation of a 
parabola. The motion is the same as that of a body 
projected horizontally in the earth's gravitational 
field. The deflection of electrons by an electric field 
is used to control the direction of an electron stream 
in many electronic devices, such as the cathode-ray 
oscilloscope. 


© PROBLEM 628 









o 
A proton is released from rest at a distance of 1 A from another 
proton, What is the kinetic energy when the protons have moved in- 
finitely far apart? What is the terminal velocity of one of the 
protons if the other is kept at rest? If both are free to move, what 
is their velocity? 


Solution: When protons are moved infinitely far apart, the mutual 
potential energy of the protons is zero. Thus they have only kinetic 
energy. 

By conservation of energy we know that the kinetic energy must 
equal the original potential energy, which is 

e2 (4.8 x 107) °statcoulomb Y -12 

E aoaie pene wae E erg 
Ea 1 X10 cm 


Here, r is the original separation of the protons, and e is the 
unit of electronic charge. The terminal velocity of the moving 
proton is given by (using conservation of energy) 
E = = Mv" ~ 23 x 10? erg 
2  2x23x10 7%. 12 2 
1.67 x 10 g 

or 6 
v æœæ5 X 10 cm/s 


Using MKS units, 
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2 -19 
E = (e x 10? = is x = coul/ 23 x10 175 
P kg 10 m 


2 2 x 23 x 10`}? 


VOSS OO. ae 
1.67 x 10 sd 


v m5 X 10° m/s 


~ 27 X 10° o 


If both protons are free to move, each proton will have equal and op- 
posite momenta as a result of conservation of the initial momentum, 
which is zero in this case. The particles are identical, therefore 
their speeds and their kinetic energies will be the same. The total 
energy of the system in the final state is 

1 2 1 2 


2 -12 
=M = = 
2 vi + 3 Mv, Mv w 23 X 10 erg 


Hence the final speed of each particle is 
5 X 10° cm/s 
3 

J2 


w 3.5 X 10° cm/s 


@ PROBLEM 629 


An electron of charge - 1.60 x 107% coul is in a cir- 


cular orbit of radius R = 5.5 x 107‘! m around a proton 
of equal and opposite charge. The mass of the electron 


m, is 9.11 x 107°! kg and the mass of the proton Mm, is 


1.67 x 10~?” kg. Compare the electrostatic and gravi- 
tational forces between the two particles. Neglecting 
relativistic corrections, calculate the speed of the 
electron and the period of its orbit. 





Solution: The electrostatic force is: 


Fe 7 Kg 





RÊ 


and the gravitational force is: 








m_m 
G 2 
R 
The ratio is: 
q? 
Fe _ FE r? _ kag? 
Fc 7 mm " G 
P a mM 
R2 


_ (9x10° N-m?/coul.*) (1.60x107'? coul.)? 
(6.67x10 7! N-m?/kg*) (9.11x10~*! kg) (1.67x10~?” kg) 
2.26 x 1039 


The electrostatic force is gigantic c 
i ; ompared 
gravitational force. i aksi 


If the speed of the electron in orbit is V, then: 
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2 m_v? 
F =k, +— <a nea 
E R? e 


y R 
os Te 
a [i 


45 
- mê 2 
G.60 x 107? coul.) __9 x 10° N- m*/coul.” _ 
(9.11x107*! kg) (5.5x10-1! m) 


< 
I 


2.1 x 10° m/sec. 


The period T is the time it takes for the electron 
to complete a single orbit: 


2mR_ _ _2(3.14) (5.5 x 10} m) 


N 2.1 x 10° m/sec 
= 1.64 x 107'® sec. 





© PROBLEM 630 









An electron with velocity v = 10° cm/s enters a region of 
length L = 1 cm in which there exists a transverse 
deflecting field E = .1 statvolt/cm (see figure). What 
angle with the x axis does the electron make on leaving 
the deflecting region? 


Solution: From the figure, we see that the angle made 
by Ve (the exit velocity) with the x axis is 


V 
tan @ = >y (1) 
Vf 
x 
where Ves Ve 
Y 
final velocity. 


x ore the y and x components of the -electron's 


We note that since there is no acceleration in the x- 
direction, the x component of the electron's velocity 
must remain constant. Hence 


=v. =v = 10° cm/s (2) 


We must now calculate Ve > 
x 
In order to find Ve » we must apply Newton's Second 
Y 
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Law (F = ma) to the vertical (y) component of motion of 
the electron. By definition of electric field intensity 


aj 


B-= 
q 
where F is the force acting on charge q. For the electron, 
q = - e where e is the electron charge. Therefore 
f=-eË 
Furthermore, from the figure 
E=-E9 


where j is a unit vector in the positive y direction. Then 


> 


F = (- e)(- Ef) = eEĵ 


ll 


> > 
But F = ma 


> A 
where m, a are the mass and acceleration of the electron. 


Hence 
a 


ma = eE4 
and a = ej 


> 
We note that E is constant, and, therefore, a is constant. 
We may then use the kinematics equations for constant 


acceleration to find Ve: Also, is one dimensional and 
Y 
we may use a scalar relation for Ve 
y 
= = eE 
is Voy + at Voy + E) t 


where t is the time it takes for the electron to travel 
the distance L, and Voy = 0, as shown in the figure. Then 


eE 
v = TE: 
f ( m 
Y 
But by definition of Voñ (and since Vs is constant) 


L 
v 
°x 


t = 





e) L eEL 


Therefor v = ——|= 
OF Cret Vig mj |Vo MV o 


y x x 


Substituting in (1), and using (2) 


v 
£ 

ine % y- al 1 | 

Ve mvo ||Vo; 


x x 


eEL 


mvi 
x 





tan ọọ 
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ta ea (4.8 x 10 !° esu) (10! statvolt/cm) (1 cm) 
(9.11 «x 10728 gm) (10'* cm?/ s2) 





But 1 statvolt = 1 esu, and 
dt D i 2 
tea 4s (4.8 x 10 )esu 
(9.11 x 10 !°)gm + cm?/ s? 
esu? _ 
Also, 1 > ae 1 dyne 
Hence l dyne + cm = 1 esu? 
and l gm + cm?/s? = 1 dyne + cm 
Therefore tan » = .0527 
ee 


© PROBLEM 631 


We consider a particle with charge q which moves along the 
x axis with a high momentum py and enters a region of 


length L in which there is a transverse electric field cy. 
Find the angle through which the particle is deflected by 
the electric field. 


+ + + + + + + + + 





Solution: Since we are given the momentum and not the 
mass of the particle, we use a momentum-energy approach. 

We first note that we are given the electric field e. 

We can translate this into the force exerted on the 
particle by multiplying the field by the charge on the 
particle (qe). But, force is the derivative of momentum. 
Since the field is only present in the y direction, the 
resulting force is exerted solely in the y direction. Thus, 


dp dp, 
Reet e = 
ae .?? dat 7 qE 
Integrating, we have p, = Po , P, = qet + Po 
x x Yy y 
where po is the initial x momentum, and pọ is the 
x 


y 


initial y momentum. Since the particle initially has no y 


velocity 
Parao 
x 
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and 2, = Po, Pa = qet (1) 


We want to find the velocity v. If we can find the energy 
E, then we can find the velocity from the momentum by 
using the relation v = pc?°/E. 

The energy is given by 


E? = M@c" + p’c? = M2c* + (pi + q?e*t? a 
x 


from (l). But E} = M?c"+ pô c? and,then, 
E? = (MP + p? e?) + (qete)? 
x 


Since Po = Po 


E? = Ej + (qetc)? (2) 
where Ep) is the initial energy. Therefore from (1), (2) 
and the velocity-momentum relation we have 


2 
PŪ Pox c? 


— > = 
¥ o: ES + (qetec)?] [E + mevokiat 


v 


2 
a 


Y [Ez + (qetc)?]* k [Ez + (qetc)?]* 


Note that Ya decreases as t increases. At a time t, 
the angle @ the trajectory makes with the x axis is 
given by 


2 
tan g(t) = =X = SEC = SEE 
0 


* 
o 
o 
Q 


@ PROBLEM 632 


Let us assume that the conduction electrons in a metal are 
completely free except for a retarding force which is pro- 
portional to the speed. a) Find the variation of the 
electron velocity with time when a constant electric field 
is set up in a metal. b) How long does it take for the 
electrons to reach maximum velocity? 










Solution: a) The acceleration of an electron due to an 
electric field is given by 
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dv 
Me (e ) = Ee 
where v is the velocity of the electron, and e is the 
electronic charge. The retarding force gives rise to a 
deceleration given by 


dv\ _ 
Me (= Fa bg 
where b is some constant. The equation of motion is then 
dv _ 
a, 3a; * Ee bv. 


The solution of this equation is (see the figure) 
v(t) = ce (ru e™t/T) 


m 
where T = -£ is called the relaxation time. We see that 


b 
as t becomes large, a terminal velocity Sior = is 
established. 
b) If we write Vv, as 
y = 2b Me. Eo 
t Ms P Te 


it turns out to be just that velocity which an electron 


would attain in a time T with acceleration Z , 


e PROBLEM 633 


A parallel piota capacitance is charged (linearly) to 10°? coul 


sec. Calculate the displacement current between the 


in a time of 107 
plates. 





107 
coul 





10™ sec 
Solution: A plot of charge on one plate versus time is shown in the 
figure. The charge density on a surface of the parallel plate capa- 
citance, as a function of time, is given by, 


o(t) = ated 
A 
where q is the charge on a plate of A. The field as a function of 
time is 
g(t) = 2) - a) 
€ e 
0 
The electric flux is then 
ō = EA = ahh) 
E € 


A change in charge on the plate Aq will then produce a change of elec- 
tric flux given by 
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This expression relates a change in flux with time to a change in charge 
with time, 

ôq 

At 
can be viewed as a current through the capacitance. It is called a dis- 
placement current, , to distinguish it from an actual movement of charge. 
From the graph we see that 


Aq = 10°? coul + 0 coul 


for -3 
At = 10 ~ sec - 0 sec 
Therefore -3 
I, = ôd „10`, 1 coul/sec 
D At 1073 


How much silver is deposited on a spoon which is plated 
for 20 minutes at 0.50 ampere? 





Solution: In order to check this problem, we must under- 
stand what happens during the electroplating process. As 
each silver ion migrates to the spoon, it is reduced to 

a metallic silver atom. All the silver ions are in a plus 
l ionized state. This means that for every electron pass- 
ing through the circuit, one silver ion will be turned 
into metallic silver and deposited. The problem then 
reduces to one of charge transport - as many atoms (or 
moles of atoms) of silver will be deposited as electrons 
(or moles of electrons) that pass through the circuit. 

We merely have to equate the two. The number of moles of 
deposited silver is given by the mass of the liberated 
silver (an unknown quantity) divided by the atomic mass 
of silver (107.9): 


Mass liberated in grams 
107.9 gm/mole 
To discover the amount of charge transported, and hence 
the number of moles transported, we use the relationship 


I= 2 or q = It 


where I is current, q is charge, and t is time. Since we 
know that there are 96,500 coulombs of charge per mole of 


electrons, we can calculate the number of moles of e- 
lectrons by using 


It 
UE S00 coulGebe mole or 
7,500 coulombs/mole Pi.) coulombs/mole 


Equating the number of moles of silver plated, and 
the number of electrons which have passed through the 


676 








circuit during the given time period, we have 


Mass liberated in grams _ It 
107.9 gm/mole 96,500 coulombs/mole 


Since I = 0.50 amp and t = 20 min = 1200 sec. we 
have 


Mass — 9.50 amp x 1200 sec 
107.9 gm/mole 69,500 coulombs/mole 
Solving, we obtain 


Mass = 0.671 gm, approximately. 
@ PROBLEM 635 


How many coulombs are required to deposit 0.10 gram of 


zinc, the atomic mass of zinc being 65.38 and its 
valence 2? 





Solution: In order to do this problem, we must realize 
that for every 2 electrons transported through the circuit, 
one zinc atom will de deposited. We therefore know that 
exactly half as many zinc molecules (or moles of zinc 
molecules) will be deposited as transported electrons 
(or moles of transported electrons). We may calculate 
the number of moles of zinc we need to deposit by divid- 
ing the mass of material we want by the atomic mass of 
zinc. Equating this with one half the number of moles of 
electrons transported (obtainable by dividing the amount 
of transported charge by 96,500 coulombs/mole) we have 


0.10 an — {1} _Q in coulombs 
65.38 gm/mole 2} 96,500 coulombs/mole 
Solving for Q we have: 


Q = 0.10 gm x 96,500 coulombs/mole 
32.69 gm/mole 


295 coulombs, approximately. 


@ PROBLEM 636 












The type of wall socket commonly found in the house is capable of 
delivering a current of 5 amperes. If this current flows through a cop- 
per wire with a diameter of 0.1 cm, what is the drift velocity Va of 
the electrons? 


Solution: The drift velocity ( va) is the velocity of the electrons in 


the wire due to the accelerating field E. But, v 


d is constant because 


the electrons are constantly colliding with the copper atoms of the wire. 
Hence, the net effect of the collisions and accelerating field is to pro- 
pel the electrons at constant velocity va’ Our aim is to relate the 


number of electrons per unit volume of the wire to the current carried 


by the wire. We will then find a relation for va’ 
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We shall need to know No» the number of free electrons per en? 


The copper atom is known to have one loosely bound electron, so we 
shall assume that one free electron is provided by each copper atom. 


Ny is therefore equal to the number of copper atoms in lcm”. The 


atomic mass of copper is 64 which is the gram mass of Avogadro's number 
of copper atoms. Since the density of copper is 9.0 gm/cm? Prat | cm? of 
copper has a mass of 9.0 gms. Therefore, 


6 X 1023 atoms _ n atoms in 1 w 
64 gm 9 gm 
23 
— (9 gm)( 6x10 atoms) 
(64 gm) 
n = 8.4 x 107? 
22 3 
Hence, there are 8.4 X 10 atoms in l cm of copper, and 
n= 8.4.x 1072 atoms 
0 3 
cm 


The current is 3x102 PORER dae 


5 amps = 5 amp X 1 amp 


= i=1.5 x 10° statamps 
The cross-sectional area of the wire in the Figure is 
A= mr? 
as 2 
= TT — 
x (de) 


The charge on the electron is 4.80 X in” statcoulomb. Then the net 


charge passing a point of the wire in a time t is the amount of 
charge in a cylinder (see figure) of length vat? where v, is the 


drift velocity of the charges, and base area A. This is equal to the 
number of electrons in the cylinder times the charge of an electron. 


7 ity 
Q= no Av ,te and L t ng Av4€ 





Hence Ys 


1.5X 101? stata amp 


 (k.8ox 107 stata cou 8. 4x 10-7 4 1) (7..854x107 20m) 


cm? 


Drift velocity, vj = 4.74 x 10 2 cm/sec 


If the wire is 1 meter long, the time taken_for an electron to drift 
from one end to the other is 100 (4. 74x 10° )sec = 2.11 x 103 sec = 
35 minutes! 

Notice that we chose to work in CGS units throughout. In this 
particular example we could have obtained the correct answer if we had 
left i in amps and expressed e in coulombs. To be consistent, we 
would then have had to express no in atoms per m3, A in m and 


in m/sec. We would, however, have obtained the correct answer if 


0? A and Va in CGS units, but this cannot be relied 
upon without careful consideration of the problem. The student is 
advised never to mix systems of units and then he can be certain of 


not running into trouble. 


Va 


we had left n 
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© PROBLEM 637 


After each collision in a solid, the valence electrons re- 
bound in a random direction. However, when an electric 
field is present, there is a general drift of the electrons 
superimposed on this random motion, as shown in the figure. 
Show that the average drift velocity Va may be written, 


we wt OE 
Assi:.coth 


Where a is the acceleration produced by the electric field 
and t is the average time interval between collisions. If 
10 


m/s”, what is the numerical 
value of the drift velocity for free electrons in copper 
metal? How Long does it take these electrons to drift 1 m 
in the presence of the electric field? The mean free time 
between collisions with the crystal lattice for an electron 
-14 


the acceleration is 7 x 10 


in a crystal is 3/3 x 10 





The presence of an electric field € 
in a metal crystal produces a general drift 
of electrons which is superimposed upon 
their random motion. 


Solution: We assume that each time an electron suffers a 
collision within the crystal, it rebounds in a random 
fashion and on the average has no component of motion para- 
llel to the field. So the initial velocity vg in the field 


direction must be zero. The electric force accelerates the 
electron until its next collision with an ion. The final 
velocity acquired during the time interval t between 
collisions is v. The distance traveled in the direction of 
the force can be found from the kinematics equations for 
constant acceleration, or 

2 


x= k, + vot + 1/2 at 


But vo = 0, and x - Xọ = d, the distance travelled by the 
electron in the direction of E. Hence, 
2 = 2 
qd=x-x = 1/2 at 


o 


Since the average drift speed during this time interval is 
given by the distance travelled by the electron divided by 
the time t, we have, 


Vv ck 
a” 
2 
1/2 at?, Va = feat = 1/2 at 


Because d 


The average drift velocity of free electrons in copper is, 
therefore, 
10 Z 


-14 
v= T X10 m/s > 3.3 x 10 aix 107°m/s 
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This number is very small compared to the average speed 


1.21 x 10° m/s associated with the random electron motion. 


The time t required for electrons to drift a distance of 
l m is, 


t = —— IÉ —— -= 8.3 x 107 5 


1.2 x 10 ~ M/s © PROBLEM 638 


What is the flux density B in the region between the plates 


of a circular capacitor that is being charged? 





CC RSS 





c Fig. 2: Plane midway between 
Fig. 1 plates of Fig. 1. 


Solution: Figure 2 represents a plane midway between 

the plates of the capacitor in Fig. 1. During the process 
of charging, an effective current will pass across the 
plates as a result of charge transfer between the plates 
over a finite period of time. The electric field inside 
the capacitance will increase in time from zero to a 
maximum value, and give rise to the displacement current 


density Jp which is given by Maxwell's equations as 
3È 
HoEo at = ays 


The magnetic field due to A can be obtained from 


Stoke's theorem 
-> 


{ EE ee | Šp e až (1) 
C sS 


where B is the magnetic induction. 


For the first integral, let the circle of Fig. 2 
be the contour C about which we evaluate the left side 
of (1). The integral involving D is then evaluated about 


the area S enclosed by C. Because of the circular symmetry 
of the charge distribution on the plates, i.e., the uni- 


formity of the Jp lines, the induced magnetic field È 


will be circular. Then, we find using (1), that at 
every radius r 





Ho Th r 
= = am L 
27x BL. Holy + , BL. 7 r 
where Ip r is the displacement current passing through the 
, 
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indicated surface. If r is less than the radius of the 


plates, then Ip X is smaller than the conduction current 
, 


Ia, because not all the electric field lines go through 


S> In the idealized case in which fringing fields are 
neglected, and r equals the radius of the plates, the 
displacement current equals the conduction current and 


uo I 
B a SS 


f 28. -T 


which is the same as the field at a distance r from an 
infinitely long straight conductor. 


@ PROBLEM 












An oil drop carries a net charge of three times the 


electronic charge and has a radius of 10 “ cm. What 

is its terminal velocity when it falls between two 
horizontal plates kept at a potential difference of 

1000 V and 2 cm apart, the positive plate being upper- 
most? The densities of the oil and of air are 800 kg-m ° 
and 1.29 kgm? and the visocity of air is 1.80 x 10 5 


Nesem 2. 





Solution: Between two parallel plates, separated by 

a distance d and maintained at a difference of potential 
V, the electric intensity E is E = V/d. The electro- 
static force acting on the drop is upward, and of 
Magnitude Fẹ = qE = qV/d. This follows from the 
defintion of E (q = 3e~).Three other forces are acting on 
the drop; its weight downward and two upward forces, 

the viscous retarding force f, due to the surrounding 
air, and the buoyant upthrust B (see figure). When 

the terminal velocity is achieved, the forces balance, 
by definition of terminal velocity. The Magnitude of 

the viscous retarding force is given by Stoke's law: 

f = 6mnrv. r is the radius of the drop,p its density, 

n the viscosity of air and v its terminal velocity. 

The buoyant force is equal to the weight of air dis- 
placed by the drop (Archimede's principle). 


The volume of the (spherical) drop is 4/3 E 
and the density of air is o. The weight of the dis- 
placed air (equal to B) is then (4/3mr*)og = B. 
The weight of the drop is W = mg = (4/3nr*)og, 
where p is oil's density. Therefore 


W=Btf+ PF, 
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$ mr? pg = 4 mx?og + 6mnrv + gu , (1) 
Hence, 4 
3 "r°glp - o) - (qv/a) 
Ak 6mnxr 
i - eee! 3 
> 4 x10" !*m3x9.8 mes ? (800-1.29)kgem” °- dep orto ees 
6m x 1.80 x 10 ° Nesem ? x 10 êm 
= m E) Š ~~ Es 
= (3.27 2.40) X10 mes? = 2.56 x 1075 ms?. 
3.40 x 10 


In the classical Millikan oil drop experiment, 
the same set up is used to determine the electronic 
charge. A microscope is used to find the terminal 
velocity v of the drop. Equation (1) is then used 
to solve for q. 
© PROBLEM 640 


An instrument that has been used to measure atomic masses 
with great accuracy is the 180° mass spectrometer shown in 
the figure. Ionized atoms from a source pass through a 
potential difference and enter a region in which there is a 
uniform magnetic field B. The magnetic force acts at right 
angles to the direction of the velocity vector and causes 
the ions to move along a circular path. After completing 
one-half revolution (180°), the ions strike a detector, 
usually a photographic film. (a) Show that the charge/mass 
ratio, q/m, of these ions is given by 


F-a I 
m BR 


where v is the speed of the ions, B the magnetic field 
strength, and R the orbit radius. (b) In an experiment the 
orbit radius is observed to be 0.2 m for singly ionized 


atoms of speed 2.1 x 105 m/s in a magnetic field of 0.13 T. 
What is the charge/mass ratio of these ions? (c) What is 
the mass of these atoms? 








Solution: (a) For circular motion the centripetal acceler- 
ation is 2 


Newton's second law of motion requires that the force 
exerted on the ion be 2 


= ya 
F = ma mp: 
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The magnitudes of the electric potential and magnetic 
fields determine the value of q/m for protons. The charge 


of the proton, q = 1.6 x 10 Big’ is known; therefore, the 
mass may be computed as follows: An ion of charge q is 
accelerated through a potential difference V.It attains a 
velocity given by 


dmv? = Vq 


Since the potential energy of the ion at the source 
is Vq with respect to the inlet of the magnetic deflection 
area. The deflecting force on the charge due to the magne- 
tic field is 
F = qvB 


N 


mi (by Newton's second law) giving 


lB 
w 


y = 
Therefore the ratio q for the spectrometer is, 
m 


T an 

m BR’ 
The value of q/m for protons from this type of experiment 
is approximately 9.57 x 10’C/kg. We find that for the 
proton 


9.57 x 10/C/kg but q = 1.6 x io e 


" 


g 
m 


19 


m = 16% 10 £2 1.67 x 10°?" kg. 


9.57 x 10 ¢/kg 
(b) The given quantities are v = 2.1 x 10° m/s, B= 0.13 T, 
and R = 0.2 m. 
The charge/mass ratio for these ions is found to be 


5 
q = oad = 10 S - = 8.1 x 10fc/kg. 
(1.3 x 10°% @ x 10 r) 


(c) The charge q of the ions is 1.6 x 101%; therefore, 


the mass is given by 


-19 
S -1.6 x 10 ş -26 
m = ae = 1-6 x 10 £ 2.0 x 10 “"kg. 


8.1 x 10 £/kg 
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CHAPTER 20 


ELECTRIC CIRCUITS 





Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 687 to 
738 for step-by-step solutions to problems. 






Electric circuits are modeled as being composed of several distinct 
elements (see Figure 1). The battery or power supply is a source of electric 
voltage E (sometimes called electromotive force) and current. The capaci- 
tor of capacitance C has a voltage drop given by V = q/C. The resistor of 
resistance R has avoltage drop V = RI. Finally, the inductor of inductance 
L has a voltage drop given by V = L dl/dt. All these elements are shown in 
the RLC circuit of Figure 1. an, Dx 

Ohm’s law is sometimes written as j = OE where o = 1/p is the 
conductivity and p is the resistivity of the substance (usually a metal). For 
a conducting wire of length L, Ohm’s law may be rewritten as I/A = 1/p 
V/L, which implies that V = RI, where R = pL/A is the resistance of the wire. 
The resistance is temperature dependent AR = a R AT because the resis- 
tivity is. 

Maxwell’s second equation in the absence of time dependent magnetic 
fields is given by 


Vx E=0 or PE: dr=0. 


If we are integrating about a circuit, then this law means that the sum of 
the voltage drops is zero = V = 0, sometimes called Kirchoff’s second rule. 
Generally, a battery would contribute a positive voltage V and a resistor 


R 
Ro 


Figure 1 Figure 2 
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would contribute — IR. Hence, for the circuit of Figure 1, Kirchoffs rule 
tells us 


V -q/C- RI-LI=0. 


The first rule of Kirchoff simply expresses the conservation of charge 
X I = 0. For the circuit of Figure 1, this means that the current leaving the 
positive terminal of the battery (by convention, the electrons actually flow 
the other way) is the same as the current anywhere else in the circuit. For 
the circuit of Figure 2, however, the current divides so that 


I-I,-I,=0 or I=1,+1, 
Since voltage is work per unit charge and current is charge per unit 
time, the amount of power supplied by a battery to a conductor is P = VI. 


Since V = RI for an Ohmic resistor, the power dissipated may also be 
written as P = RI’ to solve a problem. 


Problems involving series circuits may be solved with the rule that 
resistances in series add up 


R=2DR, 


For example, if we have N identical resistors in series, then the total 
resistance is R, = NR. Parallel circuits involve a reciprocal rule 


1/R ==1R, 


N identical resistors in parallel thus give 1/R, = N/R or R,= R/N. For 
capacitors, the rules are reversed. Capacitors in series follow 1/C = 2 1/C, 
and capacitors in parallel follow C = È C, 


A number of DC or direct current (V = constant) circuits can exhibit 
interesting time dependence. Consider the RC circuit of Figure 3 subject to 
the initial condition that the capacitor is uncharged at t = 0, but there is 
a voltage (produced by a battery and switch, for example). Kirchoff's law 
then gives V—RI-q/C = 0. Att = 0, we have that the current is a maximum 
I, = V/R. Differentiating the equation, one gets 1 + I% = 0 where t = RC is 


Figure 3 
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the time constant of the circuit. By integration, one finds the solution to be 
I = I e*". On the other hand, the charge on the capacitor grows with time 
q = 4q,,(1 — e“) where q„ = CV. 


An RL circuit problem subject to the initial condition I= 0 at t = 0 
would be solved in a similar way to get for the current I =1 (1-e*") where 
the maximum current is I, = V/R and the time constant is now t = L/R. 
Finally, an LC circuit would act very much like a harmonic oscillator 
since the differential equation is q/C + Li = 0 or q + w’q = 0 where the 
angular frequency is w= /VLC. 
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Step-by-Step Solutions to 
Problems in this Chapter, 
“Electric Circuits” 





D. C. CIRCUIT ELEMENTS & INSTRUMENTS 


© PROBLEM 641 


What is the resistance of a piece of nichrome wire 225 


centimeters long with a cross-sectional area of 0.015 
square centimeter? 





Solution: To solve this problem we use the relation 


L 
R= 07 
Where R = resistance L = wire length 
p= resistivity A = cross sectional area 


This basic relationship tells us that resistance is 
directly proportional to resistivity and length and in- 
versely proportional to cross sectional area. In the case 
of a wire this means that the resistance depends on the 
nature of the substance (which appears in the equation 
as the resistivity), that the resistance increases as 
the wire gets longer and decreases as the wire gets 
thicker. 


The resistivity (p) for nichrome is 100 x 107° ohm- 
centimeter. The length is 225 centimeters, and the area 
is 0.015 square centimeter. 


10 * ohm-cm x 225 cm _ 
0.015 cm? 


Then R= 1.5 ohms. 





e PROBLEM 642 


In order to find how much insulated wire he has left on 
a bobbin,a scientist measures the total resistance of 
the wire, finding it to be 5.18 2. He then cuts off a 


200-cm length and finds the resistance of this to be 
0.35 R. What was initially the length of wire on the 
bobbin? 





Solution: The resistance of the wire on the bobbin is 
related to its length by the formula Ro = plo/A. That 


is,the resistance is directly proportional to the length 
(29) of the resistor and inversely proportional to the 


cross-sectional area A of the resistor. p is a constant 
of proportionality (the resistivity). The cut-off length 
has the same resistivity and cross-sectional area. Hence 
its resistance is R = p2/A. 

Ro Ry 8 2 


5L = 
or fa = 200 cm x oo 2960 cm. 


L R 
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@ PROBLEM 643 


Find the current through the filament of a light bulb 


with a resistance of 240 ohms when a voltage of 120 volts 
is applied to the lamp. 





Solution: Since we wish to find the current, we use 
Ohm's Law in the form 


=E 
Iss R ° 
E = 120 volts, R = 240 ohms 
Therefore 
I = 120 volts = 0.5 ampere. 


© PROBLEM 644 


What is the resistance of an electric toaster if it 


takes a current of 5 amperes when connected to a 120- 
volt circuit? 





Solution: This is an application of Ohm's law. Since 
we wish to find the resistance, we use 


=E 
R=7. 
E = 120 volts, I = 5 amperes 
Therefore 
R = 120 volts _ 24 ohms 


5 amperes 
@ PROBLEM 645 


What voltage will send a current of 2 amperes through a 


bell circuit if the resistance of the circuit is 3 ohms? 





Solution: Since we wish to find the voltage, we use 
Ohm's Law in the form E = IR. 


I = 2 amperes, R = 3 ohms 
Therefore 
E = 2 amperes x 3 ohm = 6 volts. 
@ PROBLEM 646 


The difference of potential vi between the terminals of a 
resistor is 120 volts when there is a current I of 8.00 amp 


in the resistor. What current will be maintained in the re- 
sistor if the difference of potential is increased to 180 
volts? 





Solution: Ohm's law indicates that the resistance R will re- 
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main the same when the potential difference is increased; 
hence we can write 


Vv 
= _1 ~ 120 volts _ 
R= E 3.00 amp 15.0 ohms 
Vv 


zo 2 2380 VOLUS .. 
to eh 15-0 ohms 2 amp. 


@ PROBLEM 647 





Solution: Work is given in joules by 
W = EIt 
To convert this to units of heat (calories) we use 


the conversion factor of 0.239 see - This gives us 


be calorie 

H = (0.239 saeni EIt 

E = 120 volts, I = 5 amperes 
t = 5 minutes = 300 seconds 

H = 


(0.239 saloti) x 120 volts 


x 5 amperes x 300 seconds 


= 43,000 calories approximately. 


@ PROBLEM 648 





A battery of 50 cells is being charged from a dc supply 
of 230 V and negligible internal resistance. The emf 
of each cell on charge is 2.3 V, its internal resistance 
is 0.1 2 and the necessary charging current is 6 A. 
What extra resistance must be inserted in the circuit? 























Solution: Let R be the extra resistance needed in the 
Circuit. The 50 cells have a total emf of 50 cells x 
2.3 V/cell = 115 V and a total internal resistance of 
50 cells x 0.1/cell = 5 Q. Let us then represent the 
battery by an emf source ey in series with a resist- 


ance r. Since the battery is being charged, its polari- 
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ty will be in the direction opposite to that of the dc 
supply source. The net emf € of the circuit is then 

the difference between the 230 volt dc supply voltage 
and ey = 115 V. The charging current I = 6 A. We apply 


Ohm's law Ê= I(R + r) to obtain 


(230 - 115)V = 6 A(R + 52). 


@ PROBLEM 649 












voltage across the terminals of a resistor is 6.0 volts 
and an ammeter connected as in the diagram reads 1.5 amp. 
(a) What is the resistance of the resistor? (b) What would 
the current be if the potential difference were raised to 
8.0 volts? 







Solution: 
(a) R= Fa SO warts = 4.0 ohms 
_ Vr 6 50 VOLES 
(b) I R = 10o S 2.0 amp. 


In part a of this solution we have used merely the de- 
finition of resistance. But in part b we have used Ohm's 
law, that is, the fact that R is constant. 


@ PROBLEM 650 





If the cost of electricity is 5 cents per kilowatt-hour, 


what does it cost to run a motor 2 hours if the motor 
draws 5 amperes from a 120-volt line? 


Solution: 


E = 120 volts, I = 5 amp, t = 2 hours 


Work = Power x Time = EI x t 


W 


EIt = 120 volts x 5 amp Xx 2 hr 


1200 watt-hours 1.2 kw-hr 


This is the work done by the motor in the given time 
period. Multiplying this by the cost per hour we have: 


Cost = 1.2 kw-hr x 5¢/kw-hr = 6¢. 
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@ PROBLEM 651 


Two conductors of the same length and material but of 
different cross-sectional area are connected (a) in 
series, and (b) in parallel. When a potential differ- 


ence is applied across the combinations, in which 
conductor will the heating be greater in each case? 





Solution: The resistance of each conductor has the 
form R = o&/A. That is, R is directly proportional to 
the length of the conductor and inversely proportional 
to the cross-sectional area of the conductor. p is the 
constant of proportionality (the resistivity). Since 
the resistivity and length are the same in each case 
then Rı = p 2/A1 and Rz = p &/A2 or Ri/R2 = A2/Ai. 


(a) When the conductors are in series, the same 
current passes through each, by definition of a series 
connection. Hence, the ratio of the heating produced 
(or the power developed) in the wires is 

Hı iz Rı Rı A2 


The heating is thus greater in the conductor with 
the smaller cross-sectional area. 


(b) When the conductors are in parallel, different 
currents pass through them but the potential difference 
across each is the same,by definition of a parallel 
connection. Hence, 


H} V?/Ri Re Ai 


V?/R2 
We made use of the alternate form of power 


development, P = IV = I?R = V?/R. 
In this case,the heating is greater in the conductor 
with the larger cross-sectional area. 
e PROBLEM 652 


A car battery supplies a current I of 50 amp to the 


starter motor. How much charge passes through the starter 
in % min? 





Solution: Current (I) is defined as the net amount of 


charge,Q, passing a point per unit time. Therefore, 
Q = It = (50 amp) (30 sec) = 1500 coul. 


@ PROBLEM 653 
An automobile battery produces a potential ditference 


(or "voltage") of 12 volts between its terminals. (It 
really consists of six 2 volt batteries following one after 


the other.) A headlight bulb is to be connected directly 
across the terminals of the battery and dissipate 40 watts 
of joule heat. What current will it draw and what must 
its resistance be? 
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Solution, To find the current, we use the formula P = IV 
where P is the power dissipated (40 watts), I is the current, 
and V is the voltage. 


Therefore, 
=- P _ 40 watts _ 40 joules/sec 2 
I= 7 I volts 12 joules/coulo 3.33 coulombs/sec 
= 3.33 amps. 


The bulb draws 3.33 amps from the battery. 
From Ohm's law 


H< w< 


R = 


12 volts 


n os = Ss wee 


R = 3.6 ohms. 


The resistance of the bulb must be 3.6 ohms. 
We may also compute the resistance using the formula 


2 2 


5 we Vote = 
P = - Therefore R = a 3.6 ohms. 


as 


This second formula for power may be obtained from the 
first as follows: 

P= iV 
pen, 
R 


© PROBLEM 654 


but from Ohm's Law i = <=. Therefore P = AAAA = 





An electric kettle contains 2 liters of water which it 
heats from 20°C to boiling point in 5 min. The supply 
voltage is 200 V and a kWh (kilowatt-hour) unit costs 
2 cents. Calculate (a) the power consumed (assume that 


heat losses are negligible), (b) the cost of using the 
kettle under these conditions six times, (c) the re- 
sistance of the heating element, and (d) the current 
in the element. 


Solution: The heat gained by the water in being raised 
to the boiling point is given by the expression H = 
mc(t2 - tı) where c is the specific heat of water (the 


amount of heat required to raise the temperature of the 
substance 1°C), m is the mass of the water being heated 
and (t2 - tı) is the temperature difference before and 


after heating. 
(a) H = 2 x 10° cm? x 1 gecm-® x 4.18 Jeg-!-C deg-! 


x (100 - 20)C deg = 6.69 x 10° J. 
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Since heat losses are neglected, the conservation 
of energy requires that the heat energy generated be 
equal to the electrical energy consumed by the kettle. 


Thus the electric energy E = 6.69 x 105 J. 


The power is the energy consumed per second, 
which is thus 


ee : ges re es a Gea AAD 3 ai 
P = E ETA eee 2.23 x 10° Jes 


=, 2.23: kW. for IW = 1 g+s-!] 
(b) The kettle uses 2.23 kW for 5 min each time the 
water is boiled. When it is used six times, 2.23 kW 
is used for 30 min = hr. The cost is thus 
2.23 kW x i hr x 2 cents + kWh = 2.23 cents. 
(c) The power P consumed is 2.23 kW and the supply. 


voltage V is 200 V. But P = V*/R,where R is the resist- 
ance of the kettle's heating element. 


2.23 X10 W 


(d) But one may also write the power as P = IV, where 
I is the current through the heating element. 


@ PROBLEM 655 


A variable resistor in series with a 2-V cell and an 
ammeter is adjusted to give a full-scale deflection 
on the meter, which occurs for a curent of 1 mA. What 
resistance placed in series in the circuit will re- 
duce the meter readings by 1/f? 


The meter is calibrated to measure resistance on 
this basis, but the emf of the cell drops by 5% and 
the variable resistor is readjusted so that the full- 
scale deflection again corresponds to the zero of the 
resistance scale. What percentage error is now given 
on a resistor which has a true resistance of 3800 Q? 





€ 


Solution: The total resistance in the circuit when 
the meter is giving full-scale deflection is 


r= £-= 2V_ = 2000 a, 
TO =A 


for we are given that full scale deflection on the 
ammeter occurs for a current of 1 mA = 1 x 1073 A. 
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If an unknown resistance X is added to the circuit 
and produces a meter reading of (1/f) mA, then 


R+ X = ——= ee; = 2000 £ 


(1/£) x 10% A 
.'. X= (2000f - 2000)2 = 2000(f - 1)a. (1) 


The emf of the cell now drops to 95/100 (= 95%) 
of 2 V= 1.9 V. Alternatively since we are given that 
the emf of the cell drops by 5%, then the emf loss 
is 5/100 of 2 V = .l V. The new emf is now 2V - .1V 
= 1.9 V. For full-scale deflection the resistance in 
the circuit is now 


MEN 
1073 A 


R' = 1900 Q, 


and if a further resistance of 3800 Q is inserted in 
the circuit, the current is 1.9 V/(1900 + 3800)2 = 
1/3 mA. 


But from the meter calibration, when the current 
drops to one-third of its value (i.e. the meter read- 
ing is reduced by 1/f = 1/3, or f = 3) the inserted 
resistance should have a value given by (1) 


Xx = [2000(3 - 1)]2 = 4000 Q. 


The error in the reading is thus (4000 - 3800)2 
= 200 Q, and the percentage error is 


ee x 100% = 5.3%. 


@ PROBLEM 656 


A 12-V automobile battery supplies 20C of charge in 5 s 
to a stereo tape player. What is the electrical current 


flowing into the device and how much work is done by the 
battery. 





: The charge supplied by the battery, q = 20 C, 
and the time interval, t = 5 s, are given. The current is, 
by definition, 


ae. a 20 Cc 


im int - 4a 





The potential of the battery, V = 12 V, is also given. 

However, the potential difference between two points is 
the work required to move a unit charge from the point 

at lower potential to that of higher potential. Or 


Ta = 
q 
Then W = Vg = (12 V)(20 C) s2200 107-3 


The work done by the automobile battery is 240 J. 
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@ PROBLEM 657 









A dynamo driven by a steam engine which uses 10° kg of 
coal per day produces a current I = 200 A at an emf V 
of 240 V. What is the efficiency of the system if the 


calorific value of coal is 6.6 x 10° cal+g !? 





Solution: The energy supplied by the coal per second 
is equal to the product of the calorific value of coal 
and the mass of coal used, divided by the time it takes 
to burn the coal. Hence, 


we = S25 10? caleg7! x 10° g _ 4.2 x 6.6 x 10° z.g- 
pity 24 x 60 x 60s 24 x 60 x 60 





32° x 10° We 


The electric power supplied by the dynamo is 
P = Iv = 200 A x 240 V = 4.8 x 10" W 


The efficiency of the system is thus 


Py fens 4.8 10° , _ iss 
Eo -G Oe : 


@ PROBLEM 658 














The variable capacitor in the figure is connected to a 
battery of e.m.f. V and internal resistance r. The current 
in the circuit is kept constant by changing the capacitance. 
(Assume that we are able to increase the capacitance in- 
definitely in order to accomplish this). 

a) Calculate the power supplied by the battery. 


b) Compare the rate at which energy is supplied by 
the battery with the rate of change of the energy 
stored in the capacitor. 


Solution: a) The current in the circuit is related to the 
voltage across the capacitor as 


dv, 


C at 


=I 


As the capacitor charges up, Vo rises toward its 


limiting value and its rate of change goes to zero. There- 
fore, in order to keep I constant, capacitance, C, should 


; A Cc : 
compensiga for this drop in -3 observe that, as time 


t+ 6, aE + 0 and we should have C, * ©}. Ignoring the 
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practical difficulties of maintaining a constant I, asymp- 
totically we have a continuous charge flow in the circuit 


gi 


and va =V. 
The battery supplies a constant power since its e.m.f. 
is constant, 
Pa = VI. 
b) The capacitor is being continuously charged. Once 
the voltage across the capacitor stabilizes at t > ~, we 
have 


œ 
, 


V=tIr+v 
c 


or Vv = V - Ir. 


c,°? 


The energy stored in the capacitor becomes 


W = 


n| 


q 


V 
œ Cc,2 


m 


x do (vV - Ir). 
The rate of change of W with time is 
dq 
3 GE oe œ zak a 
@4as9t: ganteae Vo,0 Inde VO aeeee 
The rate of dissipation of energy in the resistor r is 


P 


Baa= T Ga 


Therefore the power supplied directly to the capacitor is 


=P -p = fy -ïr g 
P = Pa Pr IV "E I(V Iv}, 
which is twice as large as that used in charging the capa- 
citor: P = 2P. 


The battery supplies twice as much energy to the capacitor 
as is stored in the capacitor. The difference is the work 
done by the capacitor against the external agent that is 
changing the capacitance. 

@ PROBLEM 659 


Explain how a diode may be used to convert alternating current 
(AC) into direct current (DC). 


Source Potential 





Ņ Electrons Yal tagef 


Source of Time 
alternating Load Current present in 
potential Resistor Current} circuit 
Ammeter Time 
Fig. A Fig. B 
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Solution; Figure (a) shows the arrangement of an AC generator, the 
diode, and the resistive load represented by a resistor R through 
which a direct current flows. The polarity of the generator terminals 
reverses twice during each cycle. (See figure (b), voltage diagram). 
When the generator lead connected to the negative terminal of the 
diode is negatively charged, the diode is forward biased and electrons 
readily flow through the diode, the resistor, and back to the positive 
terminal of the generator. One half-cycle later, the polarity of the 
generator lead connected to the negative terminal is positive, the 
diode is reverse biased, and the current through the diode is essen- 
tially zero. The current through the resistor will vary like the 
voltage does during the half-cycle that conduction occurs in the diode, 
so the current will change as indicated in figure (b). 


@ PROBLEM 660 


The coil of a galvanometer has 150 turns of mean area 


1 cm? and the restoring couple of the suspension is 


10 “Nem per radian. The magnitude of the radial magnetic 


induction in which the coil swings is 0.2 Wbm `?. What 
deflection will be produced when a current of 10 UA 
passes through the coil? 





FIGURE A Front View 






Pointer FIGURE B Top View | 


Restoring Spring 


Galvanometer 
Coil 
—— Shaft 


Restoring Spring 


Solution: Our first task is to relate the deflection 
of the galvanometer coil (measured by the angle 6 in 
figure (a)) to the coil characteristics. Before we do 
this, we briefly review the method of operation of a 
galvanometer. 


The coil of the galvanometer is wrapped around a 
cylindrical form. The shaft of this form (figure (a)) 
is mechanically connected to two restoring coil springs, 
present at supports A (figure (b)). The entire coil 
apparatus is placed between the poles of a permanent 
magnet. When no current passes through the coil, it 
is in equilibrium between the poles, as shown by the 
dotted line in figure (a). Now, any current carrying 


coil possesses a magnetic moment ie If the current 
passes through the coil from left to right in figure 


= 
(a), u will be in the direction of the pointer. How- 
ever, a magnetic moment in a field of magnetic in- 
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duction will experience a torque given by 


> 


f = 


ry Wy 


x B (1) 


Since the field lines of È are radial, the coil will 
rotate about the form axis. Since the shaft of the 
form is attached to restoring springs, the motion of 
the coil will not be unimpeded, and it will tend to 
return to its equilibrium position. We now show that 
© is related to the current I flowing in the coil. 
From (1), the magnitude of the torque experienced 


by the coil due to B is 
T = uB sin ọ (2) 


where ¢ is the angle between i and B. When the coil 
has attained its maximum deflection, it will rotate 
no more. 


Hence, the torque in (2) will then equal the 
restoring torque due to the springs. This latter torque 
is given by 


T' = - ko (3) 


where k is the torsional constant of the spring. At 


Bae? the net torque is zero, and 


T+T' =0 


or k Bn u B sin 90° = uB 


ax 


Now, for a planar coil u = nIA 
where n is the number of turns the coil has, and A 
is its cross-sectional area. Hence 

k 8 = nIAB or 8 = nIAB 

max max k 

We see that the maximum coil deflection is related 
to the current it carries. We may therefore use the 
galvanometer as the basis of a current-measuring 
device. In our case, 





_ 150 x 10 m? x 10* A x 0.2 Woem~ 


— 10~* Nem 


0.03 rad. 


RESISTANCE - TEMPERATURE CHARACTERISTICS 


© PROBLEM 661 





The cross-sectional area of the copper wire used in a 
household wiring system is approximately 3 mm? = 


3 x 10 ° m°. Find the resistance of a copper wire 10 m 


long, at 20°C, if the resistivity of copper is 
1.72 x 10 ® ohm. m. 
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-/— ++ 
+v- 
Solution: The resistivity p of an isotropic material is 


defined as the ratio of the electric field E it is placed 
in and the current density J flowing through it as a 
result of this electric field: 





g volts 
přš m_ _ E ohms (1) 
amp. J m 
mê 


As in the figure, we take the wire to be a 
cylindrical conductor and apply a voltage across the 
ends. A finite current I and a non-zero electric field 
will be set up in the wire since we have an imperfect 
conductor (p # 0). The cross-sections at each end are 
small enough to be assumed to be equipotential surfaces. 
By definition, 


b 
wns | beat (2) 


and I (3) 


li 
—_—_ 
G+ 
e 
fy 


where È and f are the electric field intensity and 
curent density, respectively. In this case, 


É is parallel to the axis of the wire, and if we evaluate 
(1) along a path parallel to the axis of the wire, we 
obtain 


V El (4) 


Na —" 


Similarly, 3 is parallel to the axis of the wire, 
and (3) may be evaluated. Hence, 


I = JA (5) 


Using (4) and (5) in (1), we obtain 


E i. -¥ 2 
ens 


a (v wf ya a 
A T 


Yara Wi 


But = R, by Ohm's Law, where R is the resistance 


of the wire. Hence 
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BE 


Solving for R, R= pk 5 


Using the data provided 
R = (2:72 x 107" ohm + m) (10 m) 
G x 10° m?) 


= .057 ohm. 


w 
| 


© PROBLEM 662 


The resistance of a copper wire 2500 cm long and 


0.090 cm in diameter is 0.67 ohm at 20°C. What is the 
resistivity of copper at this temperature? 





Solution: The resistivity of a conductor is directly 
proportional to the cross-sectional area A and its 
resistance, and inversely proportional to its length 
£. Therefore, knowing the resistance, we have 


= pA 0-67 ohm (0.090 cm)? 
e a (25008cMi:. 05 så oi a 


1.7 x 10 © ohm-cm 


Resistivity is a characteristic of a material as 
a whole, rather than of a particular piece of it. For 
a given temperature, it is constant for the particular 
medium, as opposed to resistance which depends on the 
dimensions of the piece. 


© PROBLEM 663 


A copper coil has a resistance of 100 ohms at 20°C. What 
is its resistance at 50°C if the temperature coefficient 


of resistivity for copper is 0.0038 ohm per ohm per 
degree centigrade? 





Solution: We are given the resistance of a wire at one 
temperature, and are asked to calculate its resistance at 
another temperature given the temperature coefficient of 
resistivity. The new resistance is given by the old re- 
sistance plus a factor proportional to the old resistance, 
the temperature change, and the constant coefficient for 
the substance. 


R2o = 100 ohms, t = 50°C, a = 0.0038 ohm/ohm/°C. 


Using R, = Rao + Rao a(t - 20°C), we have 


t 
R, = 100 ohms + 100 ohms x 0.0038 ohm/ohm/°C (50°C - 20°C) 


= 100 ohms + 11.4 ohms 


= 111 ohms, approximately. 
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© PROBLEM 664 












The total resistance of a wire wound rheostat when 
"sold" is 300 ohms. In use it experiences a rise in 
temperature. How does the current which it draws on a 
100 volt line after its temperature has risen 50° C, 
compare with that drawn at the start when it is "cold"? 






Solution: This problem involves a combination of Ohm's 
Law and the dependence of resistance upon temperature. 


I=s5 (Ohm's Law) 


But R = Ro(l + at) where a for metals is .0038/°C 


(approx). That is the resistance of the metal increases 
at a rate directly proportional to the increase in 
temperature. 


When "cold" R, = 300 ohms. 


$ Meh. apani ELN 
. e ay = Ri 300 .333 ampere 


But when "hot" R = 300[1 + .0038(50)] 


or R2 - 300 = 300(.0038) (50) 
= Bink 3.8 &- 52x 20° = 57 
. R2 = 357 
V 100 
And In = Rp = 357 = -280 ampere 
-280 
Thus I2 = -333 I, = .84 I, (approx). 


@ PROBLEM 665 


A silver wire has a resistance of 1.25 ohms at 0°C and 
a temperature coefficient of resistance of 0.00375/C°. 


To what temperature must the wire be raised to double 
the resistance? 





Solution: The change in resistance R, - Rp is 





t 
directly proportional to the change in temperature and 
the original resistance Rọ. It is known from experiment 


that 





AR = aRoAt. 
Substituting values, we have 
in ee: 

aRo aRo 


ea 0° c = xl2s50 = 1.25) ohms 
= 0.00375/C°x 1.25 ohms 


since Re = 2Rọ = 2(1.25) = 2.50 
t = 266°C. 
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@ PROBLEM 666 


A wire of diameter 1 mm carrying a heavy current has 
a temperature of 1200°K when equilibrium has been 
achieved. We assume that the heat lost from the wire 
is purely by radiation. The temperature of the sur- 
roundings is 300°K, the resistivity of the wire at 


this temperature is 5 x 10 ® Qm, and the temperature 
coefficient of resistance of the wire is 4 x 107° per 
C deg. What is the magnitude of the current in the 
wire? 





Solution: Since the heat is being lost by radiation 
only, the energy lost per second by a l-m length of 
the wire (i.e. the intensity of radiation emitted by 
the wire)is given by Stefan's law W = Ao (T* - T$), 


where A is the surface area of the length of wire 
and o is Stefan's constant. The wire is assumed to 
radiate as a blackbody (i.e. it emits all of the 
radiation produced by the excited atoms of the wire). 
Ty is the wire temperature and T is the ambient 


temperature. 


But this energy is supplied by the current 
flowing. Thus, if R is resistance of 1 m of the wire, 
then the energy supplied per second is Power = 
IÊR = W = Ao(T" - Tf). But 


LA 
r= 


where A' is the cross-sectional area, % is the length 
and p is the resistivity of the wire at temperature 
T. It is related to T by the following relation: 

p = poll + a(T - To) J, where pọ is the resistivity 


at 300°K, and a is the temperature coefficient of 
resistance. Hence 


Poll + a(T ~ To) J 
Be SRR oe ant 


But, for 1 meter of wire, P = W and 


: Ao (T* - T6) AA'o (T* - T4) 
~ Doll + a(T - To) J& poll + a(T —- To) Ik 
i cl ne il 
A 


_ Amx2nx4x107 mxn (x10 3) 2m?x5.67x10 °Wem 7 (K deg) * 
5x10 °Qem[1+4x10 ° (K deg)” 1(1200-300)K deg]x1m 


x (2200*-300*) (K deg) * 


1258 A’. 


v Š I = 35.5 A. 
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RESISTOR NETWORKS 


e PROBLEM 667 


Find the total resistance in the circuit in the figure. 


R., +R = 
yt Beak 





Fig. A Fig. B 


Solution: This problem is simplified by observing that 
the circuit can be resolved into its component parts. 
Since resistors R, and R, are in series, we may take 


their sum and consider it as a single resistor (see 
diagram) with resistance R. 


Combining the first two resistances, 

R = R; + R = 4 ohms + 2 ohms = 6 ohms 

Now we have a simple parallel circuit and can 
easily solve for the total resistance of the circuit. 
Letting R' be the total resistance of the circuit we 
obtain: 


i ees EEEE 1 PEIEE ETES ee S 
R' R R 6 ohms 6 ohms 3 ohms 


whence 


© PROBLEM 668 


Consider the simple circuit in the figure grounded at point 


b. Compute the potentials of points a and c. 








In this circuit point B is grounded. When dealing 
with circuits, the grounded point is considered as zero 
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potential and we express potentials relative to this refer- 
ence level. The direction of current flow is counterclock- 
wise so we will traverse the circuit in this direction. 
Kirchoff's loop theorem states that the sum of the changes 
in potential around any closed loop must be equal to zero. 
Note that this is just a statement of conservation of energy. 
Applying this theorem gives the following equation: 


€ - ir - i(3 ohms) - i(1 ohms) = 0 


Observe that although there is 10 volts across the battery 
by itself, when it is connected to the circuit its internal 
resistance, r, causes a potential drop equal to -ir. 
Substituting 12 for r and solving for i, yields 2 am- 
peres as the value for the current. 
Since the potential at point b is zero, we start there 
and proceed to points a or c to find V or Yo respectively. 


We may go in either direction so long as we take into account 
the proper sign for the current (negative if counterclockwise, 
positive if clockwise). Proceeding counterclockwise from 

b to c yields: 


Vo = -i(1Q2) = -2 volts 


Proceeding clockwise from b to a and remembering that in 
this direction the current is -2 amp, we see that 
Na = -(-2)(3) = +6 volts. 


That is, point a is 6 volts above ground and point c 
is 2 volts below ground. The potential difference V 
can now be found by subtraction 


si¥ on Vos 6 -(-2) = +8 volts 


ac 


Va 


c 
@ PROBLEM 669 





A bell circuit consists of 150 feet of No. 18 wire which 
has a resistance of 1 ohm, a bell which has a resistance 
of 5 ohms, and a battery of two dry cells, each having 


an emf of 1.5 volts. What is the current through the 
circuit,assuming that the resistance of the battery is 
negligible? 


Ri 
R2 
(a) ACTUAL CIRUAT (b) SCHEMATIC DIAGRAM 


Solution: It may be of assistance to draw a diagram 
(see diagram). Note that 


Rı = resistance of wire (which is represented in the 
schematic diagram as a resistor in the circuit). 


R2 


resistance of bell in the schematic diagram. 
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Since the bell and the wire are in series, the 
total resistance is the sum of 5 ohms and 1 ohm; that 
is, 6 ohms. 


From Ohm's law: 


@ PROBLEM 670 








A galvanometer of resistance 20 2 gives a full-scale 
deflection when a current of 1 mA passes through it. 
What modification must be made to the instrument so 
that it will give full-scale deflection for (a) a 

current of 0.5 A, and (b) a potential difference of 
500 V? 


b 


Solution: If a galvanometer has a resistance R of 

0 2 and gives full-scale deflection for a current I 
of 1 mA, then the voltage drop across it under these 
circumstances is given by Ohm's Law as 


V= IR= 10° A x 20 Q= 0.02 V. 


(a) If we want a full-scale deflection of the 
galvanometer for a current of .5 A, we must arrange 
things so that only 1 mA of this current passes 
through the galvanometer. Referring to figure (a), 

a shunt resistor R must be added to the galvanometer. 
This resistor must take 499 mA, allowing only 1 mA 
through the galvanometer. But since r and R are in 
parallel, the potential difference across each is 
the same. Thus, if R is the resistance of the shunt, 
then,by Ohm's Law, 


1 mA x 20 2 = 499 mA X R 


> 36205. 
R = “Jog = 0-0401 2. 


(b) The galvanometer's full-scale deflection 
occurs when a voltage of .02 V is across the galvano- 
meter resistance. Hence, to convert to a voltmeter 
reading up to 500 V, one must add a series resistor 
to the galvanometer. Only 0.02 V is dropped across 
the galvanometer for the maximum current of 1 mA. 
Thus 499.98 V must be dropped across the resistor 
of resistance R. The same current flows through 
both resistor and galvanometer. Hence, by Ohm's Law 


R = 499-98 V _ 499,980 Q. 


107 A 
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© PROBLEM 671 





A galvanometer has a resistance of 5 ohms with 100 divisions 
on its face. Maximum deflection of the meter occurs when 
the current through it is 2ma. What series resistance 


should be used with the galvanometer in order to employ it 
as a voltmeter of range 0 to 200 volts? 


l 
; H Voltmeter consisting of 

I R | a galvanometer and resistor 
! ! in series 

I 


Solution: The maximum voltage we need to read is 200 
volts. We therefore want maximum deflection to occur when 
the voltage across the voltmeter is 200 volts. This occurs 
when the current through the galvanometer is 2ma or 0.002 
amp. To accomplish this, we can put a resistor R in series 
with the galvanometer. The total resistance in the circuit, 
R + r (see figure), must then be,by Ohm's Law, 


= V a 200 volts _ 
R+r= a 0.002 amp 100,000 ohms 


and R 


100,000 - 5 = 99,995 ohms 


Since the voltage across the terminals is proportional 
to the current flowing through the galvanometer, each 
division of the meter corresponds to 


200 volts 


100 dva 2 volts/division. 


@ PROBLEM 672 


Compute the resistance across the terminals in figure A. 





402 352 402 
52 302 = 1052 75Q 
352 
102 252 i 
Fig. A 152 202 Fig. B Fig. C 


Solution: First we regroup the resistors to simplify our calculations. 
We are allowed to do this as long as we do not change the orientation 
of the resistors with respect to each other and to the terminals, 

An equivalent arrangement is shown in figure B, 


In figure C we sum the resistors in series. We are left with two re- 
sistances in parallel which we find from the formula: 
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OE es dere? ee eee 
Rp R Ro 105° 75 525 173 


where Rp is the total resistance across the terminals. Thus: 
173 


= a” = 43.25 


E 


@ PROBLEM 673 


In the figure €, = 12 volts, r= 0.2 ohm; E, = 6 volts, 
ro = 0.1 ohm; R3 = 1.4 ohms; R} = 2.3 ohms; compute (a) 


the current in the circuit, in magnitude and direction, 
and (b) the potential difference YV 








a)From conservation of energy we know that the sum 
of the changes in potential (voltage changes) around any 
closed loop must equal zero. Therefore the current (which 
is conventionally taken as the flow of positive charge) is 
in a clockwise direction because ey > €z} but let us choose 


it as going counterclockwise to show that it doesn't make 
any difference. Note that each battery has an internal re- 
sistance. Starting at point A and traversing counterclock- 
wise yields the following equation: 


“2 ir, - iR} - iR, - ir, +e, = 0 


2 
i(r, + r3 + R3 + R4) = €o- €& 
+ lace -6 
TFE FRIR) 4 
(rtr +R3+R} 4 
= -1.5 amp. 


The negative value for the current merely means that we 
chose the wrong direction (i.e., the current flows clockwise) 
(b) We may use either a clockwise or counterclockwise 
path from point A to point C to find Vac’ Since we are only 


concerned with differences in potential, let us assume a 
zero potential of A and then traverse the loop clockwise 
from A to C. Taking into account the clockwise flow of cur- 
rent this yields, 


“Ey - ir, = iR, = -6 — (1.5)(.1) - (1.5) (1.4) 


= -8.25 volts 
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This means that the potential is 8.25 volts lower at point 
C than at point A. If we go from point A to point C in a 
counterclockwise direction we must remember to use the 
negative value for the current. This path yields: 


=“ 7 ir, = iR} -12 - (-FSSIA 27T t5) (2.3) 


Again, we see that the potential at point C is 8.25 volts 
lower than that at point A. 


-12 + .3 + 3.45 = -8.25 volts. 


@ PROBLEM 674 






Two cells, one of emf 1.2 V and internal resistance 
0.5 2, the other of emf 2 V and internal resistance 
0.1 2, are connected in parallel as shown in the 
figure and the combination connected in series with 
an external resistance of 5 Q. What current passes 
through this external resistance? 





5Q 

Solution: The diagram is labeled and current values 
have been inserted in each part of the circuit. Apply- 
ing Kirchhoff's current law to point A, we have 


I, + I, = I; (1) 


Note that in the figure, boxes have been drawn 
representing the 2 batteries in the circuit. The given 
voltages, £, and €2, are the voltages of the batteries 


assuming zero internal resistance. (The terminal volt- 
ages are Vac and VPE’ not e€; and cez.) 


Applying Kirchhoff's voltage law to the closed 
circuit containing both cells,and then to the closed 
circuit through the lower cell and the external re- 
sistance (see figure for the directions in which the 
loops are traversed) we have 


+ Ez -Ef Fe. STFI) S (al Aty =*0 


and + €2 - (5 Q) (Ts) = (.1.Q) (I2) = 0 
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(2 - 1.2)Vv 


Hence, Ea Ei 


(.1 R) (I2) - (.5 Q) (T,) 
€2 = 2V = (5 Q)(I3) + (.1 Q) (T2) 


or, upon multiplication of both sides of each equation 
by 10 
yes’ gv = (1 9) (12) - (5 9) (Tr) (2) 


20 V (1 Q) (Iz) -+ (50 Q) (I3) (3) 
Substituting equation (1) in (3) 


20 V 


(1 2) (I2) + (50 Q) (I, + I2) 


20 V = (51 Q)(I2) + (50 Q)T, (4) 
Multiplying (2) by 10, 


80 V = (10 &) (I2) - (50 Q) (Ti) (5) 
Adding (4) and (5), we may solve for I, 


100 V = (61 &)I2 
~ KO0s¥ = 
and I = “in = 1.64 A (6) 


since 1 ampere = 1 volt/ohm. 
Substituting (6) in (3), we obtain I}, 
20 V = (1 Q) (1.64 A) + (50 Q) (I3) 


18.46 V 


so hc Tt 


or BE year ae W Ales’ T 


e PROBLEM 675 


Two devices, whose resistances are 2.8 and 3.52, respective- 
ly, are connected in series to a 12-V battery. Compute the 


current in either device and the potential applied to each. 





3.52 





Series Resistance 


Solution: Resistances in series add. The equivalent re- 
sistance of the two devices is given by 


R = 2.82 + 3.52 = 6.32. 


The current supplied by the battery can be computed using 
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This current I flows through both devices since they are 
in series. Ohm's law may be applied to calculate the 
potential applied to each device: (see figure) 


vi = IR} = (1.9 A)(2.89) = 5.3V 


v= IR, = (1.9 A) (3.52) = 6.7V. 


Note that the sum of these potentials is equal to the 
battery potential, 12V. 


© PROBLEM 676 





Suppose that three devices are connected in parallel to a 
12-V battery. Let the resistances of the devices be 


Ry = 22, R3 = 32, and R3 = 42, What current is supplied 


by the battery and what is the current in each device? 








Re 32 $ R=42 
T3 4 





Solution: Since the resistors are in parallel, we have for 
the equivalent resistance R, 


a Te oe on See ee eee E | 
R* 8 * Se tap ant tet ee GE i 


The equivalent resistance, therefore, is 


ee 

R= 3° = 0.922. 
The voltage across each device is 12 volts since they are 
in parallel to the battery. Therefore, using Ohm's law and 


the figure, 


1I. =V -12 V=6 amp 
1 Ri 20 
aV ig tees 
"5, pease 
E E A 
T3 = E Tn 3 amp. 


The current supplied by the battery is found by applying 
Kirchoff's node equation at point A. Hence 


I 


I, + I, + I, = (6 + 4 + 3)amp 


I 13 amp. 
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© PROBLEM 677 


Compare the cost of operating 3 lamps in series and 


in parallel on a 115 volt circuit, if each lamp has a 
resistance of 100 ohms. 











Fig. A Fig. B 
Equivalent 
Parallel: citent: 
1002 1002 1002 
115v 
Equivalent circuit: 
1002 100% 1009 cia 
115v o 115V 0 O 115v° 
Solution: We calculate the cost of operation for each 


configuration (see figures) by calculating the net power 
expended by each circuit. Assuming both circuits run for 
the same time, the energy used by each can then be found. 
The circuit using less energy is the more economical. 


For the series circuit, the same current I flows 
through each lamp. Each one then uses power 


P= I? R 


where R is the lamp resistance. Since the resistance 
of each lamp is the same, the net power expended in the 
series circuit is 
= 2 

P EISIR (1) 

Looking at the equivalent circuit in figure (a), 
we realize that the net resistance of the series con- 
figuration is 


R = 3R 
By Ohm's Law, the current in this circuit is 


V V 
= + (2) 
| 


I= 





Using (2) in (1) 


Se a E & 
Piet "= TRE? FR 


Using the given data, the series configuration 
uses power 


z Uut. 
P ee = -300 0 = 44.1 Watts 


For the parallel connection, each lamp has the 
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same voltage V applied across it. Each one uses power 


v2 
> 
where R is the lamp resistance. Since all the resist- 
ances are equal, the net power expended by the parallel 
circuit is 


pt 


_* ert 3 (115 wr 
Piet Aa “loon E 396.75 Watts 


If both circuits operate for a time t, the energies 
used are 


E brisg = Piat t = (44.1 Watts)t 


= ' = 
E parallel Piet T (396.75 Watts)T 


Hence, the series combination is cheaper to run. 
© PROBLEM 678 


Determine the current in each of the resistors in figure A. 


Fig. A 
35 volts 





4.0 ohms 





Solution: We find the resistance between points B and C (Rao) by 


using the relation for resistors Ri» Rysse in parallel (see figure 


(A)). 


1 witli +... 
Rrotal 1 2 
i: oe: eee Pee 
Rac 6.0 ohms 9.0 ohms 18.0 ohms 
i 6.0 
18.0 ohms 
_ 18.0 pe 
Rac = 60 ohms = 3.0 ohms 


Using the formula for resistors in series, 


Benne ~ By + By + oe » 


we find the resistance between points A and C inthe circuit. (see 
figure (B)) 


Rac = Rap + Rac = 4.0 ohms + 3.0 ohms 
= 7.0 ohms 
The current I, in the circuit is obtained from Ohm's Law 
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vi = 35 volts 


ye ca = 5.0 amp. 
t Rae 7.0 ohms 


The current through each individual resistor is, by Ohm's Law, equal to 
the voltage across the resistor divided by its resistance. Hence 


V. 
aN AOLE 
"FC 7 Reg 6.0 ober > Oe 
= -HK _ 15 volts _ 
Tix ~ R S.o cma ce Se 
HK 
VIM 15 volts 


Lu” Riy 18-0 ohms = 0.83 amp. 


= ' 
Note that I. = ba t Ly + Lm by Kirchoff's Current Law. 


rj 
Q 
7 


= (2.5 + 1.7 + 0.8) amp = 5.0 amp. 
@ PROBLEM 679 
A bank of cells having a total emf of 12 V and negligible 


internal resistance is connected in series with two 
resistors. A voltmeter of resistance 5000 2 is connected 


across the resistors in turn, and measures 4 V and 6 V, 
respectively. What are the resistances of the two 
resistors? 





€ € € € 
Ce TSAR 
R R3 R R 
p A R 
50009 50002 


Fig. A Fig. B Fig. C Fig. D 
Solution: The voltmeter is connected across R, as in 


diagram (a) and since the resistance of the voltmeter 
is in parallel with R; the circuit is equivalent to 


that shown in diagram (b), where 


ee E | E 5000 2 + Ri 
R R, 5000 2% jj 5000 2 Ri 
_ 5000 Ri Q 
R= 5000 2 + Ri (1) 


Now, the voltmeter measures a 4 V drop across Ri. 
By Kirchoff's Voltage Law, the net voltage around the 
circuit shown in figure (b) is zero. Hence, traversing 
the circuit as shown 
€ - IR - IR = 0 (2) 
But we know that the voltage drop across Ri 
equals the voltage drop across R, since R, and the volt- 
meter are in parallel. Then 


IR=4V 
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and, from (2) IR2 € -IR=12V-4V=8V 


IR2 


= Sm 
Therefore, in 77 2 
or R=% Re 
5 5 Rı Q R 
Using (1) R= s00 RG 


Similarly, from diagrams (c) and (d), showing the 
second connection of the voltmeter and the equivalent 
circuit, we have 


R2 Q 
R' = gee And 6 V= I'R = TR! 


aš 5000 R2 2 _ pi; 


= 5000 2 + R2 


Hence, from the two equations obtained, we have 
(by cross multiplication) 


10,000 Ri 2 = 5000 R2 2 + RıR2 (3) 
and 5000 R, 2 = 5000 Ri Q + RiRo. (4) 
Subtracting these equations, 


10,000 Rı 2 - 5000 Rz 2 = 5000 Rz 2 = 5000 R; Q 


or 
15,000 Rı = 10,000 Rz or Ri = 2 Rp. 
Substituting back into equation (3), we get 
2 = 2 
10,000 3 R2| 2 = 5000 R: Q + 3 R2 | (R2) 
10,000 2 = 7500 Q + R: 
R2 = 2500 2 
2 2 
and R, = 3 R2 = 3 (2500 Q) 
Ri = 1667 2 


@ PROBLEM 680 





An enquiring physics student connects a cell to a circuit 
and measures the current drawn from the cell to be Ii. 


When he joins a second, identical cell in series with 
the first, the current becomes Iz. When he connects the 


cells in parallel, the current through the circuit is 
I3;. Show that the relation he finds between the currents 


is 3I2T3= 2I, (I2 + I3). (See figures (a), (b) and (c)). 
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Fig. A Fig. B Fig. € 


Solution: Let the emf of any of the cells be e and its 
internal resistance be r. Let the external circuit have 
a resistance R. When a single cell is used (see figure 
(a)) R and r will be in series. Hence, the equivalent 
circuit resistance Req is 


Req = R+r 


Ohm's Law yields 


€ 
net _ € € 


= 
Riet Req R+ r 





I; = 





If two identical cells are connected in series, 
their emf's act in the same sense. Hence, again using 
Ohm's Law (see figure (b)) 


When the cells are connected in parallel, since they 
are identical, by the symmetry of the arrangement 
identical currents Io must flow through each cell. 
Further, since no charge accumulates at point A in 
this circuit, (by conservation of charge) 


Is = In + Io = 210 


Considering the passage of current through either 
cell, we have 


I; 
VAB a Lek E aa 
This follows because, each charge passing through e€ 
is raised in potential an amount €. However, by Ohm's 
Law, each charge also loses potential Ior by crossing 


the battery's internal resistance. When we consider the 
passage of current through the external circuit, then 
VAB = IR, by Ohm's Law. Hence 


Iar 
IR = €- er 
= r 
or €=13 (r+ z) 


Rewriting the three equations obtained, we find that 
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N 


R+r= E. , R+ 2r= E. and R + 
Ti 2 


NIK 


gae 
I} 


H 


We must eliminate all resistance variables to 
obtain the given formula. 


Solving the first equation for r, and substituting 
this value in the second equation, we obtain 


r = Th -R 
r+ 2 [fn] - 2 
1 2 
_ 2c 2e 
e- Re yo 5 
1 1 
= ee ee 1 
R 2€ Fe a (1) 


Inserting the calculated value of r in the third 
equation 


G ape gee gt Elon k Ex 

R+% T R| T; or k% R T; k T; 
= 2 of 

Rae l} H (2) 


Dividing equations (1) and (2) gives 


2C(1/11) - (1/12) ] 
1 = \UWislon 40/55) 


or == 2- = 


Multiplying both sides by I,I2I, 
2Ii1I2 = 3I21, = 21,13 


or 3I,13= 2I; (I3 + I2) 


- « 2I, I2 - I2ĪI, = 21213 - 21313. .°. 3I2T3 = 21, (I2 + I3) 
è PROBLEM 681 
Five resistors, each of resistance 10 2, are connected 


to form a letter H, a 2-V cell of internal resistance 
1.86 Q being connected across the upper ends and an 


ammeter of resistance 5 2 across the lower ends. What 
current passes through the ammeter? 
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Ip, 1-862 I. 1 1-862 

A B 
102 102 

c D 109 102 
i 
102 102 

D 252 7.142 

Fig. A Fig. B Fig. C 


Solution: Because the 5 Q resistance of the ammeter 
and the 10 Q resistance of the lower branch of the 
circuit in figure (A) are in series, figure (A) is 
equivalent to figure (B). This follows because the 
equivalent resistance of n resistors in series is 
equal to the sum of their individual resistances. The 
resistances of 10 Q and 25 R are in parallel. Hence 
the equivalent resistance is R, where 





pe! ppn ee ine SaaS 

RO SOW ee ae oe 
ee ee EO 

we R= 2=759=7.142. 


The circuit is therefore equivalent to the one shown 
in diagram (C). It is now possible to find the current 
Io in the battery circuit, for, by Ohm's Law 


a 2 V FRAT | 
Io =" (iO £10 + Tule + a 5 CFS (1) 


This current splits up into currents I; and I2 through 


the lower parts of the circuit, as shown in diagrams 
(A) and (B). Using figure (B), note that branches CD 
and EF are in parallel. Therefore, the voltage drops 
across CD and EF are equal. Using Ohm's Law 


Vep = Yer 


or (10 Q)I2 = (25 Q)T, 


Since no charge can accumulate in the circuit, then 
I; + Ig = Io. Therefore, 


25 
Ti + Tg Ti = To 
Iı = 42 I1, = $5 x 5g A = 0.0197 A, 


where we have used (1). This is the current flowing 
through the ammeter. 
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© PROBLEM 682 


Let the magnitudes and directions of the emf's, and the 


Magnitudes of the resistances in the figure be given. 
Solve for the currents in each branch of the network. 





Resistive 
Network a 





Solution: We assign a direction and a letter to each 
unknown current. The assumed directions are entirely 
arbitrary. Note that the currents in source l and re- 
sistor l are the same, and require only a single letter 
Ii. The same is true for source 2 and resistor 2; the 


current in both is represented by I2. 

At any branch point we may apply Kirchoff's current 
law, which states that the current entering a branch 
point must equal the current leaving a branch point. 


There are only two branch points, a and b. At 
point b, 


ZI = I, + Ig + I3 = 0 (1) 


Since there are but two branch points, there is 
only one independent "point" equation. If the point 
rule is applied at the other branch point, point a, we 
get 


ZI =-1; =- I2 -1I3 =0 (2) 


which is the same equation with signs reversed. 

We now apply Kirchoff's voltage law to the two 
loops of the figure. This law states that the sum of the 
voltage drops around any closed loop of a circuit must 
be zero. Hence, for loop defc, 


vi = Isr3 + Ið, = 0 (3) 


and for loop aefb 
V2 = I3r3 + Ir = 0 (4) 
We first solve for I}. Solving (1) for I, 
ty = = Ig = Ty (5) 


Substituting this in (3) 
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vi =~ I3r3 + (- I? - I)ri = 0 
or vı —- Ir} - I2r, ~- Izr, = 0 
vi - Is(ri1 + £3) = Tari = 0 (6) 
Solving this for I2 
Izri = vi = I3(r, trs) 
vi = Ig(ri + rs) 
toy SS (7) 
Substituting (7) in (4) 
vi - Is(ri + rs) 
V2 = Isr + ro = 0 
2 303 T, | 2 
Solving for I; 
vır2 EEEa) 
Vo = Isr3 * = I} r: = 0 
rı 
aks) vır? 
or ta [Ey E E ee Yo} = V2 + Ti 
Hence 
Viro2 
Vo + Ti 
I}; = (8) 
(ra + r3) 
Fs + f, r2 
Now, we solve for I, by substituting (8) in (4) 
¥o-f 
Vir2 
V2 + ti r3 
I2r2 = - V2 


(ra + F3) Ye 


r 
3 Yi 
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V2 


“ie (9) 





(rı + r3)r2 


+ 
r3 Tı 


Substituting (9) and (8) in (5), we may solve for 








Ii 
V2 
I; = T 
Hence 
Vır2 
V2 
r 
V2 | : | Fj 
I; eee M 
r 
Fa (rı + r;)r2 2 
1 Se 


@ PROBLEM 683 


Discuss the operation of (1) a voltmeter across a 12v. battery 
with an internal resistance r = 20, (2) an ammeter in series with a 
4Q resistor connected to the terminals of the same battery. 





Vap l2volts 
a b 
€=12 volts 
r= 22 
Fig. l: A source on open Fig. 2: A source on 
circuit. closed circuit. 


Solution: (1) Consider a source whose emf € is constant and equal to 
12 volts, and whose internal resistance r is 2 ohms. (The internal 
resistance of a commercial 12-volt lead storage battery is only a few 
thousandths of an ohm.) Figure 1 represents the source with a volt- 
meter V connected between its terminals a and b. A voltmeter 
reads the potential difference between its terminals. If it is of the 
conventional type, the voltmeter provides a conducting path between the 
terminals and so there is a current in the source (and through the 
voltmeter). We shall assume, however, that the resistance of the volt- 
meter is so large (essentially infinite) that it draws no appreciable 
current. The source is then an open circuit, corresponding to a source 
with open terminals and the voltmeter reading V ab equals the emf € 
of the source, or 12 volts. 


(2) In Fig. 2, an ammeter A and a resistor of resistance R = 49 
have been connected to the terminals of the source to form a closed 
circuit. The total resistance of the circuit is the sum of the re- 
sistance R, the internal resistance r, and the resistance of the 
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ammeter. The ammeter resistance, however, can be made very small, and 
we shall assume it so small (essentially zero) that it can be neglected. 
The ammeter (whatever its resistance) reads the current I through it. 
The circuit corresponds to a source with a 4Q resistance across its 
terminals. 

The wires connecting the resistor to the source and the ammeter, shown 
by straight lines, ideally have zero resistance and hence there is no 
potential difference between their ends. Thus points a and a' are 
at the same potential and are electrically equivalent, as are points 

b and b'. The potential differences V and V ,,, are therefore 
equal. ab a'b 

The current I in the resistor (and hence at all points of the circuit) 
could be found from the relation I = Vap/R> if the potential difference 
Vv were known. However, V 
ab a 
equal to ¢- Ir, and since this depends on I it is unknown at the 
start. We can, however, calculate the current from the circuit equa- 
tion: 


b is the terminal voltage of the source, 


€ = —12 volts SET 
R+r 40+ 20 P. 





I= 


The potential difference Vb can now be found by considering a and 


b either as the terminals of the resistor or as those of the source. 
If we consider them as the terminals of the resistor, 


Vary! = IR = 2 amp X 40 = 8 volts. 
If we consider them as the terminals of the source, 


Vb = €- Ir = 12 volts - 2 amp X 20 = 8 volts. 


The voltmeter therefore reads 8 volts and the ammeter reads 2 amp. 


© PROBLEM 684 


Compute the equivalent resistance of the network in Figurel, and 


find the current in each resistor. 





} €=18volts, r=0 I Ij | 18 volts 





es Fig. 2 Fig. 3 


Solution: Successive stages in the reduction to a single equivalent 
resistance are shown in Figs. 1 and 2. The 62 and 3Q resistors in 
Fig. 1 are in parallel, hence they are equivalent to the 


6Q_x_3Q 


ees Dh) 


62 + 3 


resistor in Fig. 2. The series combination of this 20 resistor with 
the 4Q resistor gives the 6 resistor in Fig. 3. 
The total current L in the circuit is 


18v _ 
L 6Q 3 amp. 


The current I, through the 6Q resistor in Fig. 1 is 


721 











Vv 
1 =- 


2 6Q 
where Veb is the potential across the 6- and 3Q resistors. 
Similarly, the current i, through the 3Q resistor is 


cael 
3 30 
LP is obtained by considering the loop equation for Fig.: 2; 
Y = I, x 2Q = 3 amp X 20 = 6v. 
Therefore ic 
I, == =1 am, 


H 
t 


@ PROBLEM 685 


A coil of wire is connected across one gap of a 
Wheatstone bridge and a temperature-controlled standard 
1-2 resistor across the other. If the temperature of 
the coil is 0°C, the other arms of the bridge have re- 
sistances in the ratio 0.923. If the temperature of 

the coil is 100°C the ratio is 1.338. What is the 
temperature coefficient of resistance of the wire? 





Solution: A Wheatstone bridge is shown in the figure. 
When the bridge is balanced, the current through 
galvanometer G is zero. In this case, then, the po- 
tential between points a and b is the same, whether 

we calculate it by path cab or path dab. Using Kirchoff's 
Voltage Law around these 2 loops, we find 


- I;R: + I2R = 0 
and Ii1R2 - I2R3 = 0 


Solving each equation separately for the ratio 
Ii/I2 


Ii Ry 


I2? Ri 
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T: R3 

T2 Re 
d, th sca 
an the —- = a 
’ refore, R R: 
Rı Ry 
or ea pane 
R2 R3 


Let Ri be the coil, and Rz the temperature- 
controlled standard. In the first case, 


RitO OJ- 
ee sv E -923 
or Rı (0°C) = .923 Q 


In the second case 


Rı (100°C) 1.338 Q 


But Rı (100°C) = R,(0°C) (1 + a t), where a is the temper- 


ature coefficient of resistance of the wire and t is the 
difference in temperature experienced by the resistor 
(100°C). Thus 


Rı (100°C) - Ri (0°C) 4 338 Q- 923 Q 


“et Rw.  — TOOT 023 a) 
a = .0045 per °C 


© PROBLEM 686 





A piece of uniform wire is made up into two squares with 
a common side of length 4 in. A current enters the 
rectangular system at one of the corners and leaves at 
the diagonally opposite corner. Show that the current 

in the common side is one-fifth of the entering current. 
What length of wire connected between input and output 
terminals would have an equivalent resistive effect? 


FIGURE A FIGURE B 


Solution: Let each side of the double square have 
resistance R, and let the lettering of the diagram and 
the currents flowing be as shown in Figure A. Applying 


723 


OOOO OOo ŘE 


the Kirchoff current rule, LI = 0, to the junctions A, 
B and E in turn (with the convention that current 
entering a junction is positive, and current leaving 
a junction is negative), gives 


Iı - I2 - I; = 0, (1) 
Io - I, - Is = 0, (2) 
Te + Ty. = Teg = 0. (3) 


Applying the Kirchoff voltage rule to the loops 
ABED and BCFE gives 


0, (4) 


IR + IR e Ip X 2R 
Is x 2R - IgR - I,R = 0. (5) 


Eliminating I; and I, from Eqs. (2), (3) and (5), 
we obtain 


I; - Iz - I3 = 0 (6) 
I2 - 213 + I, = 0 C2) 
2I, - I} - 41, = 0 (8) 


Eliminating I, from these three equations gives 


I; - 313 + I, = 0, (9) 
and 21, 313 = 4I, = 0, (10) 
or Ts =n. (11) 


Further, the potential drop from A to F by route 
ADEF is 

Vap = 13 * 2R + I, x R= R(2I3 + I}; + Iy) 
using equation (3). By (9) this becomes 


Var = R(I; + 21,4) 


AF 5 5 


The equivalent effect is therefore obtained if a 
wire 7/5 times the length of any side of the square is 
connected between A and F, because it produces the same 
potential drop as the double square between these 
points (see fig. B). 


and using (11), Vv = nRfi + 2) E RI, 


CAPACITOR & INDUCTOR NETWORKS 
@ PROBLEM 687 


What is the equivalent capacitance between the points 


A and B in diagram (A)? The charge on the 6-uF capacitor 
is 90 uC. What potential difference exists between the 
points A and R? 
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12UF UF 3UF 
B +-+2] B. Ci B 
+-R : | 
cj 4/30F 


4uF 2uUF 





Fig. A Fig. B Fig. c¢ 
Solution: In the arrangement shown in diagram (A) 
there are two sets of capacitors in parallel. Since the 
net capacitance of n capacitors in parallel is 


oe oy Cote Pe TEG 


on arrangement is equivalent to that shown in diagram 

In each branch there are now two capacitors in 
series. If we have n capacitors in series, their net 
capacitance is 














a td 
net ' 2 n 
For each branch, then, 
1 1 1 
ee ee a — 
Cae er Ae 
For the top branch 
To EETA 1-294 UPERSLZF 
Chet 12" pE 1 Hr 48 uF? 
C genes aauk 
For the lower branch 
5 a 2 2 QR tee BE 
Chet 4 uF 2 uF 8 uF? 
Pang | 
Creeenes Us 


Thus, the arrangement is equivalent to that shown in 
diagram (C). Here we have two capacitors in parallel. 
Their capacitances add. Hence, the equivalent capacitance 
between A and B is 
4) S l 

c= [3 + hes = 4 3 uF. 

The charge on the 6-uF capacitor is 90 uC. Hence, 
the potential across it is, by definition of capacitance 
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This potential is common to all the capacitors in 
the top branch between A and S since they are all in 
parallel. Hence, the total charge on the equivalent 
12-uF capacitor is 
= Cas Vas 7 Cass 
= 12 x 107° F x 15 V = 180 uC. 


Qas 


The conductors connected to S are isolated and initially 
must have been uncharged. If a charge of - 180 uC 
appears on the negative plate of the equivalent 12-uF 
capacitor connected to S, a corresponding charge of 

+ 180 uC must be induced on the positive plate of the 
4-uF capacitor connected to S, leaving the net charge 
at S zero. A corresponding - 180-yC charge is induced 
on the negative terminal of the 4- uF capacitor, and 
the voltage between its plates is thus 


_ 2sp _ 180 x 10 C 


v w SN 
SB CB  4x1l0%F 





The total potential difference between A and B is thus 


V= Vas + Voz = (15 + 45)V = 60 V. 


This is the potential difference between A and B by 
either branch. Referring to diagram (C), the charge on 
the equivalent 4/3-uF capacitor is thus 


Oae = Car Var = Cag V = $ * 10%% F x 60 V = 80 uC. 
This is the charge on the plate attached to A in either 
the equivalent circuit or the original circuit, since 
the two produce identical effects. Hence, the equivalent 
4-uF capacitor between A and R has charges of + 80 uC 
on each of its plates. Hence the potential difference 
across it is 


_ Sar _ 80 x 10% Cc 


= = 20 V. 
AR 4x 107° F 





AR C 
@ PROBLEM 688 


In the figure below, Cı = 6 uf, C2 = 3 uf and V = 18 v. 


ab 


Find the charge on each capacitor. What is the value of 
the equivalent capacitance (see figure)? 





a 
++ =" ++) + d 
ab = 172) m poms C,Q, Yap = 22°C, 
Le Sing dal 
b 


Fig. 1-Two Capacitors in parallel. Fig. 2-Their Equivalent 


Solution: The charge Q on a capacitor having capacitance 
C is Q = VC, where V is the potential difference across 
the capacitor. Then, 
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I A 


Qi = Vei 


(18v) x (6 x 10-6 £) = 108 x 1o-®& c 


Q: = V pbz = (18v) x (3 x 10 f) = 54 x 1076 c 


The equivalent capacitance must carry the same total 
charge as the original system, since charge is conserved 
(none leaks out of the system). Hence 


a + Q, = 162 x lo fc 


Then, the equivalent capacitance is 


© PROBLEM 689 


How should 5 capacitors, each of capacitance 1 uF, 
be connected so as to produce a total capacitance of 
3/7 uF? 





Series connection of Ci and Cy 


Solution: If all capacitors are joined in parallel, 

the resultant capacitance is 5 uF. (For the resultant 
capacitance of a set of capacitors connected in parallel 
equals the sum of the individual capacitances). If the 
capacitors are connected in series, the resultant 
capacitance is 1/5 uF (for the resultant capacitance 

of a set of capacitors connected in series equals the 
reciprocal of the sum of the reciprocals of the in- 
dividual capacitances). The connection is thus more 
complicated. 


Suppose that n capacitors are connected in 
parallel and 5 - n in series. The resultant capacit- 
ances are thus such that 


Cy 


(l + 1+ ...)uF =n uF 
—~_ ——" 


n times 


£ 1 p ` -1 
aye ey | = (5 n) uF 


<a 
(5 - n) times 


w 
=] 
Q 
oJ- 
i} 


or C: = aes, uF. 


If C; and Cz are connected in parallel, then 


aig 
| ur = 5 ur. 





C. = Or + Co a (n a 5 2 


r n 
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35n - 7n? + 1 = 15 - 3n 


or 7n? - 38n + 8 = 0 


- (- 38) + /(- 38)2 - 7) (8 
By the quadratic formula, n = 63 AMA 


There is thus no integral solution for n. 


But if Cı and C, are connected in series (see figure), 
then 
1 7 


= = ait -1 
= [3 + 5 n] uF 3 rs 


— Se | 
- 2 


| 
Hole 


.’. 3 + 15n - 3n? = 7n or 3n? - 8n - 3 = 0. 
-'. (3n + 1) (n - 3) = 0. 


This has an integral solution for n, n = 3. Thus the 
required capacitance is given if 3 capacitors are 
connected in parallel, and the combination is connected 
in series with the other two. 


© PROBLEM 690 


A particular type of x-ray equipment discharges a 
capacitor to obtain its electrical energy. The 
capacitor of capacitance 0.25 uF is charged to 100 kv 


and discharged to 40 kV during a 0.l-s exposure. 
Calculate the quantity of charge supplied to the x-ray 
tube, the average current through it, and the energy 
dissipated. 





Solution: The charge possessed by the capacitor 
initially is 


Qı = CV; = 0.25 x 107° F x 105 V = 0.025 C. 


At the end of the exposure the capacitor is left with 
charge 


Q2 = CV, = 0.25 x 107° Fx 4 x 10? V =.0;01 C. 


The charge supplied to the x-ray set is thus Q; - Q2 


= 0.015 C. This charge is supplied in t = 0.1 s. The 
average current flowing is thus 


The energy dissipated in this time is the difference in 
the energy stored in the capacitor before and after 
discharge: 


W = 4CVi - % CV = 5 x 0.25 x 10 ® F(10'® - 16 x 10°)v? 
= 1050 J. 
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e PROBLEM 691 


A 1-uF capacitor charged to 200 V and a 2-uF capacitor 
charged to 400 V are connected; the positive plate of 


each is connected to the negative plate of the other. 
Find the difference of potential and charge on each 
Capacitor and the loss of energy that has taken place. 


Fig. A 
400V 2uf | | 
iat cate - 200V 





st es. SRS a 
: > 
+800 -200uC +2, +0, 
-8004C +200UC aj ites 


Solution: The charge Q on a charged capacitor of 
Capacitance C is Q = CV where V is the potential 
difference between the plates of the capacitor. Thus 
the charge on the 1-yF capacitor before connection is 
l uf x 200 V = 200 „C and on the 2-uF capacitor is 

2 uf x 400 V = 800 uC. Fig. A depicts the situation 
before connection of the two capacitors. 

If the two capacitors are now connected positive to 
negative, a charge of + 800 uC and one of - 200 uC 
are joined, as are charges of - 800 uC and + 200 uC. 
The situation just after the connection is depicted 
in Figure B. The composite capacitor thus has charges 
of + 600 uC on its plates, since charge cannot be 
created or destroyed, but only neutralized. These 
charges will be shared between the individual capa- 
citors, with + Q, on the first capacitor, and + Q2 


on the second, since the charge flows from one to 
the other until a common potential Vọ is achieved. 


Fig. C depicts this situation. Thus 

Qi = CiVo and Qz = C2Vo, where Q, + Q2 = 600 uC. 
Thus combining the above three equations 
(Qi + Q2) = (Ci + C2)Vo or 
600 x 10° c= (1 x 10% F+2%x 10° F)Vo or 


-6 
(x tote S sey v. 
3x 10°F 





Vo = 


2 Qı = 200° uC; Q2 = 400 ic. 


The initial energy of the charged capacitors 
minus the final energy is 


W = &C1V2 + 4C2V2 - CVG - 4C2VG 
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= x 1076 F x (200)? V? + % x 2 x 107° F 
x (400)? V? - % x 10% F x (200)? v? 
- 3x 2 x 10 © F x (200)? v? 

= 12 x.10" x 10 © J = 0.12 J. 


This energy is lost as heat due to the transient 
current in the connecting wires when the two 
capacitors are joined. 


@ PROBLEM 692 


A resistor R = 10 megohms is connected in series with a 


capacitor 1 uf. What is the time constant and half-life 
of this circuit? 





RC Circuit 





: Suppose that we introduce an e.m.f. in the 
circuit above, for example by connecting a battery to the 
circuit. (See the figure). In this case a current I will 
flow in the loop until C is charged up to the battery 
voltage V. Therefore, by Kirchoff's Voltage Law,V. and I 


R 
approach zero as Vo increases. The same current goes 
through R and C in the loop as we close the switch S; 

V dv 
T=R ~ TE (c Vo) = C ae 
where Q is the charge on the capacitor. 


As a result of Kirchoff's second rule, Ve + VR = V 


and we obtain 
dv 


RC gÈ + Ve - v) =0 


dv 
oy of at « 
or ag + Re (A v) 0 


i The general solution of this differential equation 
s 


Volt) =-ae VT yy (1) 


where tT = RC is the time constant of the circuit and A 
is the integration constant. At t = 0, Vo = 0 because 


the voltage is initially only across R. Thus, substitut- 
in (1), A = V, and we get 


Volt) =v (a - e). 
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Note that as t becomes very large 


Volt = œ) = V, 


The current I is 


dv 
= Ro ip g -t/T 
re) = c qe = c a [va - &*/)| 
no = Tettau etr 


For the circuit under consideration 
t = RC = 10 x 10® ohms x 10 © f = 10 sec. 


The half-life is the time required for the decay 


factor (e7t/T) to be $ ; or 
ee | 
et 2 
th = Tn 2 
th = 10 sec x £n 2 = 6.9 sec. 


On the other hand, if R = 10 ohms the time constant 
is only 10 x 10 © sec, or 10 usec. 
© PROBLEM 693 


A capacitor of capacitance 0.1 uF is charged until the 
difference in potential between its plates is 25 V. 
Then the charge is shared with a second capacitor which 
has air as the dielectric between its plates; the 
potential difference falls to 15 V. The experiment is 
repeated with a dielectric between the plates of the 


second capacitor, and the final potential difference is 
8 V. What is the dielectric coefficient of the dielectric 
used? (See figures (a), (b) and (c)). 





Vv 


aa 
oa 


Tal 
TJ 


c 
1 
Eob bag 
v3 V 
FIGURE A FIGURE B FIGURE C 


Solution: The situation is illustrated in figures (a) 
through (c). The charge possessed by the first capacitor 
initially, is, by the definition of capacitance (see 


figure (a)) 


Q=C,Vv; = 107” Fx 25 V = 2.5 uC. 
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This charge is shared with a second capacitor of 
capacitance C2, no charge being lost. Hence Q = Qi + 


Q2 where Q, is the charge on C, and Q2 is the charge 
on C2 (see figure (B)). Therefore 


Q = (Ci + C2)V2 or 
_-*.. >», 25 eto" @ -7 

Ci = ge “ty LOTHE 
= Z x pO’ ¥. 


If a dielectric of coefficient « is placed between 
the plates of capacitor C2 and the experiment is re- 


peated, the capacitance of C2 is increased to C3 = KCz2, 


where K is the dielectric coefficient. In this case, Q 
is shared by C3 and Cı. Hence Q = (Cı + KC2)V3. 


: _ 1f _ 3 7 gr i(2.5 £100 _ aa 
Py K = lg cı | = 7 x 10 F B e y 10 F 


= 2% 107 x 2x 1077 = 3.2. 
In this analysis, we have used the fact that K 
for air is equal to K for vacuum, or Kees “Hig, = Le 


© PROBLEM 694 


A radio capacitor consists of a stack of five equally 


spaced plates each of area 0.01 m’?, the separation 

between neighbors being 2.0 mm. Calculate the capacit- 
ance (a) if the top and bottom plates are connected to 
form one conductor and the center three are connected 


to form the other, and (b) if the top, center, and 
bottom plates are connected to form one conductor and 
the other two plates are connected to form the other 
conductor. (See figs. (a) and (b)). 





=- + = + 
FIGURE A 
~) fi J FIGURE B 


Solution: (a) Since the middle three plates are at 
the same potential, no field exists between them. The 
capacitor essentially consists of two capacitors of 
equal capacitance in parallel, one formed from the 
top two plates, the other from the bottom two plates 
(see figure (a)). The capacitance of a parallel plate 
capacitor is 
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€A 


C =s sy 


where £€ọ is the permittivity of free space, d is the 


plate separation, and A is the area of 1 capacitor 
plate. Since the equivalent capacitance of 2 capacitors 
in parallel is equal to the sum of their individual 
capacitances, we obtain 


2€0 5 


Cı 


2 x 8.85 x 10 7? CiN m x 0.01 m? 
<= F “en  - eae 


SOE 8 TOF: 


(b) Here a field exists between any pair of 
plates. Each of the two connected plates acts as 
the positive plate for each of two capacitors formed 
between itself and the outer and middle plates. 
There are effectively four equal capacitors all 
connected in parallel. Hence 


Co = feg = 17.7 x 107! P, 


which is twice the capacitance of the previous 
arrangement. 


@ PROBLEM 695 


A conductor of capacitance 10 “uF to the ground is insulated 
from the ground by a silica plate 2.5 mm thick and 5 cm2 in cross- 


sectional area, What is the minimum resistivity of the silica if the 
rate of decrease of potential is to be no greater than 0.1% per min 
of its instantaneous value? 





FIGURE A Actual physical situation 


eS 


capacitor ( 102 HF) 


resistance 
silica plate of cross sectional area A 





FIGURE B Schematic Representation 


w 


Ground 
Solution: In this problem, the capacitor is initially charged to its 
maximum value, and then discharges to ground through the silica plate 
(see figure (a)). The latter may be considered to be an effective 
resistance (see figure (b)). Before solving the problem, we must 
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know the voltage across the capacitor as a function of time, 
Kirchoff's Voltage Law states that the net voltage around a 
closed circuit loop is zero. Hence, 
v2, a * 0 (1) 
Starting at c, and traversing the loop in the given direction Gee 
figure (b)), we note that c is at a higher potential than b. Hence, 
Y > Vo or V +» Y; =V, <0. But, by definition of capacitance 


b cb 
c - Jel 
Voc 
or E _ lal 
be c 


where lel is the absolute value of the charge on 1 plate of the 
capacitor. Therefore, 


= ser ie t9 
View me | (2) 
where Q >0, (2a) 
- = < , 
Furthermore, Vb > vn or Vb Voa 0. By Ohm's Law, 
Ven = -iR (3) 


Using (3) and (2) in (1), 


-Q 
e. N S = 0 
C R (4) 
But i = R , where Q is the net charge passing a point of the 
circuit per unit time, Equation (4) then becomes 
1 dQ _ 
T Q+R at = 0 
or 
d _ 
Q + RC poii (5) 
Solving (5) 
dQ 1 
= = - — dt 
Q RC 
os 
J = AG J at 
4nQ=- is t +F (6) 
~ RC 


where F is a constant. Taking the exponential of both sides of (6) 


- t/RC+F F - t/RC 
Q=e =e e 


Let A= e"; ‘Then 
Q(t) = Ae 


We find A by noting that at t = 0, Q= Qo’ the maximum charge C 
has. Then 


t/RC . 


Q(0) =A = Q9 


whence 
Q(t) = ge tF (7) 


The voltage across C is then, by definition of C 


Q 
_ lel _ “o - t/re 
v-iel- 
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Note that Q.>0 because Q(t) >0. (see eq. (2a)}. Defining the 
initial voltage across C as 





y. = 2o 
0 C 
we find 
-t 
v(t) =v, e /RC (8) 
The time rate of change of (8) is 
AA SA E - t/RC _ 1 
a (5 o? ‘tae oo 
But, the question states that 
av(t) < (001 min *|vct) 
dt 
or 
1 -1 
eS 
RG .001 min 
Hence, solving for R 
-1< (.001 min” Jre 
or 
R2 = 7 (9) 


(.001 min ` |(c) 

Now, R is the resistance of the silica, which may be written as 
PE (10) 

where 9 is silica's resistivity, and 4% and A are the thickness 


and cross-sectional area of the plate. Using (9) in (8), and solving 


for 
? A 


p2- zy 
[001 min rere 


Using the given values 





Since 1F = 10 °F EE 
5 x 10 fm”) (605) 


. (10°) (2.5x10 3m) (10 °F) 


Pa 1.2 X 10! Qem 
We have used the fact that 1F=1C/V. 


Then 12 
phis 1.2 X10 me Q 


© PROBLEM 696 
An inductor of inductance 3 henrys and resistance 6 ohms is 


connected to the terminals of a battery of emf 12 volts and 
of negligible internal resistance. (a) Find the initial 


rate of increase of current in the circuit. (b) Find the 
rate of increase of current at the instant when the current 
is l ampere. (c) What is the instantaneous current 0.2 sec 
after the circuit is closed? 
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Solution; (a) Using Kirchoffs voltage law around the cir- 
cuit yields 
v= ri(t) +L HEL 
dilt) Vi R 
or Sr "g zi(t). (1) 
i is the EMF induced in the inductance due to the 


Here, L a 

changing current. Equation (1) relates the rate of change 
in current at a time t, to the current at time t. Att= 0, 
the initial current is zero. Hence the initial rate of in- 


crease of current is 


gi = x = ux = 4 amp/sec. 


(b) When i = 1 amp, 


ai ë 1Y m an x 1 = 2 amp/sec. 


(c) The current at any time can be found by solving 
equation (1) for i. The function 


R 

-=t 

E v| z L 
i= 1 € 


can be shown by substitution into the differential equa- 
tion to satisfy both equation (1) and the initial condition 
i=0Oattz=0. At t = 0.2 sec, we then have 


“Re! 
i= vh: -e aF 12 Ra = aa- e7: f) amps 


= 2(1 - .672)amps = 0.65 amps. 
© PROBLEM 697 


A solenoid switch is activated when the magnetic induction on 
the axis is 5 X 1074 Wbem 2, The solenoid has 50 turns per cm and 


an inductance of 180 mH, and is operated by a 12V battery. Find the 
time lag when it is employed in a circuit of resistance 90 Q 


fo Solen oid 








Solution: The situation is shown in the figure. When the magnetic 
induction in the solenoid has the value B, the current i passing 
through the coil is given by the equation 

B = pt , 
where n is the number of turns per unit length of the solenoid, 
Further, the current at any time t after the solenoid circuit is 
switched on is given by the relation 


i'= Up - or] 


where L is the solenoid inductance. (See figure). Hence, 


nv 


B = pni’ = c [2 p ont 





Solving for t as a function of B, 


BR na g RZL 
Honv 


-Rt/L BR 
e = ] - — 
Hav 


Taking the logarithm of both sides of the equation 


Then L BR 
te Star ia nV 
Ho 
-4 -2 
Hence, when B=5 X10 Wem , t is 
+ = - 180% 1079 te 900 x 5 x 10 “whem” 
= 90 A 7 2 3 -1 


4m X10 N'A XxX5xXl0m X 12V 


-2 x 10° 


B -3 1 ) 
X 2,303 log(1 - 0.597)s = + 4.606 X 10 10e(s"a05 s 


= 1.818 X 10° s. 
The time lag is thus 1.82 X 10 °s . 
@ PROBLEM 698 


A series-wound D.C. motor has an internal resistance of 
2.0 ohms. When running at full load on a 120 volt line, 
a current of 4.0 amp is drawn. (a) What is the emf in the 


armature? (b) What is the power delivered to the motor? 
(c) What is the rate of dissipation of energy in the 
motor? (d) What is the mechanical power developed? 








R I 
+ 
f 
€ V line 
Fig. l: Schematic diagram Fig. 2: The Electrical Circuit. 


of a DC motor. 
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Solution: 


(a) As the armature rotates between the poles F and F' 
of the magnet (see figure 1), an emf is induced in the 
loops C. According to Lenz's Law, this emf will always 
be in opposition to the emf applied to run the motor. 
This induced emf is called the "back emf" since its 
polarity is opposite to that of the line voltage (the 
voltage which runs the motor. See Figure 2). 


Kirchoff's Voltage Law states that the sum of the 
voltage drops around a circuit loop must be zero. Using 
this law along with Ohm's Law, 


€ + IR - = 0 


Viine 
Hence e = oon - IR = 120 V - (22) (4A) = 112 V 


and opposes V , as shown in the diagram. 


line 


(b) By definition, the power delivered to the motor is 
equal to the product of the line voltage and the current 
or 


Ps = IV) = (4 amp) (120 volt) = 480 watts. 


(c) The power dissipated in the motor is 
Pa = R= (16 amp”) (2 ohms) = 32 watts. 


(d) The mechanical power developed is the power supplied 
to the motor (P„) less the power dissipated (Py) 


Pa = Ps = Pa = 448 watts. 
The mechanical power developed may also be found 
from 


Mechanical Power = back emf x current 


(112 v) x (4 amp) 


448 watts. 
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CHAPTER 21 


MAGNETICS 






Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 742 to 
779 for step-by-step solutions to problems. 


Magnetism is familiar to all of us from the childhood magnet, which 
has a north and a south pole. The magnetic field lines extend from the 
north pole to the south pole, as shown in Figure 1. Like poles repel and 
unlike poles attract one another. The magnetic flux through a surface is 
given by >, = J B - da, just like the electric flux. Maxwell’s third equation 
is a Gauss’ law for magnetism 

V-B=0 or PB-da=0 


where the integral extends over aclosed surface. This law means that there 
are no magnetic monopoles: north and south magnetic poles always co.i1e 
together in a pair. 


Maxwell’s fourth equation or Ampere’s law states 
VxB-4nkk ky, j or PB: dr=4x/ck ky, Ln 


which means that electric currents produce magnetic fields. For example, 
in the MKS system where k = c, k, = 1/4ne,, and œ = 1/u,£,, Ampere’s law 
may be rewritten as 


PB. dr = ul. 


Hence for the electric current of Figure 2, taking a circular path of radius 
raround the current, we get 2nrB = u Lor B = p,1/2ar as the magnetic field 
of that current. (In the CGS system, Ampere’s law reads 


PB. dr = 47k I 


since there k, =k, = 1.) 


Figure 1 
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A more difficult but also useful way to find the magnetic field is the 
Biot-Savart law x es A 
dB = I/c k,/k „dl x r/r? 


where I is the current in an element of length dl. In the CGS system, k, = 
k„= 1, and the law reads dB = I/c dl x s/s? (see Figure 2). Hence, we find 
that dB, = I dx sin 0/s’, the direction being given by the cross product. A 
new right hand rule says that if you point your thumb in the direction of 
the current and curl your fingers around it, then your coiled fingers point 
in the direction of the magnetic field lines. Using geometry to find s = r/ 
sin 6 and cos 6 = x/r and taking the differential of the second to get dx = 
r csc’ 6 dO, we obtain the magnetic field about a current B = 21/cr. (In the 
MKS system, we would use dB = 1/4 dl x re.) 


The magnetic moment of a current loop is defined as m = k, IA/c. For 
example, for a proton moving in a loop of radius r, the current is I = g/t = 
e/(27r/v) = ev/2xr. Since the area is nr’, we have (using CGS units) u = evr/ 
2c. A current loop in an external magnetic field experiences a torque given 
by t=m xB. 


Recall that the Lorentz force law (with E = 0) states F = k„g/c vx, B. 
To find the force on a current element, this may be rewritten as dF = 
k /eq/t dl: x Bork, /cIdlxB. For example, consider two currents (Figure 
3) and try to find the force current 1 exerts on current 2. By Ampere’s law 
and the right hand rule, the MKS magnetic field produced by current 1 
at position r is B, = -zu,I, / 2nr. Now we can use dF = I, dl x B, to get for 
the force per unit length dF /dl= -xw LI, /2nr. Hence, lihe éùurrëhts attract 
and unlike currents repel one another. 


— Inthe presence of matter, it is necessary to introduce the field H where 
B = = pH and is the magnetic permeability. To solve problems involving 
substances like iron, one needs to use a modified Ampere’s law 


VxB-4n/ck,/k,jKm or PB: di=4nk kk, tka 


which takes account of the free and bound current densities. In MKS units, 
= u/u, the relative permeability, and for the CGS system, K, =H 


Figure 2 
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a dimensionless number. For example, if one has a linear solenoid with n 
turns per meter and an iron core, then Ampere’s law (CGS) becomes 
PH-dr=4nk I 


and gives H Al = 47 /c nAlI or H = 4anI/c = B, since this is the B field in 
the absence of the iron core (vacuum case). However, the B field in the 
presence of the core is given by 47 unl/c and pu = 5000 for iron. (In the MKS 
system, we would use Ee 

PH-dr-L 


Figure 3 
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Step-by-Step Solutions to 


Problems in this Chapter, 
“Magnetics” 





MAGNETIC FIELDS, FLUX, INTENSITY, PERMEABILITY 
© PROBLEM 699 





What is the magnetic field intensity at a point in air 30 cm away 
from and on the extension of the line of a bar magnet 10 cm long whose 


magnetic moments is 400 poles cm, if the point in question is nearer the 
north pole of the magnet? 


10 cm, 30 cm. 


—— =- Á Ã— 


S N 


Solution: Draw a diagram. Recall that field intensity H is a vector 
quantity, which with respect to a pole strength m is given by the 


expression 
' 


m è mm 
H = which follows directly from Coulomb's Law F = 
ur ur 


where, by definition H= ~`= 


where m' is a test pole with a north polarity. Hence H= e é 


In this problem, the pole strength can be evaluated because the nag- 
netic moment is given by the defining equation M = mL, where M is 
400 poles cm, and L is 10 cm. 
=-M_ 400 _ 
ae IO 40 poles. 
It follows that due to the north pole of the magnet, the field intensity 


Hy at P is 


- a, _ 40 poles _ 40 poles _ 
Hy = we = (D G0eny™ 900 c -044 oersteds to the 
right. Also, the field intensity Hy due to the south pole is 
=- 40 poles _ 1_ poles 
Hy iam 40 e 


Therefore H is the vector sum of Hy and H, 


or 
= e 
H = .044 - .025 = .019 oersteds to the right. This 


problem is completely analogous to the problem of finding the electric 
field intensity at point p, due to two charges, one positive and one 
negative, at a distance 30 cm and 40 cm from the point P. Coulomb's 
law for the electrostatic force between charges would be the electro- 
static analogue for Coulomb's law for the magnetic force between poles. 


@ PROBLEM 700 








A bar with a cross-sectional area of 6 square centimeters 
and a permeability of 1000 units is placed in a magnetic 


field of intensity 5 oersteds. What is the total number 
of lines of magnetic flux in the iron? 
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Solution: Let 


B = flux density 

u = magnetic permeability 

H = magnetic field intensity 

B = uH and total flux ọọ = B x area 
Since 

H = 5 oersteds, 

B = 1000 x 5 oersteds = 5000 gauss 
Then 

the flux ọ = 5000 gauss x 6cm? 


30,000 lines of flux. 


@ PROBLEM 701 





Solution: The magnitude of the current in the CGS system of units is 


9 stataA/A = 3x 102° stata 


10 amp = (10 A) xX 3x 10 
The magnetic field, B, due to the current I in the wire can be found 
by applying Ampere's law to the circular path shown in the figure, 


- — TT 


4 
$ B- d= $ Hie 


From the symmetry of the configuration, the lines of B form con- 
centric circles around the wire, then B*d&’=B dal. B at a dis- 
tance r from the wire is 
pfa=1 
c 


or 4nt 


c 2Tr 
21 


cr 
2 x (3 x 1010 statA ) 
(3 x 102° ) 
3x 10° cm/sec )X 10 cm 
= 0.2 gauss 


B = 


B = 


For comparison, this is approximately equal to the magnitude of the 
Earth's magnetic field at the surface of the Earth and at middle 
latitudes. 
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In the figure, a long straight conductor perpendicular 
to the plane of the paper carries a current i going 
into the paper. A bar magnet having point poles of 
strength m at its ends lies in the plane of the paper. 
What is the magnitude and direction of the magnetic 


intensity H at point P? 





Solution: The assumption that the ends of the magnet 
can be taken to be point sources of magnetic flux is 
not a realistic one although it greatly simplifies 


the ets 
The vectors H, , and Ha, as shown in the figure, 


represent the pee ts of H’ due respectively to the 
current, and to the N and S poles of the magnet. Con- 
sider first Hj. The flux density B at point P, due to 


the current i in a long straight conductor at a distance 
"a" from the conductor is known to be 


E 


0 


B = pr 


>| 
W |H- 


In free space, the magnetic field strength H is related 
to B by 


P 


Hs= 
Ho 


N 
afe 
W |H- 


hence P 
i 


Analogous to the electric field, the magnetic field 
due to a magnetic pole of strength m at a distance r 
from the magnetic pole is 





therefore, the components Hy and H, are respectively 








Hy ATuo b? 

d m 
Hao = —. 
S ATuo c? 


The resultant of these three vectors is the magnetic 
intensity H at the point P. 


744 





The current from a dc supply is carried to an instrument 


by two long parallel wires, 10 cm apart. What is the 
magnetic flux density midway between the wires when the 
current carried is 100 A? 


tT O 


Fig. A: Side View Fig. B: Top View 





Solution: The magnetic field due to each wire in the 
diagram at the point midway between them will be into 
the paper. This may be seen by use of the right hand 
rule. If the thumb of the right hand points in the di- 
rection of current through the wire, then the fingers 
will curl in the direction of the magnetic field (or 
Magnetic flux density) created by the current. Applica- 
tion of this rule to both current carrying wires in- 
dicates that the field of each is into the page (see 
figures A and B). The effects due to the wires are 
therefore additive at that point and the total effect 
is twice the effect of either alone. Hence, midway 
between the wires the magnetic field due to one wire 
is 


where the permeability wo = 47 x 10 7N- A’, I is 
the current through the wire, and r is the distance 
from the point being considered to the wire. Thus 


100 A _ 


B=2%x10’N-A? x Sita” 10" Wb - m 2 


The magnetic field due to both wires is then 
Bn = 2B = 8 x 10" Wo-m ”. 


© PROBLEM 704 


Calculate B at the center ot a circular loop of wire (point 


P in the diagram). 





a, 
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For this problem we apply the Biot-Savart Law 
which gives us the magnitude and direction of the magnetic 
field at a certain point due to a current carrying wire, 


z Ui dt x r 
i mage <a 


where r is a displacement vector from a current element to 


P, and dt is the length of this current element in the 
direction of current flow. 

Since the contribution from any current element will 
be in the same direction (into the page), we may add (inte- 
grate) these contributions directly neglecting the vector 
nature. 

The magnitude, dB, is given by 


Uni 
aB = O° d& sin 6 


7 


where 0 is the angle between dr and fr. 
Since we are dealing with a circular current loop,® 
is 90° and sin 6 = 1. 


The magnetic field strength at point P is found by 
integrating dB over the entire loop 


Uni 
p= | ap -| 0% dg 
D 


a7 
Upi Ui 
But = and r are constants. Therefore, B = my | dt. 
4nr 
The integral of d& is just 2mr, the circumference. 


Uni 
Therefore B = z= (directed into the page). 


@ PROBLEM 705 





A toroidal coil has 3000 turns.The inner and outer 
diameters are 22 cm and 26 cm, respectively. Calculate 
the flux density inside the coil when there is a 

current of 5.0 amp. 





9 
Toroid 


tion: A toroid is a wire wound in a helix and 
bent into the shape of a doughnut with current i 
running through it. The magnetic field forms 
concentric circles inside the toroid. Let r be the 


mean radius of the toroid. Apply Ampere's law around 
the circular path of radius r, 
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$ B+ al = Vol 


where the symbol f indicates that the integral is 


taken over a closed path and I is the total current 
enclosed by the path of integration. We get 


(B) (27r) = uo Ni 


UoNi 
Therefore, B= 


2r 
For the toroid given, 
mean diameter = 22 ™m + 26 m, 24 cm = 0.24 m 


mean radius = r = —5——— = 0.12 m 


The magnetic field is 


p = (4r x 10” weber/amp-m )(3000) (5.0 amp) 


(27) (0.12 m) 


0.025 weber/m? 


Note that the magnetic field is not constant over the 
cross section of the toroid, but is inversely proportion- 
al to the radius. The magnetic field outside the toroid 
is zero since around any closed path encircling the 
toroid the net current enclosed is zero, due to equal 
amounts of current travelling in opposite directions. 


Two 250-turn circular Helmholtz coils are placed 
parallel to one another and separated by a distance 
equal to their common radius. Find the value of the 


magnetic induction at a point on the axis between 
them when current flows through both coils in the 
same sense, and show that the field is almost uniform 
about the midpoint. 





Fig. A: Side View Fig. B 





TAT 





Solution: The magnetic induction due to a single coil 
at a point along the axis a distance y from the plane 
of the coil can be found, using the Biot-Savart law 


(see figures A and B). 
Due to the symmetry of the loop, the vertical 
componentsof the dB contributions by all the elements 


of current carrying wire at, cancel. The horizontal 
components add, however (see figure B). The magnitude 
of dB is 


Pe I dł r sina 
4T r? 


where a is the angle between at and T. 


2 


B) = MY ge ping . "9 get Be Ia 
2 st 2 eS 2 (a? + y?) 3/2 


Similarly, at the same point the magnetic induction due 
to a single turn of the second coil is (see figure A) 
Ho 


va Ia? 
2 [a? s te = y)?] 3/2 
These act in the same direction, (for the direction is 


determined by the direction of the vector dt x ar, which 
is the same for both coils) and thus the total effect at 
0 due to the n (= 250) turns of both coils is 

B = n(B, + B3) 


250 ola? Š å 
gaa A E 0 NR E R NA 
(atey M itofatstudais x)? )%* 


If y = a/2, then B = (8 x 250 woI)/52/2 a. Further, 


Bo = 





2 
e Peia SER ee A 1 Sina a 
dy 2 (a? + y”)5 2 [a2 + (ae y)2]s 2 
if y = a/2. 
Also 
a2B 7 250 Wala? = F 3 
= 
dy? 2 (a? š y?)5 2 let + ta- y)2]s72 


+ 3 __ Z ENIA = y)? 
(a? + y?)’ 2 [a2 + (a - y)?]7 2 
250uIa? 


15y? = 3(a? + 9?) i 
2 (a? + y?)’ 2 
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15(a - y)? - 3la? + (a- y)?]] _ 4 


fats te - y)2}7/2 
if y = a/2. 


Thus dB/dy and d?B/dy* are each equal to zero at the 
point y = a/2, midway between the coils. Hence B hardly 
varies around that point, giving a large region of uni- 
form field midway between the coils. 


With this particular spacing of the coils, the 
dropping off in the value of B due to one coil as we 
move away from it is compensated for by the increase 
in B due to the other coil for much of the region be- 
tween them. The situation is illustrated in figure C. 
The solid lines give the magnitude of B due to each 
coil separately at various distances along the axis. 
The dashed line shows the combined effect of the two 
coils, and the region of uniform field around the 
midpoint of the system is clearly seen. 


© PROBLEM 


An electron, charged - 1.6 x 107° coul, moves at some 
instant of time in the +x-direction with velocity 
v = 0.8 c. A magnetic field B = 10 W/m’ is present in 


the +y-direction. What is the direction and magnitude 
of the magnetic force? 





Solution: To find the magnetic force acting on a charged 
particle moving through a magnetic field, one uses the 
formula 


P 
A =qvxB 
where Fs is the resulting magnetic force, v is the 


velocity of the particle and B is the magnetic field 
vector. 


In this problem V is 0.8 c = 0.8 x 3 x 10° m/sec 
in the +x-direction, B is 10 W/m? in the +y-direction, 


and q ise = - 1.6 x 10~*® coul. 
So: 


Pa = (- 1.6 x 107° coul.) (0.8) (3 x 10° m/sec) i 
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x (10 W/m’)f 


eee BOE fxi) 


m? - sec 


= - 3.84 x 107° 


= - 3.84 x107° Nk 


where we used the fact that f x f = k, f, jf, and k being 
the unit vectors in the +x, +y, and +z-directions, re- 
spectively. 

© PROBLEM 708 


A particle is projected horizontally with a velocity of 


10* m * s™ in such a direction that it moves at right 
angles to a horizontal magnetic field of induction, of 


magnitude 4.9 x 107° Wb > m™?. The particle, which carries 
a single electronic charge, stays in the same horizontal 
plane. What is its mass? 





Solution: The upward acting magnetic force is F 


q(¥v x B), where q is the charge of the particle, its 
velocity, and B the Magnetic induction. Since the motion 
is at right angles to the direction of the magnetic in- 
duction, it follows that the magnitude of F, |F| = q v B 
sin 90° = q v B. Since the particle stays in the same 
horizontal plane during the motion, the Magnetic force 
on it must, by Newton's Second Law, just balance its 
weight (= mg). Thus,mg = qvB or m = qvB/g. 


> 
v 


+ m = ł46%10~}°Cx10" mes “'x4.9x1075 woem~? 
ote m = Sl OEEN CKO” M'g §4.9x10 ~* Wbm 
9.8 m » s~? 


= 8.0 x 107?! kg. © PROBLEM 709 





What is the radius of the orbit of a 1-MeV proton in a 10°-gaues 


field? 


Solution: An electron which is moving in a magnetic field B with 
velocity V, experiences a force 
F me 4 ev x B * 
€ 
As a result of this force, the electron moves on a circular path in the 
plane of v. The radius of the orbit is obtained from the expression 





for the centripetal force 2 
my 
* canter £ R 
or 1 my” 
T 
mvc 
R a 
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The velocity of a 1-MeV proton is obtained as follows 


mc 
KE = total energy-rest energy ma m? 
1-B 


“a 1 _ yn c® = 1 MeV 





eg J” 


= 1.6 x 107% ergs 
The rest energy of a proton is 


m? = 1.67 x 1074 gr x (3 x 10% cm/sec)’ 


= 1.5 xX 1073 ergs 


Since KE << mc”, we have a non-relativistic motion. In this case, 


0 
B = Žž << 1, hence we can use the approximation 
To 


and -6 
5 p> KE _ 1.6 x 10 “ergs _ 1.07 x 1072 


m? 1:5 X 10 ergs 


B = /2.14 x 10> = 0.046 


v = Be = 0.046 x 3 x 10 "cm/sec = 1.38 107%cm/sec 
In the expression for R we can use the nonrelativistic (rest mass) 


m, for m. Therefore 
0 mave 


PEL] 
5 eB 
aug 





Since mo = 1.67 * 10° 
4 


e = 4.810 “statC 


x (1.38 x 10%em/sec ) x (3 x 10°cm/sec 


(4.8 x 107? %statc )x 10°gauss 





or -2 
R= 1.67 x 10 
= 14.4 cm 
© PROBLEM 710 


The electron of a hydrogen atom, revolving in the first 
Bohr orbit can be thought of as being equivalent to a 
current loop, as shown in the figure. Find the magnetic 


moment Hp of this loop (which is called one Bohr 


magneton). 





e- 
The First Bohr Orbit 


Solution: The average charge, per unit time, passing a 
point of the orbit, or the average current I is 


e , where T is the period of rotation. The angular mo- 
mentum of the first Bohr radius is given by 
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pa -A 
L = mvr = j’ 


TEN: T 
27mr 


or v 


Then, the period and average current are 


2nr _ 4n?xr*m 


T= = h ° 


eh 
4n?r2m 


The magnetic moment of the loop is Up = IA, where 
A is its area, 1mr*. Therefore, 


a Buy FE 
UB AT m 


=- 6.62 x 10 ** joule-sec x 1.76 x 10}! coul/kg 
~ 4257 


9.27 x 107?" amp + m?. 


© PROBLEM 711 





The energy of the doubly charged o-particles of mass 
6.64x 10°27 kg emitted from ThC is 6.048 MeV. What is 


their velocity and what magnetic field applied per- 
pendicular to a collimated beam of such particles 
would bend the beam into a circle of radius 40 cm? 


Solution: The energy of the a-particles is 6.048 MeV 


= 6.048 Mev x 1.602 x 1073 J/ 1 MeV = 9.689 x 1073 J. 
The energy of the particle refers to its kinetic energy 


or KE = k mv? = 9.689 x 1073 J, or 


v= / 19.378 x 1039, 1.709 x 107 m+ s, 
6.64 x 107?” kg 


In the magnetic field the magnetic force supplies 
the centripetal force necessary to keep the particles 
moving in a circle. This centripetal force, F,due to 
the magnetic field has magnityde F = qvB sin 0 where 
© is the angle between v and É. Since we are given that 
this angle is 90°, then sin 6 = 1. The centripetal 
acceleration of a particle with velocity v about a 
circle of radius R is a = v*/R. By Newton's second 
law, F = mv”/R = qvB or v = qBR/m. Therefore B = 
mv/qR. 


The a-particles carry twice the electronic charge 
(for they contain two positively charged protons and 
two neutral neutrons). 


*, B= 6-64 x 10’ kg x 1.709 x 107 m+ s3 


2 x 1.602 x 107° Cx 0.40 m 


0.885 Wb - m. 
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A hydrogen atom consists of a proton and an electron separated by 


-11 
about 5 x 10 m. If the electron moves around the proton in a cir- 


cular orbit with a frequency of sec, what is the magnetic field 


at the position of the proton due to the moving electron? 





Hydrogen Atom 





Solution: The motion of the electron is equivalent to an electric cur- 
rent. That is, the charge e moves by a point on the orbit in time T, 
where T is the period of revolution. Thus the equivalent current is 


D3 charge pass a point 
time 


= > =ef. 
The magnetic field at the center of the circular loop of radius R is 


obtained from the Biot-Savart Law; 
H A _ -_ 
= o UxXR 
where the permeability constant bo = 47 xX 102 ° 


a As shown in the diagram, all the infinitesimal contributions to 
B from the infinitesimal circuit elements are in the direction per- 
pendicular to the plane of the orbit. In this case we may neglect the 
vector nature of (1) and obtain 


ap a COS dR sin 90° _ Hot g 
4m R? 4m a 


since R and dt are perpendicular to each other. Therefore, the 
total magnetic field is the sum of the infinitesimal contributions 
dB or 


Hai Hai H 
š ee oe ae PER BER 0 E SE 
B = fas Ja aiae ik E 


T 
4 R 


-19 13 -1 
-70 „16x10 cou1x10 sec 





=2n x10 


a-m -11 
5x10 m 
-2 w 
=2.0x10° "5 . 
m 


© PROBLEM 713 


he kg may have a velocity 


Deuterons with a mass of 3.3 x 10° 
of 5x 107 m/s and an orbit radius of 0.8 m in a cyclotron. 


(a) Find the frequency at which the accelerating field 
must change. (b) What is the energy of the deuterons in 


MeV. 





Solution: As shown in the figure, the particles move in 
circular orbits in the dees under the influence of the mag- 
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Accelerating 
Voltage 


Dee 





netic field and are accelerated across the gap by the elec- 
tric field. Therefore, the polarity of the electric field 
varies with time in such a way that each time the particle 
enters the gap, it is accelerated rather than decelerated. 


Deuterons travel during each cycle a distance 


d= 2mnr=2x1x(8x101m)=5.0m 


in the cyclotron. The frequency of the electric field 
should be equal to the frequency of the deuteron's revolu- 
tions in the dee. 


it 1l à particle speed 
— period istance traveled during one revolution 
7 
= Š x10 m/s 21x 107 gz 


= 10 MHz. 


b) Since the deuteron speed is much less than the 
speed of light we can use the non-relativistic expression 
for kinetic energy: 


KS zv’ n ($)(s.3 x 10777 kg (5 x 10’m/s )* 


= 4.13 x 1071? J 


Since 1l eV equals 1.6 x 10° 
written 


-12 
Kom’ l3 x 10 = 2.58 x 107 ev = 25.8 Mev 


1.6 x 10°29 sev 


ae the kinetic energy may be 


© PROBLEM 714 






In one type of mass spectrometer the charged particles 
pass through a velocity selector before entering the 
magnetic field. In another the particles pass through 

a strong electric field before entering the magnetic 
field. Compare the ratio of the radii of singly charged 
lithium ions of masses 6 amu and 7 amu in the two 
cases. 








In the magnetic field, an ion moves in a 
circle, the centripetal force necessary being provided 
by the magnetic force on it. If the velocity Vv of the 
ion is perpendicular to the field of Magnetic induction 


> 
B, then the magnetic force on the ion of charge q, is 
F=qvB (1) 


Since this is the required centripetal force, 
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2 
mv 
pas R (2) 
where m is the ion's mass, and R is the radius of the 


circle traversed by the ion. Equating (l) and (2), 


re a 


R 
or y= qBR (3) 


m 


When the ions have passed through a velocity selector, 
both lithium ions have the same velocity in the field. 
Further, they have the same charge and are in the same 
magnetic flux density. Thus, using (3), Re/me = R7/m7. 


If the ions have passed through a strong electric field, 
they have both acquired the same kinetic energy. But, 
from equation (3) we have 


2 2 2 
x ne? = SEER 


Therefore, since q and B are the same for both isotopes, 


ee r Le / ms 
eae’ oe or — = — = 0.926. 
Me m7 r? m7 


Gyroradius‘~What is the radius of the cyclotron orbit in 


a 10-kilogguss field for an electron of velocity 10° cm/sec 
normal to B? 








Solution: In the cyclotron, a particle is launched from 
point S. A voltage v is applied across the "gap" (G). A 
Magnetic field B exerts a centripetal force towards the 
center. The particle is accelerated by the voltage v 
each time it crosses the gap, which increases the radius 
of the orbit. Thus the particle describes a spiral. The 
centripetal force which keeps the particle in orbit is 


given by 
-dx 


The magnetic field is perpendicular to the linear 
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velocity of the particle so that the force exerted on 
the particle is towards the center of the cyclotron. The 
magnitude of the force is 


3 v B sin 6, and since sin 90° = 1, we have 


24 
F rs vB. 


Since within each orbit we can think of the particle as 
describing a circle, its acceleration is simply w?R or 


2 
= where v is the linear velocity. Since F = ma 
2 
q = Vex. 
r= vB MR 
_ mvc 
R= -qB 


Substituting our values we have: 


R = 0-911 x 10°?’ gm 10° cm/sec 3 x 10°" cm/sec 


4.8 x 10`}? esu 10* gauss 


> BSF Lao im 


© PROBLEM 716 





What is the radius of the cyclotron orbit in a field of 
magnetic induction of 1 weber/m“ for an electron traveling 


with velocity 10° m/s in a direction normal to B? (This 
radius is termed the gyroradius). 


Solution: Before starting this problem, we must recognize 
what type of motion the electron is executing. Since the 
electron is a charged particle traveling perpendicular to 
a uniform magnetic field (a field having the same value 
over all space), the particle will travel in a circle. 


To find the exact radius of this circular motion, 
we relate the magnetic force acting on the electron to 
the electron's acceleration via Newton's Second Law, 
F = ma. The magnetic force for a particle of charge q 
traveling perpendicular to a magnetic field with velocity 
v is 

F = qvB (1) 
Using Newton's Second Law, 


qvB = ma (2) 
Then because the motion is circular, we know 
that the acceleration the electron experiences is centri- 
petal (that is, it always points to the center of the 
circle) and has the value x, where v is the speed of the 
R 


electron, and R is the radius of its orbit. Substituting 
this into equation (2), we find 
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2 
qvB = a (3) 


Solving for R, we obtain 


at. TAY: 
R= qB (4) 


Now, the charge of an electron is q = 1.6 x EAR 





Coulombs, and its mass is m = 9.11 x 107?! kilograms. 
Substituting this information and the values of v and B 
given in the statement of the problem into (4) 


r = (SLL e kg) (10° m/s) 


Q.6 x 107° Ò Q w/m’) 


R=5.7X10°m 
e PROBLEM 717 
A cyclotron has an oscillator frequency of 11.4 Mce»s ~? 
and a radius of 60 cm. What magnetic induction is 


required to accelerate protons of mass 1.67 x oren: iki 


and charge 1.6 x 107}? C, and what is the final energy 
that they acquire? 


What error is made by assuming that the mass of the 
protons remains constant? 





Solution: The force on a particle of charge q, 
travelling with velocity v, in a field of magnetic 
induction B, is 

> > > 

F = qv x B 
Assuming that B and V are perpendicular, 

F = qvB (1) 


Since a particle in this situation will execute a 
circular orbit, F is a centripetal force and the 
particle's acceleration is a = v?/R. Using Newton's 
Second Law, 

F = ma = mv?/R (2) 


where m is the mass of the particle, and R is the 
radius of its orbit. Inserting (2) in (1) 


mv" _ 
IR = qvB 


or,solving for v 


g= qBr (1) 
m 


Now, we must eliminate v, since it is unknown. But, 


since the path is circular, and v is constant, we may 
write 
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ya 27R 

T 
where T is the time it takes the particle to traverse 
its orbit once, or the period of the motion. Since 


I 


£ 
where f is the frequency of the motion 


F 


v 2uRE (2) 


Substituting (2) in (1) gives us B in terms of known 
quantities. 


2nRE = wet 


Solving for B 


27£m 
q 


B = 


„Ži x 11.4208 sl: xe da6T7 y 1057) kg 


= 0.748 Wbem~?. 
P TE TE N 


where we have used the fact that in the cyclotron, the 
orbital frequency of the particle equals the oscillator 
frequency. 
The final energy of the protons is, using (1) 
2 2 2 
at = NNA 


-~ 4.6 x 10%!*)?c?_ x (0.748)? Wb?em™ x 0.6? m? 


2° 67 &.L0F2" kg 


0.154 « 16:7" 3 
Since E = mc? 


, this energy is equivalent to an increase 
of mass 


0,154. % LAMET 


9 x 101° msg 


Am = =30.017;*~10727 kgs 


The error is thus 


Am, 100 2402 
m 





LT T 100 = 1.02%. 


@ PROBLEM 718 





What is the gyrofrequency of an electron in a magnetic 
field of 10 kilogauss, or 1 x 10‘ gauss? (A field of 10 


to 15 kilogauss is typical of ordinary laboratory iron 
core electromagnets.) 


Solution: The centripetal force keeping the electron in 


a orbit is provided by the magnetic field. This is given 
y 
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ea Chace > 
F= è v xB 


Since the velocity is perpendicular to the magnetic 
field, this reduces to 


F = 2 vB 
c 
In circular motion, v = Rw. Therefore 
wid 
F a RwB 
Newton's third law tells us that F = ma, and since 


in circular motion a = w?R, we have F = mw? R. Equating 
this with the above expression for force we have: 


d RwB = mw?R 
= JB 
w mc 


Substituting for our values: 


_ 4.8 x 10 '° esu(l x 10* gauss 
.911 x 10°27 gm (3 x 10!° cm/sec) 


4.8 x 10 $ esu 25S. 
Ee EE BESTS: .. “lead. __-- SAR ay ee a S L sec ! 


"17 cm 
2.7 x 10 gM Seca 


Dividing the angular velocity by 2m we arrive at the 
frequency v 


11 oe 
4 1.8 x 10 sec — = 2.8 x 10!° cps 


Electromagnetic wavelength is given by A = Z , 


Therefore,this gyrofrequency is equivalent to an electro- 
magnetic wavelength of 


34-1032 
A = —— = 1 cm. 
2.8 x 10!° s-? 


@ PROBLEM 719 


The combination of electric and magnetic fields used in 
J.J. Thomson's experiment can be used to measure the speed 
of the electrons. This measurement is possible if the 
electric and magnetic fields are arranged so that they 
produce forces acting in Opposite directions. The 
strength of the electric and magnetic fields are then ad- 
justed so that the resultant force is zero and the beam 

is undeflected. (a) Show in this case that the electron 
speed v is given by, 


vee 
B 





Where E and B are the electic and magnetic field 
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strengths, respectively. (b) Compute the velocity of an 
electron beam that is undeflected in passing through 
electric and magnetic fields of 3.7 x 10‘ N/C and 0.23 
Weber /m’ respectively. 





Solution: Thomson measured the ratio of the charge q of 
the electron to its mass m. Electrons were emitted from 
a hot filament and accelerated by an applied potential 
difference in a direction perpendicular to an electric 


field E and a magnetic field B. E and B are also at right 
angles so that they accelerate the electron along the same 
direction. The resultant force Fon the electron is, 


F = gE + qv x B 


For the electron not to be deflected, this force must be 
equal to zero. The above equation reduces to, 


qE = qvB 
Since v and B are perpendicular. 


Solving this equation for v, 


wit 


v = 


(b) Since the values of the electric and magnetic fields 
are 3.7 x 104 N/C and 2.3 x 102 Weber/m~ respectively. 
4 


sE a, deh 410° Ne 
ee -1 2 
223° TO Weber /m 
Since, 
Weber _ N 
ae ee 


m 

v = 1.6 x 10° m/s 
The speed of the electrons is 1.6 x 10° m/s. Electric and 
magnetic fields arranged in this manner are used as a ve- 


locity selector for charged particles (ions) in several 
types of apparatus. 


@ PROBLEM 720 


In a cloud chamber, a proton crosses at right 
: 2 
angles a uniform magnetic field of 1.0 weber/m'. From the 


photograph of the proton's path the radius of curvature is 
measured as 0.22 m. Calculate the speed of the proton. 





Solution, The centripetal force acting on the proton causes 
it to curve. This force is due to the magnetic deflecting 
force Bqv where q, the charge on the proton, is 


1.6 x 1071? coulombs. The force can also be represented in 
terms of the radius of curvature and the velocity of the 
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proton as with the mass of the proton,m, equaling 
27 


1.67 x 10° kg. Setting the two expressions equal and 
solving for the velocity, 
2 
_ mv 
Bay se 


, = Bax „ (1.0 weber/m? (1.60 x 107}? cout) (0.22 m) 
m 


7.67 X10 ~" Ke 


r E E 107 m/sec. 


(Since this speed is less than a tenth the speed of light, 
we are justified in neglecting any relativistic change in 
the mass of the proton.) 


MAGNETIC FORCES 
@ PROBLEM 


A magnetic south pole of 15 units strength, when placed 10 cm 


away from another pole in air, experiences a repulsion of 300 dynes. 
What is the nature and strength of the second pole? 





Solution: Since the force is one of repulsion, the second pole is a 
like pole, i.e., a south pole. Until the advent of quantum theory, the 
nature of the magnetic force of a magnet was not well understood. The 
concept of magnetic pole strength due to a magnetic pole was then de- 
veloped in a manner analogous to the concept of electric field strength 
and charge. The analogue to Coulomb's law for the electrostatic force 
between two charges is Coulomb's law for the magnetic force between two 
poles of field strength m and m' separated by a distance r. It is 


72 m 
e 2 
where p = 1 for the CGS system being used. We are given that 
F = 300 dynes, m is 15 poles, » = 1 for air, and r = 10 cm. There- 


F 


fore, £ 2 
ı _ bY F _ (1) Q0 cm)" (300 dynes) - 0 
PA m (15 poles) AONO PONER 


Although this model of magnetic poles correctly predicts experimentally 
observed magnetic forces between poles, magnetic monopoles have never 
been observed. 


@ PROBLEM 722 


An electron is projected into a magnetic field of flux 


density B = 10 win with a velocity of 3 x 10” m/sec in a 


direction at right angles to the field. Compute the magne- 
tic force on the electron and compare with the weight of 
the electron. 





Solution. The force on the electron in a magnetic field 





is given by F= qv x B where v is the velocity of the elec- 
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tron and B is the flux density of the magnetic field. In 
this case the velocity is perpendicular to the magnetic 
tield so the force may be computed by a straightforward 
multiplication instead of taking the cross product. 

The magnetic force is 


19 7 11 


F = qvB = 1.6 x 10 7 x 3 x 10° x 10 = 4.8 x 10 newton 


The gravitational force, or the weight of the electron, is 


31 -30 


F=mg=9x 1077 x 9.8 = 8.8 x 10 newton. 


The gravitational force is therefore negligible in 
comparison with the magnetic force. 


@ PROBLEM 723 


Two very long straight parallel wires carry currents i and i, 


and are a distance r apart. Calculate the force on a length L 


the wire with current i,- Verify that the force is attractive when 


the currents are in the same direction, but repulsive when they are in 


opposite directions. 





Fig. A Fig. B 


Solution: Figure a is the case of the two currents flowing in the 


same direction. The magnetic lines of forces due to i are circles 


that go around clockwise for an observer looking in the direction of 


i}: The magnetic field produced by i at a point on the other wire 
is (in the CGS system) 
2i 
1 
B = Sa (1) 
This field is perpendicular to i and to the radius r drawn per- 


1 
and to the radius drawn perpendicularly to both 


p= 90°, sin 9 = 1. 


pendicular to i, 


wires. Since B is also perpendicular to i 


2, 
The force exerted by the field on a length I, of the wire with cur- 
tent i, is given by 
1 = > 
Freie Qn tg SB ot 
I and B are perpendicular to each other (see the diagram). Therefore, 
4.1,8 
F -—+2_— (2) 
m c 


762 


Combining equations (1) and (2), the required force is 
2tik I 
Mar o 2 
m er 

In figure a the magnetic field is into the plane of the paper. Apply- 
ing the right hand rule the thumb would point to the lefc, toward i,. 
Figure b is the case of currents flowing in opposite directions, i l 
is still upward and B is still into the plane of the paper. Using 1 
the right hand rule. The thumb would point to the right, so the force 
is repulsive. 


@ PROBLEM 724 


Two straight parallel wires each 90 cm long are 1.0 mm 
apart. There are currents of 5.0 amp in opposite directions 


in the wires. What are the magnitude and sense of the 
force between these currents? 





Boy 





Solution: There are 2 steps in the solution of problems 
ike these. First we find the magnetic field due to 
current #1 at any point on wire #2. (See figure). This 


field (Bo) exerts a force on each moving charge that 
constitutes current #2. It is the sum of these forces 
which constitute the net force on wire #2 due to wire 
#1. (By Newton's Third Law, the force on wire #1 due to 
wire #2 is equal and opposite to the force on wire #2 
due to wire #1). 

The force on an element a 5 of wire #2, which is 


immersed in the field of wire #1 (Bo, ) is, by definition, 


af, ; I? aĝ, x Bo) 


and Foi = I2 | at, x BA (1) 


where the integral in (1) is evaluated over the length of 
wire #2 and d&2 has the direction of Iz. In order to 


j > 
calculate F2;, we must find B31. 


The lines of magnetic induction of a long wire are 
circles centered on the axis of the wire. Hence, to 


calculate BoT we may use Ampere's Law, which is 
f B- at = wot (2) 


In (2), the integral is evaluated over a closed path 
(this is the meaning of the circle on the integral sign) 
and Tng is the net current enclosed by the closed path. 


In evaluating Boi, we take the integral about a circular 
line of magnetic induction, of radius r, centered on wire 
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#1. Therefore, 
21r Boi = Holi 
since I, is enclosed by the path. Then 
Holi 
Bai = “Sar a 
The direction of this field is shown in the figure by 


the "X" symbol, which indicates that the field is perpen- 
dicular to the plane of the figure and directed into the 


figure. 
Now, we may write the magnitude of F,, as 


F21 = I2 | dg2 Boi sin ọọ 


where p is the angle between ag, and ian Looking at the 
figure, ọ is 90° and 


Ti f d22 Bai 


Foi 


Holi 
Using (3) F21 Lo | Dir dl 


Holil2hk2 
on 27r 
-7 Weber = 
pit nx. 10°" (25 amp?) (90 x 107? m) 
EEU T 
(27) (107? m) 
Fo, = 4.5 x Too * nt 


By Newton's Third Law, 


Foy = hae 











Two long, straight wires, each carrying a current of 9A 
in the same direction are placed parallel to each other. 
Find the force that each wire exerts on the other when 

1 


the separation distance is 1 x 10. 


m. 





® rR |B 
S b 


Solution: The currents carried by the wires i, = 9 A, 
ip = 9 A, and the distance between them, d = 1 x 10 !m, 
are given. The first current carrying wire (a) produces 


a field of induction B at all nearby points around it. 
The magnitude of B is 
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E 
o 
H 


B= 


| 
alo? 


(1) 


N 
3 


where i, is the current through wire a, d is the distance 


separating the two wires and the permeability constant 


Uo = 4m x 10 7 WAA * my. The other wire will find itself 
immersed in the field due to the first wire. The magnetic 
field it creates, that is its own self field, has no 
influence on its behavior. The magnetic force on this 
second current carrying wire (of length 2) is 


P= ilS 


where ip is the current through the second wire. Since 


the wire length is perpendicular to the magnetic field 
vector B, we then have 


r= i £B (2) 


F is directed inward toward the first wire. It is 
perpendicular to both B and to the length vector. There- 
fore, combining equations (l) and (2) we have 


Ho iaip 


F miga 





The force per unit length on a wire is then 





The EN E a Y 
Bh SO at eae D oe ay 2 ab 
to One Sy EP WIR mG 
= 2x 107 wx? BAO) 362 x 10™ X 
K Yer pee N es 


© PROBLEM 726 


A long, horizontal, rigidly supported wire carries a 
current of 50 A. Directly above it and parallel to it 
is a fine wire, the weight of which is 0.075 N per 
meter, which carries a current of 25 A. How far above 
the first wire should the second wire be strung in 
order for it to be supported by magnetic repulsion? 





I' = 50A 


Solution: If the upper wire is to be supported by 
magnetic repulsion, the magnetic force per unit length 
(F/2) must just equal the weight of a unit length of 
the wire (mg/Q). Further, the currents in the two wires 
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must be in opposite directions in order for the force 
between the wires to be one of repulsion. Hence 








mg _ F 
A h 
Ho ' 
but el a LI (see the figure) 
«yy, SBS EE EA 
"ane & 2i Xe 
oa DOME! 2x 10" Ws a x SOR x 25 AL 
27m 


0.075 N-m!? 


= 0.33 x 10 7 m= 0.33 cm. 


The wires must therefore be very thin in order to allow 
their centers to be so close together. 


@ PROBLEM 727 


A scientifically minded Romeo has found a method of 
sending secret messages to a beautiful Juliet who is 
immured in the top floor of a castle 50 ft from the 
ground. Romeo places two light metal rods (too light 

to use for climbing up)against her windowsill, and 
between the rods he mounts a wire 10 cm long, to which 
is attached the message and a magnet so placed that the 
wire is permanently in a magnetic field of strength 


0.049 Wb - m ?, at right angles to the plane of the 
rods. When he passes a current of 10 A up one rod, 
through the connecting wire and back down the other rod, 
the message,wire, and magnet travel at uniform speed 

up the rods. The moving assembly weighs 0.25 kg. 
Neglecting friction, calculate what the length of the 
rods must be. 





mg 
FIGURE A: Front View FIGURE B: Side View 


Solution: From figure A, we see that the magnetic 

field must be at right angles to the plane of the rods 
and acting downward. The magnetic field vector is per- 
pendicular to both the direction of current and to the 
force. The right hand rule determines that the direc- 
tion is downward. The magnitude of the force experienced 
by the wire and attachments is 


$ 
|F| = LIB sin ọ where ¢ is the angle between the 
direction of I and B + $ = 90°, and 


F = IB = 0.1 mx 10 A x 0.049 Wb * m? = 0.049 N. 
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Considering fig. B, we see that the forces acting 
on the wire and attachments are three in number: the 
weight acting vertically downward, the force F acting 
up the plane of the rods, and N, the normal reaction of 
the rods on the wire acting at right angles to the plane 
of the rods. Since the assembly moves up the rods at 
uniform speed, F = mg sin 6. 


(ee a eee eS ood. 


0.25 kg x 9.8m» s? 


From the diagram, h/L = sin 9 = 0.02. 


S e Le eae = a = 2500 ft. 
e PROBLEM 728 


Find the force on an electrically charged oil drop when it 


moves at a speed of 1 x 10? m/s across a magnetic field 


whose strength is 2 T. Assume that the charge on the oil- 


drop is 2 x PY. Wee Gs 





Solution: The speed of the particle, v = 1 x 10? m/s, the 
field strength, B = 2 T, and the charge, q = 2 x 10°" Cc, 


are given. 
The force on the drop due to its motion through the 
magnetic field is given by 


+ > > 


F=qvx B (1) 


Since the drop,moves across the magnetic field, the angle 
between v and B is 90°. Equation (1) then reduces to 


IF| = qvB = Q x 10777) @ x 107 m/s) (27) = 4« 10722 N 


The force acts in a direction perpendicular to both B and 
to v. This force is very small compared with the weight of 
even a very small oil drop. 

@ PROBLEM 729 


The figure shows a current of 25 amp in a wire 30 cm long 
and at an angle of 60° to a magnetic field of flux 


density 8.0 X 107" weber/m?. What are the magnitude and 
direction of the force on this wire? 








Solution: We must find the magnetic force on a wire 
placed in a magnetic field. The force on a differential 
element of the current carrying wire, 
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> > > > 


dz, is . AFF I ar X-B (1) 
where I is the current in the wire, ag is a vector 
tangent to the wire in the direction of I, and 
B is the Magnetic induction. The net force on the wire 


is found by integrating dř over the length of the wire 
(this amounts to adding the contributions of each current 


element d2 to the net force). Hence, 


t-f ratxé (2) 


fo) 
where 2 is the length of the wire. Because I is constant 


and È is uniform (independent of position) we may rewrite 
(2) as 


> 


Q 
F=1 f at XB orF=1itx 3B (3) 
(eo) 


where & is a vector whose magnitude is the length of the 
wire, and whose direction is the direction of current 
flow in the wire. Now, in general, the magnitude of a 


cross product (such as |g x BI) is defined as: 
|< x B] = 2B sin 9 


where 2 is the magnitude of rA B is the magnitude of B, 


and @ is the angle between the directions of ĵ and È. 
Because we are asked to find the magnitude of the force, 
we have: 


F = IB sin 6 (4) 
Substituting the given values into (4), we obtain: 


F = (25 amp) (.3 m(s a LOT weber | (sin 60°) 
m 


or F = 5.2 X 107? Newtons 


The wire is pushed away from the reader, from the 
stronger toward the weaker field. 


@ PROBLEM 730 








A current-carrying wire in the form of a semicircle 
lies in a plane at right angles to the direction of a 
uniform magnetic induction. Show that the force on 

the wire is the same as that experienced by a straight 
wire lying along the diameter between the ends of the 
semicircle. 








Solution: Let the semicircle carrying a current i have 
radius r, and let the magnetic induction have magnitude 
B. Consider Fig. A, in which a vector element dil of the 
current-carrying wire is shown in a direction from the 
center 0 of the semicircle making an angle 8 with the 


radius of symmetry.,The aE n that element due to the 
magnetic field is dF = i( x B). Here al and B are at 
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—i 
e á . : . 2r; 2 - e : á . 
e . e e F e e e B 
FIGURE A FIGURE B 


right angles, and thus dF lies petgendicsies to both 
and B,or along the radius from dl to 0. Also dF has 
components, in the x- and y-directions shown, of - i dlB 
sin 0 and - i dlB cos 6, respectively (see figure B). 
But there is a corresponding element ai in a direction 
from 0 making an angle - ® with the radius of symmetry. 
This element is subjected to a force which has x- and 
y-components of + i d1B sin 0 and - i d1B cos 8, re- 
spectively. The x-components of the forces of these 
two elements thus cancel out, and this is true of all 
pairs of elements chosen at all possible angles @ on 
the semicircle. It follows that the total force on 
the semicircle has a y-component only. Now dl/r = dé 
radians or dl = rd@. Also, when 1 = 0, 0 = - 1/2 and 


when 1 = unity, 0 = + 1/2. Therefore, 


| 
ll 


È 1 
| dF y =F= | - i dlB cos 9 
0 0 


1/2 T/2 
| - ir d@B cos 6 = - iBr sin 9 
-1/2 -7/2 


= - 2iBr. 


tà Consider the straight wire; the force F' on it is 

F' = i(2 x B). Thus F' has magnitude 2iBr and points 

in the negative y-direction. This is the same force as 
that which acts on the semicircle. 


One may arrive at this result and a more general 
result by noting that a closed current-carrying loop 
lying in a plane at right angles to the magnetic field 
experiences no net force. If the semicircular loop 
is closed by allowing the current to return along a 
wire occupying the vacant diameter (or by any loop 
whatsoever lying in the plane and joining the two ends 
of the semicircle), the complete circuit so formed 
experiences no net force. It follows that the forces 
on the semicircle and on the return wire are equal 
and opposite. Since reversing the direction of the 
current reverses the magnetic force on it, it imme- 
diately follows that the force on the semicircle is 
equal to the force on any current-carrying conductor 
lying in the plane and having the same endpoints. 
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@ PROBLEM 731 





A rectangular coil 30 cm long and 10 cm wide is mounted 


in a uniform field of flux density 8.0 x 107% nt/amp -m. 
There is a current of 20 amp in the coil, which has 15 


turns. When the plane of the coil makes an angle of 40° 
with the direction of the field, what is the torque 
tending to rotate the coil? 


ʻa 
AL 


wL 


8 
L 


Plane of coil 
Solution: The torque on a circuit in a field of magnetic 
S 


induction, B, is 
t=ù}x8 (1) 


where v is the magnetic moment of the circuit. (This is 
the property of the circuit which causes the torque to 
be exerted.) The magnitude of the magnetic moment is 


u = NIA (2) 
where N is the number of turns in the circuit, I is the 
current in the circuit, and A is the area it encloses. 


The direction of ù is given by the right hand rule: wrap 
the fingers of your right hand around the circuit in the 
direction of the current, and the direction in which your 


thumb points will then be the sense of ie Since we only 
want the magnitude of È, we write 


T = uB sin 6 (3) 


where T, u, B are the Magnitudes of È, H, B, and 9 is the 
angle between the directions of u and È (see figure). Sub- 
stituting (2) into (3), we obtain 

T = NiAB sin 9 (4) 


However, the data is given in terms of flux 
density, not in terms of B. But flux density is actually 
equal to B because 


Flux density = a? rr E 


where A is the area enclosed by the circuit, and 6 is 
the flux cutting through the circuit. We still cannot 
proceed yet, because we do not have @.The question gives 


us the angle between the plane of the coil and the 


direction of B. (In the figure this is a.) The angle we 
need, 6, is 90° =- g = 50°. Inserting the given data in 
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(4), we find 


T = 2 KIO H (15) (20A) (.3m) (.1m) (.77) 
T = 56055 nt: m 


MAGNETIC CIRCUITS 
@ PROBLEM 732 


The mean length of a Rowland ring is 50 cm and its cross section 
is 4 cnf. Use the permeability curve given below to compute the mag- 
netomotive force needed to establish a flux of 4 Xx 1074 weber in the 
ring. (a) What current is required if the ring is wound with 200 


turns of wire? (b) If an air gap one millimeter in length is cut in 
the ring, what current is required to maintain the same flux? 





H am 
100 200 300 p/m 
Fig. 1. Magnetization Curve 

B 





Fig. 3. Magnetic Circuit Fig. 4. Circuit with Air Gap 


Solution: (a) As can be seen from Fig. 2, a Rowland ring is a torus 

of a given ferromagnetic material with two coils around. The first long 
coil is used to set up the circular magnetic field B inside the ring. 
As the current I in the first coil changes, an induced e.m.f. will 

be set up in the second coil. Thus, by measuring the voltage at the 
terminals of the second coil, we can measure B, 

If the ferromagnetic material is not present, the magnetic field B 


0 
in the toroidal coil is given by (similar to a solenoid) 


Bo = HonI 
where n is the number of turns of the first coil per unit length. We 


can find Bo by measuring I. As we insert the ferromagnetic core in- 


side the coil, B, will induce a magnetic field (called the magnetiza- 
tion M) in the Qirection of B,, in the core. The resultant magnetic 
field B will be the sum of these fields. (for magnetic materials, M 
is often much larger than By): Defining the magnetic intensity H as 


Bo id HoH > 
the expression for B is given by 
B= HoE +M) =H 


where M is the magnetization and œ the permeability of the core. 
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From the magnetization curve, the H required to set up a magnetic 
field is 2 x 10° amp/m. At this point the permeability is 


B 3 


» =—= 5X 10 w/amp.m 


In analogy with electric circuits, one can represent a magnetic material 
subject to a magnetic flux as a magnetic circuit. The circuit for this 
problem is given in Fig. 3, where the loop variable is magnetic flux 
and the magnetomotive force that gives rise to Š in a coil is taken 


to be nit. With these definitions, the reluctance of our ring with kan 


through it, is given by 
pLi nt 


R =,=—__ = 
BA 
$3 


The magnetic field B inside the ring is 


Ren oea Pa o ee 18” lanp, 
5 x 10 ~(w/amp.m) X 4 X 10 w 


and since M= R, the required magnetomotive force is 


M= 4x Ex 2.5 X 10°(amp/w) © 100° amp-turns. 


Using the expression for the magnetomotive force 


M= NI 


where N is the total number of turns in the coil, the required cur- 
rent is obtained as 


_W_ 100 ampturns _ . 
T= N7 200turns Opamp.. 


(b) The air gap will introduce a new reluctance R into the magnetic 
circuit, in series with the reluctance of the ring Rsee Fig. 4). Since 
the same flux Ë goes through both of the reluctances, the loop 
equation for this magnetic circuit is 


M= (R + R) a, 


= 107 h 


Boi Beh. oo321592x7 207 wfempim zoge 1074? 


where 4 





= 20 x 10° amp/w . 


Hence, assuming that the change in length of the ring is negligible and 
Čs in the ring is kept constant, the new magnetomotive force for this 


arrangement is 


M= (2.5 x 10° + 20 x 10°) x 4x 1074 


= 900 amp-turns. 


Therefore the current in the first coil should be increased to 


-M _ 900 amp-turns „ 
FITIN: 200 túrns $25. ARa 
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e PROBLEM 733 


A Rowland ring, made of iron, of mean circumferential 
length 30 cm and cross section 1 cm?, is wound uniformly 
with 300 turns of wire. Ballistic galvanometer measurements 
made with a search coil around the ring show that when the 


current in the windings is 0.032 amp, the flux in the ring 


is 2 x 10 ê weber(see figure). Compute (a) the flux density 
in the ring, (b) the magnetic intensity, (c) the perme- 
ability, (d) the relative permeability. 








Solution:a)The flux, ¢, through the ring is defined as 
o= [B aa 

where B is the flux density and dk is an infinitesimal 

cross sectional element through which the flux passes. 


B is constant in the iron, and the angle between and 
the area vector is zero. Therefore 


¢=B | dA = BA 
where A is the cross section of the iron. Hence 


B = 


P| 


2x10 °w 


1 cm? x 1 m?/10" cm? 


2 x 10 ? w/m?. 
Ni 
k 
300 x .032 
- 30 
32 amp-turns/m. 


b) Magnetic intensity H 


c) Permeability u (by definition) 


5. (2x20: * fet 
~ -32 amp/m 
6250 x 10 ” w/amp-m. 


u 
Ho 


i] 
Tw 


d) Relative permeability Kn 


6250 x 10 7 
12757 xelo 7 


498 (no units). 


773 





e PROBLEM 734 





A Rowland ring made of iron has a mean circumferential 
length of 50 cm and a cross-sectional area of 4 cm. 
It is wound with 450 turns of wire which carry a current 
of 1.2 A. The relative permeability of iron under these 
conditions is 550. What is the magnetic flux through 
the ring? What would be the flux through the ring if a 
gap of 2 cm were to be cut in its length, assuming 

that the flux did not spread from the gap? 














i i; e—a 
M 
dy R, M R} 
i R2 
TOP: VESW magnetic top view kantig 
circuit circuit 


Solution: Assume that the iron in the Rowland ring is 
operated in the linear region. Then the magnetic in- 
duction through a Rowland ring (see fig. A) is given 
by the formula 


B = UH 


Applying Ampere's circuital law about the circum- 
ference (of length 2) of the Rowland ring, 


> > 
| H ‘dt = NI, 


> 
H is constant along the circumference and is parallel 


-> 
to dł, an infinitesimal element of length. N is the 
number of windings of current-carrying wire around the 
ring. Then 


n al = He = NI, and 
NI, 
H = —£ 
Q 
NI NI 
C 


Hence B = ų J = Ky vo he 
where the relative permeability of iron Ka” u/uo- 
The flux through the ring is 
> > NI, 
> = | B. GA = BA = Kn uo A FE (1) 
where A is the cross-sectional area of the ring. Since 


we are given A = 4 cm?, N = 450, g = 50 cm 0.5 m, 
Ia = 1.2 A and Kn = 550, then 


774 


¢ = 550 x 47 x 10 7N». A?2x (4x 10 * m?) 


x 450 *t452.A 
0.5 m 


= 2.99 x 10 * Wb. 
Equation (1) may be written as 
ġ = a = Li 
RAA R 
where M is the magnetomotive force, and R the reluctance 
of the ring. This is the magnetic analogue of Ohm's 


law, with 6 the analogue of current, M the analogue of 
emf and R the analogue of resistance (see figure A). 


When a gap is cut in the ring (see fig. B), the 
flux may be obtained by use of the magnetic circuit 
relation 

M 
R, +R, 
where Ry and R, are the reluctance of ring and gap, 
respectively (see fig. B). Thus 
NI 


Ši € 
> = Ti7m Ai) + a/a. 


lı is the length of the ring minus the gap (= 0.5 cm - 
.O2m = 0.48 m), uı the permeability of iron ( = 





r 


550 uo), Ai the cross sectional area of the ring, ho 
the length of the gap (= 0.02 m), u2 = Uo and 
A2 = Ai. Thus 


6 = 450 x 1.2 A 


[0.48 m/ (550x47x10 ’N*A ?x4x10 ‘“m?) J 





+[0.02 m/ (4rx10 N*A ?x4x10 “m?) J 


_ 450 x 1.2.x dn x 10 7 x 4 x 10 * N 
= ——~T (0. 48/550) + 0.02 I] = 


1.30 x 10 ° Wb. 


@ PROBLEM 735 


An experiment is done using Thomson's apparatus for 
positive-ray analysis. A set of positive-ray parabolas 
are examined and it is found that for the same horizont- 
al displacement y, the corresponding vertical displace- 


ments for the three parabolas observed are 3.24 mn, 
3.00 mm, and 2.81 mm. The parabola with the largest 
displacement is known to correspond to c!* and all ions 
are singly charged. What are the other ions present? 
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Solution: In Thompson's apparatus (figures (a) and 
(b)) a gas of the element to be examined fills dis- 
charge tube A. An electrical discharge ionizes the 

gas, and the positive ions are accelerated by an 
electric field between the anode D and cathode K. In 
travelling towards K, many of the positive ions bombard 
the latter, and heat it, but a few of the ions pass 
through the canal in the cathode, and are thereby 
collimated. The positive ion beam next passes through 
the pole faces of a magnet, where a uniform field of 


magnetic induction, B, and a uniform electric field 


intensity, E, exist. (The È field is produced by a 
parallel plate capacitor (PP') attached to the pole 
faces by dielectric slabs (I)). After passing through 
the field region, the ions travel in free space until 
they strike fluorescent screen S. If the fields are off 
during this process, the beam ions will not be accelerat- 
ed in the pole face region, and will strike the screen 
at point 0. If the fields are on,the ions are deflected 
and accelerated, and strike the screen at point P having 
coordinates Y and Z relative to 0. It is our task to 
find an expression relating Y and Z, which can be 
measured off the screen, to q/m, the charge to mass 
ratio of the ions. 


Suppose an ion, with charge to mass ratio q/m, 
enters the field region at time t = 0. The force acting 
on the ion is then 

> 


F = qË + qv x B (1) 

where v is the ion velocity. During the period it is 
within the pole faces, the ion is accelerated in the 
y direction by È, and in the z direction by B. Since 


> 5 
v can be written as 


z 
where V is the x-component of ¥, etc., and Ë = Ej, 
> 


B = - B Ĵĵ, (1) becomes 


ten TPg Arn k (2) 


F = qE fi tsql- Va Bk + v, B î) 


However, by Newton's Second Law, the acceleration 
of an object of mass m acted on by a net force F is 


D+ My 


= F/m , whence 
e U: od 5 
ears (va BoE- E- ver B k) (3) 
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Using the example of (2), we may write 
> a 
a = Ap ig ap it Ay k (4) 


Comparing (3) and (4), we find 


Gv. B 
is z 
ak Om 
E 
a a= (5) 
. ibe qv, B 
z m 


2 2 
Note that a? = a? + a? = BE (v2 + v2) 
r x z 2 x z 


' 
a «= Se 
£ m 
is the centripetal acceleration caused by B. Since the 
magnetic force is always perpendicular to v, it does 


not change the magnitude of v, only its direction. 
Furthermore, in general, the magnitude of only the y- 


component of v is changed, and this by the È field. 
Hence, 


v' = W2 +v 


2 
x Zz 


is constant in magnitude. Therefore, the initial value 
of v' is equal to its value at any other time. Since 
the initial value of v' is Via (assuming the ion to be 


travelling parallel to the x-axis before entering the 
field region), we obtain 


Van KS (6) 


Now, in practice, pae Ts DA and we can write 


v zv 
xO x 


This means that in this experiment, the effect of B 
is to deflect the ion beam, and not to change vy 


appreciably. Then (5) becomes 


a. = 0 
x 
m 
ay a 
zZ m 
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Since aye ay and a, are constant, we may relate the 


velocity and position of the ion just after leaving the 


pole faces|(x, y, z) and voy Vy" vz) to its velocity 


and position just before entering the latter [hko Yor 
z0) and (vxo Yio" zo) by 


= = + 
Vy Vox a chains ¥ 
2 
E gEt + + GEt* 
vy = Yoy * m a Sg ge 9 Oe 
qv. Bt qv, Bt? 
= a eg, ni = xO 
Ma = Voz a Zz Zo + Voz i = 


Here, t is the time needed to cross the pole faces. 
Since Ps, is constant, and the beam traverses a 
distance approximately equal to L, (see figure (b)) 
we find 

t = — 


v 
XO 


Furthermore, calling the initial position (x), Yoi Zo? 


= (0, 0, 0) the origin, and noting that the initial 
velocities v and Vos are zero, we obtain 


oy 
C = Vig x=L 
_ gEl _ _gBL? 
Wg T y= xi (7) 
Y MV to 2MV ro 
v =Š gBL E e i- 
z m MV 5 


We must now use (7) to help us locate the final 
coordinates of the ion on the screen. 


After leaving the pole faces, the ion moves with 
constant velocity until it traverses a distance D 
in the x direction. Since V is constant, the time 


needed to do this is 


D D 

| = a R — 
t =y v 

x xo 


Hence, in the force free region, the ion travels a 
further distance (relative to its position given in 
equation (7)) in each direction of 


x' = y tt = D 


y'=v t' = ZELD 
y 
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=—_— L aaaalauauauluuuŘŘŮĖĖĖșĖșĖșĖșōĖōĖșōĖșĖșōșōĖōĖōĖōĖōĖōĖōĖĖ 


z'=v t'=-JBLD 
ž mV x 


The final position of the ion (on the screen) relative 
to its point of entry into the pole face region is 


then 
X=x+x' =L+D 
2 ) 
Y=yty'= qe + S$EL2 . g5 G +D) 
2 
2mv x MV Ox MV ox 
2 
Zz=z+z'=- J22 .JBELD2_ Get y+ pd) 
Ox ox ox 
Because L < < D, L + D% D and we obtain 
X =D 
=qQqELD 
i fer F (8) 
mv 
ox 
a. Gee D 
mv 
ox 


as the position of the ion relative to the position it 
had before entering the field region. However, point 0 
has the same x and y coordinates as this entry point. 
Hence, the values of Y and Z given in (8) are the 
screen coordinates of the ion relative to 0. 

The formulas in (8) locate one ion of the beam on 


the screen. But each ion has a different value of Vogi 


and possibly, a different value of q/m. Hence, we do 
not see a single point on the screen, but a locus of 
points. Since 


g?2 = 2 B’L’D? _ gq B? LD (g LD} 
ny m. mv z| 
Ox Ox 





2 
Zz? = ab 22 Y 

we see that the locus generated by (8) is a parabola 
in general. Knowing Y, Z, B, L, D and E, one can find 
q/m. 

In our case, we know that q, B, L, D and E are the 
same for all ions. 

Thus, for fixed y, z 
for all ions. 


2 = k/m, where k is constant 


Since, when z = 3.24 mm, m is 12.000 amu, then 


k = (3.24)? mm? x 12.000 amu = 126 mm? = amu. Thus 
when z = 3.00 mm, 


26 
me k_ _ 126 mm ramu _ 44.00 amu. 
z? 9 mm? 
The ion is thus N?*. 
When z = 2.81 mn, 
25 
m = k_ _ 126 mm ram _ 15.96 amu. 
z? (2.81)? mm? 


This ion is thus 0?°. 
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CHAPTER 22 


MAGNETIC INDUCTION 










Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 782 to 
806 for step-by-step solutions to problems. 





The voltage in an alternating current (AC) circuit may be written as 
V = Vm sin wt. Capacitors and inductors in AC circuits have associated 
with them a capacitive reactance X, = 1/wC and inductive reactance 
X, = œL, where w = 2xv is the angular frequency of the alternating cur- 
rent source. The impedance of an RLC alternating current circuit is given 


by 
/ 2 2 
z= _/R +(X, Xo " 
Ohm’s law is then V = ZI. 


Maxwell's second equation or Farday’s law tells what happens when 
a magnetic field varies in time: 


Vx E=- km/e Bat or PE: dr=-k,,k dp At. 
This means that a changing magnetic flux induces a voltage V = —do, /dt 
in MKS units. Faraday’s law also implies that a circuit can have self- 
inductance (V = -L dI/dt) and mutual inductance (V = -M dI/ dt). 


Consider the circuit of Figure 1 of length Land variable width. A slide 
moves to the right with speed v in a constant magnetic field B = B z. Hence, 
by kinematics, x = vt is the width of the circuit loop. The magnetic flux 
through the loop is >, =SB- da = BLvt. Thus, according to Faraday’s law, 
the induced voltage is V = BLv. What is the direction of the current I = 
V/R? This is given by sa le law, which states that the current must flow 





Figure 1 
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in such a direction so as to oppose the change in flux which produced it. 
If the current flows in the clockwise direction, then the current will 
produce magnetic field vectors in the -2 direction through the loop. This 
will then tend to decrease the flux through the loop, as required by Lenz’s 
law. 


Maxwell’s fourth equation gives a similar result for a time-varying 
electric flux: 


VxB-4nk k,/k,, j+ 1/k,,¢ aB/at or 
PB-dr=4nkk,/k, 1+ Vk pc dp, iat. 


For example, in MKS units with k, = 1 and œ = 1/ u£, we have (taking 
I= 0) 


PB. dr = Ue, do,Mt = ulao 


where I, is the displacement current. Hence, a changing electric flux 
produces a magnetic field. 
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Step-by-Step Solutions to 


Problems in this Chapter, 
“Magnetic Induction” 





@ PROBLEM 736 


A closed loop of wire is placed in a magnetic field 
in such a way that flux points into the coil as shown 
in the figure where the x's indicate the tail ends of 


flux lines. If the flux density suddenly increases, 
will current be induced in the loop, and if so will 
it point clockwise or counterclockwise? 





Solution: This problem is an application of Lenz's 
Law, by virtue of which a current will be induced 
in the loop. 


The direction of the current is found by noting 
that a change in flux induces a current which by its 
own electromagnetic action opposes the change re- 
sponsible for it. This suggests that the current, 
whatever its direction, develops a magnetic field 
out of the paper inside the loop, i.e., opposed to 
the original field. The right hand rule is used to 
find the current direction in the coil. If the thumb 
of the right hand points in the direction of the 
magnetic field developed by the loop, then the fingers 
will curl in the direction of the current in the loop. 
In this case the current must point in a counterclock- 
wise direction. 


@ PROBLEM 737 


What is the inductive reactance of a coil of 20 milli- 


henries inductance when it is connected to a 60cycle line? 





Solution: Here inductance L = 20 millihenries = 9.020 
henry and f = 60 cps. Then the inductive reactance of 
the coil = 


X, = 27mfL = 27 x 60 cps x 0.020 h 


= 7.5 ohms 
@ PROBLEM 738 


If a wire carrying 2 amperes lies perpendicularly across a uni- 
form magnetic field of flux density 5 x 1072 weber/meter? in such a 


manner that 15 cm of the wire are subjected to the field (i.e., if the 
pole pieces of the magnet are 15 cm across), how much side thrust is 
experienced by the wire, and which way does it act? 
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Solution: By the right-hand rule, it is seen that the thrust is down- 
ward. The magnitude of the thrust is given by 


> 


F-1xB 
where B is the magnetic induction, and, I is the current in a wire 
of length L. Since the angle between E and B is 90°, then 

F = BLI 
therefore F=5xX 1072 a x 15cm X ace xX 2 amp 


= 15° 107? h & .695 nt 


where we have used the fact that 1 cm = ta Dice 





© PROBLEM 739 


A coil has a self-inductance of 1.26 millihenrys. If the 
current in the coil increases uniformly from zero to 1 amp 


in 0.1 sec, find the magnitude and direction of the self- 
induced emf. 





i 


pa es stag os =i self-induced 

a b b emf. (a) ï increasing, & posite to i, 
—HHO00000000 —=— —F$SHOOIO000000 e— point a at a higher ‘potential i than | b. (b)i 
decreasing, & and 7 in same direction, b at 


higher potential thana. (R = 0. 
(a) é (b) 6 a ara ( ) 


Solution: The self-induced emf on the inductance is given 
by 


= di 
€ = -L at 


(-1.26 x 107? henry) (4222). 


1 volt * sec 
amp 


= -3 volt + sec 
g~-[-rsa6- x. 1073 xolt = sec) (20_ emp) 


= -12.6 millivolts. 


Since 1l henry = 


Since the current is increasing, the direction of this emf 
is opposite to that of the current. 


© PROBLEM 740 


What is the magnetic induction B at the center of a 


circular cable consisting of 100 turns of wire having 
a common radius of 20 cm carrying 15 amperes? 





Solution: Consider the circular contour about the 
circular loop shown in the figure. By the Biot-Savart 
law the contribution to the magnetic induction at the 
center of the circular loop, due to an infinitesimal 


element ,dł,of the loop,is given by 
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ap z circular contour 


í \ 
i (eo ) 1 f 
e aa 
DE a” 











Fig. A Fig B Side View of Circular Loop 


bas a Ho (NI) dg sin 0 
B =i ee ee 
a? 


A 


where Up = 41 x 10 7 Weber/A*m is the constant of 
permeability, 6 is the angle between d and the radius 


vector a (@ = 90°), and NI is the total current through 
the loop. At the center of the loop, B is directed per- 
pendicular to the plane of the loop. 


Ho NI , 
B = Í dB = Pe ke | dy for sin 90° = 1 
Ty 2 
He NI 
B = Go 27a 
a 
_ ° NI 
A Deng 


We are given that N = 100 turns, I = 15 amp and 
a = 20 cm x 1 m/100 cm then 


27 x 107 Aa x 100 x 15A 


B = =A a = 1.5 x 10 ~* m weber 
@ PROBLEM 741 





A coil of 600 turns is threaded by a flux of 8.0 X 10-75 


weber. If the flux is reduced to 3.0 X 1075 weber in 
0.015 sec, what is the average induced EMF? 





Flux Lines 


Coil 


Solution: We note that there is a change in magnetic 
flux. This immediately implies the use of Faraday's Law, 
which relates a change in magnetic flux to an induced 
E.M.F. (electromotive force). The flux linking the coil 
will induce an E.M.F. in the coil. Faraday's Law states: 


E.M.F. = mm (1) 
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where N is the number of turns in the coil, and $g is 
the magnetic flux linking the coil. We may write this 
using average values as 


E.M.F. = - N AEB (2) 


where Ag is the change in magnetic flux over the 


interval At, and E.M.F. is the average value of the 
resulting E.M.F. Substituting the values given in the 
statement of the problem into equation (2), we obtain 


_ _(600) (8 x 10-5 weber - 3 xX 107" weber) 


bi he (.015 s) 


= - 2 Weber 
sec 


But l1 weber = 1 _Joule - sec_ 





coul 
Therefore, 
¥ Joule - sec _,_ 
E.M.F. = 2 = Gaus: SEC. = 2 Volts 


@ PROBLEM 742 


A current of 30 amp is maintained in a thin, tightly wound coil of 
15 turns, with a radius of 20 cm. What is the magnetic induction at 


the center of the coil? 






Magnetic Field at the Center of a Loop 


Solution: The magnetic induction at the center of a coil of radius R 
with one turn can be found by using the Biot-Savart Law. 


uO SE 
4T 3 
R 
Where the permeability constant wp, = 4T X 10°22 » and a is an 


element of the coil in the direction of the current i. From the 
figure we have 


ap - COS MR sin 90° _ Hot ae 

4m R? 4T R? 
where R and d are 90° apart. We have used the magnitude of dB 
because all the infinitesimal contributions to the magnetic induction 
from the infinitesimal lengths dt are in a direction perpendicular 
to the plane of the coil. Therefore the total magnetic field at the 
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center is the sum of the infinitesimal contributions dB or 


4n 4n 2 2 R 


bai Bod H 
B = fap = -> L fa = 2R Q i 
R R 


The magnetic induction at the center of a coil containing N coils will 
be equal to the sum of the contributions due to each of the coils, or 


AN 
A! al 
By = NB = oR 
a7 15 x_ 30 amp 
- (an x 10 weber /amp-m) 2x 0.20 m 


= 1.4 x 107 Nehi 


is perpendicular to the plane of the orbit. 
© PROBLEM 743 


The direction of B 


T 





Calculate the magnetic induction B along the axis of 
a very long 2.5 x 10 meters solenoid of 1000 turns 


of wire if the radius of the coil is 2 x 10~* meters 
and the current in the wire is 15 amperes. 


N turns 
s yN I 
8893888 
dl 
Bo -- ee - - p T 
I | 
l 1 r 


an TE 


1—1 


Solution: Consider the rectangular contour (C) about 
the solenoid as shown in the figure. It encloses a 
total current NI where I is the current through the 
wire and N is the number of turns. By Ampere's Law 


$ B © dk = yo (NI) 
c 
where the constant of permeability uy = 4m x 10 7 


Weber/amp-m and ag is the vector infinitesimal ele- 

ment of contour length. Assume there is no magnetic 
field outside the solenoid, and neglect fringing 

effects. Then, 
b (c 

dë- at=-| B- ats] 8 


a b 


d a 
af Beata] Š. ab 
c d 


BL cos 0° + Br cos 90° + (0)L 


+ Br cos 90° 
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Hence, Ampere's law for the solenoid becomes 


BL = UoNI 
uoNI 
Talia. a 
If N = 1000 turns, I = 15 amp, and L = 2.5 x 10 ™ m 
then 
ST eee BHO * 





2.5 x 107 m 


7.54 x 1072 Weber 
3 i 


.0754 & 
mê 


The radius of the solenoid does not appear in any of 
the calculations and is extraneous information. 


@ PROBLEM 744 









An air-core toroid of cross-sectional area A and of mean cir- 
cumferential length 4 is closely wound with N turns of wire. If 
N = 100, A = 10 » & = 0.50 m, find its self inductance,L. 








Toroidal Coil 


Solution: The magnetic flux density B throughtout the coil will not 
deviate appreciably from its value at the mean radius r, of the torus, 


if its width is much smaller than t = amr . Applying “Ampere's Law 


around the circle with radius To» we get 


Ñ Bat = b NE 


or 
BL NI 


gs HONT 
£ 
and the flux is HMAT 
Ša = BA = Bi 


If a current I sets up a magnetic flux, ¢, in a coil, then Ša and 


B 
I are related through the self inductance of the coil as follows, 
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Ne 
Le 


I 
where N is the number of turns. Hence 


(4 x 10 i, (100)? x — = —M x 10 cm? ) 
10° cn? 


0.50 m 


or 
Ta, 


w 25x 1076 henry. 
© PROBLEM 745 


A long straight wire in a house carries an alternating current which 
has a maximum value of 20 amp. Calculate the maximum magnetic induction 
a distance lm away from the wire. 





Sglution: The magnetic induction at a distance R from a wire contain- 
ing a current i can be found by using Ampere's Law. Given a closed 
path c, and a current i through the closed curve, tue following re- 
lation holds: = ~ 

PE- a =u 

c 


where the circle on the integral sign indicates that c is closed, and 
the permeability constant Ho = 4m x 1077 weber/amp-meter . Let the 


closed curve c of the above integral be in the shape of a circle of 
radius R, concentric with the current carrying wire as shown in the 
figure. Ampere's Law then becomes: 


£3 sae: 8 Oye 


since B and ad are Sua niques my @=0 . B is constant along 
the path c, therefore 


B f at = uot 
B. 2R = poi 
Ht 
27R 


or 


from which we ne 6 Ho i ax oe 1077 ú ‘ 20a 
max 27 R a-m lm 
-6 W 

4x 10 2 
m 


This can be compared with the earth's magnetic field, which has an 
intensity of the order of 5 X 10> TEN 
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© PROBLEM 746 


Calculate the self-inductance of a coil if a rate of 


change of current of 5 amperes per second produces a 
back emf of 2 volts. 





Solution: A change in current through the coil 
produces a change in magnetic flux through the coil. 
By Faraday's law, this changing flux induces an EMF 
in the coil, in such a direction as to oppose the 
flux change which produced it. This EMF is termed 
the back EMF of the coil. The magnitude of this back 
EMF, E, is 


where L is a constant of proportionality which depends 

on the geometry of the coil. It is termed the self- 

inductance of the coil. We are given that E = 2 volts 
AI 


and 7 © 5 amp/sec. Therefore 
MESE ISEE B 92. _ 
L = Ah Ss 0.4 henry. 


© PROBLEM 747 


A coil of 60 ohms inductive reactance in series with a 


resistance of 25 ohms is connected to an a-c line of 
130 volts. What will be the current through the circuit? 





Solution: 


X, = 60 ohms, R = 25 ohms, and E = 130 volts 


The impedance of an a-c circuit is given by 


z= /RT (1K, - XS)? , 


c 
where the minus sign results because Xo and X; are 180° 
out of phase. 

Then 

Z = 25 ohms + ohms = 65 ohms 

From Ohm's law for an a-c circuit I = E/Z, we have 


I =130 volts/65 ohms = 2.0 amp. 
@ PROBLEM 748 


With a certain current in circuit 1 of the figure, a 
flux of 5 x 10-* weber links with circuit 2. When 


circuit 1 is opened the flux falls to zero in 0.001 sec. 
What average e.m.f. is induced in circuit 2? 





Solution: The induced e.m.f. € in circuit 2 opposes 
the reduction of the magnetic flux linking it by 
setting up its own flux in the direction of 6. (see 
figure). 


789 





The average rate of decrease of flux in circuit 2 is 


DE E Test w 


Ad a 
ke ~ “oor oat = 0.5 weber/sec. 


The average induced e.m.f. is therefore, by Faraday's 


e = - = = - 0.5 volt 


since 1 volt = 1 weber/sec. 
@ PROBLEM 749 


A long solenoid of length ı and cross-sectional area A 
is closely wound with N, turns of wire. A small coilof N: 


turns surrounds it at its center, as in the figure. Find 
the mutual inductance of the coils. 





Solution: If a current I in a coil is changing at a 
rate gI , then a voltage across the coil will be induced 
in the direction to oppose the change, 


an dI 
Vaii T ER 
where L is the self inductance of the coil. Similarly, 
if the time varying magnetic flux of one coil links 
another coil, then it will induce a voltage in the second 
coil equal to 


were: 

coil ~ ~ M ae (1) 
where I is the current in the first coil. The constant 
M is the mutual inductance of two coils. Its value is 
determined only by the geometry and positioning of the 
coils. In our problem, the magnetic field in the solenoid 
(away from the edges) is given by 


HoN,T) 
Fie 
1 
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where I, is the current in the solenoid coil. The flux 
@ through the N, coil is BA, where A is the area of the 
second coil. Then the voltage induced in the second coil 
by I; is, by Faraday's Law, 
do UoNıN2A dI, 
Wie SA 4 ee 
Therefore we see by comparison with (1) that the 
mutual inductance of this system is 
Uo ANN. 


= 
. 


l 
If 1 = 0.50 m, A = 10 cm? = 10 ? m?, N, = 1000 turns, 


Nə = 10 turns, 


wE (4n x 10” henry/m) Qo” m?) (1000 turns) (10 turns) 
g 5m 


X 25 x 107° henry ~ 25 yh. 
© PROBLEM 750 


A current of 10 A is flowing in a long straight wire 
situated near a rectangular loop, as indicated in the 
diagram. The current is switched off and falls to zero 
in 0.02 s. Find the emf induced in the loop and indicate 


the direction in which the induced current flows. 





b = 20 cm 
> 
dA 


y dy 


+ 


B 
ion: Consider the diagram, and in particular the 
shaded portion of width dy situated distance y from the 
straight current-carrying wire. The magnetic induction 
at all points of the shaded portion due to the current- 
carrying wire has the value 
Ho + 


aB = on y 


r 


where the permeability uo = 4m x 107N-A ?. 
Therefore the flux through the shaded area is 
> a 
d = (dB) - dA. 


> 
Since dB is constant throughout the shaded portion 


> > > 
and dB is parallel to dA where dA is an element of 
area within the shaded portion, then 
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u 
dð = (dB) f dA = (dB) (bdy) = zy Z b dy. 


The flux through the whole loop is thus 


Ho 0.15 m Uo 
$= | do = Fr wf S = 
0.05 m Y 


ID Iñ 3- (1) 


The limits of integration are taken from y = 5cm = 
0.05 m to y = 15 cm = 0.15 m to include the flux within 
the whole loop. 


The emf induced in the loop is by Faraday's law, 
e = - Aġ/At. 
Thus, the magnitude of the induced emf is (since the 


flux goes from the value in (1) to 0 in .02 s) 


1 
on In 3 x E 


4n x 10 7N+A?x10A x 0.2 mx ln 3 
27 x 0.02 s 





m 
| 


22 Oe POR ay; 


The flux through the loop is decreasing. The 
induced current must produce effects tending to 
oppose the change causing it. The current must there- 
fore be in such a direction as to produce a flux 
through the loop in the same direction as that produc- 
ed by the current in the straight wire, i.e., into 
the plane of the paper. Thus the induced current 
traverses the loop in a clockwise direction. The 
negative sign in Faraday's law signifies this opposi- 
tion of the induced emf to the charge causing it 
(Lenz's law). 


© PROBLEM 751 


A copper bar laid perpendicularly across a pair of parallel metal 
tracks running north-south, one meter apart, is slid in a northerly 
direction. At one end, the tracks are connected through a galvanom- 
eter. At the given location the vertical component of the earth's 
magnetic field is .55 oersted. Is there any reason to suppose that 
the galvanometer will read a deflection as the bar is moved at the 
rate of 150 cm/sec? If so, what is it, which way does the current 
point, how much electromotive force is developed in the bar between 
the rails, and which end of the bar is at the higher potential? 
















Solution: Note that as the bar moves along the track, as indicated 
in the diagram, it cuts the vertical component of the earth's field, 
which points downward, or into the paper. Hence, an electromotive 
force must be generated between the points A and B, and a current 
must be established in the circuit, to be detected by the galvano- 
meter. This results from Faraday's Law because the magnetic flux 
is changing. The direction of this current follows from Lenz' Law, 
which states that the induced current will flow in a direction such 
as to set up an induced flux opposite in direction to the change in 
flux. The current points from B to A in the bar. This means that 
the point A is at a higher potential than point B. To determine the 
magnitude of the electromotive force induced, use Faraday's law 
2--2 
where the negative sign indicates that the EMF is induced in such a 
direction as to oppose the change in flux that created it. The flux 
č through the loop formed by the bar and the galvanometer is 


tJi a" oth 


for B is constant in the loop and it is parallel to the area vector 
(i.e., 90 = 0). Then 


dx 
E = - BL at 
Since v = a 
E = - BLv 


where B here is 5.5 X 10> weber/meter® , L=1.0m, and v=1.5 a 
: -5W ( mn 
E {5.5 x 10 ¥)a.0 m)( 1.5 a 


= -8.25 X 10> volt. 
© PROBLEM 752 


A wire of length 1 m is moving at a speed of 2 m-s~ 
perpendicular to a magnetic field of induction of 
0.5 Wbem~. What is the potential difference induced 


between the ends of the wire? The ends are joined by 

a circuit of total resistance R = 6 Q. At what rate 

is work being done to keep the wire moving at constant 
velocity? 





“xx xx 





R=62 


Solution; Since the direction of motion and the 
magnetic induction are at right angles, the induced 
emf will have magnitude given by Faraday's law 


_ ao 
e= Se (1) 


where the flux, 6 = f B- di, is evaluated over the 
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area enclosed by the circuit, B is the constant magnetic 
induction passing through the loop of area A, The angle 
between the direction of the vectors B and dA is 0. 


Thus ¢ = BA (for A = f dA). However, A = &x, where 2 

is the length of the wire, and x is the position of the 
wire within the magnetic field (see the figure ). Hence, 
(1) becomes 


ir dx _ 
E= Be BLV 


where v is the velocity of the wire. Hence, 
E= vB = 2 mes x 0.5 Wem 2? X 1 m= ry. 
The power dissipated in the external circuit is 


ee. eee ee 
R 6 Q Grut 


and this must equal the rate at which work is being 
done to keep the wire moving at constant velocity. 

If the closed system is the loop, magnetic field, and 
the agent moving the loop, then the energy given up 
by the agent is used to heat the resistance. Only an 
energy exchange occurred, and not a change in energy, 
as required by the principle of conservation of 
energy. 


This can be checked by considering that a current 


I= E ==ZA 


ae 


will flow in the wire in the direction shown in the 
diagram for only in this direction will the current 
create a flux which will oppose the flux of the magnet- 
ic field in accordance with Faraday's Law. Using the 
right hand rule, if the fingers of the right hand 
curl in the direction of the current about the loop, 
then the thumb will point in the direction of the 
magnetic field created by this current. In this case, 
the created B points out of the page, opposite to the 
direction of the given field. When a current flows in 
a wire in a magnetic field, the wire experiences a 
force of magnitude 


F = IB, 
which will be in this case in the direction shown. The 


work done per second to keep the wire traveling at 
uniform speed v is 


F = = Fv = I2vB 


za x lmx 2m-es7 x 0.5 Whom = z W, 


ll 


in agreement with the result obtained above. 
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e PROBLEM 753 













A metal bar of length 1 m falls from rest under gravity 
while remaining horizontal with its ends pointing 
toward the magnetic east and west. What is the potential 
difference between its ends when it has fallen 10 m? 

The horizontal component of the earth's magnetic 


induction is 1.7 x 10 5 Wbem ?. 


wp 






external 
circuit 


(Horizontal component 
of earth's B field) 


FIGURE A y 


FIGURE B 


v 
Solution: Figure (A) shows the bar, of length 2, 
moving with a velocity v in a field of magnetic in- 


duction B. Each charge Q of the bar will experience a 
force 
a 


> op 
F = Qv' x B 


where v' is the velicity of Q. Note that, at t = 0, 


when we let go of the bar, v' = v, the velocity of 
the bar due to its free-fall motion. The force at 

t = 0, then, accelerates the charges Q along the bar. 
Hence, at any time t after t = 0, the charge Q has 2 
components of velocity - one is parallel to the bar, 


and the other component is equal to Vv. The first 


component of v' will tend to curve the paths of the 
charges in the bar (see figure (A)). However, since 


Q and B are very small, the curvature of the actual 
path of the charges will be extremely large, and we 
May approximate the trajectory of Q by a straight line 


parallel to the bar. Furthermore, F will be small, so 
that v' will be very close to Vv. We may then write 


vag 
> > > 
and F = Qv x B 


where V is the bar's velocity. This means that the net 


effect of F is not to change the velocity of Q by an 
appreciable amount, but, rather, to separate the oppos- 
itely charged particles in the bar. These charges will 
accumulate at points a and b, and will then set up an 
e.m.f. in the bar. We now evaluate this e.m.f. 


By definition, the work done by F ona charge Q 
in moving it alon% ar arbitrary path from point a to 
point b is 
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b b 
w= | #. as = | Or ta 
a a 


where ds is a differential element of the path. Hence, 


b 
a = J (x B) + as (1) 
a 
Now, an agent that performs work on charge carriers 


(thereby instituting a current) can be viewed as an 
e.m.f., €, where 


e.n (2) 


and W/Q is the work done by the agent on charge Q. In 
our problem, the agent is the magnetic field B, doing 
work through the force F. Using (1) in (2), we obtain 


b 
e = | (¥ x B) + ds (3) 
a 


Now, v and B are uniform throughout the bar, and we may 
rewrite (3) as 


b 
e = (v x B) = f ds 
a 
Using the coordinate system shown in figure (a) 


A 


v= - vi 
B=Bk 
ds = ds j 


AA A b A 
and e= (- vi x Bk) > f ds j 


A b A 
e€=vBj° f ds j = vB (b - a) 
a 
But b - a = &, and we find 
e€=vBe 


Since the motion of the bar is free fall, the velocity 
of the bar is v? = vj - 2 gs, where v, is the initial 
velocity of zero. When s is 10 m, 


2 


v? =(- 2 x 9.8 ms 7) x (- 10 m) 
or v= l4 m's}. 
The magnitude of the induced e.m.f. is then 
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VB = 14 m's }? x 1.7 x 10 5 Woem 2? x lm 


m 
li 


2.38 x 10 “Vv. 


(b) We may also do this problem as indicated in 
figure (b). We consider the bar to be connected to an 
imaginary external circuit (AGCD). As the bar moves 
down, the flux through this imaginary circuit changes. 
Using Faraday's Law, the induced e.m.f. is 


= do 
where @ is the magnetic flux through the circuit, or 
o = | Boe 2h. This integral is evaluated over 


the area enclosed by the circuit. dk is a vector element 
of area (see figure (B)). 


o=. fa 
Again, using the coordinate system shown in figure (A) 
B=Bk dA = dA k 
and ġ =B f dA = BA 


But the area A is a function of time. Measuring the 
height of the bar from the surface of the earth by y, 
we obtain 


A 


y & 
By 2 (5) 
Using (5) in (4) 


and c) 


sae Pe =e dy 3 
€e = ae (*By2) = BL ae = - Bgv 


where v is the velocity of the bar. 
The magnitude of €e is then 


t= 2.308 K 10°" Vv. 
© PROBLEM 754 


A rectangular coil of 300 turns has a length of 25.0 cm and a 
width of 15.0 cm. The coil rotates with a constant angular speed of 
1800 rev/min in a uniform field of induction 0.365 weber/m?, (a) 


What EMF is induced in a quarter revolution after the plane of the 
coil is perpendicular to the field? (b) What is the EMF for a rota- 
tion of 180° from the zero position? (c) What is the EMF for a full 
rotation? 





Solution: The flux through a coil of N turns, is, because È is 
constant, 


=B. 2 = BA cos 0 


where § is the angle between B and K; The angular velocity w, 
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i vided 


I 
I 
— — -rotation of 6° as - - 180° rotation 
- -- 6 KT 
gy —— Wi = -= 90° rotation i 
l 
i s 444th 
i 20cm 
—— T 
pee 360° rotation 
15. 0cm 


| 
for constant speed, is 


w = 


GAG 


where w is the angular velocity of the coil. By definition, 
w= 2m, where n is the frequency of rotation of the coil. Accord- 
ing to Faraday's law of induction, the EMF induced in a coil due to a 
changing flux is given by 
“Nas 
dt 

The negative sign indicates that the EMF is induced in such a 
direction as to oppose the change in flux which induced it. Then 


d_ (BA cos wt) 





e= -N at = WNBA sin wt = WNBA sin 6 = 2m NBA sin 6 
Therefore, 2 
= 1 ; 
e= 27| 182% se0™ | (300) [0.365 Æ | 25cm x 15cm x == |x sin 0 
60 2 4 2 
m 1 10 m 
or e= 4.6 x 10 S X sin 8 volts. 


a) When 6 90° sin 6 1 therefore c= 4.6 x 101? Ve 


b) When 0 


1l 

m. 
œ 
© 


sin 0 o therefore e= 0 


c) When 9 


1i 

w 
Q 
© 


sin 0 


1 
m. 


therefore € 


4.6 x 1012 v, 


@ PROBLEM 755 








A single circular loop of wire is rotated in a uniform field of 


magnetic induction B . We can suppose that the magnetic field is in 
the +z-direction, and the axis of rotation of the loop is in the x- 

direction along a diameter. If the speed of rotation w is constant, 
find the induced EMF in the coil, 


> 
Solution: The flux through the circular loop is, since B is con- 
stant, 
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B'A 
BA cos 6 


"u 


where § is the angle between B and A (as shown in the Figure.) 
The angular velocity w, for constant speed of rotation, is 


8 


w= = = 
t 8 = wt 


Therefore, 
Sa = BA cos wt 


According to Faraday's law of induction, the EMF induced in a coil, 
due to a changing flux, is given by 


a 
Te 


€ = 


where the negative sign indicates that the EMF is induced in such a 
direction as to oppose the change in flux which created it. Substitut- 
ing for Ši and differentiating, we then have 


€ = wBA sin wt = wBA sin 0 
In this case the induced EMF varies with time in a sinusoidal way. 
@ PROBLEM 756 


To measure magnetic fields, rotating coils are often used. A cir- 
cular coil of radius 1 cm and with 100 turns is rotated at 60 cps ina 


magnetic field. The emf induced in the coil has a maximum value of 
12.3 volts. Calculate the intensity of the field. 


Url 








Š a = p B . dA = p B cos 8 dA = B cos 0 s ak = BA cos 0 


B is a constant in this problem, and 9 is a function of time, so 
they were taken out of the integral. © is the angle between the plane 


of the coil and the direction of B, and A is the area of the loop, 
E m’). Since the coil is rotating with a constant angular velocity 
w, O is related to time by the following relation; 

0 = wt 


Therefore, the flux through N coils is, N times the flux through 


one coil, 


¢ = NBA cos wt 
m 


According to Faraday's law of induction, a change in flux through a 
coil with N turns will induce an EMF in the coil. The induced EMF 


is dd 
m 


€ = <- = 


dt 
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The negative sign signifies the fact that the EMF is induced in such 
a direction as to oppose the change in flux that created it. 


The EMF induced in the coil is then 
€ = w NBA sin wt 


The sine function has values ranging from +1 to -l. e will then 
attain its maximum value when 


sin wt = + i. 


bar lena] = le wea | 
max 
or, since w= 2mm where n is the number of revolutions per second, 


[Sanl = 2mm NBA = 2T™ NBC?) 


PE B= Snax a 12.3 volts 


amn/(mr?) 27x 60 sec™1x100x 1 x(.0lm)? 
volt-sec _ 1.04 Weber 

2 2 

m m 


1.04 


The unit of length of the radius, R, was changed to meters to be con- 
sistent with the MKS system being used. 


@ PROBLEM 757 


A square coil of 50 cm? area consisting of 20 loops 
is rotated about a transverse axis at the rate of 2 
turns per second in a uniform magnetic field of flux 
density 500 gauss. The coil has a resistance of 20 


ohms. (a) What is the average electromotive force 
induced in the coil during one quarter cycle of a 
revolution? (b) What is the average current in a 
complete cycle? (c) How much charge is passed 
through the coil in this interval? 





Solution: (a) Note that in one quarter of a revolu- 
tion, the flux threading the coil is completely 
changed once. Therefore ® = NAB represents the 
number of lines cut in 1/8 second, since 1/8 second 
is one quarter of the period of rotation, and since 
N is the number of loops intercepting the changing 
flux at all times. Therefore, by Faraday's law, 


p = ô _ NAB _ 20 (50 cm*) (500 gauss) 
g g sec 


2x 5x 5x 8 x 10" ab-volts 


400 x 10% ab-volts 


= 400 x 30" ab-volt x —}Y9lt _ = 0.04 volt 
10° ab-volt 
(b) By Ohm's Law I = 5 
_ .04 _ 
= >50 amperes = -002 amperes 


800 


(c) But by definition of current 


as an 
Le 


where Q is the quantity of charge passing through a 
point in the conductor in a time t. Then 


O = Ita -002(5| coulomb = .00025 coulomb 
e PROBLEM 758 


An anemometer (a gauge for measuring the pressure or 
velocity of the wind) is made by attaching cups to 
each end of a metal rod 50 cm long fixed rigidly to 
a central vertical column which can rotate freely. 

A square vertical coil of side 10 cm is attached to 
the column and the wind speed is measured by finding 
the emf induced in the coil due to rotation in the 
earth's magnetic field. (a) Given that the maximum wind 
velocity to be measured is 120 mph and the maximum 
induced emf cannot exceed 15 mV, how many turns 

must the coil have? 


(b) Calculate the emf induced in the metal rod 
during rotation at maximum speed. Assume that the 
horizontal and vertical components of the earth's 


2 


Magnetic induction are 1.5 x 10 5 Wb-m ? and 


5.5 x 10 ° Wbem ?, respectively. 





cup 


coil 





FIGURE 1 FIGURE 2 


Solution: (a) When the anemometer is moving at 
maximum speed, the cups are moving at 120 mph = 


53.64 m's !. The angular velocity of rotation of 
the cups is thus 


_v_ 53.64 ms} _ wer 
w= 5 = [95m = 214-6 rades . 


The plane of the coil is vertical, and thus the 
vertical component of the earth's magnetic induction 
produces no effect during rotation, as shown in Fig. 
1. Only the horizontal component is involved. The 
maximum emf induced during rotation of a coil ina 


magnetic field of induction B is Par enU AB, where 


n is the number of turns of the coil and A is its 


area. In this case Cian must not exceed 15 mV. Hence 


the number of turns on the coil is 


© max 
WAB 





n = 
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15. x 10 Yy 
214.6 s !x10 2m?x1.5x10 5 Wbem ? 


= 470 turns. 


(b) The rod which holds the cups is rotating at 
right angles to the vertical component of the earth's 
magnetic induction, and is therefore acting as a crude 
form of Faraday disk dynamo. (The horizontal component 
is in the plane of rotation and thus has no effect.) 


Let us consider an element, dy of the rod at a dis- 
tance y from the center of the rod as shown in Fig, 2. 
This element is moving with velocity Ny perpendicular 


to the vertical component of the earth's magnetic field. 
ane electric field set up in this element is, 
y= Vy* $s acting in a radial direction. Since Vy =Wy, 


its magnitude is given by 
Ey = V, By = yW BY. 


The e.m.f. established between the center and either 
end of the rod has the magnitude 


ê= Jay By = ws, i ay y 


= ix 214.6 s7+x 5.5x 1075 woem™“x (0.25) "m2 


= 3.69x 107"y, 


© PROBLEM 759 


The long solenoid in Fig. 1 is wound with n = 1000 turns per meter, 
and the current in its windings is increased at the rate of 100 amp/sec. 
The cross-sectional area A of the solenoid is 4 cm = 4x 10-4 nf. 


(a) Find the rate of change of magnetic flux inside the solenoid. 


(b) What is the induced electric field E at a distance d = 10 cm 
from the axis of the solenoid? 


po B 
+ E #7 So 


FIG. 1 SOLENOID FIG. 2 B AND E FIELDS 
Solution: (a) The magnetic field B inside the solenoid, due to 








current I flowing in it, is given by 
B = Ho n I s 


Then, the magnetic flux a. inside the coil becomes 


Ša = BA = HPAI 


802 


and the rate of change of this flux is 


dé 
a oe | dI 
dt "A ae 7 Po™ de 


= ESS Turne. “2m? zp 
(4Tx10 © m) (1000 —Ẹ > (4%10 m“) (100 =e) 


= 167x 10” w/sec 
(b) A long solenoid can be thought of as a long cylindrical current 
with the magnetic field outside becoming negligible in comparison to the 
field inside (at least far away from the edges). Therefore, the problem 
reduces to that of finding the electric field induced by a time varying 
uniform magnetic field B while it is increasing (see Fig. 2). For this, 
we shall employ Faraday's law around the circle with radius d: 

dé 
_- = Esi 
$ E.t = - = 


The direction and shape of the electric field can be obtained by remem- 
bering that, it will tend to set up a new flux to oppose the increase in 
magnetic flux through the coil. The electric field is circular and it 
is constant around the path we defined for the above integral. There- 
fore it can be taken outside the integral sign. 





E. Q a = A = E 2md= - Ie 
n oe oes 
27d dt 
-PE “Sv 
=8x 10 o> = 8x 10 , 


© PROBLEM 760 


Electrons with energies of 1 MeV are injected into the 
vacuum tube of a betatron of radius 1 m, through the 
center of which is a magnetic flux which changes at the 


rate of 100 Wb - s_'. The electrons make 250,000 re- 
volutions before being ejected from the betatron. 
What is their final energy? 





Fig. A: Side view of betatron Fig. B 


Solution: A betatron (see Fig. A) basically consists of 
an evacuated tube in the shape of a circular ring with 

a magnetic field passing through the center of the ring. 
The magnetic field is slowly increased. This induces 

an increasing tangential electric field around the 
circumference of the ring by Faraday's Law. An electron 
placed in the ring will be accelerated around the ring 
by this electric field. The tube is evacuated to pre- 
vent collisions between the accelerating electrons and 
air particles. The force due to the changing magnetic 
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flux acting on the electron is found using Faraday's 
law and the definition of emf e. 


se Fj = do = ‘ 
e = e Ea P-e (1) 


The line integral is taken about the contour (0; 
defined by the circumference of the circular ring. 


È is the electric field vector induced by the changing 
magnetic field and dg is an element of arc length (see 
figure B). 6 is the rate of change of magnetic flux 

through the contour. The magnitude of Ë is constant at 


all points on the contour. Ë is also parallel to at 
at any point on the contour. Thus (1) becomes 


E | ag = E(2mr) = 6 (2) 
c 


where r is the radius of the circular contour within 
the evacuated tube. But by definition of electric 
field, E is equal to the force per unit charge, or 


The work, then, done on the electron (of charge e) 
by the induced electric field in moving the electron 
once around the ring is the product of the force act- 
ing on it times the distance it moves. Or 


W = Fs = eE(2Tr) = ep 
Here, we used equation (2). This is equal to the energy 
gained by the electron in one revolution. Making use of 
the electronvolt-joule conversion factor, 
l ev 


e¢ Joules «* =m 
1.6x10'% 7 


W 


l eV 
1.6 x 10 5J 


(1.6 x 10739 ¢)J x 


= > ev 
The total energy the electrons acquire while in the 
betatron is thus the energy gained per revolution times 
the number of revolutions performed ( = 250,000). 


ae W = 100 x 250,000 eV = 25 MeV. 


The final energy is thus E = 1 MeV + W = 26 Mev. 
è PROBLEM 761 





The current i in a long straight wire is increasing at 


a steady rate i = 3.36(1 + 2t) x 1072 amps. A small 
circular loop of wire of radius a = 0.1 cm is in a plane 
through the wire and its center is a distance r = 100 cm 
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from the wire (figure). If the resistance of the loop is 


R= 8.99 x Ys ohms what is the induced current i, flow- 
ing round it and in which direction does it flow? 
















current 
-2 amp 


i=3,36(1+2t)x10 ~S 


B due toi 


B4 due to i£ 

long dé 

Straight wire 

Solution: The current i in the straight wire produces cir- 
cular magnetic lines of force. In the vicinity of the loop 
these lines are perpendicular to the plane of the loop. Be 
cause the current in the long wire is time dependent, the 
magnetic field which it sets up at the site of the circu- 
lar coil will change with time. Furthermore, being that 
magnetic flux is defined as 


o= | B-ds, (1) 


(where B is the magnetic induction and the integral is a 
surface integral), will also be time dependent. Then, by 


J 
Faraday's Law E.M.F. = -, (2) 


an E.M.F. (electromotive force) will be induced in the coil 
of wire. If the resistance of this loop is R, then by Ohm's 
Law, the current in the loop is 
i = E.M.F. = zr do (3) 
g R R dt 
= To evaluate this current, we must find 4, and, hence, 
B. To calculate the latter, we use Ampere's Law, Or 


[Bal = upton (4) 


This integral must be evaluated over a closed path. i 
is the net current passing through this path and 

-7 
Ug = 4m x 10 Weber/amp. m. The lines of magnetic induc- 


tion, B, for a long wire are circles centered on the wire. 

Hence, to evaluate (4), we use a circular path of radius r 

centered on the wire. In this way, B and dl will be paral- 
lel, and, from (4) 


enc 


B2nr = u,i 
0 enc 
and p = Potene 
anp me 


We may next find 4. Because the area elements ds of the 
circular loop are all parallel to the lines of B set up by 
the long wire, $ reduces to 


ð= | B-ds = f Bds. 
Since the radius a of the loop is very small compared with 
its distance r from the wire, it is reasonable to assume 
that the magnetic field has this value at all points inside 
the loop. The flux through the loop is therefore 
ğ = BA 
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o Hotenc ( 2 
x Sar (1a). 


' x -2 
But in. = 3.36(1 + 2t) x 10 ^ amp/s and 


(ig (3-36) (1 + 2t)10°? amp/s)a? 
°° a a 
Using (3) -2 2 
la Up (3-36) (1 + 2t)10 amp/s)a 
go RAE zr 


-2 am 2 
a ug(3.36) (2) f10 ake 
R r 


; -7 Weber -2 amp -6 2 
4n x 10 aa (6.72) }10 = (10 m“) 


H 
li 


(2) (Im) (8.99 10 ohms) 


_ 4.22 x 10714 weber 


8.99 x 10 ohms: s 


pe -11 Weber 
= 4.70 x 10 sheets? 
= qı Newton ° m a volt . 1 joule 
But 1 Weber= 1 amp and 1 ohm “amp ~ amp coul’ 


He 
li 


-11 Newton °m = amp. coul 
2 4.70 x 10 “amp 37° ee oi ee 


-11 Newton + m ° coul _ -11 
4.70 x 10 att a E 4.69 x 10 amp 


The magnetic field produced by the straight wire goes 
through the loop into the page in the figure and it is 
increasing with time. The current i, in the loop tries 


to counteract this by producing a magnetic field coming 
out of the page. The induced current must therefore 
flow counterclockwise round the loop. 
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CHAPTER 23 


ALTERNATING CURRENT 











Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 809 to 
823 for step-by-step solutions to problems. 


For alternating current circuits, we can also supply Kirchoff’s laws. 
However, the voltage source is now given by V = V,, sin wt, which 
alternates sinusoidally in time. For example, with the resistive circuit of 
Figure 1, from Kirchoff's law we have V - RI = 0 or I =I, sin wt where 
I„ = V,,/R. Note that this may be considered a special case of the general 
AC circuit solution I = I, sin (wt - ) with = 0 radians. 


For a single inductor, as in Figure 2, the differential equation is 

V-Ldl/dt = 0, which by integration has solution I =I, sin (wt- 9) where 

= V_/X, and $ =x/2 radians. In a purely inductive AC circuit, the current 
lags behind the voltage by 90°. 


For a single capacitor as in Figure 3, the differential equation is 
V-q/C =0. Differentiating, one obtains dV/dt -I/C = 0, which has solution 
I=[, sin (wt — >) where 1 = V_/X, and = —n/2. In a purely capacitive AC 
circuit, the current leads the voltage by 90°. 


In the more complicated RLC circuit of Figure 4, Kirchoff's law gives 
V -RI-LdlI/dt — q/C = 0. By differentiation, we obtain Y ~ Beat -IC 
= 0, which upon substitution of the AC voltage and general current 
solution gives 
V,, cos wt — RI, cos (wt - >) + XI, sin (wt - >) - X-I sin (wt - >) = 0 


which may be solved using trigonometry and algebra to get the maximum 


R L 
Vv V 
Figure 1 Figure 2 
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current I_ = V_/Z and tan 6 = (X, — X,)/R. Recall that the impedance Z 


' foi 2 
isa/ R + (X, ER) : 


The power in an AC circuit may be calculated as P = VI, as usual. 
However, since voltage and current are time dependent, one often uses root 
mean square quantities 


Veins = Ip/ V2 and In, = V,,/W2. 


In terms of these, the average power is <P> = I? R. 


The transformer principle follows from the idea of mutual inductance 
(see the last chapter). If the two coils in a transformer have N, and N, 
turns, then the voltages are related by N,V, = N,V, Hence, the voltage 
output by the secondary depends on the input voltage and the relative 


number of turns. 
h 


V 
Figure 3 Figure 4 
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Step-by-Step Solutions to 
Problems in this Chapter, 
“Alternating Current” 


© PROBLEM 762 


What is the maximum value of a 6.0-amp alternating 


current? 





Solution. The 6.0-amp characterizing the alternating cur- 
rent is the rms or the root mean square value equal to 0.707 
of the maximum current. The rms value is used as the effec- 


tive current for power calculations F = PR). 


I = 0.7071 n = 6.0 amp 


re oe 
Hence, ina = p.707 = 8.5 amp. 


© PROBLEM 763 


A capacitor is found to offer 25 ohms of capacitive 


reactance when connected in a 400-cps circuit. What 
is its capacitance? 





Solution: Capacitive resistance, Xor is given by 


Here Xo = 25 ohms and f = 400 cps. Then 





Xo = 25 ohms = Ee CS Ee 
or C = CA S 
27 x 400 cps x 25 ohms 
Since 1 farad = 1 conl = mee oa = 1 aro 
c= aat Sl eie farad 


2n x 400 x 25 


1.6 x 10 “farad = 16 uf 
© PROBLEM 764 


What is the impedance of a l-uf capacitor at angular frequencies 


of 100, 1000 and 10,000 rad/sec? 





Solution: The circuit element is a capacitor, therefore the impedance 
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is purely zeactive. 


At an angular frequency of 1000 rad/sec, the reactance of a l-~f cap- 
acitor is k 





= 1000 ohms. 
10° rad/sec )x 107% 


At a frequency of 10,000 rad/sec the reactance of the same capacitor is 
only 100 ohms, and at a frequency of 100 rad/sec it is 10,000 ohms. 


© PROBLEM 765 


i Lis 
c wl ( 






What is the impedance of a 1l-hen 


ry inductor at angular frequencies 
of 100, 1000 and 10,000 rad/sec? 





Solution: The circuit element is an inductor, therefore the impedance 
is purely reactive. 


At an angular frequency of 1000 rad/sec, the reactance of a l-henry 
inductor is 3 rad 


x = wL = 10° = x 1 h= 1000 ohms. 
sec 


At a frequency of 10,000 rad/sec the reactance of the same inductor is 
10,000 ohms, while at a frequency of 100 rad/sec it is only 100 ohms. 


@ PROBLEM 766 


The voltage in an ac circuit of resistance 30 ohms 
varies sinusoidally with time with a maximum of 170 volts. 


What is the instantaneous voltage when it has reached 45° in 
its cycle? What is the current then? 


Solution. The instantaneous voltage can be represented by 
sine wave multiplied by the maximum voltage or e = en sin 9. 
At 0 = 45° 


e= ei sin 0 = 170 sin 45° = 170 volts x 0.71 = 120 volts. 


In a circuit of pure resistance, the current i is in 
phase with the voltage. Therefore, 


e sin 6 
,. 8. om = 170 volts e 
io tak, am ot ee! 0.71 4.0 amp. 


@ PROBLEM 767 






A coil having resistance and inductance is connected in series with 
an ac ammeter across a 100 volt dc line. The meter reads 1.1 am- 
peres. The combination is then connected across a 110 volt ac 60 cycle 
line and the meter reads .55 ampere. What are the resistance, the 
impedance, the reactance, and the inductance of the coil? 







Solution: Note that with dc by Ohm's law, 
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~ 110 v 
1.14 


(Resistance) 


R = 100 ohms 


On ac, however the reactance of the inductance must also be taken into 
account (it is zero for dc current). Ohm's law still applies with the 
impedance taking the place of resistance. Therefore 


Z =2= ue = 200 ohms (Impedance) 


a z= PE 
where X is the impedance of the inductance. 
100° + ¥ = (200 2)? 


therefore 
¥ = (40000 - 10000)? = 30000 f 
iia X = 430000 F =173Q (Reactance) 
X = 2TmL 


where n is the number of times per second the current alternates. For 
dc current, n = 0, and the inductance has no effect on the circuit. (The 
effect of the inductance on the behavior of the circuit increases appreci- 
ably as the frequency of the ac current increases). 

Therefore x 173 Q 


L = 90m ~ 27(60)S4 


= .459 henry (inductance) 
@ PROBLEM 768 














It is found that the current in the circuit of 
Fig. A is 0.50 amp with the dc source, 0.40 amp with the ac 
source, The voltage € for dc is 120 volts and for ac e is 
120 volts, with frequency f = 60 cycles/sec. What are the 
resistance R, impedance Z, reactance Xe and inductance L? 





Fig. A Fig. B 
1 
a 
¢ R= 240 ohms 
Solution. The reactance of the inductor L is zero for dc 
operation since X, = 2TfL and f is zero. Therefore, for a 


L 
dc source, the impedance is equal to R. The resistance R 
is the same for both dc and ac operation. 


— 120 volts . 
" $30 anp a? cohen 


The effective impedance for an ac source is 


R= 


Him 


_ © "dO VOLES _ 
Z = T 0.40 amp 300 ohms. 


The impedance Z is the vector addition of the reactance of 
the inductor and the resistance since the reactance of the 
inductor causes current to lead voltage by a phase shift of 
90°. 

From Fig. B 
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2 2 


Tag 
2 =R + X, 


3002 = 2407 + Aa 


1" = 32,400 


Xi = 180 ohms. 


From X, = 27fL 


180 ohms = 27 (60 cycles/sec)L 


L 


0.48 henry. 


@ PROBLEM 769 






In the circuit of fig. A,the values are as follows: 
C = 30 uf, V = 120 volts, and R = 25 ohms. The voltage is 
alternating with frequency f = 60 cycles/sec. What is the 
current? What is the phase angle? 









R=25 ohms 


z= 91 ohms 


Fig. A Fig. B 


Solution. The reactance of the capacitor depends on fre- 


quency. 
= i] 
x = = ——__-1_ _____, =-88 ohms. 
c  2mfC 2m x 60 x 30 x 10 





The impedance Z is the vector addition of the reactance 
and pure resistance, since the reactance of the capacitor 
causes the current to lag the voltage by a phase of 90% 


Z = R + x? = 425° + 88° = 91 ohms 


c 


= V a 120 volts _ 
£y ree 1.3 amp. 

The phase angle ¢ is the angle between the impedance 
and the pure resistance of the circuit (see figure B). 


cos > = z 
O EONTR jt ey te ae 
¢ = cos Z cos =9L ohms =—74.2°. 
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@ PROBLEM 770 









A 600-ohm resistor is in series with a 0.5 henry inductor and 
a 0.2 uf capacitor. Compute the impedance of the circuit and 
draw the vector impedance diagram (a) at a frequency of 400 

cycles/sec, (b) at 600 cycles/sec. 





X= 1328 9 
Solution: The formula for the total impedance is 


Z= IR? + (axe) 





(a) At 400 cycles/sec, 


X, 27m x 400 x 0.5 = 1256 ohms, 


= 1 
Xa 9 a ee 
2m x 400 x 0.2 x 10 


1990 ohms, 


xX = X; = Xo = 1256 - 1990 = -734 ohms, 
Z= /(600)2 + (-734)" = 949 ohms. 


(see figure, part (a).) 
(b) At 600 cycles/sec, 


X. = 2m x 600 x 0.5 = 1885 ohms, 


1 


—_—__—_—_+—___— = 1328 ohms, 
C 2m x 600 x 0.2 x 10 


tad 
i] 


X = X, - Xo = 1885 - 1328 = 557 ohms, 
Z = (600) + (557)° = 818 ohms. 


(see figure, part (b).) 
e PROBLEM 771 


When a 2-V cell is connected in series with two electrical 
elements, the current in the circuit is 200 mA. If a 50- 
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cycle - s~', 2-V ac source replaces the cell, the current 
becomes 100 mA. What are the values of the circuit ele- 
ments? Suppose that the frequency is increased to 1000 














cycles -° s !. What is the new value of the current? 





I—> 


+ 
V v 


I—> 


Fig. A: z= Fig. B 


Since a dc current can flow through the 
elements, neither of them can be a capacitor, which 
offers an infinite resistance to direct current. The 
resistance of the elements is 


$00 x 10 * A 


Since the current changes when alternating current is 
supplied, the circuit must also contain an inductor of 
inductance L. The reactance (the ac analogue of resist- 
ance) of an inductor is X = wL where w = 21. n is the 
frequency of variation of voltage. The impedance Z (i.e. 
the ratio of V to I at a set of terminals of a circuit 
as shown in Figure A) of the series combination of the 
resistor and inductor (Fig. B) is 


2? = R? ¥°x* 


' 
2 = Rro? = Y= —4*V____= 202. 
100 x 107? A 
2 
"e. 100 QÊ + wb? = 400 2? or L? = 30028 
w? 
-D BDR a 9.055. R. 
27 x 50s ? 


When the frequency is increased to 10° cycles + a Sy 





ooo Bue 2v a ae 
A et ~ 346 
V100 27 + (2m x 10° x 0.055) *Q? 
= 5.77 mA. 


We see that when the frequency n = 0, I = 200 mA. 
When n = 50 sec™!, I = 100mA,and when n = 1000 sec ', 
I = 5.77 mA. The inductor does then act as a resistor. 
Its opposition to current (the reactance) is directly 
proportional to frequency as is seen by the relation 


X = (L)w = (27L)n = Kn where K is a constant. 


@ PROBLEM 772 








(a) Find the current in a circuit consisting of 
a coil and capacitor in series, if the applied voltage is 
v = 110 volts, frequency f = 60 cycles/sec; the inductance 
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of the coil is L= 0.80 henry; the resistance of the coil 
is R = 50.0 ohms; and the capacitance of the capacitor is 
C = 8.0 uf. (b) Find the power used in the circuit. 





Fig. A -Ouf Fig. B 
0.80 n 

110 volt henry ieee 

Cope fo Oo 





Solution, (a) The coil can be represented by an inductance 
and resistance in series (see figure A). 


The effective impedance of the inductor and capacitor 
depend on frequency. Since the inductor and capacitor cause 
the current to either lead or lag the voltage by a phase 
shift of 90°, the impedance Z is the vector addition of their 
combined reactance and the pure resistance (see figure B). 


X; = 27£L = 27(60)(0.80)ohms = 300 ohms 


-1 -1 
X = = -7z ohms 
c" 2mEC Zw x 60 x 8.0 x 10° 
=~-330 ohms 


X, + Xo = 300 — 330 = -30 ohms 
A? + (X, + x) 


/(50)2 + (300 - 330)? ohms 
/s02 + (-30)2 ohms = 58 ohms 


Y = LEU volts: 
I= omena 
(b) The power is equal to P = I’?R or P = VI cos ọ where is 
the angle between the impedance and the pure resistance 


in the circuit. (see figure b) 


N 
li 


P = VI cos ọ = 110 volts x 1.9 amp x 0.86 


= 180 watts. 
Using P = 17R as a check, 
P= 17R = (1.9 amp) 2 x 50 ohms = 180 watts. 


e PROBLEM 773 
A transmission line delivers power at a potential of 
240,000V to a transformer designed to step the potential 
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down to 2,400 V. If the primary coil has 10,000 turns, 
how many turns should the secondary coil contain? Suppose 
that the transformer delivers 500 A of current at the 
secondary. What would be the current in the primary coil? 





secondary 





Input 
Step- Down Transformer 


Solution: The voltage output of a transformer depends 
on the input voltage and on the turns ratio according to 
the relationship: (See figure), 


A Ay 
Vv 


age 


Substituting, we find the turns No in the secondary coil 
to be, 


No a Ni V2 e (1 x 104 turns) (2.4 x 103 v) = 1x10*turns 
2 V 


i (2.4 x 10° v) 





If we assume that power is transferred from primary to the 
secondary of this transformer at 100 per cent efficiency, 

the power in equals power out because of the principle of 

conservation of energy. Therefore, 


¥. I. = Va 2 
ua 1 1 * V2 49 
"AS Va I2 (2.4 x 10° V) (5x 107 a) _ gy 
a ae 5 =< 
1 (2.4 x 10° v) 


e PROBLEM 774 


A step-down transformer at the end of a transmission line 
reduces the voltage from 2400 volts to 120 volts. The power 
output is 9.0 kw, and the overall efficiency of the trans- 
former is 92 percent. The primary ("high-tension") winding 


has 4000 turns. How many turns has the secondary, or "low- 
tension," coil? What is the power input? What is the 
current in each of the two coils? 





2400V Ep Es 120V 
iNg 
Transformer 
Solution: E and €, are the voltages induced by the 


currents i, and Io. respectively (as shown in the figure 


above). Ep and €, are related by the following formula: 
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ay k” 
ll 
M 


where NS and Ny are the number of turns in coils P and S, 
respectively. This is due to the configuration of the coils 
in the transformer. The fact that the transformer is step- 
down indicates ED must be the higher voltage, and A the 
lower. We then have, 


2400 v. _ 4000 turns 


120 v. Na 


Hence Ns = 200 turns. 


The power output Po is the power available at the 


secondary terminals (S), or Po = 9.0 kw = 9000 watts. But 


P 
Efficiency = r 


Pp 

or 0.92 = 2009 watts 
P 

Then Bo = 9800 watts. 


To find the currents, note that 


P. =(IZ€ 

P P P 
P 

_p _ 9800 watts _ 

p Ep 2400 volts Sel amp 


or I 


Similarly, 
Ps z IsFs 
P 
_. § 9000 Warto — 
os Ig = es = “120 volts ~ 7? amp. 


e PROBLEM 775 






An ac source of internal resistance 9000 2 is to supply 
current to a load of resistance 10 2. How should the 
source be matched to the load, and what is then the 
ratio of the currents passing through load and source? 
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Solution: The matching may be done by means of a 
transformer (see the figure). If the numbers of turns 
on primary and secondary windings are N, and N2, then 


the internal resistance of the source, R,,and load re- 
sistance, R2) are related by the equation R; = (Ni /N2)?R2. 


2 
: Nı Ri — 9000 _ Ni 
we le 


+e Ty * A808 or w, = 20: 








Therefore,a transformer with a turns ratio of 
30 : 1 must be employed. The transformer lowers the 
voltage in the ratio 30 : 1, but correspondingly 
increases the current in the same ratio, for 





Vi N, a I, i 
—_ = — an — = 
T 
V N2 2 Ni 
N2 


@ PROBLEM 776 


The primary of a transformer, consisting of 20 turns, 
is connected to a varying voltage source which a volt- 
meter indicates to have a value of 110 volts. If the 


secondary circuit has 1000 turns and a resistance of 
20,000 ohms, what voltage would a meter read if con- 
nected across it? What is the current in the primary 
if 100% efficiency is assumed? 





20,0009 





Solution: The voltmeter reads the root mean square 
rms) value of the actual voltage. That is, if the 
actual instantaneous voltage is given by 


= sin 
e E nax wt 


where w is the angular frequency of the voltage 
variation, then 


1 27 . 
Ema n Zr 3 Enax Sin? wt d (wt) 


If Ep and Bs are the rms values of the voltages on 


the primary (i.e. the side where the voltage source 
is located) and on the secondary sides, respectively, 
of the transformer, then according to the principle 
of the transformer 
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r see _ 1000 = 
Pia Bs =J Bo s0 (110) = 5500 volts 


The efficiency of a transformer is defined as 


E A Power out 


f£ ~ Power in * 100 


If 100% efficiency is assumed, the power output 
is equal to the power input, where P = EI. 





By Ohm's Law, Ee Ro = zo = .275 ampere 
ae P= Bae. EpIp 
A 1, = £8 = 3500 (275) 

= 50(.275) = 13.75 amperes. 


@ PROBLEM 777 








A coil of resistance 10 ohm and inductance 0.1 H is in 
series with a capacitor and a 100-V 60-cycle ° s” 
source. The capacitor is adjusted to give resonance 

in the circuit. Calculate the capacitance of the capaci- 
tor and the voltages across coil and capacitor. 


Solution: The (complex) impedance Z (seen looking into 
the terminals a-b) of the series R-L-C circuit (see 
figure) is 


a 
V 
> 
I 
where the reactances X, = 2nfL = wL and Xo = 1/2r7fC = 


l/wC. f is the frequency of variation of voltage. The 
negative sign is introduced above because the inductive 
and capacitive reactances tend to cancel one another's 
effect. In the series combination, the voltages tend to 
cancel because they are in phase opposition. The 


$ 
Z7 = 


> +, 303 Poe, ‘ 

(Complex) voltage V = |V| e where |V| is the magnitude 

of the voltage and 8; is the phase angle of the voltage 
> > > jo > 

relative to the current I (= |I|..e7~ = lZ|). 
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The magnitude and phase of the impedance are 
respectively 


X= S 
Š S [ L a 

|z| = YR? + (* - x)” 0 = arctan ee 
Then Z = |2| ae 


At resonance, x, = Xo: 


J. Cas ooo = 70.4 uF. 
w? L 40? x 607 s? x 0.1 4H 








Further, the circuit becomes purely resistive for 
|Z | = VR? + 0? or |Z | = R, and 6 = arctan 0 = 0°. Thus 
> 
+, _ |Vj _ 100 V _ 
IIl = 4 = Aeon’? A 
The voltage difference across the inductor is 





Vv, = fz, where Zi is the impedance looking into the 


terminals a - c (see the figure). However, the only 
impedance present is the inductive reactance X, Then 


x 
|Z, | = X, = 20fL 


I? | = IË] x, = 10a x 2m x 60 s7} x 0.1 Henry = 377 V. 


Ll 
The voltage difference across the capacitor is, 
similarly, Vo =] Ze where Zi is the impedance looking 
into the terminals c - d (see the figure). But IZ, = 

Xa = 1/27nfC, hence 





l¥| = IË] x, = 10 a x — _ 
2n x 60s ! x 70.4 x 10 êF 
a ITN. 
> > > > 7 a 
Thus, KA = Iv, |- However Yo and Vi are in phase opposi- 


= 1, hence, their effects cancel. There- 


+ V 
c cd 
of the source appears across the resistor only. Notice 


tion or |ð. - 8, | 


fore, at any time, Via = Ya = 0 and the voltage 
that KA and RAE individually, may have values greater 


than the source voltage. 
@ PROBLEM 778 


A radio receiving set is tuned to a certain station by 
the use of a .25 millihenry (2.5x 10% henry) inductance, 


and a 32.2 picofarad (32.2 x 10° farad) condenser. What 
is the frequency of the station? What is its wave length? 
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Wann I 
‘ | 
. 25mh ; 
l 
W/W 9 


Fig. A Fig. B 


Solution: The heart of the receiving set of the radio 
station is the tank or tuning circuit as shown in 

figure (A). The circuit is more responsive to certain 
frequencies than to others. At a frequency wọ, denoted the 


resonance frequency, the current through the circuit is 
much greater than the current response of the circuit at 
any other frequency. This resonance peak is shown in 
figure (B). This resonant frequency is determined by the 
condition that the impedance of the capacitance equal 
the impedance of the inductance. Or 


l = 
wC WoL 


Wo = 27f = / Ic 


x 1 








en 2.5 x 10°" h x 32.2 x 107}? £ 
agit 3 16 
20 81 
f = 10° 2 0 1.77 x 10° cycles per sec 
279 56.5 ; 


The velocity of radio waves is the same as that of the 
speed of any electromagnetic wave. It is therefore, 

3 x 10!°cm/sec, 

and v = fì for all waves 


10 
= 3% 107 2 1.7 x 10" = 17,000 cm 


= 170m 
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© PROBLEM 779 





When a cathode-ray tube has its deflector plates con- 
nected across a 100-V battery, the spot on the fluo- 
rescent screen is deflected 12 cm. If the plates are 
now connected across a resistance of 20 2 in parallel | 
with an ac voltmeter and in series with a 50-cycle*s- 
ac generator, the length of trace on the screen is 
17 cm and the voltmeter reads 50 V. How can these 
apparently contradictory figures be explained? ; 
Suppose that the resistance is replaced by a coil 
of resistance 5 2 and reactance 0.1 H, and that the 
current drawn from the generator is adjusted to the 
same value as before. What length of trace will be 
obtained and what is the rate of heat production in 


the coil? 
o 


L =l 
100V FPF 
FIGURE A FIGURE B FIGURE C 


When the 100-V battery is applied to the 


deflector plates, a deflection of 12 cm (= d, in 

















Fig. A) is obtained. The displacement per volt is 
thus 1.2 mm. (See Fig. A). 


When the ac voltage across the resistor is applied 
to the cathode ray tube, a trace of length 17 cm is 
obtained and the voltmeter reads only 50 V. At first 
sight this might appear to give a different displace- 
ment per volt, but this is not so. The reading on the 
voltmeter is the root-mean-square (rms) value of the 
alternating voltage. The peak value is given by the 


rms value multiplied by Y2 or 50¥2 = 70.7 V. The 
trace on the screen is responsive to the instantane- 
ous voltage applied to the plates. It therefore marks 
a movement of the spot from the position where it is 
subjected to the peak value to the position where it 
is subjected to minus the peak voltage. (See Figure 
B). In other words, the length of the trace corres- 
ponds to a deflection due to a change of 70.7 - 

(- 70.7) = 141.4 V. The displacement per volt is 

17 cm/141.4 = 1.2 mm, in agreement with the dc 
measurement. 


The rms current through the resistor is 
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This is the current an ammeter would read. 


When the resistor is replaced by a coil, we are 
given that the (rms) current remains the same (see 
Fig. C). The rms voltage across the coil is V = IZ, 
where Z is the magnitude of the impedance of the series 
combination of the resistance and the inductance. If 
X, = 2nfL is the reactance of the inductance (where f 


is the frequency of voltage variation) then 


Z = YR? + Xz = /R2+ (27£L) 2 


and V = IZ = 2.5 A x 452 02+ (2m x 50 x 0.1) 727 
= 2.5 x 31.8 V = 79.5 V. 


The peak value of voltage is the rms voltage 


times /2 or V' = V2 x 79.5 V = 112.4 V. The peak to 
peak value is twice this or 224.8 V. From the discuss- 
ion above, the displacement per volt is 1.2 mm = 


0.12 cm - V} and the trace on the screen is 224.8 V 
x 0.12 cm + V} = 27 cm in length. 


The rate of heat production in the coil is due 
solely to the resistive part of the impedance. Thus 


W = I*R.=..2.57 A?.x 5 Q = 31.25 W. 
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CHAPTER 24 


ELECTRIC POWER 







Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 825 to 
838 for step-by-step solutions to problems. 





Most problems involving electric power can be dealt with through the 
simple formula P = VI = RI? = V?/R. In particular, for direct current circuits 
where the voltage is constant, one can solve for any of the variables given 
the other two. Conversions between watts or J/s and erg/s or hp are 
handled by standard conversion factors. Electric power efficiency is 
defined as the power output divided by the power input expressed as a 
percent: 

eF Pou AA 


Ifa battery of electromotive force V is present (see Figure 1) along with 
a resistor R and the internal resistance of the battery r is to be included, 
then one has R, = R + r. Also, I = V/R, gives the current in the circuit 
according to Ohm’s law. Hence, the power dissipated in the battery is Ir 
and the power dissipated in the external resistor is I'R. These add up to 
the total amount of power supplied by the battery P = VI = PR, = V7/R,- 


As mentioned in the previous chapter, the situation is somewhat more 
complicated for AC circuits, since V = V „sin wt and I =1,, sin (wt - ). The 
AC electric power is thus P = VI or 


P=V_I_ sin wt [sin wt cos > — cos wt sin 9] 
= VI, [sin? wt cos > —- sin wt cos wt sin 6] 


and hence is time dependent. Recall from the HARMONIC MOTION 
chapter that <sin? 0> = <cos? 0> = 1/2 where 0 = wt. Also, it can be shown 
by integration that <cos 9 sin 0> = 0. Hence the average power is <P> = 
V ala COS Q /2 = V 1 cos Q. 


rms rms 


R 


+ — 
Figure 1 
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Step-by-Step Solutions to 


Problems in this Chapter, 
“Electric Power” 





@ PROBLEM 780 


An electric heater takes 4 amperes from a 120-volt line. 
What is its power rating? 


Solution: 





E = 120 volts, I = 4 amp 


P = E x I = 120 volts x 4 amp = 480 watts. 


èe PROBLEM 781 





Solution: In most situations we are given the voltage and 
amperege of a device, and are asked to calculate its 
power. Here we must work in reverse, calculating the 
potential difference (voltage) from the power and the 
current. Nevertheless, we resort to the same formula, 
namely P = EI. 


P = 2.4 kilowatts = 2400 watts, I = 10 amp 
P=Ex I 
Then 
_ P _ 2400 watts _ 
Bey? “roe ee volts. 


© PROBLEM 782 


A 60-ohm electric lamp is left connected to a 240-volt 





line for 3.00 min. How much energy is taken from the line? 


Solution: The current through the resistance of the 
electric lamp is, by Ohm's Law, 


The power (or energy per unit time) dissipated by 
the resistance is 


_ energy _ 72 
A * = sig 
E = I? Rt = (4.0 amp)? x 60 ohm x [3 min x so ses) 


1.72 x 10" Joules 
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(The unit of time was converted to seconds to make it 
compatible with the MKS system being used.) 


@ PROBLEM 7383 


How many amperes will a 720-watt electric iron take 
from a 120-volt line? 





Solution: 
P = 720 watts, E = 120 volts 
P=E*xI 
Then 
r= 57 fowls” e e 


@ PROBLEM 784 


The figure shows a battery and a resistor in series. 


What is the power P supplied by the battery and the power 
dissipated as heat? 





=12y,r=0.52 


‘ 

[i 

1 

t 

1 : 

‘ —_—_ 
rr | 


en | 
' 





l R=5.523 


ed 


Solution: The total resistance of the circuit is 


Re =r+Re= (5.5 + 0.5) 2=62 


Therefore the current in the circuit is, by Ohm's Law, 


‘Bea 12 v 
Re 6 amp 





= 2 amp. 


Point b is at a higher potential than point a, and 


ee iR = 2 amp (5.52) = 11 volts 


or, by Kirchoff's Law 


Vra =e-ir = 12 - (2 x 0.5) = 11 volts 


and v = = Vi = - ll volts. 


In the lower rectangle, the direction of the current 
is from b to a, hence the power dissipated in R is 


P, = V 


R Ba * i = (2 amp) x (11 v) = + 22 watts. 


The energy supplied to R is converted to heat at a 
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rate 


li 


energy/time = i?R = (2 amp)? x 5.5 Q 


22 watts 
which equals the power input to R. 


The energy loss in the battery is due to the internal 
resistance r; 


(2 amp)? x 0.5 Q 


K 
Ii 


2 watts. 


The rate of conversion of nonelectrical to electrical 
energy in the seat of emf is given by 


P = ie = (2 amp) x (12 v) = 24 watts. 


The total rate of energy dissipation in the resistors 
should add up to the rate at which energy is supplied by 
the emf, 


(22 + 2) watts = 24 watts. 


e PROBLEM 785 


An electric motor, rated at 1 hp, operates from a 100-V line for 


l hr. How much current does the motor require and how much electrical 
energy was expended? 





Solution: The power expended in an electric circuit is given by the 
product of the voltage across its terminals and the current passing 
through the terminals. Hence, the current in the motor is 


j- E _lhp _ 46m 
=v ~100V “100v 


= 7.46 A 


The power of the motor indicates the amount of electrical energy it 
draws from the electrical source.per unit time and converts to mechani- 
cal energy. Then, the electrical energy expended in one hour is 


E, = P, x t = 1 hp X l br 


E E 
= 746 W-hr 
= 0.746 kW-hr 
or, in CGS units, 7 
i 10 ergs/sec ), 3600 ses, 
E, = (746 W-hr) x ass eis we eas 


2.68 x 10 ergs 


e PROBLEM 786 


What is the cost of operating for 24 hr a lamp requiring 


1.0 amp on a 100-volt line if the cost of electric energy 
is $0.50/kw-hr? 
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Solution: The power P developed by the lamp resistance is 


Ba energy dissipated _ VI 


time 


The energy dissipated by the lamp in 24 hours is then 


E = VIt (100 volts) (1.0 amp) (24 hr) 


2400 watt-hr 


2.4 kw-hr 


But each kilowatt-hour of electrical energy costs $0.050. 
Therefore the cost of 2.4 kw-hr is 


$0.050 


2.4 (kw-hr) x (kw-hry 


Cost 


$0.12. 


© PROBLEM 787 






A dc series motor operates at 120 volts and has a resistance 
of 0.300 ohm. When the motor is running at rated speed, 

the armature current is 12.0 amp. What is the counter EMF 
in the armature? 


Solution: An electric circuit containing a series motor 
(that is a motor whose coil resistance is in series with 
the motor) is drawn schematically above. The motor draws 
current, and uses it to produce the mechanical motion of 
a shaft. 


By Kirchoff's voltage law, the sum of the voltage drops 
around the circuit must be zero. Using this fact along with 
Ohm's Law (V = IR) we obtain 


V=e+ IR 
or € = V - IR = 120 volts - 12.0 amp x 0.300 ohm 
= 116 volts. 


© PROBLEM 788 


In a transistor amplifier circuit it is found that a micro- 
phone converts sound energy into an electrical current of 
0.01 A at a potential of 0.5 V. Compare the power from 


the microphone with the power delivered to the loudspeaker 
if the collector current for the particular transistor used 
is 50 times as great as the base current and the voltage of 
the amplified signal at the loudspeaker is 2V. 





Solution: The power delivered by the microphone is equal 
to the product of the current the microphone produces and 
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the voltage at which it produces this current. Hence, 


P= w= (5 x 107}y) (1x10 a) =5x 10° Ww 


The loudspeaker is connected to the collector. Therefore, 
the collector current delivered to the loudspeaker by the 
transistor is, 


(50) (1 x107? a) = 5 x 1077 A 


so the loudspeaker power is, 
P= w= (2V)x (5 x10 a) =1W 


The additional energy required to "drive" the speaker is 
supplied by the batteries. 


@ PROBLEM 789 










The starter motor in an automobile draws a current of 200A. 
from a 12-V car battery. What is the electrical power con- 
sumed by the motor? If the motor has an efficiency of 80 
per cent, how much mechanical power is done by the starter 
motor? 














Solution: Electrical power is the rate at which electrical 
energy 18 produced or consumed. It is equal to the product 
of the current in a device and the fall of potential across 
its terminals or, for the motor, 


P = vi = (1.2 x 107v)(2 x 10a) = 2.4 x 10°w. 


Since the motor only has an efficiency of 80%, 20% of the 
available power goes into losses such as heat. The other 
80% is available to the motor to do mechanical work. The 
mechanical power delivered by the motor, is 


(2.4 x 107w)(8 x10") = 1.92 x 10°W. 


@ PROBLEM 790 


A 1,000-horsepower steam engine produces about 750,000 W 
of mechanical power. If this engine operates a generator 


with an efficiency of 95 per cent, what is the electrical 
power produced? 





Solution: Efficiency € is defined by 


P 
= output 100% 
a input 
The steam engine delivers 750,000 W to the generator. 
The generator operates at an efficiency of 95% where 
Poutput ıs its power output. For the generator, 


P 
output = 954 = 95. = 9.5 x 107} 


7.5 x 10° W) 
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The electric power delivered in this energy-transformation 
process is, 


P= (7.5% 10° w) (9.5 x 1074) = 7.125 10° w 


The 5 per cent difference (37,500 W) appears as heat that 
must be dissipated by either passing air through cooling 
fins or circulating water. 

© PROBLEM 791 


How much power is required to service a city of 100,000 
homes, each of which draws an average current of 20 A ata 
potential ot 120 V? If the transmission lines that carry 


power were capable ot carrying a current of 1,000 A, what 
potential would be required to transmit the power from the 
source? 





Solution: The total power which must be supplied is equal 
to the total power dissipated in all the homes. Since 
power equals the product of the current used (or supplied) 
by a device and the voltage across the device, 

we calculate, 


P = IV 


for each home. Here I is current and V is voltage. Each 
home uses power, 


P = (20A) (120V) - 2400 watts 


But there are 10° homes and 


Phet = (2.4 x 10° watts) (10°) 


Phet = 2.4 x 108 watts 


If the current is 1,000 A, the required voltage is 


V = Pnet = 2,4 x 10°watts = 2.4 X 109V 
I 1.3% 102 A 
@ PROBLEM 792 


An electric iron with a resistance of 24 ohms is connected 


to a 120-volt line. What power is being used? 





Solution: The formula for power is P = B - This formula 


has two equivalent forms. From 


P = R with E = IR (Ohm's law) we get 
= (1R)? 
P= 205 
= I?R (1) 
= I(IR) 
= EI (2) (again by Ohm's law) 
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2 
Using the original form G = E) we arrive at 
solution 1: 


Solution 1: 


E = 120 volts, R = 24 ohms 
_ E2 _ 120? (volts) ?_ 
P= a St OME = 600 watts 


For both the other solutions we need to know the 
current I. 


= E _ 120 volts 
R 24 ohms 


= 5 amp 

Solution 2: Here we use form (l) of the equation. 
P = IÊR = 5? (amp)? x 24 ohms = 600 watts 

Solution 3: Here we use form (2) of the equation. 


P = EI = 120 volts x 5 amp = 600 watts. 


@ PROBLEM 793 


For underground electrical transmission cables using insu- 
lating materials,the power loss in the insulator is propor- 


tional to v’, where v is the potential applied to the 
cable. Compare the power loss per meter for two standard 
transmission voltages, 69,000 v and 345,000 v. 





Solution: The available power is given by the relation- 
ship, 


P =VI (1) 


where I is the current through the cable. I can be re- 


an 
placed by I = R, by Ohm's Law, where R is the cable re- 


sistance. Then, from (l1), 


p oe 
3 R 
If R is constant, 
pav (2) 


For the transmission cable, power loss is proportional to 
the available power and, by (2), is therefore also propor- 
tional to v2, If the same cable is used for both poten- 
tials, the following ratio provides a comparison: 

2 


ower loss of 345,000-V line _ (3.45 x 10°Vv = 25 
power loss Of 69,000-V line (6 9x 10 
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@ PROBLEM 794 


In the 1930s F.T. Bacon designed hydrogen fuel cells with 
extremely good performance. Using his concepts Pratt and 
Whitney has constructed hydrogen fuel cells that produce 
a potential of 0.9 Vand generate a current of about 


2.3 x 107 A for each square meter of anode area. If a 
Bacon battery is to deliver 100 W of power, how large 
must the anode be? 





Solution: Recall that the power dissipated (or pro- 
uce y a device is, 


P= IV 


Where I is the current going through a device, and Vis 
the voltage across its terminals. In this example P = 


1 x 10 W and V= 0.9V. Therefore, the current required 
to deliver 100W of energy is, 
2 
I= È = LOW 1.1 0? a 
9 x 10 -~y 


The surface area A required is, 
2 
A endeka po A = 4.8 x 107? m? 
2.3 x 10° K/m 


If the anode is designed to have a Square shape, then the 


area A is equal to EA where d is the length of one edge. 
We find that, 


2 


a 2.2 


4.8x 10 “Mm 


d 


2.2x 10°] m 


A very compact energy supply may be constructed using a 
hydrogen fuel cell. 


© PROBLEM 795 





A shunt generator has a terminal potential difference of 
120 volts when it delivers 1.80 kw to the line. Resistance 
of the field coils is 240 ohms, and that of the armature 
is 0.400 ohm. Find the EMF of the generator and the 
efficiency. 





Loop) Loop (2) 
Solution: An electric circuit containing a shunt generator 
that is, a generator whose field resistance Rp is in 


parallel with the generator) can be described schematically 
as shown above. The potential difference at the terminals 
where a load (or resistance) is connected is the terminal 
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voltage, V. The load, when connected will draw a line 
current Iz from the circuit. Therefore, the power deliver- 


ed to the load is P = I, V. Solving for 


— 1800 watts _ 
L 120 volts 15.0 amp., 


Using Ohm's Law, V = I-Re, (1) 


= VW. 120 volts _ 
or Ip = Rp 320o 0.500 amp 


By Kirchoff's current law, the sum of the currents 
entering a junction equals the sum of the current leaving 
the junction. Therefore, at point Q 


In = Ip + L = 0.50 amp + 15.0 amp = 15.5 amp. 


By Kirchoff's voltage law, the sum of the voltage 
drops about a loop is zero. Applying this law to loop (1), 
we obtain 


€ = IR $ TAR, 


Using (1) 


e=V+t T,Ry 


€ 120 volts + (15.5 amp) (.4 ohms) 


€ = 126 volts 
The input power 


Pi = Ty = 15.5 amp <x 126 volts = 1950 watts 


and it is delivered by the generator. The output power is 
the power delivered to the line, and it is given as 
1800 watts. Hence, 


P 
Efficiency = p2 = Teen Watts = 0,923 = 92.38. 
1 


@ PROBLEM 796 


What is the power factor of a circuit if the following 


meter readings prevail? Ammeter reads .15 amperes, volt- 
meter reads 115 volts, and wattmeter reads 15.9 watts. 





Solution: The ammeter and voltmeter read root mean 
square (RMS) values of the actual current and voltage. 
If 


Vv Vo cos wt 


and I 


Ip cos (wt + ĵ) 
are the actual current and voltages through the circuit, 


then the instantaneous power (i.e. the instantaneous 
rate at which energy flows in the circuit) is 
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ae) 
i] 

5 
li 


Volo cos wt cos (wt + p) 


Volo (cos? wt cos p - cos wt sin wt sin p) 


Now cos wt sin wt = ¥ sin 2wt, and the time average of 
sin 2wt is zero (since its graph is symmetric about the 
horizontal axis). The average of cos? wt is k, for its 
graph is symmetric about the value of 1/2. This is to say 
that its value is greater than % as often as it is less 
than 4, and by the same amount. Therefore the average 
power is: 


P = Volo (cos? wt cos p - cos wt sin wt sin p) 


VoIo(% cos p - 0) 


cos p is called the power factor of the circuit. It is 
a measure of the phase relation between the current and 
voltage in the circuit. 


According to the definition of the RMS value of 
a function, 


1 27 3 1 27 > ž 
ba” Sr i Iĉdt = = J, Ip cos” (wt + p)dt 


I = 
= =b fy 
v2 
Similarly, 
1 27 W 1 T t 
= 4 = _t 2 
VRMS = on | vidt on | Võcosfw tdt 
0 0 
wk tes 
v2 

= ) 

Hence P. =k [2 tius) {72 Vems | cos p = Tang Vag COS P 


The wattmeter reads the average power of a circuit. 


Then given IBMS = .15 amp, VRMS = 115 v P= 1.59 watt, 


the power factor is 


- P = 15.9 w = 
end ni een. a et ee i 
e PROBLEM 797 





A 10,000-ohm, l-watt resistor has been connected up with 
two capacitors of capacitance 0.2 and 0.5 microfarads 
(uF). We propose to plug this into the 120-volt, 60- 


cycle outlet (see Figures). Will the l-watt resistor get 
too hot? 


Solution: (i) The angular frequency w = 2nf=2n x 60 sec! 


= 377 sec !. At times we will work with the reciprocal 
of impedance, or admittance. Admittance of 


(i) C2 = iwc, = (377) (2 x 1077)i 
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Fig. B 





An actual network (a) ready to be connected to a source of 
electromotive force, and (b) the circuit diagram. 


= 0.754 x 10 “i ohm ! 


(ii) Admittance of the resistor = A = 10 * ohm ? 


(iii) Admittance of 3+ 
= 10 “(1 + 0.754i) ohm"! 


(iv) Impedance of eee aes Ee 
10 “(1 + 0.754i) 


= A0 a . (10.7541) 
(1+0.754i) (1-0.754i) 


— 210"(1 - 0.754i) 
1? + 0.754? 


(i) + (ii) = 


(6360 - 4800i) ohms 


(v) Impedance of C, = lri e a Sa 
(377) (5 x 10°’) 


| 


- 5300 i ohms 
Here we used the fact that 1/i = - i. 
(vi) Impedance of the entire circuit = (iv) + (v) 


= (6360 - 10,100i) ohms 
Vv 120 v 
Z 


= 16360 - 101001) 


(vii) By Ohm's law I; = 


120 v (6360 + 10100i) 
(6360 - 10100) (6360 + 101001) 


_ 120(6360 + 10,100i) 
(6360)? + (10,100)? 


(5.37 + 8.53i) x 10 °? amp 


In polar form 


[(5.37)2 + (8.53)2]2 x 10° /tan™} 8.53/5.37 
= 10.0 x 10-? /1.01 rad. 


for if a number A is expressed in rectangular form, A = 


H 
- 
il 
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x + jy, then in polar form A = yx? + y? tan ! y/x. 
vx? + y? is called the modulus of A + tan ! y/x = ọġ is 
called the phase factor. 

The 120-volt source is the root mean square voltage 
(rms) (i.e., the square root of the square of the mean 
voltage). Since we have used this rms voltage in Ohm's 
law above, we obtain rms current. That is, the modulus 


of the complex number I, which is 10.0OmA, is the rms 
current in amperes. An ac milliammeter inserted in series 


with the line would read 10mA. This current has a phase 
angle $ =1.01 radians with respect to the line voltage. 
The average power delivered to the entire circuit is then: 
(viii) P = VI cos » = (120 volts) (0.010 amp) cos 1.01 

= 0.64 watt 


In this circuit the resistor is the only dissipative 
element, so this must be the average power dissipated 
in it. Just as a check, we can find the voltage V: 


across the resistor: 


(ix) vi = os = 1, ee (5.37 + 8.53i) (-5300i) 107? 





= (45.2 - 28.41) volts 
120 - V, = (74.8 + 28.4i)volts 


(x) V2 


The current I, in R will be in phase with V2, of course, 


so the average power in R will be 


V2? 2 2 
P = = (74.8) + CRA wig. ot Watt 


which checks. 


Thus the rating of the resistor isn't exceeded, for 
what that assurance is worth. Actually, whether the re- 
sistor will get too hot depends not only on the average 
power dissipated in it but also on how easily it can get 
rid of the heat. The power rating of a resistor is only 
a rough guide. 


© PROBLEM 798 





A flat coil consisting of 500 turns, each of area 50 cm?, 
rotates about a diameter in a uniform field of intensity 


0.14 Wbem™’,the axis of rotation being perpendicular to 
the field and the angular velocity of rotation being 150 


rad-s~!. The coil has a resistance of 5 Q, and the in- 
duced emf is connected via slip rings and brushes to an 
external resistance of 10 Q. 


Calculate the peak current flowing and the average 
power supplied to the 10-2 resistor. 








Solution: The emf generated by the motion is given by 
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the equation 
€ = NABw sin wt. 
where w is the loop's angular velocity, A is the coil's 
cross sectional area, and N is the number of turns in 
the coil. Also, B is the field of magnetic induction 
at the site of the coil. 
The current flowing is thus, by Ohm's Law, 


f= “=e sin wt. (1) 


R 
where R is the coil resistance. 


The peak value of the current is found when sin wt 
is a maximum (t = 1/2w). Hence, 


— NABw 
max R 





500 x 50 x 10 * m? x 0.14 Wbem™ x 150s 7 


15 Q 
= 3.5 A. 
The average power supplied to the external resistor 
is 
= 2 
P= Ims? 
where I is the root mean square value of the current 
given if f1). Now 
= ¥<I7(t)> 2 
Tims SANE (2) 


where < > indicates the time average of I? over one 
cycle of I?. By definition, 


1 T 
ents ok | 12 (t)dt (3) 
T Jo 


where T is the period of I?. The period of I?°(t) is 
the smallest non-zero value of T for which 


I1? (t + T) = I? (t) 


Using (1), we find 


2n2n2,,2 2n2n2,,2 
N A B w sin? (w(t + T) = N A B w” sin? wt 
R? R? 
or sin? (wt + wT) = sin? wt (4) 


Thus, the values of T for which (4) holds are 
wl = + 0, +t tT, £ 27.... Hence, 


T= + 0, + t/w,t 27/w 


The smallest non-zero value of T is then 
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Inserting (5) into (3) and utilizing (1) 


T 
= M2 2R 22 
<I?> = #8 f N A Bw" sin? wt dt 
T R2 
w (2 N?A?B?w? 
« 2 fe += = sin? wt d(wt) 
T R? 
Since sin? wt = t- ços 2ut 


T T 

242a 2R2 = z 

<I?> = onar h f d (wt) - ¥ | cos 2wt awm 
T R 0 0 


la 


T 

2n2qn2pn2 a 

- N a= k [e d(wt) - % f cos 2wt agom) 
m R 0 0 


2y2a2p2 
_ w?N Ae {%(n - 0) - %(sin 2w * m/w = sin 0)} 
T R 


wN?A? B? 
2R? 


<I?> = 


Finally, from (2) 
— w?N?A?B? 
2R? 


<I> 


2 
Tims 


A wN?A?B? 
RÊ 


2 
max 


2 
But Tax 


whence IŻ = 
e “rms 


R = k I? R = §(3.5 A)? 10 2 


Henc P i a 
Shoes rms max 


P 61.25 W. 





CHAPTER 25 


WAVE MOTION 










Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 841 to 
860 for step-by-step solutions to problems. 


Maxwell’s equations in a vacuum, where p = j = 0, may be written 
V-E=0 VxE=-k,/c B/at 
V-B=0 VxB=1/k,caE/at 


and imply the existence of electromagnetic waves. To see this use the vector 
identity V x (V x E) = =V(V: E) - VE. 


By the first and second Maxwell equations, this vector identity gives 
-k,,/cd/dt V x B =-V°E. Using the fourth Maxwell equation, one obtains 
the wave equation 


2E/ət? =e VE 


which says that the electric, and by an analogous approach, the magnetic, 
fields vibrate and propagate through space with speed c. See Figure 1 
where E =E yandB=B z are harmonic oscillations propagating through 
space. 


The Poynting flux is S= c/4x k/k, E x B. For the wave of Figure 1, 
the Poynting vector is in the % direction. In MKS units, this is 1/u, E x B 
and it gives the energy per unit area per unit time of the EM wave. Electro- 
magnetic waves include light, radio waves, microwaves, X-rays, and 
y-rays. All of these move at velocity c in vacuo and velocity v = c/n in a 





Figure 1 
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medium of index of refraction n. The speed, wavelength, and frequency of 
a wave are connected by v = và. 


A travelling wave follows the wave equation 
dy / at? = v? d*y/ ax? 
which has solution 
y =Asin(kx | wt- 9) 


where k = 2n/d is the wave number and w = 2nv. The minus sign describes 
waves moving to the right and the plus sign describes waves moving to the 
left. The superposition of such waves can produce standing waves, such as 
those observed on a vibrating string. 

Waves on a string move with speed y = ./Tjy, where T is the tension 
and uis the linear mass density. Longitudinal waves in a solid move with 
speed c 071 / Y m/p where Y „is Young’s modulus of the solid material. 
Transverse waves in a solid move with speed c, = 4 [S m/p where S, is 
the shear modulus of the solid material. 
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Step-by-Step Solutions to 
Problems in this Chapter, 
“Wave Motion” 





TRAVELING & STANDING WAVES 


© PROBLEM 799 













A wave is represented by the equation y = 0.20 sin 0.40m(x - 60t), 
where all distances are measured in centimeters and time in seconds. 
Find: (a) the amplitude, (b) the wavelength, (c) the speed, and (d) the 
frequency of the wave. (e) What is the displacement at x = 5.5 cm and 
t = 0.020 sec? 





Solution: The displacement y of the medium due to wave motion at a 
position x and at a time t is (see the figure) 


y =A sin a (x - vt) 


where A is the amplitude, à is the wavelength, and v is the velo- 
city with which the wave is traveling along the x-axis. If we compare 
this equation with the expression given in the question, we see that 


(a) A = 0.20 cm 
(b) = = 0.407 
h = <2 cm = 5.0 co 
0.40 K 
(c) = 60 cm/sec 
_v_ 60 cm/sec _ 
(d) fe E A 12/sec 
(e) y = (0.20 cm)sin[0.40m(5.5 - 60 x 0.020)] 


(0.20 cm)sin[0.407(5.5 - 1.2) 
(0.20 cm)sin(0.40 x 4.3m) 
(0.20 cm)sin 1.727 

(0.20 cm) (-0.77) = -0.15 cm 


" 


e PROBLEM 800 










A compressional wave of frequency 250/sec is set up in 
an iron rod and passes from the rod into air. The speed 


of the wave is 1.6 x 10" ft/sec in iron and 1.1 x 103 
ft/sec in air. Find the wavelength in each material. 





Solution: The frequency f of a wave remains constant as it 
passes from one medium to another. The velocity v and 
wavelength \ of the wave vary in accordance with the 
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relationship 
v= rf 
In iron 
_Vv_1.6 x 10° ft/sec _ 
im dc 250/sec 64_£% 
In air 


Sy% 1.1 x 10° ft/sec _ 
aep oe er AA 


If the frequency of an oscillating source on the 


© PROBLEM 801 


surface of a pool of water is 3 Hz, what is the speed 
of the wave if the wavelength is observed to be 0.5 m? 





Solution: An example of an oscillating wave is a 
sinusoidal wave. Three important properties of an 
oscillating wave are its velocity of propagation, 
frequency, and wavelength. Its frequency f is the 
number of cycles per unit time at which any point 
oscillates or, expressed in another way, the number 
of waves that pass a given point per unit time. The 
wavelength à is the distance between two adjacent 
crests of the wave. For a relation 
between these quantities, note that the time t 
required for the wave to make one oscillation is 
1/£. During this time, the wave moves a distance 

d = i. From 


d = vt 


we have À 


li 

< 
Uaa) Lasd 

li 
his 


or v = fA 
Substituting the known values, 
v = (3 Hz) (5 x 107 m) = 1.5 m/sec 


(Note: 1 Hz = sed) 
© PROBLEM 802 


Find the speed of a compressional wave in an iron rod whose 2 


specific gravity is 7.7 and whose Young's modulus is 27.5 x 108 1b/in, 





Solution: A wave in an iron rod will move with a speed 
E 


va = 


p 


where E is Young's modulus, and p is the specific weight of iron, 
2 

kis 6 a) 6 lb . 144 in 

E = 27.5 x 10 1b/in ~ = 27.5 x 10 lea DAE Tal 


in ft 


where we've used the fact that 
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TY ST a 


1 1b/in 2 = 144 1b/2t? 





3 
D Toe è 
p=== x 62.4 weet = 15.0 aluge/tt” 

2 32 ft/sec 

Hence, 6 2 
y= [Z5 X10 x144 lb/ft 
= [or 
15.0 slugs/ft 


= 1,6° xX 104 ft/sec . 


© PROBLEM 803 


The speed of a certain compressional wave in air at 
standard temperature and pressure is 330 m/sec. A 
point source of frequency 600/sec radiates energy 


uniformly in all directions at the rate of 5.00 watts. 
What is the intensity of the wave at a distance of 
20.0 m from the source? What is the amplitude of the 
wave there? 





Solution: At any concentric spherical surface the 
energy from a point source is spread over an area 


4nr2. At a distance of r = 20.0 m, the intensity I is 


Bee 5.00 watts 
4n x (20.0 m)? 
= 0.99 x 10° watt/m? 

The rate of transfer of energy depends on the 
square of the wave amplitude and the square of the 
wave frequency for all types of waves, with I the 
average intensity and the density of air 
p = 1.29 gm/liter = 1.29 kg/m’, we have, 

at = Sie 
2n?vpf* 
= 0.99 x 107? watt/m? 

272 (330 m/sec) (1.29 kg/m?) (300/sec) ” 


= 1.32 x 105i m? 


a= 1-75-x 10° m = 1.15 x 10°* cm 
@ PROBLEM 804 


Standing waves are produced by the superposition of two 
waves of the form 


Yy 15 sin (31t - 5x) 


Y> 15 sin (3mt + 5x) 


Find the amplitude of motion at x = 21. 





Solution: We note that the two waves are of the form 


y=A sin (wt + kx) 
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where y is the displacement of the wave at position x and 
time t. 

A is the amplitude of the wave (i.e., the maximum dis- 
Placement), w is the angular frequency (= 2nf) and k is the 


angular wavelength |= a of the wave. Both waves have the 


have the same characteristics (i.e., the same amplitude, 
frequency and wavelength). They differ only in that they 
travel in opposite directions. The negative sign in wave 
(1) indicates that it is travelling to the right. Wave (2) 
is travelling to the left. The resultant wave produced by 
the superposition of these two waves can be found as fol- 
lows. 

We use the relationships 


sin(a + B) = sin a cos 8 + cos a sin B 

sin(a - 8) = sin a cos 8 - cos a sin 8 
Therefore 

sin(a + B) + sin(a - 8) = 2 sin a cos B (3) 
Thus, comparing (3) with (2) and (1), 


Y = Y] + Y, = 2(15) sin (31)t cos(5) x 


. = 39 sin 31t cos 5x 
This wave pattern is called a standing wave (as opposed to 


a travelling wave). The wave remains in one location; or 
alternatively, the energy associated with the wave is not 
transferred from one location to another. With 


x = 21, 5x = 105 radians 


= 33.47 radians. 


Now cos 33.4% = cos(.4m + 33%) = cos .4m% = cos 72° = 0.309. 
Thus, x = 21, 


y = 30 sin 3mt cos 5x 
y (30) (.309) sin 3nt 


9.27 sin 3mt. 


¥ 


The amplitude of this wave is the maximum value of y. This 
maximum value is 9.27. 


© PROBLEM 805 









A string 4.0 m long has a mass of 3.0 gm. One end of the string 
is fastened to a stop, and the other end hangs over a pulley with a 

2.0-kg mass attached. What is the speed of a transverse wave in this 
string? 








Solution: The string is stretched by a force (the tension), which is 
in equilibrium with the weight of the mass: 


T = Mg = 2.0 kg X 9.8 aliis = 19.6 nt. 
The linear density pẹ (mass per unit length) of the string is 


u = 2 = 0.0030 kg/4.0m = 7.5 x 10°% kg/a 


A transverse wave can be set up in the string by moving the weight at 
one end up and down. The speed v of this wave is given by 


E 19.6 kg-m/sect 
y = =z oy 
Ho 7.5 x 107° kg/m 
=y 2.6 X 10 A Sa = 160 m/sec 


@ PROBLEM 806 


An electrical transmission line is strung across a 
valley between two utility towers. The distance between 
the towers is 200 m, and the mass of the line is 40 kg. 
A lineman on one tower strikes the line and a wave 


travels to the other tower, is reflected, and is detected 
by the lineman when it returns. If the elapsed time 
measured by the lineman is 10 s, what is the tension 
force in the wire? 





Solution: The distance d traveled by the wave pulse is 
d= 2 200 m = 400 m. The speed of the wave is computed 
using 


where u is the inertia characteristic of the wire and 
is equal to the mass per unit length m/L. Therefore, 


2 


mo2_ mv”? _ (40 kg) (40 m/s)” _ 2 
p1 Ea so = = 3.2 x 10? N 
e PROBLEM 807 


Two sources separated by 10 m vibrate according to the 
equations Y] = 0.03 sin mt and Yar 0.01 sin Tt. They 


send out simple waves of velocity 1.5 m/sec. What is the 
equation of motion of a particle 6 m from the first source 
and 4 m from the second? 





Fig. A: Motion of the rticle due 
a pe Fig. B: Motion of particle 


due to source 
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FIGURE C: Resultant motion 


© 
Solution: The equation of a wave travelling along the 
x - axis is 


y = A sin (wt + Kx) 


where w is the angular frequency of the wave A is its am- 
plitude and K is its wave number. The factor +Kx accounts 
for the direction of travel of the wave; -Kx indicates 
that the wave travels towards increasing values of x, and 
vice-versa. Note that this equation assumes that, at 

x = 0, t = 0, the y displacement is zero. Since w = 2nf, 
where f is the frequency of the wave, and k = 217/i, where 
à is its wavelength, we obtain, 


y = A sin (wt + Kx) 
y =A sin [2nee + a 


v 
But A = g where v is the wavespeed. Therefore, 


y = A sin 27 [se i £x) 


y = A sin 27 e(t T z] 


We suppose that source 1 sends out waves in the +x direct 
tion, with amplitude ay and frequency fi: 


i 
Yı = a, sin anf, t- = (1) 


and that source 2 sends out waves in the -x direction, with 
amplitude ay and frequency f. 


x 
Yo = a sin anf. (e + +} (2) 
In these equations x and X, measure position from sources 


l and 2 as origin, respectively. Comparing equations (1) 
= (2) with the equations given in the question, we find 
at, 


2mf, = T and 2mf, =T 
or 
fy = f, = 1/2 
Furthermore, 
v = 1.5 m/sec 
ay = 0.03 m a, = 0.01 m 
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nA = (.03 m) sin T(t - 4) 
Y = (.03 m) [sin Tmt cos 41m - cos mt sin 4r] 


Y. =~ (.03 m) Sin tt 


Y, = (.01 m) sin t. (t - 8/3) 
Y, = (.01 m) [sin Tt cos 81/3 - cost t sin 81/3] 
Y = (.01 m) [sin mt (-1/2) - cos mt( ¥3/2)] 


-.005 m sin tt -.00866 cos mt 


Y2 
The resultant wave motion of the particle is, 


Y= TA 


(.03 m) sin mt -(.VU05 m) sin mt -(.00866 m)cos Tt 
= (.025m) sin mt -.00866 cos Tt (3) 
We will write this in the form, 
y = A sin (tt +6) 


= A sin Tt cos $+ A cos tt sin ọ (4) 
Comparing (4) with (3), 


A cos ¢ = .025 m 


A sin > = -.00866 m 


a2 (sin? p 4c087$) = A*.=.(.025 m)? + (.00866 m)? 
A = .0264 m 
and, 
-.00866 _ _ 
tan o = E) 5 ~ 346 
-tan ġ = .346 
But, 


-tan ¢ = tan (-$) and 


tan (-o) = Cheha 
-o = tan (. 346) 


-ġ = 19,19 


ELECTROMAGNETIC WAVES, POLARIZATION 
@ PROBLEM 3808 


What is the speed of an electromagnetic wave in empty space? 
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Solution. The speed of an electromagnetic wave in a sub- 
Stance can be determined by using: 


1 


V = — 
ve 
where u is the permeability and e the permittivity of the 
substance. 





Up = 4m x 107” nt/amp? 
ep = 8.55 x 107)? cou1?/nt-m? 
y= ook 
00 
1 





An x 10°’ x 8.85 x 10 °° coul“/amp’-m 


3.00 x 108 m/sec. 
@ PROBLEM 809 


H. Hertz produced radio waves whose wavelength was 
about 3 m. What was the frequency of the oscillating 


electric charges responsible for this electromagnetic 
radiation? 





py oscillating 


tr 


transmitter receiver 
Solution: Hertz produced radio waves by use of an 
induction coil. This alternating current generator was 
connected in series with a metal loop containing a gap 
in it (see the figure). A second loop (the receiver) 
with a similar gap was placed a few feet away from the 
first loop (the transmitter). The induction coil created 
an arc discharge across the gap of the transmitting 
circuit. A similar discharge appeared across the gap 
of the receiving circuit. Apparently, the disturbance 
at the first circuit was transmitted to the second 
circuit. This disturbance was shown to propagate with 
the speed of light c. 


The effect of the AC generator is to cause the 
electric charge within the wire in the transmitting 
circuit to oscillate about an equilibrium position. 

An oscillating charge undergoes acceleration and emits 
electromagnetic radiation with a frequency equal to 
the oscillating frequency of the charge. The electro- 
Magnetic wave disturbance is transmitted through space. 
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When it reaches the receiving circuit, it causes the 
charge in the wire to oscillate. An AC current is then 
created. An arc discharge is then developed across the 
gap due to this current. 


If the wavelength of the wave is given, the 
frequency of the wave can be found by use of the 
following relation. 


c = fì 


Since the value of the wavelength, A = 3m, and the speed 
of light,c = 3 x 10° m/s, are known, the frequency is 
then 
ft ax 16 “M/s = 8 
ek (en 7A = 1 x 10° Hz 


This frequency falls within the present-day FM radio 
band. The frequency of the source (i.e. the oscillating 
charge) is the same as that of the wave, so the current 
(i.e. the movement of charge) is oscillating at a 


frequency of 1 x 10° Hz also. 
@ PROBLEM 810 


The solar constant, the power due to radiation from the 


sun falling on the earth's atmosphere, is 1.35 kWem 7. 


What are the magnitudes of Ë and $ for the electro- 
Magnetic waves emitted from the sun at the position of 
the earth? 





Solution: Starting with the electromagnetic waves at 
the earth, it is possible to determine E and B by two 
methods. (a) The Poynting vector 


ga tex eB 
Uo 


gives the energy flow across any section of the field 
per unit area per unit time. 


Here, È and B are the instantaneous electric field 
and magnetic induction, respectively, at a point of 
space, and wy» is the permeability of free space. If we 


approximate the sun as a point source of light, then we 
realize that it radiates electromagnetic waves in all 
directions uniformly. However, the distance between 
earth and sun is very large, and we may approximate 

the electromagnetic waves arriving at the surface of 


the earth as plane waves. For this type of wave, È and 
B are perpendicular. Thus 
[S| = |= È x ž| = EH = 1.35 x 10? Wem ? 
0 


[0] 
vacuum. (H is the magnetic field intensity.) 


> 
where we have used the fact that Jul= in 








But in the electromagnetic field in vacuum, 
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€E? = uoH?, or E Yeo/vo= H. Then 


E x /eo/uo E = EH = 1.35 x 10° Wm? 
or E? =Yuo/eo x 1-35 x 103 Wem ? 
377 Q x 1.35 x 103 Wem 2. 


E = 45209 x 105 Vem} = 0.71 x 103 vem ?. 
Similarly, 


yo (1-35 x 10° Wem 7) 
E 





B = uH = 


4n x 1077 Weber!A t-m !) (1.35 x 10? Wem ? 
.71 x 103 Vem ? 


-, Weber:W:A ‘+m ? 
2.39 x 10 ——— eF 


w 
1l 


But I wa rgis } andlv=l J-C! whence 


> 99% Bors Weber «+ J s s! eA) + m? 


Jorn Ce? 
B = 2.39 x 10 © Weber * m °. 


B 


(b) The electromagnetic energy density (or, energy 
per unit volume) in an electromagnetic field in vacuum 


is woH? = eoE2. The energy falling on 1 m? of the 
earth's atmosphere in 1 s is the energy initially con- 


tained in a cylinder 1 m? in cross section and 3 x 10° m 
in length; for all this energy travels to the end of the 
cylinder in the space of 1 s. Hence the energy density 
near the earth is 

1.35 x 10? Wem ? 


3 x 108 ms ? 


Lo H? = E0E? = 


Here, €9 is the permittivity of free space. 


1.35 x 10? Wem 2 


E? = 
8.85 x 10 !2 c2eN '«m 2 x 3 x 10? ms ? 
p? = 2-35.* 10’ W 
26.55: oin meg 
But l1 W= 1 J's ! = 1 Nemes ? 


E? = 5.085 x 105 N/C N ! = 5.085 x 10° N?/C? 


or E=.71 x 103 Nec! = .71 x 10> vem ? 


2 S ger 2 
Ates noH? m Bee 1.35 x 10° Wem 


Ho 3 x 10 ms ? 
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án x 10 7 N'A? x 1.35 x 10° Wm? 
3 x 10° ms? 


2.36 x 10 © Wbhem 2. 


w 
li 


@ PROBLEM 811 


Show that a particle subjected to two simple harmonic 
vibrations of the same frequency, at right angles and 
out of phase, traces an elliptical path which de- 


generates to two coincident straight lines if the phase 
difference is m. Indicate the relevance of this to a 
half-wave plate. 








Solution: Let the vibrations be taking place along 
the x- and y-axes with a phase difference of p between 
them. Then if x = a sin wt, y = b sin (wt + 6). Since 
sin (a + 8) = sin a cos 8 + cos a sin 8 


č sin wt cos ọ + cos wt sin 6 


x / sk ee 
a cos > + 1 a2 sin 6 


Here we have used the fact that 


cos wt = Vl - sin” wt 


z gt 2 2x 7 AR in 
s + =z cos* @ - = cos ġ = |1 e sin? ọ 


2 ” 
(cos? ¢ + sin? $) + Zr = zxy cos $ = sin? ọ 


a x 


x? ii _ 2xy shee" 
or ot + b? ab cos ¢ sin^ 9 

This is the general equation of an ellipse where 
the major and minor axes do not coincide with the x- 
and y-axes. Thus the particle always has x- and y- 
coordinates such that the point they define lies on 
an ellipse. The particle thus follows an elliptical 
path. 


If ġ = 1/2, 37/2, 57/2, ..., the equation of the 


path reduces to (x?/a?) + (y?/b*) = 1, which is an 
ellipse with the major and minor axes coincident with 
the coordinate axes. 


When » = 7, the equation of the path becomes 
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2 


eÈ 
i 


0, 


|’ 0. 


This is the equation of two coincident straight 
lines x/a = - y/b, inclined to the negative x-axis 


at an angle tan ' (b/a). (See figure.) 


e 


4 ue 
b? 


oK 


x 
i = + 
that is | 


In the case of a half-wave plate, plane-polarized 
light striking the plate is split up in two components, 
O and E, plane-polarized at right angles to one another 
and initially in phase. These pass through the plate 
at different speeds and the thickness is such that on 
emergence the two beams are out of phase by 7. Any 
particle affected by the two components will thus be 
affected by two simple harmonic vibrations at right 
angles, out of phase by 7. As can be seen from the 
above analysis, the particle would trace a straight- 
line path. This means that the two components are 
equivalent to a single vibration at an angle 


tan ! (b/a) to the slower component, b/a being the 
ratio of the amplitudes of the components of the 
incident light on entering the plate. If the plane- 
polarized light is striking the plate at an angle of 
45° to the two transmission directions, then it is 
resolved into two equal components so that b = a. 
The emerging light is thus plane-polarized ina 
direction making an angle of - 45° with each of the 
principal directions in the plate. 


@ PROBLEM 812 










The captain of a submarine fitted with a directional 
transmitter finds that he receives bad echoes from the 
sea bed when he is submerged if the transmission di- 
rection makes an angle greater than 45° with the 
vertical (see Figure (A)). He wishes to transmit a 
message to shore using radiation which is completely 
horizontally polarized. How far from the coast should 
he surface if the receiving point is a house on top of 
a coastal cliff 500 ft high and he intends to polarize 
his radiation by reflection on the sea surface? Take 
the location of the transmitter as 12 ft above the 
water when the submarine has surfaced. 














FIGURE B 
FIGURE A 500ft 


Solution: If the transmission direction makes a small 
angle with the vertical, most of the radiation passes 

through the water surface into the air and only a small 
fraction is reflected back to the ocean bed to produce 
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echoes. The amount reflected increases with the angle 
until, when the critical angle is reached, reflection 
is total, and the echo becomes troublesome. The re- 
fractive index of water for the radiation used is 
found from Snell's Law, 


si 6. =n_.. sin 9 
Ba at air f 


where ð; and 0. are the angles of incidence and re- 


fraction for the transmitted signal. We are told that 
the critical angle is A = 45°. At the critical angle, 


0. = 90°. Hence, 


Pe ee s 
n= ae v2 = 1.414. 


When the submarine has surfaced, it can produce 
a completely plane-polarized beam by reflection of the 
radiation at the Brewster angle from the surface of 
the sea. The angle required is tan ọ = n = 1.414.That 
is, ¢ = 54.75°. (See figure (B)). 

Thus, the distance of the submarine from the cliff 
is 

d = si; + S2 

From figure (B), however, 


12 ft = tan (90 - 9) = tan 35.259 
ana oft = tan (90 - ġ) = tan 35.25° 
a Doo Se 13 ft _ 512 k 
i = tan 35.25° * tan 35.250 0.707 ft = 724 ft. 


VIBRATING RODS & STRINGS 
@ PROBLEM 813 


A string 100 centimeters long has a frequency of 200 


vibrations per second. What is the frequency of a similar 
string under the same tension but 50 centimeters long? 





Solution: Since the frequency is inversely proportional 
to length, the frequency of the 50-centimeter string is 
2 x 200, or 400 vps. 


@ PROBLEM 814 


A string 100 centimeters long has a mass of 4 grams and 
emits a frequency of 250 vibrations per second. Another 


string 100 centimeters long has a mass of 1 gram. What 
is the frequency of the second string if it is put under 
the same tension as the first? 





Solution: The second string has one-fourth the mass of 
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the first. The square root of % is 5. Since the frequency 


varies inversely as the square root of the mass per unit 
length, the frequency of the second string is 2 x 250, 
or 500 vps. 

@ PROBLEM 815 


A brass rod of density 8.5 g*cm™~ and length 100 cm is 
clamped at the center. When set into longitudinal 
vibration it emits a note two octaves above the 
fundamental note emitted by a wire also of 100-cm 
length weighing 0.295 g and under a tension of 20 kg 
weight which is vibrating transversely. What is 
Young's modulus for brass? 





displacement waves 
In general, (2n+1)A=L, n=0,1,2... 
2 


Solution: The rod vibrates with its center clamped 
(see figure). Its fundamental frequency of vibration 
is thus such that the center of the rod is a node and 
each of the ends an antinode. The length of the rod,L, 
is half a wavelength (A). Thus A = 2L. Further, the 
speed of sound in the rod is c = VY/p, where Y is 
Young's modulus for brass and p its density. Hence 
the frequency of vibration is 


For the vibrating wire the length is the same and, 
if u is the mass per unit length of the wire (u = m/L) 
the frequency of the fundamental vibration is 


where m is the mass of the wire. But f = 4f,, since one 
frequency is two octaves above the other. Hence 


Lahn de FE 
2L 0 a m 


N 





or Y 


_ l6 x 8.5 gcm ° x 2 x 10" kg x 981 cm's ~ x100 cm 
0.295 g 





9.04 x 10}! dynes*cm™. 
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@ PROBLEM 816 


A string under a tension of 256 newtons has a frequency 


of 100 vibrations per second. What is its frequency when 
the tension is changed to 144 newtons? 





Solution: The tension is only see as much as it was at 





i 144 ._ 12 3 : 
first. The square root of z356 18 Te OF: Since the 


frequency is directly proportional to the square root of 
the tension, the new frequency is 


i x 100, or 75 vps. 


© PROBLEM 817 


One end of a horizontal wire is fixed and the other passes 
over a smooth pulley and has a heavy body attached to it. 
The frequency of the fundamental note emitted when the 
wire is plucked is 392 cycles*s~'. When the body is 
totally immersed in water, the frequency drops to 343 


cycles+*s~!. Calculate the density of the body. 









ny 
\ 
Gc 


-> 
Veg eas 


Solution: Let the density of the body be p and its 
volume be V. The density of water is l g-cm~* = po. 


In the first case, the weight of the body is balanced 
by the tension $ in the wire. In the second case, a 
third force, the buoyancy, enters into the calcula- 
tion. (See the figure.) The weight of the body is 
balanced partly by the new tension in the wire, Se 


and partly by the buoyancy, Ù, acting on it according 
to Archimedes' principle. That is, U is equal to the 
weight of water displaced by the body. Since the volume 
of the displaced water is equal to the volume of the 
body, then U = (Vpo)g where Vp, is the mass of the 


displaced water. Thus 
S = V pg 


where Vp is the mass of the body and 


So + U = So + V Pog = V Pg, 
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the buoyancy due to the air in the first case being 
ignored. 

The frequencies of the fundamental notes emitted 
in the two cases are 

l "S 1 So 
T = e a Sd — 
1 JL Pi u and E JL i 

where u is the mass of the wire per unit length 
(the mass density). Thus 

£5 So Vpg-.V Pog P- Po 


f? S V pg p 


à iy fi po _ 292° a 1 ato 
f? - £2 G92? - saad s~? 


4.27 geom™?. 





© PROBLEM 818 


A flexible wire 80 cm long has a mass of 0.40 gm. It is 
stretched across stops that are 50 cm apart by a force of 


500 nt. Find the frequencies with which the wire may vi- 
brate. 








incident wave 


==- -— reflected wave 





se ~ ~- 


Solution: The speed of a wave through a medium is deter- 
mine y its elasticity and inertia. The elasticity is 
what causes a restoring force to act on any part of the 
medium displaced from its equilibrium position. The 
reaction of the displaced portion of the medium to the re- 
storing force depends on its inertia. for a stretched 
wire, the tension T is a measure of its elasticity; the 
greater the tension, the greater is the elastic restoring 
force on the displaced portion of wire. The inertia is 
measured by m, the mass per unit length of the wire. The 
speed of the wave has been found both analytically and 
experimentally to be, 


_ PET sft 500 nt 
y = pTi ad = 
0.40 x 10 kg/0.80 m 
Bd 10° m*/sec* = 1000 m/sec 


The wire can only vibrate in a standing wave pattern, 
since it is stopped at two points (see figure). The 
incident wave is reflected at points A and B and rein- 
forces the later incident waves, producing the pattern 
shown. Hence, à is related to L by, 

nÀ 


L= 7 (1) 
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Hence, 


A= oS 


Since the velocity of a sound wave is related to its fre- 
quency f and wavelength by 


ve=f 
we obtain, 

vy. 2b 

£ n 


or, 
f=-2V-2 (0° m/s) 
2L (2) (50 x 10°* m 
f=nx10°s? 
Putting in values of n, we find, 


Seas RD | 

fy = 10° s 

f, =2x 10° s+ 
f,= 3x 10? st 
fi =n iat 


The other possible frequencies are the integral multiples 
of 1000 vibrations/sec, that is, 2000, 3000, 4000,...., 
vibrations/sec. 


© PROBLEM 819 


To what tension must a brass wire of cross-sectional 
area 10~* cm? be subjected so that the speed of 


longitudinal and transverse waves along it may be the 


same? Young's modulus for brass is 9.1 x 10'! dynes*cm~’. 
Is this situation physically realizable? 





Solution: The speed of transverse waves in the wire is 


YS/u, and of longitudinal waves VYY/p, where Y is the 
Young's modulus of brass, S is the tension in the wire, 
p is the density of brass, and u is the mass per unit 
length of the wire. 


In this problem we require that YS/u = VY/p. 


°, S= y =| Mass per unit lengthy = ay 
p mass per unit volume 


where A is the cross-sectional area of the wire. 
Therefore 
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S = 107 cm? x 9.1 x 10!) dynes-cm 7 


9.1 x 10° dynes 


Since the formula for Young's modulus is Y = 
(S/A) (42/2), then S = AY implies A&/2 = 1. In other 
words, the wire must stretch by an amount equal to 
its length £. The elastic limit would have been 
passed long before this point. The situation is 
therefore physically unrealizable and longitudinal 
waves will always travel faster than transverse ones 
in the wire. 


© PROBLEM 820 


identical wires are stretched by the same tension of 
N, and each emits a note of frequency 200 cycles*s7!. 


tension in one wire is increased by 1 N. Calculate 
number of beats heard per second when the wires 
plucked. 





Solution: The frequency of the fundamental note emitted 
by each wire before the tension change occurs is 


1 P 
‘=o e (1) 


If T changes, v will also change. We can find the 
relation between these 2 changes by taking the derivative 
of (1) with respect to T 


dv 
aT 


= 

2L 
Wei ful 
ar ay T 

1 T 

LT 


dv _ a ef ae 
aT 4 Tu? 4LT u 
From (1) 
dv _ _v 
aT 2T 
v AT 
Hence, Av uv > 


where Av is the frequency difference induced in the 
string as a result of a change in tension AT. In other 
words, Av is the number of beats observed if the 


string's tension is changed by an amount AT. Using the 
given data 


= |200 eee) [aN 
Av = 5 cycles:s | (xs) 
Av = 1 cycless™ 


858 


@ PROBLEM 821 


Calculate the velocity of a transverse pulse in a string 
under a tension of 20 lb if the string weighs 0.003 lb/ft. 








x+dx 


Solution: Consider the section of string shown in 

igure A, which is under the tension T. This segment can 
be interpreted as being part of the pulse being trans- 
mitted along the string. The net force acting in the y 
direction is 


F =T sin 0 


y x + ax” T sin oy 


Since a and 9 are small, we have approximately, 


x + dx 


i xs x 
sin Os By tan 0. 


sin 6 ~ tan 6 


x + dx * a. + dx x + dx 


- tan 9.) 


Therefore, F, = T(tan 0. i Re 


d 
but tan 9 = (3z) 
x + dx ox Cu ae 


ðX 


tan we = (32) 
x (See fig. B) 


dy and əx have the same meaning as dy and dx, they are 
small increments of y and of x,respectively. The 9 
symbol indicates that more than one variable is under 
consideration. 


Hence, F, =T le - 3x) | (1) 
x 


ox 


at] + dx 


Now, by Taylor's theorem, given a continuous and 
differentiable function G(x), 


2 3G 
G(x + dx) = G(x) + ax AX + wos 
G(x + dx) - G(x) ~ 38 ax (2) 


Higher order terms have been neglected because dx is 
so small that terms involving (dx)? or higher must ne- 
cessarily be negligible. If G(x) = dy/dox, then we have 
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from (2) 


2x) - 4 = ð z) dx = 3Y dx 
ðX » 4:40 ox fe ox (əx 9x2 


2 
Hence , (1) becomes F, = T 2 Y ax 
y 9 x? 
_Denote the mass per unit length of the string by 
u (i.e. u = dm/dx). The mass of the segment dx is then 


m = udx. By Newton's second law, the vertical accelera- 
tion of the string segment, a is 


F, = ma 
y 


2 2 
T ay ax = (udx) a" y 
9 x? 3 +? 


se. tee (3) 
ax? 7 9 t2 


Equation (3) is of the form of the wave equation 


where y(x, t) is the displacement of the wave at position 
x and at time t, and v is the velocity of the wave. For 
the transverse wave, then 


v= /t 
u 


Returning to our original problem, 


T = 20 1b, 
_ 0.003 _1b/ft 
p = 32 r 
ft/sec? 


P y B eos E T T tt 
x =y 0.003 1b/ft 7 Sec ` 
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CHAPTER 26 


ACOUSTICS 





Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 863 to 
879 for step-by-step solutions to problems. 






Sound waves are treated exactly like other waves with the frequency 
and wavelength related by v = va. They are longitudinal waves corre- 
sponding to compression and rarefaction of the medium of bulk modulus 
B. As noted in GASES, the speed of sound (under adiabatic conditions) is 


C, = v = VBip = VyRIM 


where y = c/c, 


Generally, c, = a (B + 4/3 S m) p isa velocity of longitudinal waves 
in an infinite body; however, for the ideal fluid case the shear modulus is 
S„ = 0. Under standard conditions, the speed of sound in air may be 
calculated as 330 m/s. The speed of fast-moving objects is often compared 
to the speed of sound in terms of the Mach number m = v/v, 


The Doppler effect describes what happens when there is relative 
motion between the source of the sound and the observer. Let v, be the velocity 
of the source and v, that of the observer. Then, the frequency observed by 
the observer is 


v= u(vv ,)/(v+v,)- 


For example, in the situation of Figure 1, since v, = 0 and the observer 
is moving away from the source, we expect that i” > à or vw’ < v. More 
precisely, v’ =v (v—Vv,)/v. In the situation of Figure 2, where v, = 0 and the 
source is moving towards the observer, we expect that à’ < à and hence 
v’ > v. More precisely, v’ = v v/(v - v). 


As mentioned in the last chapter, a travelling wave moving to the right 
and one moving to the left may interfere to produce standing waves of 


Vo Vs 
e Deae ie e 
S S (0) 
Figure 1 Figure 2 
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amplitude A, Fora string of length L, the usual condition is L = nd/2, where 
the n = 1, 2, and 3 waveforms are shown in Figure 3. The points where y 
= + Aare called antinodes and the points where y = 0 termed nodes. Hence, 
the number n gives the number of antinodes. 


The situation in a pipe closed at both ends is exactly the same L = 
nd/2 as Figure 3. Only now we are speaking about pressure or sound waves 
interfering. For a pipe open at both ends, we also have L = nd/2 as in Figure 
4. Finally, for a pipe open at one end and closed at the other, the reader may 
draw the waveforms and see that L = n\/4 where n = 1, 3, 5, etc. 


Since v = v/h, we get for the frequencies v, = n v/2L =n v,, where v, is 
called the fundamental frequency or the first harmonic. The term har- 
monic is used here since we have a harmonic series or quantized equation. 
Similarly, v, and v, are the second and third harmonics. 


fo, TN Gy ARN, 


Figure 3 


NR Tenn 


Figure 4 
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Step-by-Step Solutions to 
Problems in this Chapter, 
“Acoustics” 






@ PROBLEM 822 


What is the frequency of a 2-cm sound wave in sea water? 


The velocity of sound in sea water is u = 1.53 x 10° 
cm/sec. 





Solution: The 2-cm is the wavelength à of the sound 
wave. The frequency is given by 


vV = = 
1.53 x 10° cm/sec 
2 cm 
= 7.6 x 10° Hz = 76 kHz 
which is an ultrasonic wave (that is, above the human 
audible range). A 2-cm sound wave in air would be 


audible. 
e PROBLEM 823 


The frequency of middle C is 256 sec |, What is its wave- 


length in air? 





Solution: The velocity of sound in air varies with temper- 
ature. At 18 C,which is a common room temperature it is 
3.4 10% cm/sec. Hence, since 


Wave velocity = Frequency x Wavelength 


we see that 


= Wave velocity 
Wavelength = Frequency 


== FA x 104 cm/sec. 
256 sec 


= 133 cm. 


This is approximately 4 feet. When the pianist plays middle 
C, the high pressure regions traveling toward a listener 
through the air are about 4 feet apart, but they are moving 


with the very high speed of 3.4 x 104 cm/sec (760 mph) and 
so 256 of them arrive at the listener's ear every second. 


@ PROBLEM 824 


A sound with a frequency of 1,000 cycles per second is 


produced when the air temperature is 15° centigrade . 
What is the wavelength of this sound? 
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Solution: Velocity (v), frequency (n) and wavelength 
(1) are related by the relation v = nì. The speed of 
sound at sea level at 0°C is 1090 ft/sec. This speed 
increases by 2 ft/sec for every degree centigrade above 
0°C. Hence, 


Velocity in ft/sec 1090 + (2.x 15) 


1090 + 30 


1120 
Since v = ni, 


À 


v/n 


_ 1120 ft/sec 
~ 1000 cycles/sec 


1.12 ft/cycle. 


© PROBLEM 


Find the theoretical speed of sound in hydrogen at 


0°C. For a diatomic gas y = 1.40, and for hydrogen 
M = 2.016 gm/mole. 





Solution: Sound waves are longitudinal mechanical 
waves. That is, they are propagated in matter and the 
particles transmitting the wave oscillate in the di- 
rection of propagation of the wave. The speed of the 
wave is determined by the elastic and inertial pro- 
perties of the medium. For a gaseous medium, the 
elastic property depends on the undisturbed gas 
pressure po and the inertial property on Roe the 


density/mole of the gas. With ¥ a constant called the 
ratio of specific heats for the gas, the velocity is 





v = V¥po/@o 
Since for one mole of gas, 
= RT. — we have 
Po vV M 


1.40 [8.317 joules/ (mole K°) J(273°K) 
2.016 x 107? kg/mole 





1.40 x 8.317 x 273 joules 
2.016 x 10 3? kg 





1.25 x 10° m/sec 


@ PROBLEM 826 





A sound is returned as an echo from a distant cliff in 
4 sec. How far away is the cliff, assuming the velocity 


of sound in air to be 1100 ft/sec? 
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Solution: The sound travels the distance (s) between 
cliff and observer twice. Hence 


2s =vxt 


where v is the velocity of sound, and t is the time 
required for the entire trip. Therefore, 


gaa Bas t- (1100 ft/sec) x (4 sec) _ 2200 ft. 


@ PROBLEM 827 


Using the speed of sound at sea level as approximately 


750 miles per hour, what is the velocity of a jet plane 
traveling at Mach Number 2.2? 





Solution: 


_ velocity of bod 
Mach Number = Velocity of sound > ana 


velocity of body = Mach Number x velocity of sound, 
whence 


Velocity of sound = 750 mph x 2.2 


1650 mph = 2200 ft/sec approximately. 
© PROBLEM 828 


Compute the speed of sound in the steel rails of a rail- 


road track. The weight density of steel is 490 1b/ét?, 


and Young's modulus for steel is 29 x 10°1b/in-. 





Solution: For an elastic medium, the speed of longitudinal 
ee : 
waves 1s given by 


Where Y is Young's modulus, p is the density of the medium 


and p = > where D is the weight density of the medium. 


29 x 10 I1b/in 32 LEIS 
490 lb/ft 


In order to keep all length dimensions consistent, we must 
change 29 x 10° 1b/in* to 1b/ft Hence, 


2 29 x 10° w 
„328% 10 nib 


6 2 Tat ft? 6 2 
29 x 10° ib/in® = 29x 144 x 10° 1b/ft 


29 x 10° 1b/in 


Therefore, 
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TN 9 x 10° x 144 lb/ft 
490 lb/ft 
= 1.6 x 104 ft/sec 
© PROBLEM 829 


A small sports arena is designed by an architect in the form 
of a dome with radius of curvature R = 115 ft mounted on a 
cylindrical base 75 ft in radius and 30 ft in height. 

The dome acts as a spherical mirror with a focal length 
f = 1/2R = 57.5 ft. The top of the dome is the vertex of 
the mirror. It is of interest to calculate the location of 
the focal point with respect to the ground surface of the 


arena. 





Solution: From the diagram 


y + (R- x)? = R? 
EPT E 
= (115? + 75? et? 
= 87°ft? 


R - x = 87 ft 


(115 - 87)£t 


kad 
il 


x = 28 ft 


The distance from the vertex of the dome to the ground sur- 
face is x + 30 = 58 ft, the same as the focal length. Thus 
the focal point of the mirror lies on the ground surface at 
the center of the arena. 

As a result of this there will be a tendency for spec- 
tator noise to be focused at the center of the ground sur- 
face, and the noise there is liable to be deafening. There 
exists a hockey arena that has been designed this way 
(accidentally), and in the center ice region the noise is 
of such intensity that the players can not hear the whistles 
of the officials. 


What is the wavelength of the sound wave emitted by a 
standard 440 cycles per second tuning fork? 






Solution: Noting that the velocity (v), frequency (n), 
and wavelength (A) of sound are related by v = nì, and 
assuming the velocity of sound to be 34,000 cm/sec, or 
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approx. 1100 ft/sec, we find 


à = v/n = H00 EE = 2.5 ft (approx.) 


© PROBLEM 831 


When two tuning forks are sounded simultaneously, a 
beat note of 5 cycles per second is heard. If one of 
the forks has a known frequency of 256 cycles per 


second, and if a small piece of adhesive tape fastened 
to this fork reduces the beat note to 3 cycles per 
second, what is the frequency of the other fork? 





i This problem involves the phenomenon of 
beats. When two similar waves are superimposed, the 
beat frequency represents the numerical difference 
in their frequencies. Hence, for the case in question, 


n = (256 + 5)cycles/sec 
where n represents the unknown frequency. 


It appears that n has two possible values, either 
251 or 261. Now, when the standard fork is loaded 
with the tape, its frequency will decrease. Since 
the beat frequency is then reduced to 3 cycles per 
second ,the unknown frequency must be less rather 
than more than 256. Hence, 


n = 251. 
© PROBLEM 832 


Two trains moving along parallel tracks in opposite 
directions converge on a stationary observer, each 
sounding its whistle of frequency 350 cycles: s` 


One train is traveling at 50 mph. What must be the 
speed of the other if the observer hears 5 beats per 
second. The speed of sound in air is 750 mph. 





Solution: When a source is moving toward a stationary 
Observer, the latter hears a frequency for the emitted 
note which is related to the frequency of the source 

by the expression f = uf, /(2 ep where u is the speed 


of sound in air, Vs is the speed of the source and fs 


is the frequency of the sound emitted by the source. 
If one of the trains is moving toward the observer 
with v; and the other with speed v2, then since both 


have the same frequency whistle, 


uf 


fy ee and 
= - jt 


uf -1 
= s _ 750 mph x 350 s = = 
fe = pony (ee soy T aa 


But the observer hears 5 beats per second. This 
corresponds to a frequency difference fı - f2 = 


1 =~] 


+ 5 cycles + sec. Hence, fı = 370 cycles * s or 
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380 cycles + s”. 


u 

j = er = <r >i 

ia fı = SEIRA 370 s or 380 ‘8°. 

-1 
uu - v, = 250 mph x 350 s iaa 
370 aM 
=T 
750 mph x 350 s = 709.5 mph or 690.8 mph. 
380 s7 

oh vi = 40.5 mph or 59.2 mph. 


@ PROBLEM 833 


Estimate the upper limit to the frequency of "sound" waves 
in ordinary matter. 





(a) The behavior of the atoms for a (b) There is no meaning in a wavelength 

tranverse wave with a wavelength shorter than the distance between atoms 

longer than the distance between atoms. because there is nothing in between the 
atoms to oscillate. 


Solution: The relation v = a (1) 





where v, v, and \ are the frequency, velocity and wave- 
length of the sound wave, respectively, makes it clear 

that the higher the frequency the shorter is the wavelength. 
We are therefore asking what is the shortest wavelength 
sound can have. The answer is that, when the wavelength 
becomes shorter than the distance apart of the atoms, the 
concept of a wave breaks down because there is nothing in 
between the atoms to oscillate (see figure). The atoms are 
closest together in solids and highly compressed gases. 


However, when two atoms are about 10 $ cm apart they repel 
one another very strongly and it is difficult to force them 
any nearer. Consequently, in no material are the atoms or 
molecules found to be closer together than about 


1078 cm. This is therefore the order of magnitude of the 


shortest wavelength of sound. 
The highest value found for the velocity of sound is 
about 10°cm/sec. Using equation (1). 


; D st wa locit 
Highest frequency = test TER 


10° 
— + approximately 
10 


i] 


e197 sac* approximately. 
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This is much larger than the highest frequency yet produced 


experimentally, which is 2.5 x 102° sec l; 

The reader should note the character of these arguments, 
which are not precise calculations, but rather intelligent 
guesses. We have made it very plausible that the highest 


frequency is not very much bigger than 1014 sec +; It is 


conceivable that, by applying a very high pressure to the 
right gas or solid, we could force its atoms a little closer 


than 1078 cm and achieve a velocity of sound a little 

larger than 106 cm/sec. In this way we might perhaps realize 
a frequency of, say, 2 x 10 sec T, We should be very sur- 
prised, though, if we ever pushed the frequency up to we 


sec +. In fact we know that there is a limit to the pro- 
cedure, because there is reason to believe that, when the 
pressure on a substance becomes extremely large, its atoms 
break up into separate electrons and nuclei. 


What is the lowest frequency of the standing sound wave 


that can be set up between walls that are separated by 


25 EE? 
he, 
Regt 
N 
k 25 ft—, 
Lowest Frequency 


Standing Wave 
Illustration of Nodes 





Solution: A sinusoidal wave that maintains its overall 
shape between two termination points is called a standing 
wave. Its amplitude does change with time. For such a 
wave, the end points have zero amplitude at all times. 
Zero amplitude points are called nodes and occur every 
half wavelength. 


The wave of lowest frequency has the longest wave- 
length. For a given distance L, the standing wave of 
longest wavelength has A = 2L with the only nodes 
occurring at the termination points. Therefore, 


A = 2L = 2 x 25 ft = 50 ft 
The frequency of the wave is 


v = XY = 1100 ft/sec 
À 50 ft 


= 22 Hz 


which is close to the lowest frequency that can be heard 
by a human ear. Therefore, a room somewhat larger than 
25 ft is necessary in order to set up standing waves of 
the lowest audible frequency (for example, organ notes 
of 16 Hz). 
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@ PROBLEM 835 


A sonar device emits waves of frequency 40,000 cycles:s™. 


The velocities of the wave in air and water are 1100 


fts! and 4200 ftes °, respectively. What are the 
frequency of the wave in air and the wavelengths in air 


and water? 


Suppose that the device is fixed to the bottom of 
a ship. It emits a signal and the echo from the ocean 
bed returns 0.8 s later. What is the depth of the ocean 
at that point? 





Solution: The frequency of the waves emitted is the 
same in air or water. The surrounding medium has no 
influence on the vibration mechanism. Since A = c/f 
where c is the wavespeed, and f and A are the fre- 
quency and wavelength of the sound, respectively, we 
have (a) in air 


_ 1100 ft+s ` 
Ax 30". g.9 


29°75. LO Moke 


> 
Il 


and (b) in water 


_ 4200 ft's™ 
4x 10" s-! 


! 10.50 x 107 ft. 


Since the velocity of sound in water is 4200 ft's 7 
and the echo returns in 0.8 s after traversing 2d, 
where d is the ocean depth at that point, we have s = 


ct or 2d = 4200 ftes 7! x 0.8 s. 


riers d = 1680 ft. 
@ PROBLEM 836 


Two small loudspeakers A and B vibrate in phase at 
800 cps, and are set apart by 10 ft. The speakers 
emit spherical waves which obey the inverse square 
law with respect to intensity. The intensity varia- 
tion (for distances away from the speakers greater 
than a few inches) is 

30 

2 
RB 


The units are arbitrary; Ra is the distance from 


speaker A, is the distance from speaker B. Find 
the point of minimum intensity along the line joining 
the speakers. Find the first three points of zero 
intensity that are nearest to the speakers. 





Solution: Assume that points of minimum and zero 
intensity occur only at points of destructive inter- 
ference. Destructive interference of two waves occurs 
when the waves are 180° out of phase. The resultant 
amplitude at the point of interference will be the 
difference of the amplitude of the two waves at the 
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80 


B 
constructive destructive 
interference interference 





point. The speed of sound is 1200 ft/sec. Consider 
point C (in the figure) such that 

Ra = CA Rg = CB 
Wave cancellation occurs when the two waves are 180° 
out of phase. Since the two waves originate with 
a 0° phase difference, one wave must undergo a 180° 
phase shift (relative to the second wave) for destruct- 
ive interference to occur. In our case, the phase 
change is effected by letting the two waves move 
through different path lengths before they meet and 
interfere. Destructive interference will then occur 
when this path difference is an odd number of half 
wavelengths. This will insure a phase shift of 180°. 
Therefore, 


JR, - Ry] = (2n - 13 n= 1.°3, Bs 


Now, if A and f are the wavelength and frequency of 
the sound wave, and c is its velocity, 


Af=c 


à = S = 1200 ft/sec _ 1.5 ft 


800 sec”! 


rh 


We are also given that AB = 10 ft = Ra + Ry, when C is 
on the line joining AB; thus 


[3 85] =[R, = (10 4 R,) | = [2R - 10| 
and cancellation will occur for 


À 


2R, - 10 = (2n - 1) $ ETE REE PAE 
= (1) 42 = 0.75 ifn=1 
= (3) 48 = 2.25 if n= 2 
= (5) +52 = 3.75 ifn=3 
= (7) 42 = 5.25 if n = 4 and so forth. 


The resultant intensity at the point of destructive 
interference is 


e= |Z, = Ip] 


60 _ 30 
2 2 
3 a 
This follows from the very nature of destructive inter- 


ference; the intensities of the interfering waves 
tend to try to cancel one another. 








© PROBLEM 837 


1 


A vibrating tuning fork of frequency 384 cycles*s 
is held over the end of a vertical glass tube, the 
other end of which dips into water. Resonance occurs 
when the top of the tube is 21.9 cm and also 66.4 cm 


above the water surface. Calculate the speed of sound 
in air and the end correction of the tube. 


Assuming that the temperature is 13°C, what is 
the velocity of sound at 0°C (vo)? 





Source 






displacement 









ANTI- yi wave 
NODES i wa 
4-- ! displacement 
i e 
! "47774 NODES aly 
baw | 
| 
J 
FIGURE A 
FIGURE C 


FIGURE B 





Solution: Figure (C) shows the tuning fork in vibra- 
tion. In order to send a compression wave down the 
tube, one tine of the fork is pulled back to position 
c, and then is let go. During one oscillation, the tine 
moves from c to b and then back to c. Now, the pipes 
with which we are dealing have water at one end. This 
end must then be a displacement node, for the air at 
this end of the column is always at rest. Alternatively, 
it is a pressure antinode. Similarly, the open end of 
the tube is a displacement maximum, or a pressure node. 
Now, suppose the fork starts at point c and sends a 
compression wave down the tube. When this wave reaches 
the bottom of the tube, it must be reflected as a 
compression if that end is to remain a pressure anti- 
node. The reflected compression travels back up the 
tube. If resonance is to occur, the compression must 
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reach the tine of the tuning fork when the latter is 
ready to move from b to c. (In this situation, the 
tine is preparing to send a rarefaction down the tube). 
If this does not occur, the top of the tube will not 
remain a pressure node, for the reflected pressure 
wave and the new pressure wave will not cancel. Hence, 
in 4 oscillation of the tuning fork, the wave travels 
a distance 2L (twice the tube length). In general, 
resonance will occur if the wave travels a distance 
2L in an odd number of half oscillations of the fork. 
If the wave velocity is v and the frequency of the 


i the ce condition is 
fork is Vs ciatin * resonan o t 


2L = v(n + ZV eee (n 296 5°R;. 2-25.50" 


Since the wave frequency equals the source 
frequency, we may write 


vV = Y =N 
wave source 


But Vave =v 


where \ is the wavelength of the wave. Hence, (1) 
becomes 


_ v(n + 4) 
2L = syeger r 


Solving this for v 


ya 2Lyv = 
E E EE (n= 0j} os) (2) 


Therefore, we may measure v if we know the tube 
length, the source frequency, and the value of n. In 
practice, the tube is put in the water, and slowly 
drawn out as the fork vibrates. When the first reso- 
nance occurs, n = 0, and the length of tube extending 
out of the water is measured. Again, the tube is drawn 
out of the water. When the second resonance occurs, 

n = 1, and the tube length is again measured, etc. 
Each resonance will give us the same value for v, as 
equation (2) indicates. 

Using the relation 


v= vì 


where à is the wavelength of the wave, we may also 
write (2) as 


vy = 2L N; 
(n + 5) X 
or L= (n+) 4 Gè g H2 Soy (8) 


In practice, an antinode never occurs quite at the end 

of an open pipe. Its position is just beyond the end of 
the pipe, the maximum displacement slightly overshooting 
the end (see figs. (a) and (b)). Thus for the first reso- 
nance (n = 0 in (3)) the length of the tube will be almost 


873 





a quarter of a wavelength, and àì/4 = L + E, where L is 
the length of the air column and E is the end correction. 
Similarly, for the second resonance, 3\/4 = L' +E, 

where L' is the length of the air column when the second 
resonance occurs. Thus, using our data, 


L' - L = (66.4 - 21.9) cm 


N|» 


= 44.5 cm or à = 89 cm. 
Therefore the velocity of sound is 
v = fà = 384 s`! x 89 cm = 34176 cms ? 
= 341.8 ms }. 
Further, E = A/4 - L = (22.25 - 21.9) cm = 0.35 cm. 


The velocity of sound in a gas is proportional to 
the square root of the absolute temperature. Hence 


vo/v = VTo/T = V273°K/286°K = 0.977. 


.’. Vp = 0.977 x 341.8 mes! = 333.9 mes '. 
© PROBLEM 838 


When a Kundt's tube contains air, the distance between 
several nodes is 25 cm. When the air is pumped out and 
replaced by a gas, the distance between the same number 


of nodes is 35 cm, The velocity of sound in air is 
340 m-s7Í, what is the velocity of sound in the gas? 





Kundt's tube 


—| a — 
Solution: A Kundt's tube (see the figure) is a glass tube 
with sawdust spread over its interior. A piston P is set 
into longitudinal vibration and the wall W moved until a 
standing wave pattern of nodes and antinodes is set up 
within the tube. The sawdust will accumulate at all the 
nodal points, for these are the points of the wave for 
which there is no vibration of the gas. By measuring the 
distance d between the nodes, we may find the velocity of 
sound of the gas in the tube. Let the number of nodes 
involved be 2n + 1. There are 2n intervals between these 
2n + 1 nodes, and the total distance thus corresponds to 
2n half-wavelengths, or to n full wavelengths. 


The frequency of the emitted sound is the same in both 
cases, for it depends only on the frequency of the vibra- 
ting membrane which is causing the standing wave within 
the Kundt's tube. Thus ca = fry and can = fA_. 

G G 

Since there are, in the case of the air filled tube, 

n wavelengths in 25 cm of space, then the number of centi- 
meters of space one wavelength will contain is found by 
the following proportion. 
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25 cm 2 x cm 63% 
n wavelength 1 wavelength A 


Similarly for the case of the gas filled tube, 





35 cm = x_cm J XG 
Thus n wavelength 1 wavelength © 
g À 
c. w (35/n)em_ 7 > E, — 
ae S 32 = (287en Pe e Co Ep ia 
= 476 m'S `. 


If the number of nodes involved is 2n, then there are 
2n - 1 intervals between these 2 nodes. The total dis- 
tance thus corresponds to 2n - 1 half-wavelengths, or to 


n- $ full wavelengths. The same analysis as before holds, 
and 


cg Àg > (35/n - $ jem 7 
a Ta (a - Som S 


The same result is obtained, as it must, if an odd 
number of nodes are counted as if an even number of 
nodes are counted. 


@ PROBLEM 839 


(a) What will be the frequencies of the first and the 
second overtones of a pipe closed at one end of 
length 2 ft? (b) What will be the frequencies of 

the first and second overtones of an open pipe 

2.5 ft long? (c) Will there be any common beat 


frequency between these overtones? 





als 
1 
t 

NS 
f 
ti 


Fig. A Fig. B 


Solution: (a) Not all wave shapes can be fitted into 
a closed (or semi-closed) pipe. Only those waves which 
satisfy certain boundary conditions can exist in the 
enclosure. Only those waves which have a node (a 

point of zero amplitude) at a closed end of the pipe 
and which have an antinode (a point of maximum 
amplitude) at an open end, can exist in the pipe. 

The wave with the lowest frequency which can exist 

in a pipe closed at one end is one which has only 
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one node (at the closed end) and one antinode (at 
the open end). (See figure A). Its wavelength is 
à = 4 and its frequency ng (the fundamental fre- 


quency) is, using the relation Ang = v, where v 
is the velocity of sound, 


-~ V__v_ 1100 ft/sec _ -l 
I ah Fron = 137.5 sec 


ng 

The first overtone contains two nodes and two 
antinodes. The second overtone contains three nodes 
and three antinodes. In general, the nth overtone 
will contain n + 1 nodes and n + 1 antinodes. The 
first and second overtones of the pipe will then be 
the third and the fifth harmonic respectively, i.e., 
frequencies 3 times and 5 times that of the fundament- 
al (see figure A). 


š a a 
-e Nist 3( 137.5) 412.5 sec 


n SULTS 1.5) 687.5 sec 


2nd 


The only waves which can exist in an open pipe 
are those which have antinodes at both ends, of the 
pipe. The enclosed wave with the lowest possible 
frequency, n,(the fundamental) space will contain 


two antinodes and one node (see figure B). The first 
overtone contains three antinodes and two nodes. 

The second overtone contains four antinodes and 

three nodes. In general, the nth overtone contains 

n + 2 antinodes and n + 1 nodes. The first and second 
overtones will then be the second and third harmonics, 
i.e., frequencies 2 times and 3 times that of the 
fundamental. 


The wavelength of the fundamental is A = af 


and its frequency n,' is 


Vere Ll00.ft/sec _ 


= WS a “a 
ae a a SA 0.8 e 720, pee 
' = = -l 
Hence Nist 2 (220) 440 sec 
= 3(220) = 660 sec? 


' 
"ond 


The frequency difference for the first overtones is 
440 - 412.5 = 27.5. The frequency difference for the 
second overtones is 687.5 - 660 = 27.5. 


Thus a common beat frequency is 27.5 cycles per 
sec. 


@ PROBLEM 840 













A source emits sound waves at 1000 cycles/second frequency f 
and the speed of the wave with respect to the source is 1000 f£t/seécond 
("a 
(a) Calculate the wavelength a listener observes if he is at rest 
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with respect to the source (A, ) ? 
(b) If ‘the source moves with a velocity of 100 ft/second (w) 
towards the listener, what frequency (f1) and wavelength (A 1 
does he observe? 8 
(c) If the source moves at a velocity v_ away from the listener, what 
frequency ( fio ) and wavelength ( re 2) does fie observe? 








Solution: Everyone has heard the drop in pitch of a passing train's 
whistle. The Doppler effect is the apparent change of wave frequency 
observed by a listener when he and the wave source are in relative 
motion, In this problem,we deal with sound waves and derive the change 
in observed frequency and wavelength for two kinds of relative motion; 
motion of the observer and motion of the source. For any observer, 

v = Af , which means that the velocity at which he observes the wave 

to move is equal to the product of its observed frequency and wavelength. 
This is no more than an application of the conventional velocity de- 
finition v = As/At if we remember f = 1/T where T is the wave's 
period. Then v= Af = A/T where is the observed displacement in 


time T 
z a 4 2 _ 1000 ft/second _ 
(a) Using v= M, v= Afo’ Ay = P/T y T N 1 ft. 


(b) It is known that the velocity of waves in a medium depend only on 
the mechanical properties of that medium. When the source moves towards 
the listener (see in figure) a "bunching up" of waves is noted by 
the listener, as shown in the figure. We seek a mathematical relation 
to determine by what amount their wavelength is effectively reduced, 
and how the frequency is affected. 

In a time, t, the source emits t/T = f t waves. Along the line 
between listener and source these waves are spread over a distance 
vt - vate Thus, if the wavelength is smaller by a constant amount, 
it must now be 


Se Wen. te. pa K ‘s _ 1000 ft/sec - 100 ft/sec 


sl fot E A 1000/ sec 
_ 900 ft/sec 


“sec T 0.9 ft. 


As the speed of the wave is unchanged, the listener will observe an in- 
crease in the wave's frequency, according to 
1000 ft/sec 

a haat oa? ta" Ts I ites, 
(c) As the source recedes a listener observes the waves to occupy 
more space than those of a stationary source, as can be seen by looking 
at L in the figure. In a time, t, f t waves are emitted, spread over 
a distance v + vt As before, we tna the wavelength 


= 311) séc 2 
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vt+vet v 
yoa s“ _ ‘w* Ys _ 1000 ft/sec + 100 ft/sec 


s2 f t f 1000/sec 


= 1.1 ft. 


And, as in (b), we have for the observed frequency, 


v 


PND RERS K: ft/sec _ 909 
s2 Keo Lel E “ser 


@ PROBLEM 841 


A researcher notices that the frequency of a note emitted 


by an automobile horn appears to drop from 284 cycles:s” 


to 266 cycles-s + as the automobile passes him. From this 
observation he is able to calculate the speed of the car, 


knowing that the speed of sound in air is 1100 ftes}, 
What value does he obtain for the speed? 





Solution; This is an example illustrating the Doppler 

effect. When there is no movement of the surrounding 

medium the relation between the frequency as heard by 

a moving observer and that emitted by a moving source is 
f: 

eens ri 


Up Ya 


hh 


L 


u v 


It 


L 
where f; is the frequency heard by the listener, fs the 
frequency emitted by the moving source, vi the velocity 

of the listener, Vs the velocity of the source, and u the 
velocity of sound E 1100 £t+s 2) . The upper signs (+ left 
side of equation, - right side) correspond to the source 
and observer moving along the line joining the two and 
approaching each other and the lower signs (- left, 

+ right) correspond to source and observer receding from 
one another. 


In this case the frequencies heard by the stationary 


listener (“1 = 0) will be f, = vt /(u 7 V,): As the auto- 


mobile approaches the observer he records a frequency of 


284 cycles:s"+, and as the automobile moves away from him, 
Ł 


he records 266 cycles's` . Thus 
-È uf. 
284-85- mnam (1) 
u- v 
s 
uf 
and — 266 gt = —5— (2) 
u + Vs 


Dividing (1) by (2) 


Yo tig . Bee 


iy. ~ 266 
266(u + v3) = 284(u 7 v3) 


(266 + 284) v5 = (284 - 266)u 
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or v 18 


k See 
u S90" 
. _ 18 ~ oe cl 
nov = $ x 1100 ft-s” = 36 ftrs” = 36 ft+s 
a ee. l mile , 60s 60 min _ 
= 36 ft-s  * s380 fe * A bie ST ee a aR 


@ PROBLEM 842 











An airplane is flying at Mach 0.5 and carries a sound 
source that emits a 1000-Hz signal. What frequency sound 
does a listener hear if he is in the path of the air- 

plane after the airplane has passed? 





Solution: The frequency of a wave disturbance depends 
on the relative motion of the source and observer. This 
phenomenon is called the Doppler effect and can be 

determined. The wavelength A of a wave can be defined as 


_ distance 
no. of waves 


The no. of waves that a source of frequency Vs emits in 


time t is just vt If the medium permits the waves to 


travel at velocity v then the distance they cover in time 
t due to their own motion is vt. Since the source is also 
moving toward the listener at velocity vS and covers a 


distance vt this means that the waves have a distance 
vt - v to be spread out in. Therefore 


yE- = Vt p Mone Vs 
A ‘se oe = ae 
s S 


The frequency Vb of the wave as observed by the 


listener as the source moves toward him is 
oo Ys v Ys 
V, = > = VK —— = V | 
L AL, a S i s |v- v I1- v/v 
` s s 
If the source moves away from the listener, the va 
is considered negative in the above expression. 


A speed of Mach 0.5 means that the airplane moves 
at half the speed of sound in air. Therefore v,/V = 0.5. 


As the airplane moves toward the listener 


oe qa eas 
L l - 0.5 s 


so that the listener hears a 2000-Hz sound. 
After the airplane has passed the listener, the 
frequency he hears is 


vV 
s 


k TET IN 


ae 
= PENE. = 
l?G:5 3 “x 


N 


so that the listener hears a 667-Hz sound. 
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CHAPTER 27 


GEOMETRICAL OPTICS 







Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 882 to 
908 for step-by-step solutions to problems. 





Recall that light propagates at speed c = vA in a vacuum, or speed v = 
c/n in a medium of index of refraction n. Usually, the propagation of light 
is also represented as a ray moving in a straight line. For many problems 
in optics, one may use the fact that for a ray of light the angle of incidence 
is equal to the angle of reflection from a mirrored surface. Hence, the first 
part of solving an optics problem is always to draw an accurate ray 
diagram. 


Consider a concave spherical mirror of radius of curvature Ras shown 
in Figure 1. Let there be an object of height h at object distance s. Then the 
ray from the tip of the object is reflected so that the angle of incidence 0 is 
equal to the angle of reflection. Furthermore, a ray through the center of 
curvature is reflected back on itself. The intersection of these two rays 
defines the image distance s’ and the image height h’. 


By trigonometry, we find tan a = h/(s — R) = — h/(R-s’) and tan 0 = 
h/s = —h’/s’. These two equations may be solved for h‘/h to yield s‘/s = 
(R-s*)/(s—R)or 


1/s + 1/s’= 1/f 





Figure 1 
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[the spherical mirrorequation] where f= R/2is the focal length ofthe mirror. 
Note that an object distance s = ~ implies that s’= f : distant rays pass 
through the focal point (see Figure 2). 


Our equations also imply that the magnification m, = h‘/h is 
m; =-8’/s. 
A similar derivation gives the same mirror equation for a convex mirror. 


A different approach must be used to solve problems involving the 
propagation of light from one medium (of index of refraction n,) to another 
(of index of refraction n,). Refer to Figure 3. Snell’s law states that 


n, sin 6, = n, sin 6. 


Hence, given any three of the four variables, one can solve for the other. 
Note that for a vacuum or near vacuum (sometimes a good approximation 
for air), the index of refraction is one. 


Notice from Figure 3 that it is conceivable to have 8, = 90°. When this 
happens, 8, is called the critical angle 8, given by sin 8, = n,/n, Ifthe angle 
of incidence is greater than the critical angle, then we have total internal 
reflection: the light will not escape from the first medium. This principle 
is used to transmit pulses of light in fiber optic communication. 


Figure 2 





Figure 3 
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Step-by-Step Solutions to 
Problems in this Chapter, 
“Geometrical Optics” 






REFLECTION 
@ PROBLEM 843 


Prove that the virtual image observed in a plane mirror is 


the same distance behind the mirror as the object is in 
front of the mirror. 








Solution: As shown in the figure, let OA be the ray of 
light that strikes normal to the reflecting surface, while 
OB represents the ray that strikes the mirror at point B. 
The law of reflection states that the angle of incidence 

i equals the angle of reflection r, 


i= r. 


Rays DB and OA are extended back through the mirror to form 
triangle AIB, where point I is the apparent position of the 
image. Angle r must equal a; therefore, we obtain 


Angles b and c are equal since they are both right angles, 
Therefore, we have shown that the two triangles OAB and 
IAB are congruent, that is, coincide perfectly when super- 
imposed because they share a common side, AB. We conclude 
that OA = IA and that the virtual image appears as far 
behind the mirror as the object is in front of the mirror. 


@ PROBLEM 844 


What is the minimum length L of a wall mirror so that a 





person of height h can view herself from head to shoes? 





Solution: This is not easily solved by a diagram. We 
suppose that the person stands a distance x from the wall 
and that her eyes (E) are a distance y from the top of 
her head (H). To look at her toes (F) she looks at point 
A which is the point of reflection of a light ray from 
her foot. A must be at a height halfway between her 

eyes and feet (so that the angle of incidence equals 

the angle of reflection). Similarly to look at the top 

of her head she looks at point B. If OP = h and BP = 
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Mirror 


y/2, then the Jonath of the mirror is AB = PO - BP - OA = 
h - y/2 - 1/2(h-y) = h/2. Thus the minimum length of the 
mirror is h/2, and this does not depend on the distance 
x that the person is standing away from the mirror. 
© PROBLEM 845 






Prove that when light goes from one point to another 
via a plane mirror, the path chosen is the one which 
takes the least time. 


Solution: Let the points be A and B, and let C be 

any general point on the mirror. Orient the diagram so 
that the x- and y-axes are as shown. Draw the normals 

to the mirror surface passing through A, B and C. Now 

in specular reflection, the reflected ray lies in the 

plane determined by the incident ray and the normal to 
the mirror at the point of reflection. Hence A, B and 

C must be in the same plane. 


The coordinates of the three points are A(x, 0); 
B(X2, Yo); C(0, y). 


The length of the path ACB is, by the Pythagorean 
theorem, 

p = vx? + y? + vx} + (yo - y)” 

But the time of travel of light by this path, the 
velocity of light being, c, is t = p/c. For the path 


to be traveled in minimum time, we must have dt/dy = 0, 
where y is the variable which changes with path. Thus 
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S -š | (« $ y)” + (x3 + (yo - n)*| 


dt el fagga yT ay +e (d+ we - yr)? 
X 2(yo - y)(- 1)| 

24, St a 

ay ¢ |p Fy? WES y y 





To find the values of y which make t a minimun, 
we set dt/dy = 0. Hence, 


a | 
is 


oe ek Se ee 
vx? + y? EH + (Yo - y)2jJ° 


But since c # ~», the quantity in the braces must be 
zero. Therefore, 





Ye-7 Y 


EE Sina lye gence. a th (1) 
vxt + y? vx; + (yo - y)? 
Mio tal 
sin 0; = ——_ sin 0. <= -—<$<— = 
vx? + y? Vx? + (Yo es y)? 


Hence, (1) becomes 
sin 6; = sin 62 
and consulting the diagram we see that, 
6, = 82 
which is the law of reflection.Since light reflected 


specularly always satisfies this condition, the light 
ray follows the path which takes the least time. 


© PROBLEM 846 





An object is 12 feet from a concave mirror whose focal 
length is 4 feet. Where will the image be found? 


Solution: We first construct a ray diagram. 


The image is a real image (inverted) between the 
center of curvature and the focal point. It is smaller 
than the object. 


We now solve mathematically: 
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D. is 12 feet and f is 4 feet. Substituting in 


0 
ie 1 1 
Cae &  S 
Do Dy f 
1 + ais eS 
T2 TE D 4 ft 
whence 
D. = 6- ft. 


e PROBLEM 847 





An object is 4 inches from a concave mirror whose focal 
length is 12 inches. Where will the image be formed? 


Solution: First make a ray-diagram. 


Solving mathematically, 


Do is 4 inches and f is 12 inches. Substitution in 





1 1 1 

— +4 —_— = = 

Dy Dy £ 
ree E ee 
4 in. Dr 12 “En. 
whence Dy = - 6 in. 


which means that since Dy is negative the image is 6 


inches from the mirror on the same side on the mirror as the 
object and is virtual. 


© PROBLEM 848 











An object is placed 12 centimeters from a convex mirror 
whose focal length is 6 centimeters. Where will the image 
be formed? 





Solution: First, we construct a ray-diagram. 


Here we trace the path of two rays - one parallel 
to the axis, and one through the center of curvature. 
The image is virtual and smaller than the object (for 
the convex mirror this is true for all positions of the 
object). 


We may now solve mathematically. 


D, is 12 centimeters, f is - 6 centimeters. Sub- 
stituting in 





1 1 1 
— + —= = = 
Do Di £ 
dL, + dou 1 
12 cm Dy - 6 cm 
whence D, = - 4 cm 


I 


Dy is negative implies that the image is on the same side 
of the mirror as the object and is virtual. 
© PROBLEM 849 











Where would an object have to be located in front of a 
concave mirror in order to have a virtual image formed? 
Precisely where would it be located if the radius of 
the mirror were 20 cm and the image were 20 cm behind 
(i.e., to the right of) the mirror? 







Solution: Formula Method 


A virtual image is one which is uninverted and 
cannot be focused on a screen, and in the case of a 
concave mirror, occurs to the right of the mirror. 
Referring to the figure, we reason back to the inter- 
section of two light rays "emitted" from the tip of 
the image. The ray reflected back through the center 
of curvature must have originated there, since the 
angle of incidence is equal to the angle of reflection, 
and the angle of incidence is zero. The ray reflected 
through the focal point must have originated as a 
ray parallel to the axis. The intersection of these 
two rays is between the mirror and the focal point 
(see figure). 


To find the exact position from the values 
specified in the problem, we use the mathematical 


relationship: 
l, ee 
0 i R 


Substituting, we have 


2 & coe ae 
0 20 cm 20 cm 
io a 
0 20 cm 
2 
0 = 6 3 cm 


Note that i 
located behind the mirror. 


Ray-Diagram Method 


is negative because the image is 


To form a virtual image with a concave mirror, 
the object must lie between the focal point and the 


mirror. 


For an image to be 20 cm to the right of the mirror, 
the ray approaching the head end of the image from the 
focal point must have been reflected through the focal 
point, whereupon it must have been parallel to the axis 


before reflection. 


The ray approaching the head end of the image from 
the center of curvature must have experienced no change 


in direction. 


Consequently, by tracing these two rays back to 
their origin, the head end of the object is located as 
in the diagram, at approximately 6 2/3 cm in front of 
the concave mirror. The diagram checks the calculations. 








mirror whose radius is 24 in. 
candle? 


— 
_—— 


Solution. 
lem. 
the general mirror equation 


1 1 1 
—_—-+— = 
Sa a d 


where p is the distance between the 

q is the distance between the image 

is the focal length of the mirror. 

of small arc, as this is assumed to 

approximately equal 30, qne-hadt the 
-f -24 in. 


eh 2 





Therefore f = = =-12 in. 
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A candle is held 3.0in. in front of a convex 
Where is the image of the 


@ PROBLEM 850 





The image produced by a 
convex mirror is always 
diminished, erect, and 
vertical. 


The figure illustrates the conditions of the prob- 
The relative location of the candle can be found from 


candle and the mirror, 
and the mirror, and f 
For a spherical mirror 
be, the focal length is 
radius of the mirror. 











We have l _ a] 


~ T2 in. 
oe: Sas. eae ee: ee 
12 ins 12 in. 


Q Ale Aje 


-12 in. 

2 
The negative sign for q indicates that the image lies behind 
the mirror and is a virtual image. 


@ PROBLEM 851 





What type of mirror is required to form an image, on a wall 3m 
from the mirror, of the filament of a headlight lamp 10 cm in front of 


the mirror? What is the height of the image if the height of the object 
is 5 mm? 


Solution: The image I has to be real since it appears on the wall. 
Therefore, we must use a concave mirror and the object 0 must be 

placed beyond the focal point F for a real image (see the figure). 

We rule out a convex mirror since one cannot obtain images that can be 
shown on a screen with a convex mirror. 

If p and q are the object and image distances from the mirror respect- 
ively, the first mirror equation is 


pee cu} a7 
Gaie 
B sifai 
where f= R is the focal distance of the mirror, Therefore, we have 


2 


p = 10 cm, q = 300 cm. 
10 cm © 300 cm RB’ 
and 

R = 19.4 cm. 


The radius R has a positive sign, as it is required for a concave mirror. 
The optical magnification m is 
m=-4 
P 


where the negative sign is required because we want m to come out 

negative to signify an inverted image. The image height is obtained as 

follows. q 300 cm 
hy = hom =- ho p = -0,5mm X ty enm 


The image is therefore 30 times bigger than the object and is inverted. 


= -15 cm. 


© PROBLEM 852 





A small object lies 4 in. to the left of the vertex of a concave 
mirror of radius of curvature 12 in. Find the position and magnifica- 


tion of the image. 
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Concave Mirror 


Solution: The mirror equation for a concave mirror is 


Ao FL ai? 
S=S+4+e+== 
p SYET RB 


with a positive R. The object distance is p = +4 in. and R is 
+12 in. Then, 

EL E 2 

4 in. g 12 in. 





q = -12 in., 
Magnification m is given by 
n=-4 
"12 
- in. 
os ae Sits 


The image is therefore 12 in. to the right of the vertex (q is negative), 
is virtual (q is negative), erect (m is positive), and 3 times the 
height of the object. See the figure. 


@ PROBLEM 853 


A man has a concave shaving mirror whose focal 


length is 20 in. How far should the mirror be held from 


his face in order to give an image of two-fold magnification? 





Solution: An erect, virtual, magnified image is desired. 
With q as the distance between the mirror and image, and 
p the distance between the mirror and the man's face, the 
equation 

a Mæg 


P 


can be used. M represents the ratio of the size of the image 
to the size of the actual object. This relation between p 
and q is without regard to sign. Since the image is virtual, 
it lies behind the mirror. Distances in front of the mirror 
are positive and distances behind the mirror are ‘negative. 
Therefore q is negative. To compensate for this, a negative 
sign is placed in front of q so as to make the overall expres- 
sion positive. For a two-fold magnification, 


Ma i = 2 
P 
q = -2p. 


Substitution in the general mirror equation 


In oe 
= + = = 
p aqa fT 
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; 1 b o 1 
gives p + 123p © Z0 in. 
2l l 
2p 20 in. 
p = 10 in. 


© PROBLEM 854 


Derive the mirror formula for rays incident on a mirror 


of radius of curvature R, if the rays make a small angle 
with the mirror's axis. 





mirror 





Solution: Our proof will be totally geometrical. (See 
figure.) Ray OD is incident on mirror DG, at an angle s 
with the normal to the mirror CD. (C is the center of 
curvature of the arc forming the mirror.) It is re- 
flected at an angle r, and intersects the mirror axis 
at point I. By the law of reflection, angle i is equal 
to angle r. Hence 


5.5 r (1) 
DG 
Furthermore, 8 = CG (2) 


But CG is the mirror radius R, whence 


_ DG 
fosw se 
=. DE 
Also tan a = OE 
= DE (3) 
and tan y = IE 


However, if o,f and y are small angles (that is, 
ray OD is close to the mirror axis) we may write 


tana* a 


tan Y* Y 


(4) 


Furthermore, DE ~ DG (5) 
Using (5) and (4) in (3) 
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~= DG 
ee 
(6) 
DG 
ait 
T IE 
We also note that, since Y is an exterior angle of 
triangle ICD 
Y= 6 +r (7) 
Similarly, B=ats (8) 


Using (1) in (7) and (8) 


y=ß+s (9) 
B=a+s (10) 
Eliminating s in (9) and (10), 

i M T a EN 
or -28S 97" UAOO (11) 


Substituting (6) and (2) in (11) 


206 _ DG _ DG _ o 
R IE OE 
1: E g 
or Te + OE R (12) 


However, if a, B and y are small, 


IE ~ IG = 


H- 


(13) 
OE ~ OG 


(0) 


where i and O are the distances of the image from the 
mirror (image distance) and the object from the mirror 
(object distance). Hence, using (13) in (12) we have 
the mirror formula 


ee ey 
io R 


REFRACTION 
@ PROBLEM 855 


How fast does light travel in glass of refractive index 1.5? 


Solution: By definition, refractive index n is the ratio of the 
velocity of light in vacuum (3.00 x 1019 cm/sec) to the velocity of 
light in the medium in question. 





10 

Therefore n= 2x 10 cms = 1.5 
10 

Therefore v= = xe cm/s 


= 2.00 x ie” cm/sec. 
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© PROBLEM 856 









An incident wavefront of light makes an angle of 60° with 
the surface of a pool of water. The speed of light in water 


is 2.3 x 10° m/s. What angle does the refracted wavefront 
make with the surface of water? 


Solution: The angle 6; between the incident ray and the 
normal to the surface (as shown in the figure) ,equals 
the angle between the incident wavefront and the water 
surface, and 


8; = 60°. 


Snell's Law, relating the angle of incidence, 95, to the 
angle of refraction, Aa of the light, is 


nı sin 8, = n2 sin 6. 


where n, and nz are the refractive indices of air and 
water, respectively. Hence 
ni 
sin 6 = Re sin 8; 
But 


_ speed of light (vacuum) —s ed of light (vacuum) 
ni = Speed of light (air) z speed of light (water) 


8 
Hence sin 0, = 2.3 x 10) m/s/ cin 60° = .664 
3 x 10° m/s 


nat o 
or Or 42°. 


os: also equals the angle the refracted wavefront makes 


with the water surface. 
© PROBLEM 857 


A flat bottom swimming pool is 8 ft. deep. How deep does it ap- 


pear to be when filled with water whose refractive index is 4/3? 





Solution: In order to see why we would expect to observe a different 
depth for the pool when it is filled with water, examine the figure. 
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If no water is in the pool, light coming froma point S on the bottom 
of the pool will travel directly to the observer's eye. If the pool is 
filled with water, light emanating from point S will be refracted at 
P, as shown. Upon reaching the observer's eye, the light appears to be 
coming from Q and he perceives the depth of the pool to be the dis- 
tance Q, rather than the actual depth OS. Our problem is to find the 
distance d. 


Note that, from the figure, 
OP 
tan 9, F 


ta aaae 
a 9 "8 ft. 


Hence 
SSS 5 oe: eit 2 8 fe: 
tan Po d OP d 
ang (8 ft)tan ¢, 
pas tan 9, @) 


From Snell's Law, 


ny sin 9, = 1, sin Py 


where n, and n, are the indices of refraction of air and water, re- 
spectively. Therefore 


ni 
a.) Sin p= sin P (2) 


To calculate the tangents in (1), we must also know cos A and cos P. 
These we may find by observing that 


cos p= Jl - sing (3) 
cos Ẹ, = Vi - sin 9, 


cos @ = Jl - ar sin? ®, (4) 


2 


cos ù = V1 - sin 9, 


sin P sin A 


rey Ji - sin’, 


and using (2) with (4) 


Using (2) in (3) 


Hence 








tan 9, = (5) 
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sin P ` (n/a, sin P m 


ie a) (e/m) sir 
Substituting (5) and (6) in (1) 
a/n) sin 9, V1 - sin ©, 


d = (8 ft) . 


Apra ra A 


1 - sin ii 
aii mags) l - (1/03)? sir? @, ji 


Now, since we don't know the angle ,, we make an approximation. Sup- 
pose , is very small. (This means that the observer is looking almost 
directly down into the pool.) Then sin 9, ~ O and the square root in 

1 
(7) becomes 1. Therefore 


n 
d = (8 s(a] = (8 elt] = 6 ft. 
2 


The pool appears to be 6 ft. deep. 





tan P = 





@ PROBLEM 858 


Show that the optical length of a light path, defined as 
the geometrical length times the refractive index of the 


medium in which the light is moving, is the equivalent 
distance which the light would have traveled in a 
vacuum. 





Solution: Suppose that light travels a distance 2% in 
a medium of refractive index n. The optical length is 
then 


optical length = n& 
and, since n = C/v 
optical length = ck/v 


Here c and v are the speeds of light in vacuum and the 
medium, respectively. 


But light travels with constant velocity in the 
medium, and hence 2/v = t, where t is the time taken 
to traverse the light path. 


where 2) is the distance the light would have traveled 


at velocity c, that is, in a vacuum. Thus the optical 
length is the equivalent distance which the light would 
have traveled in the same time in a vacuum. 


© PROBLEM 859 


Describe the phenomena of the critical angle in optics. What is 


the critical angle for a glass-air interface, if the index of refrac- 
tion of glass with respect to air is 1.33? 
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Fig. B 





Solution: Consider two media,1 and 2,such that the index of refrac- 
tion of 1 with respect to 2 is less than unity, as shown in Fig. A. 
That is, medium 1 is "denser", and the angle of refraction will be 
greater than the angle incidence. 

In general part of the incident ray is reflected and part re- 
fracted. As the angle of incidence is increased, the angle of re- 


fraction will increase until r = 90°, At this critical angle io 


(see Fig. B), we have 
sin i 





= sin i =n 
sin 90 21 


At the critical angle,and for values of i greater than io’ refrac- 


tion cannot occur and all the energy of the incident beam appears in 
the reflected beam, This phenomenon is called total internal reflec- 
tion. 

The index of refraction of air with respect to glass is 


Er 
1.33 
The critical angle for a glass-air interference is therefore 


sin i = 0.75 
c 


= 0.75. 


or : 
i 48.6 


c 


Thus, for angles of incidence 2 48,6, total internal reflection will 
occur for a glass-air combination similar to the one shown in the 
figure. 


© PROBLEM 860 


What is the critical angle between carbon disulfide and air? 


(The index of refraction for Carbon Disulfide is 1.643.) 









Carbon 
Disulfide 


Critical Angle 


Solution. Carbon disulfide is a more optically dense mater- 
ial than air. Therefore, as a beam of light passes from 
carbon disulfide to air, the angle of refraction is larger 
than the angle of incidence. There is an angle of incidence 
smaller than 90° for which the angle of refraction is equal 
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to 90°, meaning that the beam of light emerges parallel to 

the boundary between the two mediums. This angle of incidence 
is called the critical angle. If the angle of incidence is 
greater than this value, the light will not escape from the 
carbon disulfide. It will be reflected back into the carbon 
disulfide following the regular law of reflection. Solving 
for the critical angle 1" let 85 be 90°. The index of re- 


fraction for carbon disulfide is 1.643 and for air it is 1.00 
Using Snell's law 


ny sin 8) = n, sin 85 


1.643 sin 0, = 1.00 sin 90° 


1 
E L 
sin 8 = TEES 0.608 
8, = 37.4°. 


© PROBLEM 861 








What is the critical angle of incidence for a ray of 
light passing from glass into water. Assume nglass = 





1. 50 and nater èd. 33 








ion: When light passes from a more optically 
dense to a less optically dense medium, there is an 
angle of incidence i, called the critical angle, at 
which the light ray (ray c of the diagram) will be 
refracted parallel to the interface of the media. The 
angle of refraction r will be 90° in this case. There- 
fore, by Snell's Law, n, sin i = n2 sin r. Also critical 
angle of incidence means sin r = 1l. 

: i? E 


« « Sins = mi = ER T -887 


@ PROBLEM 862 





A small pebble lies at the bottom of a tank of water 24 
feet deep. Determine the size of a piece of cardboard 
which, when floating on the surface of the water, directly 
above the pebble, totally obscures the latter from view. 










Solution: We can consider the pebble as a point source 
of light. If the cardboard is big enough for its purpose, 
then all rays of light from the pebble which would be 
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refracted into the air at the surface must be blocked 
off by the cardboard, and all rays striking the surface 
of the water outside the cardboard must be totally in- 
ternally reflected (see figure). 

The cardboard must obviously be circular, and,if 
its center is directly above the pebble, a ray of light 
striking the edge of the cardboard must do so at an 
angle » > the critical angle. 


By Snell's Law, 
ny sin > = na sin 6 


where ġġ is the angle of incidence, 0 is the angle of 
refraction, na is the index of refraction of air 
(na = 1) and ny is that of water. Then, 

ny sin ġ = 1 


because ð = 90° to satisfy the requirement that ¢ 
be a critical angle. Therefore, using the figure 


r 
n, —— = 1 
W fr? + az 
2 
r? + d? = nêr? or ri « —? 
n? -1 
r= —24 ft _ 72 ft _ 97.2 ftl 
| ae v7 
-9 


@ PROBLEM 863 


A beam of light in air falls on a glass surface 
at an angle of incidence of 20.0°. Its angle of refraction 


in the glass is 12.4°. What is the index of refraction of 
the glass? 





Solution. Since the beam of light passes obliquely from an 
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optically less dense medium, air, to an optically denser 
medium, glass, the angle of incidence is larger than the 
angle of refraction. The equation for indices of refraction 


is 
sin 8, E * 
Sin 85 n’ 


Since the index of refraction for air is approximately one, 
this reduces to 


sin 6) _ sin 20.0%. 04342 


na sind, MaA 0.15 tse: 





© PROBLEM 864 


A ray of light in water is incident on a plate of 


crown glass at an angle of 45°. What is the angle of re- 
fraction for the ray in the glass? 





Solution, The indices of refraction are inversely propor- 
tional to the sine of their respective angles, or, by Snell's 
law, 

ng sin 8 = ny sin Oy’ 
From a table, 


= 1.517 
ng 


n 1.333. 


w 
Substituting these values in the equation above, 


1.517 sin a5 = 1.137 sin 45°, 


Solving for Oar the angle of refraction in the glass, 


i a da333:x 03707- + 
sin 85 Cr at Sth ae 2 0.624 


6 = 38.6°. 


Notice that 95 is less than O° This occurs because 


the angle of incidence is greater than the angle of refraction 
when passing from an optically less dense medium, water, to 
an optically denser medium, glass. 


@ PROBLEM 865 








A plate of glass 1.00 cm thick is placed over a dot 
on a sheet of paper. The dot appears 0.640 cm below 
the upper surface of the glass when viewed from above 
through a microscope. What is the index of refraction 
of the glass plate? 





Solution: The eye records the direction from which a 
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a) 

is observer | 

' 
ai | 
e air 
1. 00cm nd 0. 64cm. 1. 00cm Gass °.8t Bair 
glass ~ virtual image 
=d rpe 


b) ch 1A 





light ray enters it as though it has traveled in a 
straight line from the source. It cannot compensate 
for refraction of the light. Therefore, the observer 
sees the dot 0.640 cm below the upper surface of the 
glass when in actuality it is 1.00 cm below the sur- 
face. 


Assuming the index of refraction of air to be 


one (nair = 1.00029), we have from Snell's law, 
"glass wee glass -Naip In bair (1) 
n sin 9 
E gt EE since n. 7% 1 (2) 
g na sin 85 a 


The sine function can be expressed as 
sin 6 = tan 9 cos 9 (3) 


We know from the figure that 


mn x 
tan ©. = 9.64 cm 


x 


rt 85 = 1.00 cm 


From the trigonometric relation 
cos 8 = Yl - sin? 6 


SAE eine 6, 
we have cos S 1 sin Fe 


6 = yl - sin’ 0 (4 
cos g Y sin? g ) 


From equation (1), 


3 


sin 85 = = sin 0 (5) 
g 


Substituting equation (5) into equation (4), 


eiz 
cos By = l1 - 7 sin? 6 


Using the values found for the cosines and tangents 
of the angles and equation (3), substitute into 
equation (2) 
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0.64 cm a 
=- Er Shigella (6) 





The observer looks at the dot through a microscope. 
This means that he looks at the dot from directly 
above and 0. must be very small. We can then make the 


approximation 
sin 0 =x sin 0° = 0 


Substituting this value in equation (6), we find 





x 
n 0.64 om "1 ~ 9 
g x 
1.00 om 
_ 1.00 
= ee ES 


© PROBLEM 866 


One end of a cylindrical glass rod is ground to a hemispherical 
surface of radius R= 2 cm. An object of height hy = 1 mm. is placed 


on the axis of the rod, p = 8 cm to the left of the vertex. Find the 


image distance q and the image height h, (a) when the rod is in air, 
(b) the rod is in water. The indices of refraction of glass and water 
are 1.50 and 1.33 respectively. 





Glass Rod 


n=1-00 (AIR) Glass Rod 










n'=1.50 n =1.33 (WATER) 






I n=1.50 


Fig. 1 | 


In Airy, k a A: 


Solution: (a) The optical equation for the spherical end of the rod 
(which is a spherical refracting surface), is given by 


I 
Fig. 2 “+ [l 
In Water*’—q—#p 


n E = n' -n 
= 4 =: 1 
P q R 


where the object is in the region of refraction index n, the rays are 
going from the region of refractive index n to the region of refractive 
index n', and R is the curvature of the refractive surface. The 
radius R for the glass hemisphere has a positive sign because the 
center of curvature of the glass surface lies inside the glass, which is 
the real image region (see Fig. 1). R is negative when the curvature 
center lies in the virtual image region. 


As shown in Fig. 1 above, p = +8 cm, R = +2 cm. Therefore, the image 
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distance q is obtained as 
Ll M aed 
Sr q 8 cm 2cm 
q = + 12 cm 


q is positive, i.e., the image is formed at the right of the vertex of 
the glass surface and is real. 
The magnification m for this problem is given by 


a es na 
n p 
MES O dec 
1.5 8 cm 
that is, the image has the same height as the object, but is inverted, 
h, = -h, = - 0.1 cm. 


= -1 


I 0 
(b) When the rod is in water, the optical equation yields for q 
(Pig. 2) 1.5 , 1.33 „ 1.50 - 1.33 
or q 8 cm 2 cm 
q= - 18 cm. 


Since q is negative, the image is formed in the water and is imaginary. 
For magnification, we have 


1.33 | -18 cm _ 
m=-7 5 * a te 1.99 , 


and the image is erect and has a height 


hy = 1.99 hy = 0.99 cm. 
@ PROBLEM 867 


A man standing symmetrically in front of a plane mirror 
with beveled edges can see three images of his eyes 
when he is 3 ft from the mirror (see figure (a)). The 


mirror is silvered on the back, is 2 ft 6 in. wide, and 
is made of glass of refractive index 1.54. What is the 
angle of bevel of the edges? 


j 
3ft 
| Fig. A 


Solution: The man can only see an image of his eyes 
if light leaves them,strikes the mirror, and is re- 
flected back along the same path. The central image 

is thus formed by light traversing the perpendicular 
from his eyes to the mirror. The outer images are 
formed by light striking the beveled edges at the point 
A (see figure (b)) at an angle of incidence ¢ such 
that the angle of refraction $' makes the refracted 
ray strike the silvered surface normally. This must be 
the case if the ray of light is to leave the beveled 
edge by the same path with which it arrived. The angle 
ġ' lies between the normal to the beveled edge and the 





Fig. B 
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normal to the back surface. Since *SAX = 90° (see 
figure (b)) 


o' + Xx DAX = 90° 
But x DAX = 90° - 6 
Hence o" = 90° - 90° + 6 = © 


Draw BA, a construction line at A parallel to the 
back of the mirror. Angle BAC is also equal to 6. 

But by Snell's Law n, sin ) =n sin o', where n, 
is the refractive index of air (n, = 1) and n is that 
of glass. Then sin ġġ = n sin 9' = n sin 6.Also a = 
Ə +(90 - >). (See figure (b)). 


sin[90 - (a - 6)] =n sin 6. 


But sin (90 - y) cos y and 

cos (a - 6) = n sin 6. 

By the trigonometric relation for double angles 
cos a cos 9 + sina sin 90 = n sin 9. 


cos a + sin a tan 6 = n tan 9 


tan 6 [n - sin a] 


cos Q 
cos Q 
tan = —— 
@ n- sin @ 


Looking at figure (a) 





> 1% ft 5 

COS. @ Fi tao _ eee eet ES 
VL & £t)2 + (3 £t)2 

: 7 3 ft _ 12 

sin a = = T3 


Y(l & ft)? + (3 ft)? 


= 5/13 = 
whence tan ® = 3,54 - (12/13) ~” 0.625. 


Ə = 32°. 


e@ PROBLEM 3868 





In hunting a submarine, two ships A and B, separated 
by 3000 ft, find a sonar echo on the line between them 
but 30° from vertical for A and 60° for B. However, 

200 ft below the surface, the water temperature changes 
suddenly so that the velocity of sound in the depths 

is 0.9 that in the shallows. (a) For what depth will 
the depth charges be set, if the ship captains do not 
know of this? (b) What is the actual depth of the 
submarine? (c) What will the ship captains think the 
submarine's horizontal distance from ship A is? (d) 
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What is the submarine's actual horizontal distance 
from ship A? 





Solution: Figure (a) shows the actual paths of the 
sonar waves represented by solid lines, and their 
apparent paths as broken lines. The submarine will 
appear to the ship captains to be at point 0' when 
in reality it is at point 0, as shown. 


AC + CB = 3000 


r T 
cs = tan 30 
Gp. 
ts = tan 60 
AC + CB = CS (tan 30 + tan 60) 
cs = AC + CB 
tan 30 + tan 60 
= 3000 ft 
0.577 + 1.732 
= 1310 ft 


since tan 30 = 0.577 
tan 60 = 1.732 
(b) In actual fact the sound waves are refracted 


at a depth of 200 ft. By definition, the refraction is 
such that: 


sini. N Ys oe a 
sin r Va 0.9 on 0.9 


where i is the angle that the path the sonar wave takes 
in the shallow water makes with an imaginary line normal 
to the interface between shallow and deep water. The 
letter r stands for a similar angle for the path in deep 
water, and ve and Va represent the velocities of sound 


in the shallow and deep water, respectively. 
If i = 30°; then: r =i26.7° and if i = 60°; r = 51.397. 
We see from figure (c) that: 
AD + DC' + C'E + EB = 3000 ft 
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AD = 200 tan 30 

EB = 200 tan 60 

FE = tan 26.7 fe = tan 51.3 
We can see from the diagram that: 

DC' = FH 

C'E = HG 


Thus, from the first equation in the above group: 
AD + FH + HG + EB = 3000 ft. 
200 tan 30 + HS(tan 26.7 + tan 51.3) + 200 tan 60=3000 


3000 - 115 - 346 


HS = ~A; 05 ade oan 


1450 ft 


The actual depth of the submarine is 200 + 1450 = 1650 ft. 


The horizontal distance of the submarine from ship 
A will appear to be AC in figure (b): 


AC = 1310 tan 30 = 755 ft 


The submarine's actual horizontal distance is 
AC' in figure (c): 


AC' 200 tan 30 + 1450 tan 26.7 


115 + 730 = 845 ft 


Thus without knowledge of the water temperature 
the depth charges will be shallow by 340 ft and off 
in a horizontal direction by 90 ft. That is, the ex- 
plosion will be 350 ft away from the submarine, a 
near miss rather than a direct hit. 


PRISMS 
@ PROBLEM 869 


A ray of light enters the face BA of a right-angled 
prism of refracting material at grazing incidence. 
It emerges from the adjacent face AC at an angle 9 
to the normal. If bo is the critical angle for the 


material, show that sin 8 = cot +9 (See figure.) 


Will a ray always emerge from AC? If not, explain 
what happens, and deduce for what values of the re- 
fractive index of the material the ray actually 
emerges. 





Solution: Since the ray strikes the prism at grazing 
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incidence, the refracted ray DE must enter at the 
critical angle bo Now angles DAE, ADF, and AEF 


are all right angles. This follows because the prism 

is right-angled, and also since DF and FE are normals 
to the surfaces BA and AC. Thus DFE must be a right 

angle also, since the four angles of a quadrilateral 

(ADFE) add up to 360°. 


The angles of a triangle must add up to 180°, 
and therefore / DEF = 90° - bo (1) 


Applying Snell's law to the refraction at face 
AC, we have n, sin /_ DEF = nz sin 0, where n, and n2 


are the refractive indices of the prism and air, re- 
spectively. Since the medium to the right of face 
AC is air, nz = 1, whence 
nı sin / DEF = sin 6. (2) 
At surface BA, we obtain 


Nz sin 90° = n; sin bo 

or (1)(1) = nı sin $; 

Then sin bo = 1/n. (3) 
Using (3) and (1) in (2) 


ari] in (90 - $,)) = sin 0 


sin 
te 


But sin(90 - >.) = cos our whence 


cos 
o ta 


a, te" 


The ray will emerge from AC only if / DEF is less 
than the critical angle. If it is greater, total 
internal reflection occurs and the ray is directed 
along AC. 


Thus, for the ray to emerge, / DEF < oo That is, 
90° - bo < bo or o, > 45°. Using (3) 


gts sin ġo = +> sin 45° = Aa </2. 
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@ PROBLEM 870 









The easiest method of measuring the refracting angle of 
a prism is to direct a parallel beam of light on to the 
angle (vertex A in figure) and measure the angular 
separation of the beams reflected from the two sides of 
the prism containing the refracting angle. Show that 
this angular separation is twice the angle of the prism. 










Solution: Consider three incoming rays, all parallel 
and striking the prism at points A, B and C. Erect 
normals to AB at A and B and to AC at A and C. Designate 
the angles as in the diagram. 


The rays striking at B and C are reflected 
according to the laws of optics, as shown and the angle 
between the reflected rays is 8. E is the point at 
which the normals at B and C meet. 


The sum of the angles of quadrilateral ABEC is 
360°. Since * ABE and ¥ ACE are each 90°, 


a+ y = 180°. (1) 
In the quadrilateral BDCE, 
B + y + 6, + 02 = 360°. (2) 


Since two of the angles surrounding A are right 
angles, 


a+ 6; + 62 = 180°. (3) 

Add Eqs. (1) and (3) 

2a + y + 6; + 0; = 360° (4) 
Subtract (2) from (4) 


2a - B=0 


Thus, the angle between the reflected beams, By 
is twice the refracting angle of the prism, a. 


@ PROBLEM 871 







A parallel beam of light falls normally on the first face of a 
prism of small angle œ. At the second face it is partly transmitted 
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and partly reflected, the reflected beam striking the first face again 
and emerging from it in a direction making an angle of 6°30' with the 
reversed direction of the incident beam, The refracted beam is found 
to have undergone a deviation of 1°15' from the original direction, 
Calculate the refractive index of the glass and the angle of the prism, 





Solution: We must first solve for the refractive index, n, of the 
prism glass. Applying Snell's Law to the refraction at point c (see 
figure), we obtain 


= ' 
n sin ¢, n' sin +, 
But n' is the refractive index of air, whichis 1. Hence, 
n sin $ = sin (2 (1) 
Similarly, applying Snell's Law to the refraction at point B 
n sin ý = sin ô, (2) 


Now, we must relate $> , and to known quantities. 


Note that ¥ HCP = ¥ DCE, since they are vertical angles. There- 
fore, 
S HCP = ¥ DCE 


b3 z 8 pi $i 
or 

8, =$- 9, (3) 
Noting that DC and BS are parallel, 

= 2 

y $i (4) 
We need re more equation relating any of 0, 1 03 and ý to a 
¥ ACD = -@. But 

¥ ACD + $, = 90° 
Hence 

90° - œ +$, = 90° 

2 

and 

h =e (5) 


If all the angles (¢,, dy ¥ 5, 
the sine of an angle by the angle itself. Using (1) and (2) 
n $ = $s 
ný a 6, (6) 


êz) are small, we may approximate 
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Taking the ratio of each equation in (6) 
%, 9% 
TS 
Hence, tpa 
ha Sai mga 


Using (4) 29,9, 
P S —— 
1 2 

or 


ô, = 2%, (7) 


Hence, solving (3) for A 


A= 927 ô 
Since F 5, 
i > 
êz 
MTA Hy (8) 
Solving the first equation of (6) for n 
n a — 
M 
with (7) and (8) 6/2 1 


43° ô; ee 


Using the given data 


2 
n= —_——— 
1 - 2(1°15') 
(6°30') 
1 
n = — 
1 - 2(1 1/4°) 
(6 172) 
1 1 
n = -__ = — - 
1 - 5/2 1 - 5/13 
1372 
13 13 
n = I-E = "F = 1.625 
Furthermore, from (5) 
a= 9 
But, equation (8) tells us that f 
' 
=A = &. 6 - == - 1°15' 


Hence œ = 3°15' - 1915' = 2° 
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CHAPTER 28 


LENSES AND OPTICAL INSTRUMENTS 






Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 912 to 
925 for step-by-step solutions to problems. 






The optics of thin lenses may be understood using Snell’s law. Again, 
one must always draw a careful ray diagram in attacking the problem. 
Refer to Figure 1 and consider a ray of light incident from a point object 
0 within a medium of index of refraction n, onto a circular boundary of 
radius of curvature R. The light is refracted at the boundary and forms a 
point image I within the medium of index of refraction n, 


According to Snell’s law 
n, sin 0, =n, sin, or n@,=n,0. 


for both angles 0 << 1 radian. By geometry, we find 0, = a + B and B = 8, 
+ y. Solving for 8, from Snell’s law and substituting, we get 


ni 
DEA B and B=6,+y. 
Solving for 8, in each equation and setting them equal gives 
na + ny =(n,—n,) B. 


Also from the small angle approximation we have a = d/s, B = d/R, and 
y = d/s’. Substituting, we get 





Figure 1 
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n/s + n/s’ = (n,-n,)/R. 


To get the relevant equation for a thin lens, we must apply this last 
result twice. First, the light goes from air (n, = 1) to glass ( n, =n): 


1/s + n/s’, = (n—- 1)/R.. 


Second, the light goes from glass (n, = n) back to air (n, = 1) with the old 
image distance being our new object distance 


-n/s’, + 1/s’ = (1-n)R,. 
Adding these last two equations, we obtain 
1/s + 1/s’ = 1/f 


the thin lens equation where 1/f = (n — 1) (1/R, — 1/R,) is the reciprocal of 
the focal length. 


This thin lens equation applies to both concave (diverging) and convex 
(converging) lenses. Convex lenses have positive focal length (see Figure 2 
for a typical ray diagram), whereas concave lenses have f < 0. The object 
seen by the lens is said to be real ifthe object distance is positive. The image 
is said to be real if the image distance is positive. Otherwise, the object / 
image is called virtual. The image is erect if the magnification is positive; 
inverted if m, < 0. 


The simple microscope consists of one lens placed near the eye with the 
object just inside the focal point of the lens and the image at the near point 
of the eye. Using the thin lens equation, we have 1/s =.1/f + 1/25 or for the 
magnification 


m, = h/h = -s/s = 1 + 25/f. 


When the eye is relaxed, the object is at the focal point of the lens and the 
image is at infinity. In that case, we obtain a smaller magnification m, = 
25/f. 


The compound microscope consists of two lenses, an objective and an 





Figure 2 
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eyepiece. The two lenses are separated by a distance | very much greater 
than f or f,:1>>f,, f, The object is placed just outside the focal length of 
the objective forming an image close to the focal length of the eyepiece. The 
eyepiece serves as a simple magnifier for this first image. The net mag- 
nification is thus m, = mm, = -1/f, + 25/f,. 


The telescope also makes use of an objective and an eyepiece separated 
by a distance |. But here, we have l1 =f + f.. The first image is formed at the 
focal point of the objective because the object is at ~. The magnification is 
then m, = -f,/f,. Hence, it is essential for the telescope that the objective 
focal length be greater than the eyepiece focal length. 
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Step-by-Step Solutions to 


Problems in this Chapter, 
“Lenses and Optical Instruments” 





@ PROBLEM 872 


An object is 24 inches from a convex lens whose focal 
length is 8 inches. Where will the image be? 





Solution: The use of a ray diagram is helpful here. 


We can see that the image is real (on the far side 
of the lens and inverted). 


We then solve mathematically: 


Do is 24 inches and f is 8 inches. Substituting in 


1 1 1 

=a Soe Se 

Do Di f 

1 Pi L- 1 

24 in. Di ~ 8 in 

Solving 

Dy = 12 in. 
Hence 

Dy = 12 in. 


which means that the image is 12 inches from the lens on 
the side away from the object. 


@ PROBLEM 873 


If an object is in a position 8 cm in front of a 
lens of focal length 16 cm, where and how large is the 
image? (See figure.) 





v=approx.-16 


Solution: We refer here to the relationship 
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l eA 

6* if 
Here, the image distance, i, is the unknown. The object 
distance, 0, is 8 cm, while the focal length, f, is 


16 cm. Thus, 





1 1 1 
‘2 2 
1 F: a> 1 

8 cm i 16 cm 
Dae. 1 ee 1 
i 16 cm 8 cm 
Ta a ee 
i 16 cm 
i = - 16 cm 


This means that the image is 16 cm in front of the lens. 


To calculate the image size, we first calculate 
the magnification. Thus, 


This means that the image is erect, therefore virtual, 
and twice as large as the object, or 16 cm high. 


e PROBLEM 874 





An object is 4 inches from a concave lens whose focal 
length is - 12 inches. Where will the image be? 





0 
Solution: It may be useful to construct a ray-diagram 
first (see diagram). We draw two rays - one parallel to 
the axis and one through the center of the lens. 


From the diagram it can be seen that the image is 
virtual and that it is smaller than the object. 


We now attempt a mathematical solution: 


Do is 4 inches and f is - 12 inches. Substituting 
in 
1 1 1 
— + — = = 
Do Dy f 
eee ta 1 
4 in. Dy - 12 in. 
Solving Dy =- 3 in. Hence Di = - 3 in. 
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which means that since Dy is negative, the image is 3 


inches from the lens on the same side on the lens as 
the object and is virtual. 


A converging lens with a focal length of 3 m forms an image 


of an object placed 9 m from it. Find the position of the 
image and the magnification. 





ee 


<\— PpP—__> 
Solution: The simple lens equation for the converging lens 


of this problem is 


Lli,l 

£ pq 
where f, p and q are respectively the focal length of the 
lens and the distances of the object and the image from 
the lens. The image is real and inverted (see the figure). 
Substituting the given values in the above equation, we get 


and 


Since the value of q is positive, the image occurs on the 
right side of the lens. The magnification M is 


«45 &r— 
Ma d= p= 0.5 


so the image is one-half as high as the object. © PROBLEM 876 





A Converging lens of 5.0 cm focal length is used 
as a simple magnifier, producing a virtual image 25 cm from 


the eye. How far from the lens should the object be placed? 
What is the magnification? 


Solution, The image produced is virtual, on the same side 
of the lens as the object. Therefore, the distance q of the 
image from the lens is negative. Using the general lens 
equation 

ba tate die ak 

P a © p f g 
Solve for p and substitute values. 

_ << = 5.0 cm(-25 cm) _ 

p= E =e aa SS oe 4.2 cm. 
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Using absolute values to find the magnification, 


M = |a| = pean = 5,9. 


Since the anaes is on the same side of the lens as the 
object, the light has been focused in a way that produces 
an erect image. In a real image, which is seen on the 
opposite side of the lens in relation to the object, the 
object is inverted. 


@ PROBLEM 877 


The length of a microscope tube is 10 centimeters. The 
focal length of the objective is 0.5 centimeters and the 


focal length of the eyepiece is 2 centimeters. What is the 
magnifying power of the microscope? 





Solution: The magnification of this compound microscope 
is equal to the product of the magnifications of its 
component lenses or 


M = M,; XM 
which in this case is 


25 cm $ 10 cm 


tO Ey 


We use 25 cm since in most cases we want the 


image to be formed at that distance from the ocular. 
Therefore, the solution is: 


ZSL- (252% 10e 250 
TITE Wiggs x 27> 
@ PROBLEM 878 


The lens system of a certain portrait camera may 
be taken as equivalent to a thin converging lens of focal 
length 10.0 in. How far behind the lens should the film be 


located to receive the image of a person seated 50.0 in. 
from the lens? How large will the image be in comparison 
with the object? 





Solution. The general equation for thin lenses states 

Be Big 

P Gg 
where p is the distance of the object, in this case the 
person, in front of the lens, and q is the distance between 
the image formed and the lens. The focal length is repre- 
sented by f. All distances are measured with respect to the 
optical center of the lens. This center is defined as the 
point through which light can pass without being bent. Since 
the lens is a converging one, it is convex. This means that 
it is thicker at the center than at the edges. Substitute 
values in the above equation noting that q is positive when 
it is on the opposite side of the lens in relation to the 
object. 


1s A L See s 
q 16° 30° TOI) “SO 
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q= =°12.5°4n. 


50 
4 
To find the magnification M, the equation M = : can be used. 
Substituting, 


12:5-43; 


Mg 50.0 in. 


= 0.250. 


The image will be one-fourth as large as the object. 
@ PROBLEM 879 





In one of Edgar Allan Poe's stories, the author describes 
his terrifying experience of focusing a telescope on a 
distant hill and observing a "dragon" crawling up it. 

The punch line comes when he realizes that the dragon 

is an ant crawling up the windowpane through which he 

is observing the hill. Explain why this is impossible. 


TELESCOPE | ' 
l 


Light from 


hill E 
—, eee =r > ye 





1 
I 
i f= 100cm T= 10cm 

Objective Lens Eye Lens 
Solution: The distant hill is, for all practical 
purposes, at infinity. The objective lens of the 
telescope forms an image of it at its second focal 
point, which is also the first focal point of the eye 
lens (see figure). The final image is being viewed at 
infinity. Unless the ant is at infinity or at the 
second focal point of the objective lens, i.e., unless 
it occupies the same position as the object or the 
intermediate image, its final image cannot be at in- 
finity also, and thus it will not be viewed at the 
same position as the image of the hill. 


In fact, assuming that the telescope has focal 
lengths of 100 cm and 10 cm for its objective and 
eye lenses, respectively, and that the ant is 200 cm 
from the objective, we can work out where the final 
image of the ant lies. 


Treating the objective, we find that 


T 1 1 
A 2 


where sı and sj} are the object and image distances, 


respectively. 


s} = 200 cm. 


The objective lens and eye lens are 110 cm apart 
(see figure) and the image formed by the objective 
will act as a virtual object for the eye lens. The 





object distance is s2 = (110 - 200) cm = - 90 cm. 
eS ey Se l 
90 cm s} 10 cm 








The final image is a real one on the observer's 
side of the eye lens and therefore Poe, when he 
looked through the telescope, could not see an image 


of the ant. @ PROBLEM 880 


A certain farsighted person has a minimum distance 


of distinct vision of 150 cm. He wishes to read type at a 
distance of 25 cm. What focal-length glasses should he use? 





Principal 
Focus 







Principal Axis 


Optical Center 


Convex Lens 


Solution. The principal axis is the line passing through 
the centers of curvature of the faces of the lens. The op- 
tical center is the point in the lens through which light 
can pass without being bent. All rays of light parallel to 
the principal axis pass through F, the point of principal 
focus. The distance f between F and the optical center is 
called the focal length of the lens. It is positive for 
converging, convex lenses, negative for concave, diverging 
lenses. 

Since the person cannot see clearly objects closer 
than 150 cm, the lens must form a virtual image at that dis- 
tance. Since the image is formed on the same side of the 
lens as the object, its distance q from the lens is negative. 


p = 25 cm 


q -150 cm. 


Substituting in the general equation for lenses, 


l x 1 
= 4+4 == 
Sa E i 
Ba i 1 cy! 
25 cm -150 cm f 
f = 30 œ. 


Since f is positive, this lens is converging and is 
convex. 
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e PROBLEM 881 


A microscope has an objective lens of 10.0 mm focal length 
and an eyepiece of 25.0 mm focal length. What is the 


distance between the lenses, and what is the magnifica- 
tion if the object is in sharp focus when it is 10.5 mm 
from the objective? 





Eyepiece 


image 1 
233 
mm 
250} 210 
mm | mm ; 
objec- 
tive 
object 10.5 
— 
image 2 


Solution: This is a compound microscope which uses 
converging lenses to produce large magnification. A 
short-focus lens, the objective, is placed near the 
object. It produces a real, inverted and magnified 
image. The eyepiece further magnifies this inverted 
image and produces a virtual image 250 mm from the eye- 
piece. This is the distance of most distinct vision. 


Considering the image produced by the objective, 
we use the optics equation 


È 1 L 


= +4 == = 


p>“ garge 


p represents the distance of the object from the ob- 
jective lens, q the distance of image 1 from the lens, 
and f is the focal length. Substituting, 


n eae 
10.0 mm 


210 mm 


I 


10.5 mm * 


Q Ale 


Therefore image l is 210 mm from the objective lens, and 
is real. 


The eyepiece magnifies image 1 and produces a second 
virtual image 250 mm from the lens so as to provide most 
distinct vision. Since image 2 is virtual, on the same 
side of the lens as image 1, the distance q' of image 
2 from the eyepiece is negative. Using the optics e- 
quation again, 


1 


1 
+ q" = FF 


1 PA 1 


t 2250 mm 25.0 mm 


ig jei ia 


p' = 22.7 mm 


Therefore the eyepiece is 22.7 mm from image 1. The 
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distance between lenses is 


q + p' = 210 mm + 22.7 mm = 233 mm = 23.3 cm 
_ To find the magnification, first find the magnifica- 
tion produced by each lens using the equation 





-4 
” P 


Magnification by objective: 


_ 210 mm 
Mo = 30.5 mm ~ 29-0 


Magnification by eyepiece: 


a T250 m 
Ne A Geb gto 


Total magnification: 


M = M Mo = = 11.0 * 20.0 = = 220 
© PROBLEM 882 


A projector with a lens of 40 cm focal length illuminates 
an object slide 4.0 cm long and throws an image upon a 


screen 20 m from the lens. What is the size of the pro- 
jected image? 





Solution: We use the lens formula Le ž =- z where p is the 


object distance, f is the focal length of the lens, and q 
is the image distance. Upon substitution of the given 
values in the formula, we have 


L 2 1 


p 40 cm 20m 


In order to do the subtraction, we must change 20 m to 
centimeters. Since l m = 10? cm, 20 m = 2000 cm and 


A REEE EY 1 

Pp 40 cm 2000 cm 

1 _ 2000 cm - 40 cm _ 1960 

Pp 8000 cm 80000 cm 
80000 cm 


aie, eee = 40.8 cm 


This is the object distance. 
The magnification M of the lens is defined as 


= d = 2000 cm _ 
n p 40.8 cm 49. 


Given, then, an object 4 cm long, the size of its projected 
image is 


Image length = Mx object length 
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= 49 x 4 cm ~ 200 cm 


@ PROBLEM 883 


The frames in a home movie must be magnified 143 times 
before the picture formed on a screen 12 ft from the 
projection lens is large enough to please the family 
watching. What distance must the film be from the lens 
and what is the focal length of the lens? 


H 


re weer rete | 


ee mo enn o 
H 


Solution: The magnification produced by the lens is 
given by 


where s' and s are the image and object distance, re- 
spectively. (The image must be inverted that is, the 
magnification is negative, since s must be positive 
(see figure)). Thus the film-to-lens distance is 


— ke _ 144 , _ i 
s = 173 ft = 43 in. = 1,007 in. 


Applying the lens formula, we can obtain the focal 
length, since 











Lip F y Lo #91493 f; 1 ~ 144 

£ s s' 12 ft 12e 12 Të 
_ 12 = i 

f = [44 ft 1 in. 


@ PROBLEM 884 


When an object is placed 20 in. from a certain 
lens, its virtual image is formed 10 in. from the lens. 


Determine the focal length and character of the lens. 





Solution. Since the image is virtual, on the same side of 
the lens as the object, its distance from the lens, q, is 


negative. Substitution in the general equation for lenses 
yields 


1 1 BH 
= 4+4 == 
P qa £ 
a: SES ` 
20 in -10 in f 
La. 20. in + 20 in . _ __ 10 
f in) x (- n) n 2 in 
f = -20 in. 


The negative sign for the focal length indicates that the 
lens is diverging. Diverging lenses are concave. 
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@ PROBLEM 885 


A luminous object and a screen are placed at a fixed 
distance D apart. Show that if a converging lens of 
focal length f, where f < D/4, is inserted between 
them it will produce a real image of the object on the 
screen for two positions separated by a distance 


d = YD(D - 4£),and that the ratio of the two image 
sizes for these two positions of the lens is 
(D - d)?/(D + d)?. 








Solution: In both cases, 


| 
a 
= 


Bo uge f 


where s is the object distance, and s' is the image 


distance. 
' ' 

seat =f or a = f. 
since s + s' = D (see figure) 

ss' = £D (1) 
and s +s' =D (2) 
Let d = s- s'. 

a? = (s - s')? = (s+ s)? = 4ss' = D? - 4fD. 


Therefore d = YD(D - 4f). Also, from Eqs. (1) and (2), 


£D 2 


s + — =D or s* - Ds + fD = 0. 


D + /D? - 4fD Did 
2 


s = 7 = 


This is a general formula for s. It has 2 roots, 
one of which must be si,and the other of which must 


be s2. (See figure). 


sı = k(D - d) and s2 = 4(D +d) 
From (2), 
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s| =D- sı =4(D-d) and s, =D- s, = %4(D - d). 


Therefore sz - Sı = d, and the two positions of the 


lens are separated by the distance d = YD (D - 4f). 
Also, the magnifications for the 2 positions are 


Si vy a s} Y 
Mi Esa pri pi an Me San be A 
S LOPS ee Oe Cee A N: | F O E: d A 
"* Yı Mi sis. %(D+d)* (D+ d)? 


Note that this method only works if f < D/4; for 
otherwise d? is negative and d is thus imaginary. 


PHOTOMETRY 
@ PROBLEM 886 


What is the illumination 5 feet from a 75 candlepower 





lamp? 





Solution: Illumination is defined as flux divided by area 
[z = z) . Making the simplifying assumption that our lamp 


is a point source, the total flux that it emits is 47I 
where I is the intensity of the source. If we construct 

a sphere enveloping the point source with the point source 
at its center, and having a radius of 5 ft., we can find 
the illumination at this distance. 


Hence, 
F #éff I 
E = A s co... Ss = 
Arr? r? 
And Illumination = 75. candiepower 
(5 x 5)£t? 


3 foot-candles. 


© PROBLEM 887 


A spotlight equipped with a 32-candle bulb concentrates 
the beam on a vertical area of 125 ft? at a distance of 


100 ft. What is the luminous intensity of the spot of 
light in the beam direction? 





Solution: In a lamp, electrical power is supplied and 
radiation is emitted. The radiant energy emitted per 

unit of time is called the radiant flux. Only a fraction 
of this lies within the wavelength interval (400m, to 

700 mu) which can produce a visual sensation in the human 
eye. The part of the radiant flux which affects the eye 
is called the luminous flux F and is measured in lumens. 
The luminous intensity I of a source is defined as the 
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flux it emits per unit solid angle (I = F/w). The solid 
angle w is a measure of the size of the cone of radia- 
tion and is defined in steradians as 


A 


w = — 


R? 


where R is any distance and A is the area of a spherical 
surface surrounding the source which is irradiated by the 


light source at this radius R. 

Assuming that the spotlight radiates in all di- 
rections, the total area illuminated at a distance R 
is equal to the area of a sphere of radius R or 4TR?. 
Therefore the total solid angle 


A _ AiR 
total R? 





= 4n sterad. 


and the total flux emitted by the bulb is given by 


F I = (32 candles) (4r steradians) = 400 lu 


total “total 


This total flux is concentrated into a beam with a small 
solid angle through the use of a reflector and lens. This 
solid angle is 


ī = total _ _400 lu. >- -232,000 candles 
© PROBLEM 888 


A "point-source" unshaded electric lamp of luminous in- 
tensity 100 candles is 4.0 ft above the top of a table. 


Find the illuminance of the table (a) at a point directly 
below the lamp and (b) at a point 3.0 ft from the point 
directly below the lamp. 





normal to surface 





Illuminance of a surface by a point source 


Solution:a)Illuminance E is the luminous flux F incident 
per unit area A. Then 


E- = 


>i 


Also F = Iw 
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and w = 


If the area A is perpendicular to the path of radia- 
tion from the point source, the illuminance can also be 
expressed as 


which is the equation needed since the given quantities 
are the luminous intensity I and the distance R from the 
point source. Furthermore, we know that the area is per- 
pendicular to the radiation being emitted by the lamp. 
Therefore, 


= 100 candles _ 
(4.0 £t)? 





E = 6.25 lu/ft? 


jH 


b) For this second point, the area illuminated is a 
distance 


R= 4.0 £t)* + (3.0 Tt = 5.0 ft 


from the lamp, which was found by using the trigono- 
metric relation for a right triangle. The illuminance is 


2E 
Eeg 
where F = Iw. 


The solid angle w is defined as the ratio of the area 
upon which the source radiates at a radius R to this 
distance R. The area upon which the source radiates for 
this case can be seen from the figure to be A cos 6. 
Therefore, 


=- A cos 9 
RÊ 
2 
oa ee Iw _ I (A cos 0/R*) _ I cos © 
A A A 2 
R 
Using trigonometry, cos ð is found to be 


4.0 ft _ 


cos 6 = 5.0 ft = 0.80 


Then the illuminance on the area A is 
I cos @ _ (100 candles) (0-80) _ 3,2 lu/ft? 

2 2 

R (5.0 ft) @ PROBLEM 889 


E = 





A standard 48-candle lamp is placed 36 in. from the screen 
of a photometer and produces there the same illuminance as 


a lamp of unknown intensity placed 45 in. away. What is 
the luminous intensity of the unknown lamp? 
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Solution: Illuminance E is equal to the ratio of the 
luminous intensity I to the square of the distance R from 
the source. Since the illuminance of the two lamps is 
equal, 


where the subscripts 1 and 2 refer to the lamps at dist- 
ances of 45 in. and 36 in. respectively. Then 


Ty I? 


R R2 
and substituting values, 
I; 
= 48 candles 
(45 in)? (36 in)? 


_ (45 in)* (48 candles) _ 
(36 in)? 


75 candles 


Note that the distances can be expressed in any unit 
as long as they are consistent. 
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CHAPTER 29 
OPTICAL INTERFERENCE 


Basic Attacks and Strategies for Solving 


Problems in this Chapter. See pages 928 to 
938 for step-by-step solutions to problems. 





Interference is simply the superposition of two or more waves. The 
classic example of interference is the Young double slit experiment, shown 
in Figure 1. Monochromatic light (shown as planar wavefronts) of 
wavelength i is incident on two slits of separation distance d. A screen is 
positioned a distance L from the slits with a detector at height y. The path 
difference between the rays from the lower and upper slits is d sin 8. Hence, 
the condition for constructive interference is 


dsin@é=ndA n=0,1,2,... 
For destructive interference, the condition is 
d sin 8 = (n + 1/2) à. 


The intensity pattern observed is shown in Figure 2. Let Ay be the 
distance between maxima or the distance from the central bright spot to 
the first maximum. It then follows that sin 0 = à / d = Ay/L where we assume 
in the approximation that L >> Ay. Hence, Ay = à L/d and given any three 
of these parameters, one can find the other in solving a problem. The 
intensity is proportional to the electric field squared and may be shown to 





<<. 


Figure 1 
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be 
I = I, cos? (ndy/AL). 


For thin film interference effects, the method of attack is somewhat 
different. Consider the thin film of thickness t as shown in Figure 3. 
Monochromatic light of wavelength is incident (approximately) nor- 
mally meaning almost perpendicular. The first reflection is called hard 
since we go from n = 1 to n> 1, or there is an increase of the refractive index. 
For such a hard reflection, there is a phase change of n radians or M2. The 
second reflection is soft (n > 1 to n = 1 ora decrease of the refractive index), 
and hence there is no phase change. The condition for constructive 
interference is then 2t = à /2 since 2t is the total path difference. Note that 
the wavelength in the medium is reduced by the index of refraction to ^, 
= A/n. 


I Ay 
y 
Figure 2 
n=1 
t ! n>1 
n=1 
Figure 3 
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Step-by-Step Solutions to 
Problems in this Chapter, 
“Optical Interference” 





Derive a relation describing the interference effects observed when 
light is reflected from a thin film. (See figure). 


eye 
v 





incident ray| 





/ 
Thin film Surface A 
er, 
Ao at 
© : 
Fig. A Surface B Fig. B 


on: In order to understand the interference effects produced by a 
thin film, we trace the path of an incident ray of light, as shown in 
figure (a). The incident ray first encounters surface A, where it is 
partially reflected and partially absorbed. Since the refractive index 
of the film is greater than the refractive index of air, the reflected 
ray undergoes a 180° phase change. The transmitted part of the incident 
ray now encounters interface B, where it is partially reflected and par- 
tially absorbed. However, this time the reflected ray undergoes no 
phase change since it is traveling from a region of high refractive in- 
dex to a region of low refractive index. Hence, rays 1 and 2 differ 
in phase by 180°, or ho/2 where do is the wavelength of the incident 


light in free space. 

In addition to the 180° phase change due to reflection, ray 2 tra- 
vels a distance 2t greater than ray 1. (This holds only if the rays 
shown are incident at an angle Ø which is very small.) Then, if we 
want to observe destructive interference, the distance 2t must contain 
an integral number of wavelengths, NA, where N = 0,1,2,... . But, A 
is not the wavelength of the light in free space, but rather, the wave- 
length of light in the film (See figure(b)). However, the wavelengths 


do and A are related. By definition of the refractive index of the 


film 
n = c/v 


where c is the speed of light in free space, and v is its speed in 
the film. If Xo and fo are the free space wavelength and frequency 


of light, we may write 


c= Xo fo 


Similarly, 
v= Àf 


where à and f are the wavelength and frequency of light in the film. 
But the frequency of light is the same in all media. Then 


= Àf 
x 0 
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Hence 
A À 
ant Soho i 10 
>A E 
and 
= nà 
ho n 
Combining this fact with the previous discussion, we obtain 
NA 
2t = NA a — N= 0,1,2;... destructive inter- 
ki ference 
2t = (N+5)A = (N44) Xo N = 0,1,2,... constructive 
n interference 
or NA 
t= 29 N = 0 lipere destructive 
2n interference 
(NE) A, 
t =—— N= 0O,1,2,... constructive 
2n interference 


© PROBLEM 891 


In a double slit interference experiment the distance 
between the slits is 0.05 cm and the screen is 2 meters 
from the slits. The light is yellow light from a sodium 


5 cm. What is 


lamp and it has a wavelength of 5.89 x 10° 
the distance between the fringes? 





Solution: To find the distance between fringes in the 
ouble slit experiment, we must first derive the formulas 
for the location of the maxima and minima of the fringe 
pattern. Let us examine this experiment in more detail. 

Light is incident on the 2 slits from the left. (See 
figure) MP and AP represent 2 rays of light, one from each 
slit, arriving at P. Typically, L >> d, and we may con- 
sider MP to be equal to BP. Assuming that the light rays 
emerging from the slits are in phase, the two light rays 
arriving at P will be out of phase because light from A 
must travel the extra distance AB when compared with light 
from M. If this path difference (AB = d sind) is equal to 
an even number of half wavelengths, P will be a maximum 
point. If AB equals an odd number of half wavelengths, P 
will be a minimum point. Hence, 


For a maximum sin ¢ = (2n) Ay (n = OF85 2,020) 


For a minimum sin 6 (2nt1) Ay (n = 0,1,2,.--) 


929 





Therefore, the angular location of adjacent maxima on the 
screen (say the nth and (n+l)th maxima,) is 


ae (RR _ (2(n+1))à _ (nt1)r (1) 


sin (ta) = Laa = nh 


But, if > is small, 
sin (bn41) 7 tan (p43) 
sin ($p) ~ tan (bn): 
Hence, using (1) and the figure, 


Y 


ntig (n+1)A 
L a 
Ya _ na 
d nee. x hence, 
y s yoa EAL _ DAL 
n+l n d a 


Z = AL 
be lie = 


This is the screen separation of 2 adjacent maxima. 


If = 5.89 x 10° cm 
L = 200 cm 
d = 0.05 cm. 
yey. = (8289 x 1075 x 200 Jom? 
n+l n <05 cm 
=..233 em, 


With two slits spaced 0.2 mm apart, and a screen at a distance of 
4 = lm, the third bright fringe is found to be displaced h = 7.5 mm 
from the central fringe. Find the wavelength à of the light used. 


See the figure. 





2 ; Screen 
Double Slit 
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: When the difference D between the path lengths of the rays 
l and 2 is an integral multiple of the wavelength 4, one obtains a max- 
imum (bright fringe) of the interference pattern on the screen. From 
the figure we see that 


D=dsiné@. 


If 4 is much larger than the distance between the two slits, we see 
that ©'™6, where @' relates the position of the maximum on the 
screen to the distance between slits and the screen, 

tan 0' = h s 
The approximation 4 >> d also means that © is small; for which case 
we have 

tan 0@'™sin6'. 


Therefore, for the third maximum to occur at h, D must be 3A; 


D = d sin®@ = 3A 
or 
sin @ ~ sin 0' = È 
h = 3A 
4 d 
which gives à as -dh 
xX 
0.75 cm x 0.02 cm _ -5 
= 3x 100 cm ee ee 


500 x 10°’m = 500 nm. 


@ PROBLEM 893 







In a double-slit experiment, D = 0.1 mand L = 1 m. If yellow 
light is used, what will be the spacing between adjacent bright lines? 





Double Slit D 


Solution: The wavelength of yellow light is approximately 6 X 107° cm. 
Let the separation between the (n+tl)th and m'th maxima be Ax, as shown 
in the figure. Then, 


sin0 ==, 
m 


D 
mtl 
sin O tl D Ant 
The angles N and 06 ml 2re related to the positions ha’ and 
hrl of these maxima on the 3" 
sine = mtl 
m L 
5 
sin Ruy =~ I ? 
hence, 
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an ee x ok 

L D 

or Ax A 
G ™ iD 

2 Ty 

Ax = 5 


(6x10 °cm) x (100 cm) 
1072 cm 


= 0.6 cm 


Thus, the spacing between lines is about 6mm or %4 
of an inch. 


@ PROBLEM 894 





The double-slit experiment can be simulated using two 

small blocks of wood oscillating up and down together in a 
pool of water as shown in the figure. Suppose that the 
blocks are 3 cm apart and the wavelength of the water waves 
is lcm. Locate the points 10 cm from one of the blocks 
where constructive interference occurs. 


The points on the circle 
are the positions where 
constructive interference 
occurs. 





Solution: The motion of the blocks produce circular waves 
which are emanating from two sources Sy and S, separated by 


d = 3 cm. In order to observe the interference pattern 
that forms at 10 cm from one of the blocks, draw a circle 
of radius 10 cm around source So as shown in the figure. 


Constructive interference occurs at points where the dif- 
ference in the distances to the two blocks is either zero 
or some whole number of wavelengths. 


Let A be a point on the circle at a distance Ly from 


S}. All the points on the circle are Ly = 10 cm from S3. 


Constructive interference occurs at points for which the 
length IL) - L, | is an integer multiple of the wavelength 


à = 1 cm. Therefore, we have constructive interference 
at points on the circle that are 
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= 10 


3 


= 10 11 cm 


3 
g 


= 10 cm + 2 12 cm 


g 


= 10 cm + 3 13 cm 


g 


from S}. 


@ PROBLEM 895 


A student sets up a Young's experiment using a sodium 
vapor lamp as a light source and placing his slits 1 m 
from a screen. He is unsure of the slit separation and, 
standing beside the slits, he varies the separation and 
finds the interference pattern vanishes if the slits 
are too far apart. If the angular resolution of his 

eye is 1 minute of arc, how far apart are the slits 
when he just cannot see the interference fringes? 





screen 


Solution: The position of the mth bright fringe of 
the fringe system from the center O is given by 


_ mRA 
yaa: ae, 
where i’ is the wavelength used (see figure (A)). 
Similarly, for the (m + 1)th fringe, 


(m + 1)RA 
Ym+1 d 


Thus, the fringe separation is 


ad — RA 
Ymt1 ~ Ym ~ “ad ' 


a quantity independent of m and thus constant through- 
out the fringe system. 


The angle subtended by this fringe separation at 
the student's eye is (see figure (B)) 


o = BMG = À raa. 


R 
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Here, we have approximated the arc shown in 
figure (B) (dotted line) by the straight line distance 
AB. 

But the student cannot see the fringes as distinct 
unless the angle neighboring fringes subtend at his 
eye > 1 minute of arc. But 1 minute of arc is 1/60° = 


1/60 x 180 rad. Hence, 
À T 








0. = = =r k rad 
min C EE 180 x 60 
“5 
o. a = 180 x 60 x 5.89 x 10 cu 2220025 mn. 
max nm rad 


© PROBLEM 896 






When a flat plate of glass and a lens are placed in contact, a dis- 
tinctive interference pattern, known as Newton's Rings, is observed. 

(See figure A). Derive a formula giving the location of the fringes of 
the interference pattern relative to the center of the lens. (See fig- 
ure B). 









Figure A: Interference Pattern Figure B 
(Top View) 





UNI 


Solution: Destructive interference will result when the waves reflected 
from the apparatus shown in figure (B) are 180 out of phase. Let us 
trace the path of an incident ray. The ray will be partially reflected 
and partially transmitted at surface (1). When a ray of light is trams- 
mitted from a region of low refractive index to a medium of higher re- 
fractive index, it undergoes a phase change of 180°. Hence, the ray 
reflected at surface (1) is 180 out of phase with the incident ray. The 
transmitted ray next encounters surface (2). At this surface there is no 
phase change, since the light leaves an area of high refractive index and 
enters a region of low refractive index. In addition, part of this light 
is reflected at surface (2). The light transmitted at surface (2) next 
encounters surface (3) and is reflected with a 180° or \/2 phase change. 
(A is the wavelength the light). Hence, the ray reflected at (2), and 
the ray reflected at (3) are 180° out of phase. 

Now, the ray reflected at (3) travels a distance 2t greater than 
the ray reflected at (2). We will see destructive interference whenever 
2t is an integral number of wavelengths, since the additional \/2 re- 
quired for destruction is provided by the phase change due to reflection. 
Hence 

2t = nd n = 0,1 2yic«s destructive 
interference (1) 


2t = (nte)A n = 0,1,2,... constructive 
interference 


We must now find the location of the interference fringes in terms of the 
geometry of figure (B). 
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From figure (B), 


R- - & (2) 
R- R1 - d/ 

R {i -/1- #7® } (3) 
But d << R and d/R << 1. (This means that the radius of curvature of 


the lens is large). We may therefore approximate the square root in (3) 
by the binomial theorem. Therefore, 


jix- Cie wi - Te (4) 


Substituting (4) in (3) 


t 


t 


t 


t = R(1 — 1 + d?/2R’) 


t = d°/2R 
d = /2tR 
Using (1) 
d = JnkR atas 152,03 destructive 
interference 
d = 4 (n+4)àÀR n= (0,1,2,... constructive 
interference 


The first equation locates the dark rings relative to the center of the 
lens, and the second equation locates the bright rings. 


@ PROBLEM 3897 


An interferometer illuminated with red light from cadmium 
(A= 6438 A) is used to measure the distance between two 


points. Calculate this distance, D, if 120 minima pass the 
reference mark as the mirror is moved from one of the points 
to the other. 





Solution: The fringes observed represent the interference 
of light rays. Consider 2 rays of light, initially in 
phase. (That is, they interfere to produce areas of high 
light intensity, or maxima). If the phase of one ray is 
varied until a minima is observed, we will find that the 


phase difference of the 2 rays is now i, where i is the 


wavelength of the light. Hence, 2 minima are separated by 
x. Therefore, 


D = NA= 120(6.438 x 1075 cm) = 0.00773 cm. 


@ PROBLEM 898 


To produce a minimum reflection of wavelengths near the 
middle of the visible spectrum (550 mu), how thick a coat- 


ing of Mg F, (n = 1.38) should be vacuum-coated on a glass 


surface? 





Solution: Consider light to be incident at near-normal 
incidence. We wish to cause destructive interference be- 


tween rays r) and r} so that maximum energy passes into 
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MeF,—|@ 


Glass 


Ray striking coated glass 


the glass. A phase change of 1/24 occurs in each ray, for 
at both the upper and lower surfaces of the Mg F, film, the 


light is reflected by a medium ot greater index of refrac- 
tion. When striking a medium of lower index refraction, 
the light is reflected with no phase change. Since in this 
problem both ray 1 and 2 experience the same phase shift, 
no net change of phase is produced by these two reflections. 
Hence the only way a phase change can occur is if the 2 
rays travel through different optical path lengths. (the 
optical path length is defined as the product of the geo- 
metric distance a ray travels through and the refractive 
index of the medium in which the ray is travelling). fr 
destructive interference, the 2 rays must be out of phase 
by an odd number of half wavelengths. Therefore, the op- 
tical path difference needed for destructive interference 
is, 

2nd = (2N + 1) A/2 N = 0,1,2... for minima 


Note that 2nd is the total optical path length that the 
rays traverse. When N = 0, 





ae ie ah geet 
qe eet ee Tee oe 
5 


1.0X 10 > cm 
© PROBLEM 


A thin lens of long focal length is supported horizontal- 
ly a short distance above the flat polished end of a 
steel cylinder. The cylinder is 5 cm high and its lower 
end is rigidly held. Newton's rings are produced between 


the lens and the upper end of the cylinder, using normal- 
ly incident light of wavelength 6000 A, and viewed from 
above by means of a microscope. When the temperature of 
the cylinder is raised 25 C deg, 50 rings move past the 
cross-wires of the microscope. What is the coefficient 

of linear expansion of steel. 





Side View 
FIGURE (A) Top View -Cross Hairs 
Newton's FIGURE (B) ! 
Rings Lens 






Cylinder air wedge 


Lens 


Microscope 
Cross Hairs 
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Solution: Initially, the cylinder has a length d, and 
a gap of length to exists between the top of the 


cyliner and the bottom surface of the lens in the portion 
of the air wedge viewed in the microscope at the same 
position as the cross-wires. (Technically, tọ is the 


distance of the lens from the cylinder as measured along 
axis AA' in figure (B). However, since the lens is thin, 
to is the distance of any point on the bottom surface 


of the lens from the top of the cylinder). Let us now 
see how interference fringes are produced. 


Light is incident upon the lens from above. Light 
is transmitted through both lens surfaces with no phase 
change. However, the light reflected from the bottom 
lens surface and the top of the cylinder are 180° (or 
4/2) out of phase. This phase change is due to the 
reflection from the cylinder. In addition, the wave 
reflected from the cylinder travels a distance 2t) 


greater than the ray reflected from the lens in tra- 
versing the air gap. If this distance is equal to an 
odd number of half-wavelengths (odd because the waves 
are already A/2 out of phase due to reflection) con- 
structive interference will occur. Hence 


Constructive 
Interference 2t»o 


Opal, 42 gi ws) 


(2n + 1)4 (n 


or 2to (n + %)à (i E Oy Ls 2 ess) 
Hence, for a bright fringe to appear at the cross- 
wires, 2tọ = (n + %)à, where n is an unknown 


integer. 

After one heats the cylinder through a temperature 
difference T, the length of the cylinder is d(l + aT), 
where a is the coefficient of linear expansion of steel, 
and the gap will have been reduced to t, where tọ -t= 
dat. 


If a bright fringe is again seen at the position of 
the cross-wires, then, similarly, 2t = (m + %)A, where 
m is an integer. (m # n) 


ai 2(to - t) = 2daT = (n - m)A. 
During the heating process, (n - m) bright fringes 


must have passed over the cross-wires. Thus 


_ (n-maA_ 50x6 x 10% om 
Oe: ae 2x 5 cmx 25 C deg 


F2: x 20: 2 per °C. 


© PROBLEM 900 





A radio telescope sited on the edge of a cliff over- 
looking the sea operates on a wavelength of 100 m. A 
radio star rises above the horizon and is tracked by 
the telescope. The first minimum of the received 

signal occurs when the star is 30° above the horizontal. 
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Explain why the minimum occurs and determine the height 
of the cliff, assuming that radio waves suffer a phase 
change of 7 on reflection at a water surface. (See 

figure.) 





Solution: The radio telescope is receiving signals 
direct from the star (ray XBC) and also by reflection 
from the water surface, (YAC) which is acting like a 
plane mirror. In this case the source of radiation is 
far enough away to be considered at infinity and the 
rays are descending on the earth in a parallel beam. 
When the path difference between rays YAC and XBC 

(see figure) is such that they reach the telescope 
exactly out of phase, destructive interference occurs 
and the signal at C will be a minimum. 


Consider the diagram. If AB is drawn perpendicular 
to XC, it will also be perpendicular to YA, and AB 
is a plane wave front of the incoming beam. Thus the 
disturbances at A and B have the same phase at all 
times. A phase change of 7 occurs at A and this is 
equivalent to an increase in path of 4/2. Thus the 
path difference between the two rays is 6 = AC + 
(1/2) - BC. But by the laws of reflection YAZ = 
[CAO = 30°, and therefore /BAC = 180° - 90° - 30° 
- 30° = 30°. 


- AC sin 30° = ++ ac(1 - sin 30°) 


6 = AC + 5 


N|> 


Since sin 30° = Y/AC, AC = Y/sin 30° and 
2A =" wat Se 
6: 5 # SE id (1 - sin 30°) = 


In order for minima to occur, the path difference ô 
must equal an odd number of half wavelengths, 


nj» 


+ y. 


or ô= (2n + 1)4 n= 0, ly Zr ses 
ALA 
Then (2n + 1) ek. eae © 


If n= 0, ô = A/2, y= 0, and this corresponds to 
the center of the interference pattern being a minimum. 
Since this is the first minimum the telescope receives, 
C must be at the first minimum above O for the situation 
shown in the diagram. (Were it a minimum other than the 
first, a previous minimum must have occurred for an 
angle lower than 30°. But we are told that this doesn't 
happen.) Therefore,n = 1 and ô must be 31/2. 


Hence, Bhakey and y= A = 100 m. 
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CHAPTER 30 


OPTICAL DIFFRACTION 










Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 941 to 
950 for step-by-step solutions to problems. 


As Newton found in the 17th century, white light is composed of a 
continuous spectrum seen by the eye as separate colors: ROY G. BIV is the 
mnemonic for Red, Orange, Yellow, Green, Blue, Indigo, and Violet.Each 
of the elements, however, has its own unique emission line spectrum. The 
origin of this fingerprint of an element is in the quantum physics of the 
atom: the electrons undergo transitions from one energy level to another, 
the lost atomic energy being transformed into light. 


The classic diffraction experiment is one using a single slit (see Figure 
1). Note the similarity and also the difference with the Young double slit 
experiment. Monochromatic light of wavelength ^is incident on one slit of 
width d. A screen is positioned a distance L from the slits with a detector 
at height y. The condition for destructive interference is 


dsinð =n ne=1,2,3,... 
For constructive interference, the condition is 
d sin 90 = (n + 1/2) à. 
The intensity pattern observed is shown in Figure 2. Let Ay be the 





Sf 


Figure 1 
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distance between maxima and minima or the distance from the central 
bright spot to the first minimum. It then follows that sin 9 = à /d = Ay/L 
where we assume in the approximation that L >> Ay. Hence, Ay = à L/dand 
given any three of these parameters, one can find the other in solving a 
problem. The intensity is proportional to the electric field squared and 
may be shown to be 


I = I, sin? (ndy/AL) / (xdy/AL/. 


A diffraction grating is used to separate light into observable compo- 
nents. A reflection grating has ruled lines on a shiny surface, whereas a 
transmission grating has ruled lines on a transparent surface. The 
condition for maxima for a transmission grating is 


dsin@=mA 


where m = 0, 1, 2, ... gives the order of the spectrum. Note that for m = 0, 
all wavelengths are indistinguishable since 9 = 0 for each of them. If a 
diffraction grating has N lines and width w, then d = w/N is the distance 
between lines. The number of lines is very important and related to the 
resolving power of the grating 


R=)A/AX=Nm 





Figure 2 
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Step-by-Step Solutions to 
Problems in this Chapter, 
“Optical Diffraction” 






@ PROBLEM 901 


When light is incident on a thin slit, a diffraction pattern, shown 
in figure (a), is produced. Find an expression which gives the loca- 
tion of the minima of the diffraction pattern in terms of the angle 
9. (See figure (b)). 





<———— Decreasing Intensity———» Diffracted Light 


Incident Light 


ee 


A\\\\ 


AVAL ALL 


AINAN 


MV VAL 
AASA es 





Central Maximum minima Fig. B E 
Fig. A Single slit diffraction Pattern 


incident 
wave 
wave 


ret 





Solution; In this problem, we consider only Fraunhofer diffraction. 
(See figure (b).) This type of diffraction is characterized by par- 
allel, incident light rays encountering a slit, and being diffracted, 
again parallel to one another, In practice, this restriction may be 
effected in 2 ways. The light source is placed very far away from the 
slit, and the screen is far from the slit. Another method employs a 
converging lens to the left of the slit, and a converging lens to the 
right, Light rays incident upon the first converging lens leave par- 
allel to one another, encounter the slit, and are defracted parallel to 
one another Gee figure (c)). They then are focused by the second con- 
verging lens on screen F, and the diffraction pattern results. 

Using figure (c), we can derive an equation locating the minima of 
the diffraction pattern. Let us focus on rays coming from points A 
and B. Since the incident light is in phase, the only phase difference 


between ri and ro must occur because To travels a larger distance 


than rT: (Here, we assume that the rays are effectively parallel). 


If this distance, BB', is equal to Bh, where i is the wavelength of 
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light, the rays ri and ro will interfere destructively and Py will 


be a minimum, Since 
BB' = a/2 sin g , 


minima will be observed when 
a/2 sin 9 = i/2 


Hence, 
asin g=A minima , 


This formula gives the lst order minima of the diffraction pattern. 
Now, examine figure (d), where the slit has been divided into 4 


equal portions of length a/4. Looking at rays ri and To» we note 


that the only phase difference between them occurs because they travel 


unequal distances, Ray ro travels a distance BB' greater than rj’ 


If BB' = \/2, Ri and ry will destructively interfere. Furthermore, 


r3 and r4 will also destructively interfere since DH = M2. Hence, 


each pair of similar rays will destructively interfere, and Po will 


be a minimum of the diffraction pattern, Therefore, since 
BB' = a/4 sin 9 


the second order minimum is described by 
a/4 sin 9 = ^2 minimum 


Then a sin » = 2A minimum . 


In general, if we divide the slit into n equal segments, where n 
is an even integer, we will find 


ans a/n sin = A/2 minima 


a sin ~ = nd/2 minima n even 
Since n = 2m where m= 1,2,... we obtain 


asin ~ = mA minima 
n= Leas eas 


Note that n must be even because each pair of rays emanating from 
the slit interfere. 


© PROBLEM 902 











A slit of width a is placed in front of a lens of 
focal length 50 cm and is illuminated normally with 
light of wavelength 5.89 x 1075 cm. The first minima 

on either side of the central maximum of the diffraction 
pattern observed in the focal plane of the lens are 
separated by 0.20 cm. What is the value of a? 


Solution: This is an example of Fraunhofer 
diffraction (see figure). Parallel rays of light are 
incident on slit NN' from the left. The rays are 
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diffracted and encounter the lens of focal length f. 
The rays are then focused on a screen (SS') lying in 
the lens' focal plane, and a diffraction pattern is 

observed. The minima of this diffraction pattern are 
described by the formula 


ne Se N 
sin 0 = & 


where 0 locates the minima fringes, a is the slit 
width, m is the minima number, and à is the wavelength 
of the light used. In this problem, the first minima 
on either side of the central maximum is found at 
angle 8, such that 


1 


w |> 


0 = sin š 


The angular separation of the 2 minima is then 
(see figure) 


§ = 20 =2sin' 4 (1) 
But, we may write 


20. > (2) 


DB 

f 
where DB is the linear separation of the 2 minima. 
Here, we have approximated the arc DB (shown dotted 
in the figure) by the linear distance DB. Using (2) 
in fh) 


DB = 2 sin! A 

£ a 

DB). à 

or sin |5F A 
and a= _— 
` DB 
sin [2] 

Hence a™ 5.89 x 10 -cm _ 5.89 x 10 > cm 


-20 cm 


= “sin (.0020) 
100 m 


sin | 
Since .0020 rad is a very small angle, we may write 


sin (.0020).* .0020 = 2.x 10° 


5.89 x 10 ° cm 
2x 10°? 


= 2.945 x 10 * cm 





whence a *™ 


@ PROBLEM 903 









o 
A plane wave of monochromatic light of wavelength 5893 A 
passes through a slit 0.500 mm wide and forms a diffraction 
pattern on a screen 1.00 m away from the slit and parallel 
to it. Compute the separation of the first dark bands on 
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either side of the central bright band, that is, the width 
of the central bright band. 


Single 
Slit 
Interference 





Solution: According to Huygens' principle, each point in 
the slit may be considered to behave as a single point 
source of light. Consider a pair of corresponding points 
in each half of the slit as shown in the figure. Fora 
dark band to occur (corresponding to destructive inter- 
ference) at P, the two rays must be out of phase by 180° or 
4/2. This phase difference results because ray 2 travels a 
distance A£, greater than ray 1 (see figure). Therefore, 
since P is a point of destructive interference 


At = 1/2 = È sin 6 
A 


b sin 6. 


If L is much greater than b, we can make the following 
approximations: The hypotenuse of the large right triangle 
is equal to L, and in considering any two corresponding 
points in the two halves of the slit, the angle 6 remains 
unchanged. Then, we can write 


sin 0 = x/L. 
But sin 6 = A and X = A or 
b L b 


= AL _ (0.00005893 cm) (10) _ 
Re eee 


where x is the distance of the first dark band from the 
middle of the central bright band. The separation of the 
two first-order dark bands is 


2x = 2(0.118 cm) = 0.236 cm = 2.36 mm. 
@ PROBLEM 904 





Find the angular width of the central maximum of a Fraunhofer dif- 
fraction pattern if the light used has wavelength À = 60008 and the 


slit width is .1 x 1072 m. 


Solution: The angular location of the minima of a Fraunhofer diffrac- 
tion pattern is given by 
sin ọ = ma (m_=.1,2,..-) 


where a is the slit width. The central maximum is flanked on either 
side by the first order minima (m = 1). The angular position of this 
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Central Maximum 





minimum is 
sin @ = „(216000 R 
(.2 x10 m 
Since 18 = 107° m 5 “ib 
sin pọ = & X10 X10 m 
1x10 S 


sin 9 = 6 xX 10° = .006 


@ = 1/3° 
Hence, the angular breadth of the central maximum is (see figure) 
29 = 2/3° . 


@ PROBLEM 905 


Sodium yellow light, which consists of the two wave- 
lengths 5890 R and 5896 R, falls normally on a plane 


diffraction grating with 1500 rulings per centimeter. 
What is the angular separation of the two lines ob- 
served in the first-order spectrum, and under what 
conditions will they be seen as separated? 





Solution: The grating formula is a sin 6 = mì where 
m is the order number, ìà is the wavelength of the 
light incident on the grating, and a is the grating 
spacing. The angle 0 locates the diffraction maxima. 
But the number of rulings per unit distance p is equal 
to l/a. Therefore sin 6 = m\/a = mpd. In this problem, 
a small change in wavelength to i + dì produces a 
change in the angle of diffraction to 6 + d6.Then 


+ (sin 6) = $y (mp 2) 


I 


d 
or cos 6 =; = mp 


>i 


whence do = mp ddA = ___mp ddr 


cos 6 
/ l - mèp s 
Note that we've used the fact that 
cos @ = Y1 - sin? 6 = YI - m’p7}? 


The separation of the sodium lines in the first order 
is thus 


1 x 1500 cm! x 6 x 10 è cm 


Yl - 12 x 15002cm 2 x 58932 x 10 16 cm? 
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dð = 





= i 
= a = 9.04 x 1075 rad. 


We have used the average value of the 2 wavelengths 
of sodium light in this formula (5890 A + 5896 A/2 = 


5893 A). 
The resolving power of a grating R = A/d)\ = mn, 
where n is the total number of lines on the grating. 


If we are to resolve the given wavelength difference 
dì in the first order, we must have 


Xk 
n= mda 


=a 
n = _5893 x 10 " cm_ = 982 rulings. 


1x 6x 10° cm 


As long as the grating is wide enough to contain 
982 rulings, the sodium yellow lines will be resolved 
in the first order. 


@ PROBLEM 906 


The deviation of the second-order diffracted image formed 


by an optical grating having 5000 lines/cm is 32°. 
Calculate the wavelength of the light used. 





Double-Slit 
Interference 





Solution: An optical grating is a transparent piece of 
glass or plastic on which there are closely spaced 
parallel scratches. These scratches behave like opaque 
barriers and the spaces between slits like narrow slits. 
Each adjacent pair of slits produces a double-slit 
diffraction pattern so that this problem can be analyzed 
using double-slit interference. 


Point Pa in the diagram receives light from both 
slits. The path lengths from slits S, and S, to po differ 


by an amount very close to AL. If the two waves are in 
phase as they leave slits S, and S,, then they will also 


be in phase at Ph if AL is an integral multiple of the 


wavelength of the light. That is, if AL = nì then rein- 
forcement occurs at Ph and a bright band occurs there. 


946 


If b is small compared to L, then the angle 9 in the 
small right triangle is nearly equal to 6 in the larger 
right triangle. Therefore, we can say 


y — NA 
sin ON pi k 
or b sin on = NA 


where Oy is the deviation of the Nth order diffracted 


image and b is the distance between slits. 


b = 1/5000 cm = 0.00020 cm 
ies b sin ON _ 0.00020 cm x 0.53 
"We ge -ine> se Se E E 


0.000053 cm = 5300 A 
© PROBLEM 907 


The spectrum of a particular light source consists of 
lines and bands stretching from a wavelength of 5.0 


x 10 5 cm to 7.5 x 10 ° cm. When a diffraction grating 


is illuminated normally with this light it is found 
that two adjacent spectra formed just overlap, the 
junction of the two spectra occurring at an angle of 
45°. How many lines per centimeter are ruled on the 
grating? 





Solution: The grating formula is 
d sin 6 = nì 


where à is the wavelength of light incident upon the 
grating, d is the grating spacing, n is the order number, 
and ð locates the maxima of the diffraction pattern. At 
the angle of 45°, we have d sin 45° =m x 7.5 x 10 5 cm, 


and also d sin 45° = (m + 1) x 5.0 x 10 ° cm. (We can 
see why the smaller wavelength has the larger order 
number by examining the grating formula, d sin 0 = ni. 
Since 0 and d are the same for both \'s, we obtain 

nA = const. Hence, at a particular 6, the larger the 
wavelength, the smaller must be n, and vice-versa). 


ae = ees a m= 2. 


The second-order spectrum thus just overlaps with the 
third. Also, using the first formula above, 


_ 2x 7.5 x10 5 cm _ 


coe 
a= — ih leen Fe «20 cm. 


This is the separation of the rulings. Hence the number 
of rulings per centimeter, n, is 


„da terete 
n= 9° 27 aa 4715 per cm. 
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@ PROBLEM 908 










The limits of the visible spectrum are approximately 400 nm to 
700 nm. (a) Find the angular breadth of the first-order visible spec- 
trum produced by a plane grating having 15,000 lines per inch, when 

light is incident normally on the grating. (b) Show that the violet 

of the third-order spectrum overlaps the red of the second-order spectrum: 













Fig. l 


Diffraction 
Grating 
Solution: (a) The diffraction grating, shown in Fig. 1 has a grating 

spacing d given by 


4 


2.54 cm/ins _ _ 1,69 x 10°" cm. 


= 15,000 lines/in. 
The nth order angular deviation for wavelength À is 


sin ð = a 


d 


therefore the angular deviation of the violet is 
ny -5 
v _ 4x10 " cm 


sinô = ~qr A = 0.237, 
= 1.69 x 10 ‘cm 


0 = 13 40'. 
v 


The angular deviation of the Ped is 
-5 
sinop = -$n 7X10 cm. = 0.415, 
1.69 x 10 cm 
= 4 ' 
0, 24 30'. 


The first order deviations (n = 1) for the highest and lowest fre- 
quencies (violet and red respectively) of the visible spectrum will have 
an angular difference OR - 8y Hence, the first order visible spectrum 


includes an angle of å Š $ 
8,- 9 = 24 30' - 13 40' = 10 50'. 


R 
(b) For n= 3, violet light has the angular deviation 
sine «ov a 2x(4x 107° em) 
v d d 


The second-order deviation for the red light is 


2he 2x(7x10 cm) 


d d 
The first angle i is smaller than the second angle Op therefore 


sin 6. = 


whatever the grating spacing, the third order will always overlap the 
second, as can be seen in Fig. 2. 
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© PROBLEM 909 


The spectrum from a hydrogen discharge tube contains the red C 
line and the violet F line. A parallel beam from the discharge tube 
is passed through a refracting prism of 60° angle with the red C 
light suffering minimum deviation, What are the deviations suffered 
by the red C light and the violet F light? 

On emerging from the prism, the light is focused on a screen by an 
achromatic lens of focal length 30 cm, What is the separation of the 


C and F images on the screen? (Here no = 1.604 and np = 1.62 





Solution: The geometry is shown in figure (a). For minimum deviation, 
9) = Po . The physics of this problem lies in the fact that the re- 


fractive index, n, of the glass of which the prism is constructed is 
different for different colors of light passing through the prism, 
That is, n = n(A) 


where À is the wavelength of the incident light. Hence, if the 
different colored incident light rays are all parallel, they will 
leave the prism in a non-parallel manner. We now derive a formula for 
the deviation, ô, of a light ray incident.on the prism face at an 


angle A . 
Note, first, that 
ô = ¥ QBD + ¥ SDH 


But, ¥ SDH = , - p, and ¥QBD=  - P.. Then, 
A- Po Q 7 Py 


ô = 29, - (P1 + Pa) 


Apply Snell's Law at both interfaces, and noting that the refractive 
index of air is 1, we obtain 


sin q= n(A) sin Py 


(1) 
n(A) sin paT sin A 
Equating these 2 equations 
whence n(A) sin = n(A) sin Py 
Therefore, a rte Gaa 
5 = 29, - 20 = 2(0, - p) (2) 


But, since the prism is in the shape of an equilateral triangle, 


J ABD = 90 - p, = 90 - p= 60° 


Hence, p = 30° (3) 
Using this fact in (2) 
ô = 2(%, - 30°) (4) 


Substituting (3) in equation (1), we can find 9, 
n(\) 
ta 


i = n(X) sin 30° = 
whence ilies O) 
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§ = a(sin” (200) - 30° ) 


We may use this formula for all the colors incident on the prism, 
since they all enter the latter at the same angle Pe Hence, for 


the red C line, 
a(g fe] $ 20°) 
c 3 
* a( sin” [2-608] = 30°) = 2 (@in*.802)- 30) 


K 2(53.3° 5 30) = 46,6° 
and, for the violet F line, 


sot) 


Using (5) in (4) 





oa 
i 


o 
[i 





o 
[| 


X -1/1.620) _ e 
ôg = 2(sin aS 30 
bp 2Gin }(.810) - 30°) 
6, = 2(64.1° Š 30) = 48,2° 


A parallel beam of red light is emerging from the prism at an angle 
of 48,2° - 46.6° = 1.6° to a similarly parallel beam of violet light. 
Parallel beams are brought to a focus in the focal planes of lenses, 
and thus both the red and violet beams give sharp images in the focal 
plane of the inserted lens. 

The real image of a point object is the place at which all rays 
converge, Hence if we can find the point at which any violet ray, 
and the point at which any red ray, strike the focal plane of the 
lens, we have located the images, and their separation gives us the 
answer required. The easiest rays to choose are the red and violet 
rays which pass through the center of the lens, since these are un- 
deviated. 

It can be seen from figure (b) that the separation of the images 
is PQ. Now, if €e is small, we can find its value (in radian 
measure), by 

e = 


(6) 


wlS? 


A 
yhere PQ is the arc PQ, and R is the radius which sweeps out 
PQ. If ce is small, 
A — 
PQ = PQ 
and 
Ref 


where f is the focal length of the lens and PQ is the straight 
line PQ. This follows since both P and Q lie in the lens' focal 
plane. Then, using (6) 


PQ æ ef 
where e¢ is in radians, Noting that 
1° = 27/180 rad 


1.6° = 3,2m/180 rad = .028 rad 
and 
PQ = (.028 rad)(30 cm) = .84 cm, 
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CHAPTER 31 


ATOMIC/MOLECULAR STRUCTURE 










Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 953 to 
966 for step-by-step solutions to problems. 


The simplest atom, hydrogen, has a spectrum with wavelengths at 
6561, 4860, 4339, and 4101 A. This is the well-known Balmer series. To 
understand it, consider the more general problem of Figure 1. An electron 
of charge — e and mass m orbits around a central nucleus of charge Ze at 
radius r. This is called an H-like atom. 


By Newton’s second law for centripetal motion F = ma = mv’/r. 
Furthermore, the source of the centripetal force is the Coulomb force F = 
k,Z?/r°. With only these two equations, one could find the force given the 
distance and nucleus (e.g., Z = 1 for hydrogen). Then the force could be used 
to find the speed v = V Frm. 


However, with the quantization of angular momentum postulate of 
Bohr theory, we can go beyond this. The concept of the de Broglie 
wavelength pd = A (his Planck’s constant — see HEAT TRANSFER) can 
be used with the non-interference condition nd = 2xr to derive this pos- 
tulate. The postulate says that 


L=mvr=n ne1,2,3.,... 


where f = h/2n. n is called the principal quantum number. Using this, we 
can eliminate the speed (v = nf/ mr) from our equation mv*/r = k,Ze?/r? 
to get 


r =n’ a,/Z 
where a, = f?/k,me? = .5292 Å is the n = 1 hydrogen Bohr radius. 
v 
0 
-e ———————————  —- 1.5:0V 
—3.4 ev 
r 
ee — 13.6 ev 
Figure 1 Figure 2 
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One can also determine the total energy of the H—like atom using this 
problem-solving method. The total mechanical energy is 


E = KE + U = 1/2 mv? - k „Ze?/r 
= -k „Ze? /r. 
Using our result for the radius r = r „ we get 
E, = —Z?/n? 13.6 eV. 


Consider as an example the hydrogen atom with Z = 1. One may then 
obtain an energy level diagram (Figure 2) by substituting n = 1, 2, 3, etc. 


Atomic and molecular spectra arise from transitions between energy 
levels on similar diagrams. In Bohr theory, we can use the Einstein 
relation AE = hv = he/) to find the wavelength of a transition from level 
n, to n, (Figure 3). 


he/A=E, -En 
i f 


= 2713.6 eV (1/n? = 1/n?). 


For example, taking Z = 1 (hydrogen), n, = 2 (Balmer series), n, = 3, and 
he = 12,400 eV — Å, we get} = 6561A the first line in the Balmer series! 


reee 


Figure 3 
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Step-by-Step Solutions to 
Problems in this Chapter, 
“Atomic/Molecular Structure” 





In the Bohr model of the hydrogen atom, the electron is considered 
to move in a circular orbit around the nuclear proton. The radius of 


the orbit is 0.53 x 1078 cm. What is the velocity of the electron in 
this orbit? 





Bohr Model 


Solution; If we assume that the only force acting is the electro- 
static force, 


pa 4445 $ e 
$ P a 
_ (4.80 x 10°}? state? 
(0.53 x 107° cmP 
= 8.2 x 1072 dyne 
In order to maintain a circular orbit, the electron must be subject to 
a centripetal acceleration: 


ae r 


The mass of the electron times this acceleration must equal the force 





on the electron: ș 
me 
Mato x t rs Fe 
or, solving for v, F 
E 
v = 
m 


- Ko.ss x 10°Sem x 8.2 x10 dyne) 


( 9.11 x 10°74;:) 


= 2.18 x 10° cm/sec 


Hence, the electron velocity is about 1 percent of the velocity of 
light. 


@ PROBLEM 911 


How many nuclei are there in 1 kg of aluminum? 
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Solution: The mass m of a single aluminum atom sR, is 
26.98153 amu. 1 a.m.u. corresponds to the mass of a proton 


or 1.66 x 10`?” kg, therefore 


m = (26.98 amu)(1.66 x 10727 KJ) = 4.48 x 1077kg 


This mass value is also approximately equal to the mass of 
an aluminum nucleus since the electron mass is so much 
smaller than the mass of the atom. Therefore, the number 
of aluminum nuclei is 


dO kgs 2.23 x 1025r nuclei. 


4.48 x 10 ^? kg/nuclei 
© PROBLEM 912 


Natural boron is made up of 20 per cent 10, and 


80 per cent ahs What is the approximate atomic weight of 


natural boron on the scale of 16 units for 16 


scale)? 


O (chemical 





Solution. The scale of 16 units for 16, means that the 
Superscript represents the atomic weight of the atom. There- 
fore: 


atomic weight of 10, = 10 


atomic weight of ll, = 11 


average atomic weight of boron (natural) 


„= 20 x 10 + 80 x 11 . 10.8. 


0 
© PROBLEM 913 


A cube of copper metal has a mass of 1.46 x 1072 kg. If 


the length of each edge of the cube is 2.5 x 107 m and a 
25 


copper atom has a mass of 1.06 x 10 
number of atoms present in the sample and then estimate the 
size of a copper atom. Although the actual crystal struc- 
ture is more complex, assume a simple cubic lattice. 


kg, determine the 





Solution: The number of atoms, N, is found in the follow- 
ing manner: 


Mass of N atoms = (Mass of 1 atom) (number of atoms, N) 


1.46 x 10`} kg = [1-06 x 10725 Ae o atoms) 


“i 
n = 2-46 x L0 kg = 1.38. x 107% atoms. 


1.06 x 10 atau 


f 


Let us assume that each copper atom may be represented by 
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a sphere whose diameter is d. If the atoms are touching 
one another, there will be the same number, say n, along 
each edge of the cube. The total number ot atoms N is re- 
lated to n by the volume relationship 


n? = N = 1.38 x 107, 
The number of atoms along one edge is then approximately 


n=1.1*x 108 atoms 


This number is approximate due to the inaccuracy of the 
initial assumption that each atom has the shape of a sphere. 
Also, 


Length of an edge of the cube = (diameter, d, of one 
copper atom) (number, n, 
of atoms along an edge) 

Then nd = 2.5 x 1072 m. Therefore, the diameter of a cop- 
per atom is approximately 


=2 
PE 29 X- E9 m = 2,27 x 107219 


ica &% X06 


This value agrees reasonably well with the value of 


2.56 x 10°" m obtained using other methods. 


© PROBLEM 914 


What is the energy of a photon of green light 


(frequency = 6 x 10)" vps)? 





Solution: Planck's hypothesis states that E = hvu, where 
u is the frequency of the radiation, and h is Planck's 
constant. Therefore, 


E 


(6.63 x 107%" joule-sec) (6 x 10'* vps) 


E = 3.98 x 107}? joules. 
© PROBLEM 915 


What is the energy content of 1 gm of water? 


Solution. If the mass of the gram of water was completely 
converted to energy, the amount of energy released would be 





E me? 


1 x 1072 x (3 x 108)? 


9 x 1013 joules 


@ PROBLEM 916 





If the average distance the free electrons travel between col- 
lisions in copper is 4 x 107° m, how many collisions per second do 
the electrons make? What is the time between collisions? The average 
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electron speed in copper is 1.21 X 106 m/s. 


Solution; The number of collisions per second, N, is, 


6 
N= 2 = i:2} x s = 3.0 X 1013 collisions/s 
4 4x10 m/collision 
The average time t between collisions is 
einders asliga 0207S . 
N 3.0 x 10/9 
: @ PROBLEM 917 





Find the energy equivalent to 1 amu. 


Solution: The atomic mass unit is 1/12 of the mass of a 
C g atom and is equal to 1.660 x 10°24 gm. The amount of 
energy released by the conversion of this mass to energy 
is, 


24 10 


E = Amc? = 1.660 x 10724 gm x (2.998 x 107° cm/sec)? 


4 Li 


li 


14.94 x 10 erg = 14.94 x 10 ~~ joule 


Converting to units of electron volts, since the energies 
on the molecular level are small, 


i Mev.= 10° -volte x 1.602.%.10 "a gòul 
= 1.602 x 107}? joule 
-11 
iomo eT ay 
1.602 x 10 
= 931 Mev e PROBLEM 918 





Estimate the radius of the nucleus of mercury. 
The radius R varies with atomic weight A according to 


R= 1.2 x 1072? al/3 om, 


Solution. For mercury, A = 200, thus 


R = 1.2 x 107} 3200 


= 7% 1072? om. 


The variation of R with A quoted above holds for any 
nucleus. From it we can see that the density of nuclear 
matter is the same for every nucleus. That is, 


Z mass m 
density = sotune =F 
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The mass of a nucleus of atomic weight A is 


malbe ki 1077’ a; 


If the nucleus is assumed to be spherical with radius R, 
its volume will be 


ATR? 


ve Sega XiT P a. 


Thus the density does not depend on A, and is approximately 


1.66 x 1072 


(1.2 x 107 


density 5 x 


2.3 x 101+ gm/cm>. 


This is a truly fantastic density; one cubic centimeter of 
nuclear matter has a mass of about 200,000 tons! 


@ PROBLEM 919 


At a counting rate of 5 atoms per second, how long 


would it take to count the atoms in a spherical droplet 
of water 0.1 cm in diameter? 





Solution: We can calculate the number of atoms in the 
water droplet from the density of water and the gram 
molecular weight of a water molecule. 

The density of water is defined as its mass per 
unit volume, or 


p= 
Hence, m = pv. (1) 


Now, the volume of water in the spherical droplet is 
the volume of a sphere of radius .05 cm. The volume of 
a sphere of radius r = 4/3 tr’. 
Volume of droplet = 4/3 17(0.05) ° 

= 5.24 x 10 * cm? 


The density of water is 1 gm per cubic centimeter, 
and from (1), the mass of water in the droplet is 


(1 gm/cm*) (5.24 x 107* cm?) 


m 


m = 5.24 x 107" gm 


We may now find the number of molecules in this mass 
by dividing it by the mass of one molecule. 


A molecule of water contains two atoms of 1H! and 


one atom of 0! and its molecular mass is therefore 
(2 x 1.0078 amu) + 15.995 amu = 18 amu 
But 1 amu = 1.66 x 107?" gms. 
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Therefore, a water molecule has a mass, in grams, of 


(18) (1.66 x 1072" gms) = 29.88 x 107°" gms 


-2 N: 


The total number of molecules in 5.24 x 10 gms is 
then a 
n= 3-26 = 10 = 1.75 x 10?° molecules 


2.99 x 10°73 gm/molec. 
to sufficient accuracy. 


Since each molecule contains 3 atoms, the number of 
atoms in the water droplet is 


3n = (1.75 x 10!° molecules) (3 atoms/molecule) 
3n = 5.25 x 10!° atoms 


At a rate of 5 per second the time taken to count 
these atoms would be 


5.25 x 101° atoms 


= 19 
5 atoms/sec L.05sx::L0 nan 


There are approximately 3.16 x 107 sec in a year, 
so the time taken would be 


1.05 x 10?}° sec 


= 11 
3.16 x 10’ sec/yr 3.3 x 10°" years. 


© PROBLEM 920 


Calculate the mass of the electron by combining the results of 


Millikan's determination of the electron charge q and J.J. Thomson's 
measurement of q/m. 






Solution: The charge of the electron, q = 1.6 X wor C, and the ratio 


of charge to mass, q/m = 1.76 X 1011 C/kg, are known. 


2. 3.76.x 10°" © put q.=1.6,x10 °C 
m kg 
Therefore, -19 
1.6 x 10 £ 31 





iT = 9.1 X10” kg 
1.76 X 10° &/kg 


The mass of the electron is about 9,1 X 10` kg. 
@ PROBLEM 921 


Find the deBroglie wavelength corresponding to an 


electron with energy 1, 10%, or 10° eV. Neglect any 
corrections connected with the theory of relativity. 





Solution: DeBroglie knew that light has a dual, wave- 
particle nature given by the relationship 


=P 
P 


which relates the wavelength à of a light wave with the 
momentum p of its photons through Planck's constant h. 
DeBroglie reasoned that matter also has a wave-particle 
nature, and that the wavelength of the matter wave was 


958 


given by the same equation used for light with p the 
momentum of the particle of matter. We then have 


si: 
d= iw 

The energy given for the electron is its kinetic 
energy K. This is equal to 


K = k mv? 
or yu f/f 
$ m 


We can therefore say 


h e h 


= em = —— 


2K 2Km 


m — 
m 


where m is the mass of the electron. 
Substituting values, we find 


(6.6 x 10 joule/sec) 
(2) x (KeV) x (1.6 x107!*%joule/ev) x (9.1107 ?*kg) 


150 1-0 2 a i) 
K 10 m = x A 


where K is in electron volts and A in Angstroms. 





For K; = 1 ev 








Al = 130 A=12.2A 
For K: = 10" ev 
ziro Som = rO T2230 
10° 
For K; = 10° ev 
ia = / 0 aA = 0.039 A 


Calculate the wavelength of the first line in the visible (Balmer) 
series of the hydrogen spectrum, for which the electron transition is 
from orbit 3 to orbit 2. 





Solution: The total energy of the nth orbit of the hydrogen atom is 
given by P 
ee 

n 


2 


where rary T being the first Bohr radius. If an electron 


1 
jumps from a higher orbit to a lower orbit, it will emit photons 
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(electromagnetic waves) because it has to decrease its energy to 
match the binding energy of the new orbit. Therefore, the energy 
carried away by radiation is equal to the difference between the two 
energy levels 


2 
a E -E = - 4 ks +- 
i % 1 ie 2 


where ny and n, denote the initial and final energy levels. If 


the emitted electromagnetic wave has a wave length, à, its energy is 
he e We have, then, for the wave length: 


day ke} 2 
À her, n ni 


Substituting for the constants, we get 


1-2-2) 
À n ny 
where 


kê | 9 x 10° m/farads) x (1.6 x 107} 
her; = (2) x (5.29x107 tm ) x ( 6.63x107243-sec ) x (3x10°m/sec ) 


1.097 x 10” -1 
m 


= 1.097 x 10” ax 10, 
m 


3 


9 coul)? 


107A 


1.097 x 10° 


avi 


For n, = 3 and n, = 2, the wavelength is 


1.097 x 107° ate ` =) 


4 471 


1 
Xx 
1.52 x 10 
6560 A 


> 
ul 


© PROBLEM 923 


As the explosive TNT burns, it releases about 4.2 x 106 


joules/kg. The molecular weight of TNT is 227. Find the 


energy released by one molecule of TNT in the process. What 
is the fractional change in mass that occurs as one kg of 
TNT explodes? 





Solution. The molecular weight is expressed in terms of 
atomic mass units. One amu equals 1.66 x one kg. There- 
fore, the mass of one molecule is 1.66 x 107"! x 227 kg. 
The amount of energy released by one molecule is, 


27 


energy release = 4.2 x 10° x 1.66 x 10° x 227 joule 
= 1.58 x 10718 joule 
= 9.8 ev. 


This energy should be compared with the quantity 7.6 x 101° 
joules involved in the fission of a uranium atom into zir- 
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conium and neodymium. We can easily calculate the fraction 
of mass converted into energy in an explosion of TNT. The 


energy released by 1 kg is 4.2 x 106 J; thus the mass change 
is 


TARA «20° 


E 
Am = = 
€ (3 x 10° ) 


4.7 x 10722 kg: 


The fractional change in mass is 


at 


Am _ 4.7 _ * 10 kg _ 4.7 x 10711, 
m 1 kg 


© PROBLEM 924 


Show that for large values of the principal quantum number, the 
frequencies of revolution of an electron in adjacent energy levels of 


a hydrogen atom and the radiated frequency for a transition between 
these levels all approach the same value. 





Solution; We use the Bohr model of the hydrogen atom in the analysis 
of this problem. Assuming that the electron is orbiting about the 
proton in a circular orbit, we observe that its period is given by 


aur 
v 


q) 


where r is the orbit radius, and v is the velocity of the electron. 
Bohr's condition on the angular momentum of the electron is 





L = nh/2n n = 0,1,2,cc.6 
In a circular orbit, 
L = mvr 
whence 
mvr = nh/ 2m 
and 
nh 
v= Smr (2) 
Inserting (2) in (1) pee 
T = 20 ° 
r* “hh 
2:22 
47 mr 
T = = 
nh (3) 


To eliminate r in (3), we note that the Coulomb force acting on the 
electron is centripetal, and 


2 
1 e E. ain? 
tm 2° > 
2 £9 r z 
where e is the electronic charge. Hence 
ene = avr ane 
0 
e? 
r= (4) 
TT 
4 Eo m 
Substituting (2) in (4) 2 222 
a e av mr 
TE 
m h 








i) 
ii 


and 2 
(5) 


Substituting (5) in (3) 





THe * ae 


Hence, the orbital frequency of the electron is 
v= a 
4e n h 
0 
We must now find how the energy of a hydrogen atom is quantized, 
The energy of the atom is potential and kinetic 
2 
e 


ame r 


(6) 


a8 me (7) 


To transform E into a function of n, we eliminate v and r in 
(7) by using (2) and (5) 


ie nh _ nh efm 
-= mr onm | 22 
nh E9 
2 
y a ee 
2¢ nh 
nn en 
ia a 
e Tm 
and 4 2 
E= m fe _e e Tm 
E 4e 0 h ay h E9 
4 
E= me _ me 
8e nh 4e nh 
0 0 
4 
-me 
E=— 333 
8ée nh 
(0) 
But, the energy is quantized and 
4 
hv = amis 
n 223 
8e nh 
(0) 
y = 
n Seon 3 


The radiated frequenc y for a transition between 2 adjacent energy 
levels is 
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4 
ae =- me i 1 
n n-1 i fal ge 


2 

8e n (n-1) 
TERN = -me* Bees) 
i a seh n (n-1) 

4 

me 2n-1 
v-v = Er o EN. (7) 
B nol gern 2 (n-1) 


We must show that (6) and (7) approach the same value for large n, 
If n> 1, 2n-1 2n and n-l æn. Hence, 


4 
os i: at Se 
a ma 8e! n n 
4 
vV 4% y wa. 
n n-1 moeh 
0 


which is (6). 

At large quantum numbers, classical and quantum mechanical results 
agree for the energy levels lose their discrete characteristics, 
This is an example of Bohr's correspondence principle. 


@ PROBLEM 925 


When a small drop of stearic acid is placed on the 
surface of water, the liquid spreads out on the water 
to form a single layer of molecules which are all 
standing on end, as shown in the figure. In a stearic 
acid molecule, one end is polar. This occurs in the 
0-H bond, since the electron the two atoms share does 
not orbit an equal time around the individual atoms. 
The electron spends more time in orbit around the 
oxygen atom,causing it to be slightly negative and 
the hydrogen atom to be slightly positive. The charge 
of the two atoms as a whole remains neutral. Since 
water molecules (H20) contain 0-H bonds, they are 


also polarized. The stearic acid and water molecules 
therefore attract each other causing the acid 
molecules to stand on end. Estimate the length of the 


stearic acid molecule if the volume of the drop was 
1.56 x 107° m? and the area of the stearic acid 


film is 6.25 x 107? m*. Also compute the approximate 
size of an atom, assuming that the carbon, oxygen, and 
hydrogen atoms are the same size. The chain is 20 
atoms long. 





Solution: The volume V is related to the area,A,of 
the liquid and L, the length of the stearic acid 
molecule, as follows: 

V = LA 
The length of the molecule is, therefore, 


-1 0 3 
p= ¥= 48610 É = 2.5x 10% m 
6.25 x 107? m? 
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Stearic acid, CH, (CH,) ;,COOH 


O Carbon 
@ Oxygen 
e Hydrogen 





Water 
es Bee Leer os at 
SSS 


Since the chain is 20 atoms long, (see figure), 
each atom has a diameter d that is approximately 


-9 
da= -B= 25x10 Me ESK ro m 


This method is a very simple way to estimate the 
length of linear molecules. The technique was 
suggested independently in 1890 by both W.C. Röntgen 
and Lord Rayleigh. 


© PROBLEM 926 


An electron with angular momentum L = 6 x 107°?" N-sec 


and total energy Hy = - 4 X 107}° J is in orbit around a 


proton. What are the distances of nearest approach and 
farthest separation? 





Solution: The electrostatic potential is given by 


2 
= e 
Vg =-kg RK 


where the negative sign indicates its attractive nature. 
The kinetic energy of the electron is 


2,,2p2 2 
ae) egg 3k ae m°uU“R ja i 
k. E: z 2mR2 2mR2 


since, by definition of angular momentum, L = mvR. 
The total energy of the electron in its orbit is 











L? e? 
Ho = k.E. + Vi = mR? ER 
L2 kpe’ 
eo E 
2 
2 AR T 2 
RH = Sm kpe T 
až = L? 5 kge R 
2mH o Ho 
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2 
a ee L? kt 
Hy 2mH, 


Solving for R via the quadratic equation 











2 2 
kpe $ kge r 212 
Sak. to Ho — Ho” mH o 
2 
k „e? k2e* En 
or 2R = - E + E + 2LF Now, 
Ho — H? mH 9 








2 
2 x 9 Nem 
n e fə x 10 c ](2.56 x 1073® ¢2) 
as -4x 10??? 
kge? 
yp n 5:6 10513m 
a- A 2(36 x 1077? N? « s?) 
0 


(91X 16°** kg) (.4 x 1077 3) 
a = = 1.98 * 10°"! m? 


Thus 
2R = 5.76 x 107}! m 
+ (3.32 x 107?! m? - 1.98 x 107?! m?)* 
= 5.76 * 1o7** m + 3366 x 107% 


Thus 


R= 1.05 x 10 !! m or 4.71 x 107?! m 


which gives the nearest approach and farthest separation. 
© PROBLEM 927 





An a-particle (mass 6.64 x 10t? kg, charge 3.20 x ry ioc 
coul) is scattered through 120° by a gold nucleus (mass 


3.28 x 10725 kg, charge 1.26 x 1072” coul). The initial 


kinetic energy of the a-particle was 1.5 x 10 J. Cal- 
culate the impact parameter, and the distance of nearest 
approach of the a-particle to the nucleus. 


=12 


2 
Solution: When a charged particle adı is scattered by 
another stationary charge dz’ the scattering angle 6 is 
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determined by the Coulomb force between the two charges, 
the speed of the incident particle, Vo’ and the distance b 


between the initial trajectory of the incoming particle 
and the line parallel to this trajectory passing through 
dz- The distance b is called the impact parameter, as 


shown in the figure. 


Rutherford's formula for the scattering angle is 


k,q,q 
tan Su BL 
mv,~b 
0 
Therefore, the impact parameter b is 
ens kgqd1d2 
6 
tan 
mvo 2 
9 x 10? x 3.20 x 1072? x 1.26 x 1072” 


>x 1:5 x 108 xh. $38 


= 7.0 x 10°15 m 
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CHAPTER 32 


RELATIVISTIC EFFECTS 










Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 969 to 
995 for step-by-step solutions to problems. 


Einstein’s 1905 special theory of relativity is a beautiful and novel 
part of physics. There are two postulates. The postulate of relativity states 
that true physical laws are the same for all observers in relative motion 
with constant velocity (inertial reference frames). The postulate of the 
constancy of the speed of light says that c = 2.998 x 101° cm/s in vacuo 
irrespective of the motion of observer relative to source. 


Consider two reference frames K and K’ (Figure 1). The lab frame K 
is at rest and the rest frame K’ moves to the right with velocity v (with respect 
to the lab frame). Galileo and Newton had assumed that the coordinates 
and time in these two frames are related by the Galilean coordinate 
transformation equations 


Xer vG y--y,. 2 =2 -Ad tst 


Time and length were thus absolute for them. These equations are wrong: 
They disagree with experiment. The correct Lorentz coordinate transfor- 
mation equations are part of special relativity 


x°=y(x—vt), y“ =y, z =z, t =y(t—vx/c’). 
2 
In relativity, we define two useful parameters B = v/c and Y=1/+/1-6 . 


The Lorentz transformation equations predict length contraction and 
time dilation. Length contraction states that if Ax’ = L, is the length of an 
object at rest along the x’ axis in K’, then Ax = Lis its length in K (the two 


y y’ 


Figure 1 
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sides being measured simultaneously in K) where 


L=Lw-L, beh 
Given L, and v, one can easily solve for R, y, and L. In time dilation, we 


compare two time intervals, one At'= T, measured by a clock at rest (Ax’ 
= 0) in K’, and the other At = T measured in K where 


/ 2 
T= Tay =T oV 1-8 . 
Again, given two of the variables, we can solve for the third. 


In relativity, tl the useful variables are four vectors like the position four 
vector x = x" = (T, ct). Time is thus intimately connected with space and 
we often speak of space-time or Minkowski space. The four momentum is 
p= p = Ẹ, E/c) where p = mvy is the relativistic momentum and E = myc? 
=T + mc’ is the total relativistic energy. Notice that there is a rest energy 
E, = me’ associated with matter simply by virtue of mass. This conversion 
of matter into energy is how the sun and nuclear power plants work. The 
relativistic kinetic energy is thus KE = mc? (y — 1). Another relation often 
useful in problem solving is 


E? = p? +m’. 
All four vectors transform according to the Lorentz transformation. 
For the four distance x" = (x!, x?, x°, xt) we have 
xl’ = y (x! — Bx‘), x?’ = x? x?” = x3, x“ = y (xt — Bx!), 


Using these transformation equations with the four velocity u" = (yu, Yo), 
one can derive the Lorentz addition of velocities formula B = (B, + B,) / (1 
+ B,B,). According to Newton or Galileo, if we wanted the relative velocity 
between two objects moving in opposite directions (Figure 2), we would 
simply add the two velocities to get v = v, + v, = 1.5c if, e.g., V, = v, = .75c. 
The relativistic formula gives B = 1.50/1.56 = 0.96 or v = Bc = .96c. One 
cannot get speeds greater than the speed of light in relativity. 


ee $$ 
Vi Vo 


Figure 2 
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Step-by-Step Solutions to 
Problems in this Chapter, 
“Relativistic Effects” 





@ PROBLEM 928 


= 1m) that is moving 


L 
(a 


Find the length of a meter stick 


( 
lengthwise at a speed of 2.7 x 1é 





Solution: The length of the stick seems to be smaller when 
it is moving with respect to the observer. The relativistic 
formula giving the contracted length L, is 


y2 
L=L/1- “2 
c 


where v is the speed of the stick with respect to the 
observer. Hence, 


8 
ba (imk /1 = 2.7 x a m/s \2 
3 x 10° m/s 
L = (lm) x 0.44 = 0.44 m. 


@ PROBLEM 929 





Express the rest mass energy of an electron in ergs and in 


electron volts. 


Solution: The rest mass energy of any object is given by 
the product of the mass of that object as observed by an 
observer travelling with the object (mo) and 


e? (c = the speed of light). 


In ergs, 
2 -28 W E2 
Efast = Mpc = (9.11 x 10 g X9 x 10 cm/s ) 
mge? = 8.2 x 107” erg 
i = 11 
Since 1 erg = 6.24 x 10 ev 
= z is 11 ev 
Fest ~ m c= @.2 x 10 erg) (6.24 x 10 = 
mye? = 0.512 x 10° ev. 


The rest mass energy of an electron is 0.512 MeV. 


@ PROBLEM 930 





At what velocity is the mass of a particle twice its 


rest mass? 
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Solution: When the mass of an object that is travelling 
ata velocity approaching the speed of light, c, is 
measured, it is found to be larger than the mass measured 
when the object is at rest. The mass associated with an 
object travelling at any velocity ¥ is called the parti- 
cle's relativistic mass, and is given by the formula 


m 
a) = ——L—— (1) 


vI - v?/c? 
where mo is the rest mass of the particle. 


We are asked to find the velocity at which the 
mass of a particle (meaning its relativistic mass) is 
equal to twice the particle's rest mass. Writing this 
as an equation, 


m(v) = 2m5 


Using (l), this may be written as 











fa. XS 
c? 














Multiplying both sides by r= E s 3 , we 
Cc 
obtain 
at 
i ae 
c? 4 
s a . 
m3 T ak 
ae B 
c 4 
= 0.866 
c 
v = 0.866 x 3 x 10'° cm/sec 
v = 2.664 x 10)° cm/sec 
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@ PROBLEM 931 


An observer moves past a meter stick at a velocity that 


is one-half the velocity of light. What length does he 
measure for the meter stick? 





Solution: Einstein stated two postulates which form the 
basis for the theory of special relativity. They are 


1. All physical laws are the same in all 
inertial reference frames. 


2. The velocity of light in a vacuum is 
constant for an observer regardless of 
the relative motion between the light 
source and the observer. 


From these postulates, it is found that the length of 

an object viewed by an observer travelling with velocity 
v with respect to the object is less in the direction of 
motion than the length seen by a person stationary with 
respect to the object. The apparent shortened length 2' 
of the meter stick as it moves with respect to the 
observer (Lorentz contraction) is given by 


2' = £Y1 - (v/c)? = RVI - B82 


where & is the length seen by a person stationary with 
respect to the object and 8 is v/c. 


For this problem, B = v/c = 0.5c/c = 0.5 and the 
length &' measured by the observer is 


e' = eyi > BF 


(100 cm) x yl. - (0.5) 


(100 cm) x 0.75 


86.6 cm 


@ PROBLEM 932 


If a 1-kg object could be converted entirely into energy, 
how long could a 100-W light bulb be illuminated? A 100-w 


bulb uses 100 J of energy each second. 


Solution: Einstein's mass-energy relation can be used to 
calculate the energy derived from this mass: 





E = mc? = (1 kg)(3 x 108 m/s)* = 9 x 1026 g, 


A 100 Watt bulb uses 100 Joules of energy in 1 second, by 
definition of the watt. Hence, for every 100 Joules of 
energy supplied, the bulb remains lit for 1 second. The 


time t the bulb is lighted by 9 x 102° Joules is 
16 
t= LEDU Fe. j x 1014's 
l x 10° g/s 
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One year is approximately 3.1 x 10” s, so the time may be 
written 


14 
9 x 
t= ap = 2.9 x 107 years 
3.1 x 10° g/year 
Mass is indeed a very compact form of energy! 


@ PROBLEM 933 


Show how two clocks, one at the origin and the other a dis- 


tance d from the origin, may be synchronized. 





Solution: The velocity of light is the same for all ob- 
Servers regardless of the relative motion between the light 
source and the observer. If the distance d between the 
clocks is measured, then the time t required for light to 
travel from one clock to the other is 


5 
t2% 


Suppose that a flash of light is prođuced at the origin 
when the clock at the origin is recording exactly 12:00 
noon. This flash of light will arrive at the other clock 
when the origin clock reads 12:00 plus d/c. Hence the 

other clock should be pre-set so that it reads 12:00 o'clock 
plus d/c. When the flash of light arrives from the origin, 
the second clock should then be allowed to begin recording 
time. This process is said to synchronize the two clocks. 


@ PROBLEM 934 


10 calories of heat are supplied to 1 g of water. How 
much does the mass of the water increase? 





Solution: The increase in total energy of the water is 


Ac = 10 cal = 10 x (4.19 x 10’ ergs) 


4.19 x 18° ergs 
Then using the mass-energy conversion formula: 


de 


c? 


Am = 


_— 4:19 x 10° ergs 
(3 x 10!° cm/sec)? 


4.7% 10” tg 


So that the mass of the water increases from l g to 
1.00000000000047 g, a negligible increase indeed! 

But the mass has increased. Where does this additional 
mass come from? It is just the mass associated with the 
increase of kinetic energy that has been given to the 
water molecules by the addition of thermal energy. 
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@ PROBLEM 935 


A spaceship moving away from the Earth at a velocity 
vi = 0.75 c with respect to the Earth, launches a rocket 


(in the direction away from the Earth) that attains a 


velocity v2 = 0.75 c with respect to the spaceship. 


What is the velocity of the rocket with respect to the 
Earth? 





Solution: Newtonian relativity states that the laws 

of mechanics are the same in all inertial reference 
frames but that the laws of electrodynamics are not. 
Since such a theory was not acceptable, the theory of 
relativity was developed and resolved this problem. One 
of the statements of this new theory was that the 
velocity of light is independent of any relative motion 
between the light source and the observer. Experiments 
have shown this to be true. In support of this statement 
Einstein showed that ordinary mechanical velocities do 
not add algebraically. Instead, for the addition of two 
velocities v, and v2, the sum is 


Vi + V2 
V = 


1 + 


ViV2 





cÊ 


For small velocities (v < < c), this reduces to 


V o= Vj F Vag 


as in Newtonian mechanics, since the term vıvz2/c? is 
very small compared to one and can be ignored. 


Since the velocities in this problem are large, the 
velocity of the rocket with respect to the Earth is 


VE Fa¥9 0.75c + 0.75¢ 


ve ViVo2 ¥ 1+ (0.75c) (0.75c) 
l + —— 2 
c? ç 


L..5¢ 
1 + 0.5625 


= 0.96c 


Therefore, in spite of the fact that the simple sum of the 
two velocities exceeds c, the actual velocity relative to 
the Earth is slightly less than c. 


© PROBLEM 936 


It is known that the sun radiates approximately 3.8 x 1076 J 


of energy into space each second. Determine how much mass 


must be converted into energy each second, and how many 
years these thermonuclear reactions may continue at this 


30 


rate if the sun's total mass is 2 x 10 kg. 





Solution: The mass, m, converted to energy, E, in each 
second may be obtained from the relationship, 
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E 


ii 
a 


26 
m= E = 58% 1) SF, = 4.2 x 10° kg 


c 3 x 10 m/s 
Since l year equals 3.1 x 107 s, the mass lost in 1 year 
is, 
m= (4.2 x 10° kg/s) (3.1 x 10” s/year) 


= 1.3 x 107” kg/year 
The time t required to consume the sun's mass is, 
0 


= sun's mass ist 2 x 10° Kg 
mass loss per year 


1.3 x 10° Kkg/year 


ct 
i] 


TS 10” years 
@ PROBLEM 937 


What is the Lorentz contraction Of an automobile traveling 


at 60 mph? (60 mph is equivalent to 2682 cm/sec.) 


' Fram f 
| Frame of Earth lata 





Solution: Suppose we are given two frames of reference 
Moving relative to one another with a velocity v (see 
figure). If we are dealing with classical physics and want 
to relate the coordinates of an event occurring in the S- 
frame (x, y, z, t) to the coordinates of an event occurring 
in the S'-frame (x', y', z', t'), we use the Galilean trans- 
formation, or 


x' = x - vt 

y' =y (If v is in the x-direction only). 
z'=2z 

t' =t. 


In relativistic physics, this transformation is invalid, 
and must be replaced by the Lorentz transformation, or 





ge pi ii> yt 

Y1 - v/e? 
Ying 
z'=2 
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ete tivx/e? 
Yl -= v2/e- 


Now, we may relate distances measured in S' to distances 
as measured in S. Let us imagine the measurement of a dis- 
tance parallel to the x'-axis in the S' frame. In order to 
measure the length of a rod in S, we must locate both ends 
of the rod (xır x, ) at the same time (t, = t3) in S. Hence, 


the length in S' is 


: ; 


Y1 - vye? 


But ti = tar therefore 


' 
-2 


Maite | 2 
a a 2 1 
Xo xi =--e-----_. 


/l - v/o 
Hence (x, - x) = (x3 - xj) ”1 - v/c. (1) 


Since/1-— Ss < 1 we then have Xo 7 x] < x3 - Xj. The ob- 
c 


server in S measures a smaller rod length (contracted) than 
the observer in the rod's rest frame, S'. Now, we calculate 
the length of the car in S, (x3 - x, )- EF pa is 2682 cm/sec. 


Vv 


ee 2682 
eo oe ae 
= 8.94 x 1078 
2 
Vv 
“z] = 8.0 x 10715, 





When x is very much less than 1, 


/T-x=1- x approximately. 


Therefore, 


Vv 
1- |= = [a - (a0 y, 
Substituting in (1) 
æ or i ' = -15 
x) - x, = (xi - xt (1 - 4.0 x10 T 
This means that the change in length of a meter rule is only 
4.0 x 1074 meters, or 4.0 x 10713 cm. Since the diameter 
of an atom is about 1078 cm, the diameter of a nucleus is 
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about 107}? om and the size of the electron is about 107} 
cm, this contraction is clearly negligible. Again we see 
that the difference between relativistic and classical 
physics is not important for the velocities we are normally 
concerned with. 


© PROBLEM 938 


A particle of rest mass M moving with speed vo 


collides with and sticks to a stationary particle 
of rest mass m. What is the speed of the composite 
system after collision? 





Solution: In fact, we are asked to find the speed 

of the center of mass of the system, since it coin- 
cides with the composite particle after the collision. 
The velocity, momentum and total energy of a relativ- 
istic particle are related to each other as 


> > 


Vass 
c E 

Therefore, we can define the center of mass of a 

composite system as 


> 


TE TE 


are 


Cm 


Since there are no forces acting on the system, the 
velocity of the center of mass does not change 
during the collision. Before the collision, we have 


B =0 E = me? 
= OF m = me 

+ 
By =M YoVos Ey = Me?Yo, 


where Yo = 





Hence —_ 
me? + Mc*yo 


Yom f MY o Vo 
c (m + Myo)c’ 
MY o 
v = js 


Cm m + Myo 
@ PROBLEM 939 


What is the fractional increase of mass for a 600-mi/hr 
jetliner? 
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Solution: Fractional increase of mass is defined as 
Change in mass divided by the original mass or Am/m,. The 


equation for the variation of mass with velocity is 
Mo v2 
’ gB? = — 


Vi - B? c? 


Therefore the change in mass is 





m = 


and on = —— --1 


Mo fais am F 32 


For velocities much less than light, 8 = v/c is very 


small and 1/Y1 - 62 cam be approximated by 1 + 87/2. 
Since 600 mi/hr is small compared to c, we can say 
that for this problem the fractional mass is 


Am = (1 + 87/2) - 1 = 87/2 
0 
v = 600 mi/hr ~ 2.7 x 10° cm/sec 
4 
A = Dn 2.7 x 10° cm/sec Y ji 9-6 


3 x 10!° cm/sec 


Therefore, 


Am Y yx g2 15 x 107!2 
Mo 


so that the mass is increased by only a trivial amount. 
© PROBLEM 940 


Suppose Stan is on the earth and Mavis is flying past the 


earth in a spaceship with a speed v = qc as shown in the 


figure. Another spaceship is approaching the earth in the 
opposite direction and Stan measures its velocity of 


approach ver -jc. The negative sign denotes the fact that 


the spaceship is moving to the left along the x-axis. What 
is the speed of the other spaceship as measured by Mavis? 





Figure A Figure B 
v =-3 
s T c v “3 c 
> f Xa 
v 
San e Stan 4 Mavis 
Relative to Stan Relative to Mavis 
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Solution: The given quantities are v = de and Ya -3c. 


In the nonrelativistic case (i.e., where the speeds of the 
objects are much less than the speed of light, c) the speed 
of the other spaceship relative to Mavis is, by the law of 
addition of velocities, equal to the sum of the velocity of 
the spaceship relative to Stan and the velocity of Stan 
relative to Mavis. Or 


Yaa % t ORs 
The negative sign here indicates the velocity of Stan re- 
lative to Mavis. It is equal but opposite to the velocity 
of Mavis relative to Stan (v). 

In the relativistic case, (where, as in this case, the 
velocities of the objects are comparable to the speed of 
light ), the result above must be modified according to 
the special theory of relativity, as follows 


at Ya + (-v) 
m v,(-v 
Tete “roger 
3 3 
1 - w/e 1- [G9 G9 |e? 
3 
- 2 PN 
25: 
l1 + ig 


Thus Mavis measures a speed less than the speed of light. 
@ PROBLEM 941 


Two electrons A and B have speeds of 0.90c and 0.80c, 
respectively. Find their relative speeds (a) if they 


are moving in the same direction and (b) if they are 
moving in opposite directions. 





Solution: For speeds close to that of light, when 
adding velocities, the relativistic law must be used. 
For the relative velocity Ve between two objects A 


and B, measured relative to A 





a Lf aioe 
i V, V. 
T x AB 

c? 


When Va and Vp are small, the term Va Vp/ c? is small 


compared to unity and the above equation reduces to 
the classical expression for relative velocity, 


Vy = Va I 


The relativistic equation for relative velocity 
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must be used for speeds close to that of light, since, 
according to the theory of relativity, the maximum 
speed Lo between two objects is c, regardless of the 


reference frame used. 


(a) For the relative speed between the two ; 
electrons A and B, if they move in the same direction 


y. a 02 900-=_0,80c 
ab (0.90c) (0.80c) 
oo 


l - 
c 
0.90c - 0.80c _ 0.10c 


= 0.36c 
1 - 0.72c?/c? -28 








o 


(b) When the electrons are moving in opposite 
directions, 


_ 0.90c - (- 0.80c) 
X 1 (0.90c) (- 0.80c) 
- eee + 
c 
ne 0.90c + 0.80c _ La 70¢ 
0.72c? 1.72 
c? 
If classical physics had been used to compute the 
relative velocity in the two cases, the relative speeds 


would have been found to be 0.10c and 1.70c, re- 
spectively. 


Vab 


= 0.99c 





1 + 


@ PROBLEM 942 


If two l gram masses with equal and opposite velocities 


of 10° cm/sec collide and stick together, what is the 
additional rest mass of the joined pair? 





FIGURE 1 FIGURE 2 


y 
| -—> ed ee 
X 


Solution: In figure 1, both particles are moving 
towards each other with the same velocity in our 
frame of reference. In figure 2 they have collided 
and stuck together. The velocity of the joined body 
would seem to be zero, but we must prove that this is 
so. By the law of conservation of momentum, the total 
momentum before and after collision must be conserved. 
We are told that the velocities of the two particles 
are equal but opposite and we assume that they are 
collinear so that the problem is one dimensional 
making the velocities v and - v respectively. There- 
fore, the momentum before the collision is mv + 

m(- v). Since this is equal to 0, the momentum after 
the collision must also equal 0, or Mes ni’ final 0. 


Since no energy is produced in the collision, no mass 


can be lost (it can only be gained) so that Meinal is 


not 0, meaning that v is 0. 


final 
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Further, we note that the two particles had 
total kinetic energy 2 + mv? before the collision, 
and 0 kinetic energy after the collision. Therefore, 
all this energy must have been converted to heat. 


2 


Since E = mc* in the rest frame, this heat energy 


has an equivalent mass given by AE = AMc?. Hence, 


2 
my = 
Am = mv - 0 
c* 


5 2 
a l gm _ (10° cm/sec) = l;la» 10°3!..gm 


(3 x 10!° cm/sec)? 


@ PROBLEM 943 





The Berkeley synchrocyclotron was designed to accelerate 


ret 


protons to a kinetic energy of 5.4 x 10 J, which cor- 


responds to a particle speed of about 2 x 10° m/s. At this 


speed the relativistic mass increase is important and must 
be taken into account in the design of the accelerator. 
Calculate the percentage increase in the proton mass en- 
countered in this instrument. 


Solution: The relation between relative mass, m, and rest 
mass, mg’ is given by 





m m 
n= erat ae 0 
A- vty A - (2 x 10°73 x 10°) 
mo mg 3mo 


The percentage increase in mass is the fractional increase 
in mass times 100, or 


m= mo 1.34m - mo 
—— x 100 = —————. x 100 =. 34 per cent. 
mo mo 


The proton mass at a speed of 2 x 108 m/s is 34 per cent 
greater than its rest mass. 


© PROBLEM 944 





An observer on earth finds that the lifetime of a neutron 
is 6.42 x 10? s. What will the lifetime of a neutron be 


as measured by an observer in a spacecraft moving past the 
laboratory at a speed of 2 x 108 m/s? 


Solution: If we measure the time required for the neutron 
to decay, first from the laboratory, and then relative to 
the neutron,we do not record the same time. The decay of 
the neutron takes longer for the observer in the lab. It 
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is known that the faster the observer moves with respect 
to an event the slower the event seems to take place. This 
phenomenon is called time dilation and is a result of the 
laws of relativistic kinematics. The lifetime of an un- 
stable (i.e. decaying) particle will therefore be longer 
when viewed from the rocket. The formula relating the ' 
lifetime tg observed from the rocket to one ty observed in 
the laboratory is 


: Se ae 
e2 


where v is the speed of the rocket with respect to the 
laboratory. Hence, for tp we get 


te = ——— xr 6.42 x 107 8 
l- 2 x 10 ms 
se 
3 x 10 m/s 


= 1.34 x 6.42 x 107 s = 8.6 x 10° s. 
e PROBLEM 945 


The mean proper lifetime (T) of n mesons is 2.5 x 


107 s. In a beam of n° mesons of speed 0.99c, what is 


the average distance a meson travels before it decays? 
What would this value be if the relativtistic time 
dilation did not exist? 





Solution: The proper lifetime, T, of a particle is 

the lifetime of the particle as measured by an observer 
traveling with the particle. In a coordinate system S' 
moving with the mesons the average lifetime of the mesons 


is 2.5 x 10 è s. A laboratory observer makes his measure- 
ments in a system S fixed in the laboratory, with respect 
to which S' is moving at a speed of 0.99 c. According 

to the theory of special relativity, an event occurring 
in space-time will have coordinates (x, y, z, t) re- 
lative to S, and coordinates(x', y', z', t') relative 

to S'. If the relative velocity between the 2 frames 

is v, these 2 sets of coordinates are related by the 
Lorentz Transformation 


eo Ce (la) 
Yl - (v/c)? 
y= y" (1b) 
z = z' (lc) 
' ' 2 
ta t + (vx fe) (1d) 
YI = (v/c) 


where c is the speed of light. 
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Now, note that the equations in (1) relate the co- 
ordinates of one event as recorded in 2 different 
reference frames. We need 2 events to describe the life- 
time of the meson: its "birth" and its "death". If we 
travel with the meson, we record the following coordi- 
nates for these 2 events: 


Birth: (xi, yi, zi, ti) = (0, 0, 0, 0) 
Death: (x3, Yi, Z}, t}) = (0, 0, 0, T) 


Here, x} = 0 because, if we travel with the meson, we 


do not see it move. It appears stationary. The coordi- 
nates of these 2 events in S are found from equations 
(1), using the above data: 


(0) + v(0) 


x, = oS 0 
Yl - (v/c)? 

yi = 0 

Zz, = 0 


èa = dot (v(0)/e*) _ 4 
y 1 = (v/c)? 


and X2 = MENGES. 
yl =- (v/c)? 
Ymo 
Zj = 0 
t2 = T 


Yl - (v/c)? 


Relative to S, the meson travels a distance 


vT 


A = (v/oy* 


X2 ~ X; 


in a time 


E: EA 
yl - (v/c)? 


Hence, t2 - tı is the lifetime of the particle relative 
to S. (Notice that t: - t, > T) 


t2 =- t; 
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Using the given data 


(.99c) (2.5 x 10 ° s) 
xo = Aj S 
y 1 - (.99)? 


_ (2.5 x 103° s)(.99) G x 10° m/s) 
i i 2 ~141 


me ~ RK) = 52.7 m: 


If time dilation did not exist, the distance 
traveled would be dọ, where 


do = 2.5 x 30° s x 0.99 x 3.0 x 10? meg * 


ll 


7043) m 


© PROBLEM 946 


An electron is observed moving at 50 per cent of the speed 


of light, v= 155 x 108 m/s. (a) What is the relativistic 
mass of the electron? (b) What is the kinetic energy of 
the electron? 





Solution: (a) The known observables are v = 1.5 x 108 m/s, 


and m, = 9.1 x 10.71 kg. The relativistic expression for 
mass Qs a function of velocity is 
m 


-31 k 31 


is 0 rn 9.1 x 10 g 6 9.0 240 kg 
A - v*/e* ETERU 7 Me 16.5817 
3 x 10 p/s 
-31 -31 
9.1 x 107" kg n 9-2 x 107 kg n D x 10739 kg 
40.75 8.7 x 10 


(b) The relativistic energy, E, of the particle is 
the sum of its kinetic energy, T, and its rest mass energy 


2 
E=m ec +T 


T =-E=< mye? 


T= (m = m, )e? 


31 kg - 9.1 x 107°} kg) (3 x 10° m/s)? 


T= (10.5 x 10° 


Q.a x 107°] kg) @ x 1016 m/s”) = 1.26 x 10°) s. 


© PROBLEM 947 


With what speed is an electron moving if its kinetic energy is 
1% larger than the value that would be calculated if relativistic 


effects were not present? What is the value of the kinetic energy 
of the electron? 
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Solution: The relativistic expression for the kinetic energy of a 
particle of rest mass mo and masş m traveling with speed v is 
2 
2 M.c 
T= Enc) = So ey ot 


° Sav y : 


1 
mae rr 1 |= mo 
A - (v /e ) 
If the error involved in using the classical formula for T is only 
1%, the particle is traveling at a speed such that 
2 
Yi 


3 


c 


Hence, using a Taylor expansion for 


G~ very (a + vaos + av*/8e* kisss ) 
2 4 
2 3 2 
hs (ee aes = anys +): 


when we ignore terms of higher order than those in v *. « But 


Alw 


N 


bngs’ is the nonrelativistic expression for the kinetic energy of 
the particle, and thus, for the electron in the problem, 


2 
inv” l + 5 3 = inv? + (a%) (dmv) = 1.01(#n,v~) 





av" 
or l + = 1,01 

S r 

4c 

av" = .01 

ac” 

v- 04c? _ 4c” 

og ~ 300 
v = 0.1155c. 
_ 101 b 101 -31 4 2 
T = 550 * amv = Toa * $ x 9.108 X 10 ~ kg X gg X 2.998 
x 1016 ive” 


= 5.512 x10 18g , 


Since 1 ev = 1.602 x 10 2? J 


T = 5.512 x 10 1° 3/1,602 x 10 |? J/eV = 3442 ev. 
®© PROBLEM 948 


Suppose that two particles are traveling opposite to each 
other with velocity v! = + 0.9 c as observed in the S' 


system. What is the velocity of one particle with respect 
to the other, that is as measured by the other? 





Solution: In the reference frame S', the two particles 
move with velocities - Wig = Vox = 0.9 c (see Fig. 1). 
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Fig. l: S' Frame Fig. 2: S Frame 
If we observe from the reference frame S in which the 
first particle is at rest, then S' will appear to move 
with velocity + 0.9 c with respect to this particle, 
i.e. S' has velocity v = + 0.9 c relative to S (see 
Fig. 2). 


The velocity of the second particle in S, as 
observed by the first particle, will be given by the 
formula for the relativistic addition of Voy and v: 


Ae F A 
va = a = aaie 099% c, 
ere 1.+ (0.9) * 
c? 


(i.e. we transformed the velocity of the second 
particle from S' to S). Notice that the relative 
velocity of the two particles is less than c. 


If a photon is travelling at velocity + c in S', 
and S' is traveling relative to S at velocity + c, the 
photon as viewed from S is traveling only at velocity 
+ c, and not at + 2c. If vi is the velocity of the 


photon in S' and v the relative velocity of S' with 
respect to S, then in S we have 


' 
pi doula) pb Stes ce yg 
s VEV a? r 
l + —- l + > 
c? c? 


for the photon. The fact of an ultimate speed is a 
consequence of the structure of the velocity-addition 
equations which we have derived from the Lorentz 
transformation. Note further that there is no frame 
in which a photon (light quantum) is at rest. 


© PROBLEM 949 


A physicist, Mavis, walks at a speed of 1 m/s past a stationary 
physicist, Stan. They each have measuring sticks and clocks and they 
observe a bird hop from a tree branch to the lawn. Each measures the 
position and the time when this event occurred. Show in the special 
case of small velocities (v very much smaller than c) that the 
Lorentz equations may be replaced by the following equations: 

x'=x- vt 
yey 
tla t 


where the primed and unprimed frames represent the frames of Mavis and 
Stan respectively. 
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a N Mavis (S') 


N 
\ 






<4 






Stan (S) 





\ 





: When the velocities with which we deal approach the speed of 
light, we can no longer use classical mechanics, and must replace this 
theory by relativistic mechanics. The purpose of this problem is to 
show us how the Lorentz transformation (which is part of the relativis- 
tic mechanics) reduces to the Galilean transformation (which is part of 
classical mechanics) when the velocities we are concerned with are small 
when compared with c. 

The Lorentz transformation, relating the space and time coord- 
inates of an event as observed in S' to the space and time coord- 
inates of the same event as observed in S is 





x! Sedat 
l- v/c 
P (1) 
z'= 7z 
u atoi 
l =- v/c 


where v is the relative velocity of S and S'. 

The event which we wish to locate in S and S' (see figure) is the 
landing of the bird. Since S' moves relative to S ata velocity of 
v = 1 m/s, and the speed of light is 3x 108 m/s, we find 


1 
3 x 10° 


Hence, we may neglect v/c? in the equations of (1) because it is 
negligible when compared with 1. Therefore 


x= ot ex vt 
Vi 


‘sy (2) 
= z 


= 0.333 x 108 << 1 





v 
-2 
c 


y 
z 


Ea to xv? gry 


Furthermore, 


= 0.111 x 10726 < 





1 
<i 
9 x 10° 
Now x would have to be enormous if xv/ were to be comparable to t. 
Whence, we may neglect xv/c? in the last equation of (2) and 


ad < 


t'=t 
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@ PROBLEM 950 


Two inertial systems S and S' have a common x-axis and 
parallel y-axes, and S' moves with a speed of 0.6c 
relative to S in the direction of the x-axis. An 


observer in S sees a rocket moving with a speed of 

0.lc in the positive y-direction. What is the speed and 
direction of the rocket as seen by an observer in the 
S'-system? 





Solution: According to the Lorentz transformation, 
the coordinates of an event as recorded in S' (x', y', 
z', t') are related to the coordinates of an event as 
recorded in S (x, Y, Z, t) by 
x' = Tae Tei AEE ’ y'=y, z' = z, 

1 =" (y*7er) 


tra Re eee) 
YI - (v*/c?) 


Here, v is the relative velocity of the 2 frames of 
reference. 


It follows that the velocity of an object with 
coordinate x' in frame S' is 


iim ax’ _ (dx/dt') - v(dt/dt') 


z al vI - (v/c?) 
— (dx/dt) x (dt/dt') - v(dt/dt') 
Y1 - (v*/c?) 


But, from the initial equations, we have 


t = V1 - (v?/ce7)t' + (vx/c?). 


Ot 3 ES eS A dx 
dt' Ga, nde sabe 
CES ioen N Eg SE 
dt" Gy gO: At xo d6 


Since dx/dt = uz’ the velocity of the same object 
relative to S, we have 


=. gt ty _ Mi = T = 
~® aey c? c2 
or s AETA) 


dt l - (u,v/c? ) 


te a [(dx/dt) - v](dt/dt') 
i vl - (v2/c7) 
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wo Neal fee Spec a Ny Se . (1) 
YI - v/c?) 1- uv c 1l- (uVe? j 


Similarly, 


YI - (v/c?) 


l1 - (uv c 


(2) In this problem, S sees the rocket move in the y 
direction with speed .lc. Hence, u, = 0, y= 0.1c, and 


x 
v = 0.6c. Using (1) and (2) 
= =- 0.6c, uy = 0.lc x VI - 0.67% = 0.08c. 


$ ' 
e uy 
To an observer in S', therefore, the rocket appears 

to have components of velocity of -0.6c in the x-di- 
rection and of 0.08c in the y-direction. It thus appears 


to have a velocity of V0.6? + 0.08%c = 0.605c ina 
direction making an angle of tan-! (0.08/0.60) = tan”! 
0.133, that is an angle of 7°36° with the negative 
direction of the x-axis. 


@ PROBLEM 951 


A rocket has a length L = 600 m measured at rest on the earth. 
It moves directly away from the earth at constant velocity, and a pulse 
of radar is sent from earth and reflected back by devices at the nose 
and tail of the rocket. The reflected signal from the tail is detected 


on earth 200 sec after emission and the signal from the nose 17.4 x 10-6 
sec later. Calculate the distance of the rocket from the earth and the 
velocity of the rocket with respect to the earth, 





Solution: First we will make a non-relativistic calculation. The speed 
of the pulse is 3 X 108 m/sec (equal to c, the speed of light). If the 
rocket is a distance R from the earth tuen the pulse travels 2R and 


(3 x 10° m/sec (200 sec) = 2R , R= 3X 107° m 


To calculate the speed v of the rocket, we note that the pulse from 
the front end arrived 17.4 x 1076 sec after that from the back. Thus 
this pulse was sent into space a distance 


17.4 x 10° sec {3 x 10° m/sec ) = 2.61 x 10° m 
farther. This distance is equal to L + vt where 
t = (17.4 x 10° sec) = 8.7 x 10° sec 
Thus: L + vt = 2.61 x 10° m 
y = 2:61 x 10° m-L _ 2.61 X 10° m - 0.6 x 10° m 
8.7 X10 sec 


The factor of $ arises because we are interested only in the time of 
the rocket to ground and not in the total time of flight from ground to 
ground. 


= 2.31 X 10°n/sec 
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According to the above calculation (which we might suspect from the start 
to be incorrect), the ratio v/c = 0.77. Thus it is very probable that 
relativistic effects will be important. To the observer on the ground 
the Lorentz length contraction makes the rocket's length appear to be 


1- g? where $= v/c. Then the pulse travels a distance l- B? + vt 
farther, which is equal to ct where t = $ xX 17.4 X 10 sec. 


Thus w= p+ vta ot 


which can be solved to obtain 


p- (tm -1 
(ct/L) +1 
= 0.9 


The distance R will be the same as in the previous calculation. 


@ PROBLEM 952 


In a bubble chamber, a pion collides with a proton and 
three particles are produced, as shown in the Figure. 


One of the particles is the neutral K’, which after 


traveling a distance of about 1 x 10 ' 


m decays into 
two pions of opposite charge. If the speed of the Kiis 


2.24 x 10° m/s, determine the rest lifetime. 








Solution: The Lorentz transformation, of the special 
theory of relativity, may be used to relate the rest 
lifetime of the neutral particle, to, to the relative 


lifetime, t, as measured in the laboratory frame of 
reference. The laboratory lifetime t is given by 


distance traveled between creation and annihilation, d 


em speed of the particle, v 
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-1 7 
= f= 2AM Me 4.5 x 1071's 


2.24x 10° m/s 


Using the relativistic expression for time dilation, 
the neutral particle's lifetime in its rest frame is 


- 4.5% 10" JT «oe g 
c? 9 x 107® 
4.5 x 10719 / à s= [3] a.s x 107! yg 


3.0 x 10 '% s 


E 


© PROBLEM 953 


A photon rocket is being propelled through space. The 
propellant consists of photons. The mass of the rocket 
is not constant throughout the motion, for it continual- 
ly loses mass in the form of photons. Use the principles 


of conservation of momentum and conservation of energy 

to show that only about 5 per cent of the mass of the 
photon rocket remains after the rocket has reached a speed 
of 99.5 per cent of the speed of light. 





Solution: Before takeo the total momentum of the 
photon-rocket system is zero for the rocket is at rest. 
Since no external force F acts on the system, then 

dP 

dt 

where P is the total momentum of the system. Hence P 
remains constant in time. Consequently, after attaining 
final speed, the total momentum must still be zero; 
therefore, the momentum of the photons must equal the 
final spaceship momentum. (These momentum vectors are 
oppositely directed to give zero total momentum.) When 
the rocket has reached its final speed, its rest mass 
will be a fraction f of the original total rest mass mo. 


F=0= 


The fraction (l - f) of the original rest mass has been 
ejected in the form of photons. 


total ejected photon momentum = p 


(fmo)v 
final rocket momentum = ——————— = y(fm))v where 
Y1 - v*/c2 
y = a is the relativtistic correction of the 
Yl - v?/c? 


rest mass due to the rocket velocity. 
Therefore, by conservation of momentum, 
p = yfmov 


Since the rocket speed is 99.5 per cent of the speed of 
light, v may be replaced by c with negligible error. 


p = yfmoc 
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The total mass-energy of the rocket system must 
remain constant in time, for no energy enters or leaves 
the closed ejected photons and rocket system. Then 


2 


total initial energy Moc 


final rocket energy = y(fmo)c? 


total ejected photon energy pe 


since initial energy = final energy 
moc? = yfmyc* + pe 
Substituting for p from the previous equation gives 
moc? = yfmoc? + yfmoc? = 2yfmoc? 


Solving for f, 


Therefore, f = = 0.05 = 5 per cent 


(2) @ x 10%) 


Therefore, only 5 per cent of the original mass of the 
rocket remains when the rocket has achieved a speed of 
99.5 per cent c. 


@ PROBLEM 954 


In a Van de Graaff accelerator, protons are accelerated 
through a potential difference of 5 x 10° v. What is the 


final energy of the protons in electron volts and joules, 
and what is their mass and their velocity? 


Solution: The work needed to move a charge q from 
position a to position b is 


b > 
W = | F e dr 
ab a aPP 


where Bias is the applied force moving q, and dr is 
an element of the path traversed by the particle in 
moving from a to b. In an electric field, E, the 
force exerted by the field on q is 

F = qË 
But the applied force is equal and opposite to the 
force exerted by E on q, Or 


i 
F = egi 
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b b 
Hence, Wap =-q | E+ dr = q - l E+ ar 


By definition, 


b 
vy - va - | È. ar 
a 
where ‘a is the potential at point a, and similarly for 
Vp’ Then 


Wap = a (Va - va =q AV 


The energy gained by accelerating a particle through 
a potential difference AV is the work done on it, or 
Wib’ 

A proton carries an elementary positive charge. The 
energy acquired in traveling through a potential dif- 
ference of 5 MV is, assuming the proton starts at rest, 


W 


qAv = eAV = (1.6 x 107° C)(5 x 10° v) 
ab 


Wa =8* 197" 3 
ab 
To determine the mass at this energy, use the equation 


E = mc’. 


“19 
"e ma Be oe 0.89% 40" keg. 
c? (3 x 10°)? mes? 


This is the mass equivalent of the energy acquired. The 
total mass the particle now possesses is obtained by 
adding this mass to the rest mass mọ. That is, 


M=m +m = (0.89 x 10-79 + 1.672 x 10*7)kg 
= 1.681 x 107?” kg 
Mo 


YI - v*/c? 


Also, M = 


1 - v?/c? = m?/M? 


l - mĝ/M? = v?/c? 
2 


Mmo 2 
Vis oP ret ee — jee Giz] > — 
to fa "| / a ~ [HSR] = .1033 


<". v= .1033 x 3 x 10° mes! = 3.10x 107 ms. 





@ PROBLEM 955 


Calculate the magnitude of the gravitational red shift for a 
photon traveling from the sun to the earth. 
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Solution: Because of Einstein's Mass-Energy Relation, any object having 
energy E has an equivalent mass 


m= B 
Cd 


where c is the speed of light. If the "object" is a photon, E = hv 
and the equivalent mass is 


m= $ a) 


where h is Planck's constant. 

Now, we may ask, what happens if a photon is in a gravitational field? 
In traveling between 2 points in this field the potential energy of the 
photon changes. Hence, so must its total energy, E. We may write 


E'=E+(ġ-¢) (2) 


where Ø' - Ø is the change in potential energy of the photon, and E' 
is its new energy as a result of moving in the gravitational field. 
Rewriting (2) 

E'-E=9'- 9 


hv' - hv = $' - 


hiv'-v) = $' - 6 
Hence, we expect the photon to undergo a frequency shift of 


vi-v =F! -9 (3) 


as a result of a change in the potential energy of the photon. 

If the photon travels from the surface of the sun to the surface 
of the earth, the primed variables will refer to the surface of the 
earth. Similarly, the unprimed variables will refer to the sun's sur- 
face. In this case, the fractional change in frequency of the photon 


or 


whence, 

















is b n 
v! -v k 
v = hy (4) 
Now, (see figure) -GM m' oM m' 
' - 
¢ s-i D (5) 
e 
and 
-GM m GM m 
> = s. 
R D 
2 s 
ware Catb xa tr . From (1) 
' 
m' = > and m= a (6) 


Substituting (6) in (5) 


-GM hv' GM hv' -GM hv GM hv 
= -5 6 =a -z5 
c Ro cD CR cD 
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Rewriting these equations 








c R D 
s 
and 
M M M M 
Daba Aeg adha Sloe 4 2 
hv CAR D c R, D 
But 
vii-y .§ £ =f 
v hv 
and 
vi-v_ -ofMe Ms), (Me, Me 
v EVAR D c\R D 
e s 
M 


or 
i i/M M M 
Se Lo ee E Ss eT RI eee 
v c Ro D ¢ Rs 


Hence 
G(M_ /R +M /D) + ê 
"AEE E Te So E (7) 
G(M /R +M /D) + ê 
e e s 


Before solving for v'/v, we may make some approximations in (7). First, 
the data needed are 


M, = 1.99 x 10° ke R, = 6.37 x 10°m 
M, = 5.98 x 10°*k&g R, = 6.96 x 10" 
D = 1.49 x 10) n 
Now, note that 
hie 
RS pi 


and may be neglected in (7). Furthermore, 
GM/R +M/D < ê 
e e s 
and may also be neglected in (7), whence 
2 
yt G(M_/R, ) +a 33) 
py ae gt 3 ~ 
v c c 


R 
s 


y! 6.67 x 1071! nen? /kẹ ) (1.99 x 102° k 


—ga l + - 
v (9 x 10! a/s?) (6.96 x 10° m) 
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xi), E T ee 


wl 
v 6.264 x 107° 


' 
2- œ% 1.0000021 (8) 


Hence the fractional change in the frequency of a photon traveling from 
the sun to the earth is 


v’! = y = 4.0000021 v - v 
v 


“ = .0000021 
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CHAPTER 33 


QUANTUM MECHANICS 





Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 998 to 
1056 for step-by-step solutions to problems. 






The photoelectric effect (see Figure 1) involves the absorption of a 
photon of energy E = hv by a metal to produce an electron of kinetic energy 
KE = 1/2 mv? It was a key experiment in establishing the quantum theory. 
Conservation of energy gives 


hv = 1/2 mv? + ed 


where is the work function of the metal. The threshold frequency is found 
from the equation hc/A, = eb. The metal may be set up in a circuit of 
retarding potential V,. Then the photoelectrons will be stopped when eV, 
= hv — ed. A plot of the stopping potential versus the photon frequency has 
slope h/e and may be used to measure Planck's constant. 


The Compton effect (or the scattering of a photon off of an electron) was 
also a key experiment in developing quantum theory. The initial and final 
situation are shown in Figure 2. Conservation of energy states 


hv + mc? = hv’ + mey 
and conservation of momentum reads 
2 2,2 ; 
p =p +P - 2P,P cos 6 


where p = mvy, p, = hu/c, and p’ = hv’/c. These equations may be solved 
to get the Compton shift 


AN=’—A = 2h, sin? (6/2) 
where i, = h/mc is called the Compton wavelength. 


The uncertainty principle states that the magnitude of the uncertainty 


hv’ 


"Se at 


Figure 1 Figure 2 
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of two variables is sometimes related. In quantum mechanics, observables 
are represented by operators. For example, the momentum operator in one 
dimension is p, = hfi d/dx and the position operator is x. Note that these 
operators do not commute 


[p,, x] = px — xp, = hfi. 
An easy way to approach such commutators is to write [p,, x] p(x) and 
evalute the derivatives of the wave function w(x). This fact gives the un- 
certainty principle 
Ax Ap, = 1/2 | A/i | = 4/2. 


Oftentimes, authors use this in an approximate way with h instead of 
A/2. 


The heart of quantum mechanics is really the Schroedinger equation, 
which may be derived from assuming that there is a wafe function W(r, t) 
which follows a wave equation v? V7¥(r, t) = 3¥ / at?. The wave function 
contains all the important information about the problem or system. One 
way to write the time dependent Schroedinger equation is 


HW=EW 


where H = KE + U is the Hamiltonian operator and KE = p?/2m = 
f?/2m V? is the kinetic energy operator. 


To remove the time dependence, we use the energy operator E = ikd/dt 
and assume a harmonic time dependence Y(T t) = w(F)e“®“*. Upon 
substitution, this gives the time independent Schroedinger equation 


Hy=Ey 


where Eis the energy eigenvalue andy =y( T )is the eigenfunction or wave 
function. The procedure to solve a quantum mechanics problem is then 
usually to write down the Schroedinger equation and find the eigenvalues 
and eigenfunctions. 
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Step-by-Step Solutions to 
Problems in this Chapter, 
“Quantum Mechanics” 





@ PROBLEM 956 


Astronomers have found that many stellar objects contain hydrogen 
atoms that emit photons. Find the wavelength of this radiation and 


express the value in centimeters (the conventional unit used by 
astronomers to measure radio photon spectra) if the approximate value 
for the frequency of the emmitted photons is 1.42 X 10” Hz. 





Solution: The wavelength À of the photon and the frequency f are 
related in the following manner: 


Az $ where c is the speed of light. Hence, 


_ 3 x10 m/s 


1.42 X 10°Hz 


4 = 3.4 x10}m 


Now 1 m is equivalent to 10? centimeters (cm); therefore, 


A= 2.1 x104 10° om/⁄á = 2 œ 
e PROBLEM 957 


A l-gram mass falls through a height H= 1 cm. If all of the 


energy acquired in the fall were converted to yellow light 


h=6xX 10°? cm), how many photons would be emitted? 





Solution: The energy acquired in the fall is just the potential energy: 
PE = mgh 


(1 g) x (980 cm/sec”) x (1 cm) 
980 ergs 


The energy of each yellow photon is 


€ = hv = ue 
6.6 x 10°" ere-sec) x (3.x 10° Ooie 
6% 10" on 


= 3x 10712 ergs/photon 


which represents one photon having a total energy of 3 x 10712 ergs. 
Since n photons have a total energy of 980 ergs, we may set up the 
following proportion: 


n photons _ 980 erg 


1 photon 310° erg 


From which we have n=3x 1014 photons. 
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© PROBLEM 958 


What is the least radiation frequency v, capable of 


positron-electron pair production? 


Solution: The process in which a photon disappears and an 
electron-positron pair appears, is known as pair production. 
The energy of the photon should at least be large enough 

to provide for the rest masses of the electron and proton. 
Therefore 


2 2 
E = 
photon Melectron® + ™>0sitron® 


2 
hv = 2m.c 
where v is the photon frequency. Hence 


2 
nae pete _ 2.x (9.11 x 1077) kg) x(3 x 10°m/s)? 
3 


6.63 x 10>. g's 


2.47 x 107° —L. 


© PROBLEM 959 


According to the free electron gas theory the average kinetic 
energy, E, of the free electrons in a metal has been shown to be 
3 


5 Ep where Ep is the Fermi energy of the metal. Use this informa- 


tion to estimate the average speed of the valence electrons in copper. 
(The Fermi energy of copper is 7 eV). 





Solution: At temperature T = 0 (absolute zero), the electrons have 
zero kinetic energy, therefore they will have the smallest possible 
energies at that temperature. However, the exlusion principle states 
that no two electrons can be in the same quantum state. Therefore, 
even at T = 0, the electrons in general must have lowest energies 
which are different from each other and from zero. The highest of 
these available "lowest energies” is called the Fermi energy. For 

a piece of copper metal the average energy is 


E = (3) eV) = 4.2 eV 


Since 1 eV = 1.6 X 107}? J, the energy may be expressed in joules: 
(4.2 enl1.6 x 10719 5/eW) 


E = 
=6.7 x10 J 
The kinetic energy may be written nonrelativistically as 
1 2 
E = 2 my 


The average speed v of a free electron is found by solving this 


expression for v; -19 ) 
v2 _ 2E (2), 6.7 x 10 J = 1.47 x 101? m/s? 
m 


9.11 xX 10772 kg 


or 6 
v=1.21 x10 m/s 


© PROBLEM 960 


What is the wavelength of a 10-eV electron? 
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Solution: For an electron of this low energy we can neglect the change 
of electron mass 


Mrest 


l - 


E E 


c 


2 
with velocity. Since kinetic energy KE = mv and momentum p = mv, 


we have, because 
y = 
m 


p =2m KE | The de Broglie wave theory of matter tells us that every 
particle has wave-like characteristics. The electron, then, has a wave- 
length à associated with it. It is given by the de Broglie relation, 


x og ge EE 


P 2m KE 


b: b2 x i0 2! ere-aec 
y- (9.11 x 10°78) x (10 eV) x (1.60 x TRETE 


3.86 X 1078 cm 


6K where” maroen; 


(The unit of energy was converted from electron volts to ergs, because 

the CGS System is being used.) A photon with this same wavelength, would 
c c 

have an energy €= hv but v= Fi for a photon. Therefore €= =) 


27 


"62 X10 * TAT TEX ID. ca/eac 


(3.86 x 107cm) x (1.60 x 10° erg/ev) 


Such an energetic photon is an X-ray. 


3.2 keV 


© PROBLEM 961 








An electron jumps from the orbit for which n = 3 to the 
orbit for which n = 2, thereby emitting some visible, red 
light. What is the magnitude of this quantum of energy? 





Solution: In the hydrogen atom, the energy of the atom 
with its electron in quantum level n is 


The energy of the hydrogen atom with its electron 
in the n = 2 energy level is 


E, = 2:18.* 10 '® joule 
ok Cake, See 
22 


; The energy of the hydrogen atom with its electron 
in the n = 3 energy level is 


E, = 2:18 x 10 ° joule 
32 
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Then the magnitude of the quantum of energy is 


2.18 x 107? joule x [2 - & 


2 3? 


E2 - E3 


3.03 x 10 !° joule. 
© PROBLEM 962 


A small amount of arsenic is present in a germanium crystal, If 
the energy E of the fifth electron may be represented approximately 
by the relationship 


_ -1 x 107 ev 


aa 2 
n 
how much energy is required to free the electron? Does thermal vibra- 
tion of the ions provide sufficient energy to free the arsenic's fifth 
electron? At room temperature the thermal energy is 0.04 eV. 





Solution: Notice that the relationship 
-1 x 107? ev 
E =- = 
2 
n 
has the same form as the hydrogen-energy equation giving the energy 
of the nth orbit: 
-13.6 eV 
+, ee 
n 
According to this equation, one has to supply 13.6 eV to free the 
electron from the ground level (n = 1), and less energy to free it 
from the other levels. Similarly, the energy needed to raise the 
arsenic electron to the conduction band where the electron is practi- 
cally free, is -2 
E=1 x10 ev. 


The average thermal energy of the silicon ions vibrating in the crystal 
at room temperature is 0.04 eV, so sufficient energy could be trans- 
ferred during a collision to free the fifth electron of an arsenic 
atom and allow it to migrate through the crystal. 


© PROBLEM 963 


When ultraviolet light of frequency 1.3 x 10!5 sec”! is 
shinedon a metal, photoelectrons are ejected with a 


maximum energy of 1.8 electron volts. Calculate the work 


function of the metal in ergs and electron volts. What 
is the threshold frequency of this metal? 





Solution: This problem is an example of the photo- 
electric effect. We want to relate the work function of 

a metal to the energy of the incident radiation. (The 
work function is the amount of energy needed to release 
an electron from the attraction of the rest of the metal, 
and thereby pull it out of the metal.) Let us examine the 
reaction occurring. 


A photon of energy hu (the ultraviolet radiation) 


collides with an electron of the metal, and, in the 
process, gives up all of its energy. If hv is large enough, 
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the electron will travel through the metal and be released 
with kinetic energy > mv?, where m and v are the electron 


mass and velocity, respectively. In leaving the metal, the 
electron loses energy due to collisions with atoms of the 
metal. The electron also loses energy, equal in amount to 
the work function, in order to overcome the attraction of 
the metal and escape. If we examine only those electrons 
which lie close to the surface of the metal, we observe 
that they do not go through any collisions and hence can- 
not lose energy by this means. These surface electrons 
lose less energy than the interior electrons and there- 
fore will have a maximum amount of kinetic energy when 
they leave the metal. Using the principle of conservation 
of energy, we obtain 


hu = + m V AS + o (1) 


where ọ is the work function of the metal. (Note that 
this relation is true only for surface electrons.) Solving 
(1) for $, we obtain 


3 = -l my? 
¢ = hu > MV aN (2) 


The energy of a photon of the ultraviolet light is 
hu = 6.625 X 10 7” X 1.3 X 10! erg 
= 8.61 X.10-1? erg 
Since 1 electron volt = 1.60 X 107}? erg, the maximum 


kinetic energy of the photoelectrons is 


+ mv œ = 1.8 X 1.6 xX 10-!%erg 


2.88 X 107)? erg 


From equation 2, the work function is 


a pew Potoci 
tar fn 2 “max 


8.61 X 107!° - 2.88 x 107}? erg 


5.73 X 107** erg 


Since 1 erg = .625 X 10!? ev 


ant 12 ev 
$ (5.73 x 10 erg) [.625 x 10 a 


@ = 3.58 eV 


: The threshold frequency is the smallest frequency 
of indecent radiation for which the electrons will be 
released from the metal with no kinetic energy. Setting 
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+ MV ax = 0 in equation (1), we find that the threshold 


frequency, Vo’ is 


v= (3) 


Using the value of ọ calculated in the first part 
of the problem, 


_ 5-73: % 107 erg 
6.625 X 107?” erg-sec 


or Uv, = 8.65 X 10'* sec! 


This frequency is in the ultraviolet, and just 
beyond the blue end of the visible spectrum. 


© PROBLEM 964 


It is desired to move a small, 50 kg, space vehicle by a lamp 
which emits 100 watts of blue light (à = 4700 A). If the vehicle is 


in free space what will be its acceleration? 





o> 
o> 


ai o> 
50 kg. Photons 


Solution: According to quantum theory, light may be viewed as having 
wave-like characteristics as well as particle characteristics. In this 
problem, it is the particle nature of light which determines the be- 
havior of the space vehicle. Since the emitted light carries away 
momentum and because the latter is conserved, the rocket will be pro- 
pelled to the left in the figure. 


We will suppose that N photons/sec are emitted, with each photon 
energy hf. Then the power of the lamp is 


E (energy of one photon) (# of photons) 


time 

p = Nhf 
By definition, is, 
Hence _ Nhe 
EP-ER 

Thus 
u n= 2 
c 


100 watt x 4.70 x 10°’ » 


ee 


6.63X10">“j-sec x 3 X 10°m/sec 


= 2.4 xX 107° 
Each photon will have momentum, by the de Broglie relations 
bh . Bes KIO ae 
Pic ae oe ry 
4700 A 
_ 6.63 x 10`% Js 
4.7 X 107! m 
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= 1.4 x 10727 N-sec 


The total force on the vehicle will be, by Newton's second law, 

F= d(np) 

dt 

Where n is the number of photons emitted and p is 
the momentum of each photon. Since p is constant, we 
then have, 
pN for N is just the number of photons 
emitted per unit time. 


F = 1.4% 1072? Nesec 2.4% 10°° sec”! 


= 3.4% 107'N 


Thus the acceleration has the very small value 


-7 
F_ 34x10 N _ -9 2 
i ia 50 Kg 6.8 X 10 ” m/sec 


e PROBLEM 965 


Calculate the energy, in ergs and eV, of the photon 


which has just sufficient energy to disintegrate a 
deuteron. What are its frequency and wavelength? 





Before: After: 
hy = 
wn g Bp Pa 
% mp My 


ution: We can find the minimum photon energy 
needed to disintegrate the deuteron by assuming that 
the products of the photon-deuteron collision (a 
proton and neutron) are at rest. Hence, the conserva- 
tion of total relativistic energy yields 


hv + Mpe’ = os = m) e? (1) 


where h is Planck's constant, v is the photon's 
frequency, and c is the speed of light. Note that 

the initial energy (left side of (1)) is that of the 
incident photon, plus the rest mass energy of the 
target deuteron. The final energy (right side of 

(1)) is the rest mass energy of the reaction products. 


hv = (mp # im, =) 


Since 


5 
22 


e -27 
p ma 1.6747 x 10 kg 


Mp 


hv 


3.3441 x 107?” kg 


[(3.3494 - 3.3441) x 10727 kg x (9 x 1016 m?/s?) 
0.0053 x 9 x 107!! Joules 
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hv 





hv = 4.77 x 107}? Joules (2) 
But 1 Joule = 6.242 x 10'® ev 


hv 


(4.77 x 10723 J) (6.242 x 10'® J/ev) 
hv = 2.977 x 10° ev 


From (2), we obtain 
BEVIS TO 


6.63 x 107°" Jes 


=°7.2 x 102° ¢>! 





Because the wavelength of the photon is 


>» 
ii 
<|aQ 


we find 


8 
, = 2% 10° m/s os gag x 1072 m 


7.2 *.107" o> 


Note that the above analysis gives only a lower bound 

on hv. The reason for this can be seen by examining 

the figure. In order to conserve momentum, the react- 

ion products must be in motion, contrary to what we 
assumed in equation (1). Hence, in reality, hv is 

greater than the value we calculated, since some of 

the photon's energy goes into the kinetic energy of 

the reaction products. o PROBLEM 966 


What is the de Broglie wavelength of an electron with a 


kinetic energy of 1 eV? 





: When calculating the de Broglie wavelength, it 
is important to know whether or not to use relativistic 
formulas in order to calculate the quantities appearing in 
the de Broglie formula. One way of deciding this is to 
realize that, when the velocity v is very small compared 
with c, (and, hence, the problem is non-relativistic) the 
kinetic energy is small when compared to the rest mass 


energy, myc. The rest mass energy of an electron is 
0.512 x 10° eV which is large compared with 1 eV. We need 


not use relativistic formulas in the present example. 
In the formula for the de Broglie wavelength, 


=B 
i= e (1) 
it is permissible to insert the rest mass, Mp, for m, 


m 2m) = 9.11 x 10728 gram. 


The kinetic energy is 


Fy = 1 eV. 
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Because 1l eV = 1.6 x 107" erg 


dmv? = 1.6 x 10`}? erg. 


Therefore 


ya Jord 10 4 erg 


n 


2s Ex 30 ** os 
Se 


9.11 x 10 “°g 


5.92 x 10” cm/sec. 


Notice that this is, in fact, very much less than the velo- 


city of light (3 x 101° cm/sec). 
Inserting these values of m and v into equation (1), 
-27 


a 6.625 x 10 er sec 
(9.11 x 10° x 5.92 x 10’ lg « cm/sec 


1.23% 107” &m: 


This is about ten times larger than the diameter of an 


atom. 
è PROBLEM 967 


3 


Calculate the wavelength of a car whose mass is 2 x 10 


kg and whose speed is 30 m/s. Determine whether the 
quantum aspects of particle motion will be observable. 





Solution: The de Broglie wavelength of the auto, 
is given by 


auto’ 
-34 
Muto TST a e E x 1078 
aupa @ x10 xg) (3 x 10 m/s) 


Note that because the speed of the car is much less than 
the speed of light, this calculation is clearly non- 
relativistic. This number is very small. Since the di- 
mensions of all man-sized objects with which the auto- 


mobile interacts are very much larger than 1.1 x 10738 m, 


we do not expect to observe wave phenomena (i.e., dif- 
fraction , interference) for cars , and classical mechan- 
ics gives a very satisfactory description of the car's 
motion. This is true for the motion of most man-sized 
objects: the quantum features of man-sized or larger 
objects are usually unimportant and are difficult to 
observe. 

© PROBLEM 968 


Determine the phase velocity of the de Broglie waves 
associated with a neutron which has an energy of 25 eV. 


Solution: If the neutron of mass m has energy 25 eV = 
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V group V phase 





envelope 


25 x 1.062 x 10 '° J= 4.00 x 10 '* J, then its speed 
is given by the relation 


k% mv? = 4.00 x 10 }° J or 


aie a 
yk See E = 6.92 x 10" mes !. 
A 1.67 x 10°27 kg 


The phase velocity of the associated de Broglie 
waves is then 


2 Ch 24.24) 2 æ 
gS A EE i a a 9 1,50 EL O 


Yo = 6.92 x 10° ms ? 


The difference between the phase and group 
velocities can be seen in the figure. When sinusoidal 
waves of different frequency (or wavelength) are 
combined, they appear as in the figure, with their 
amplitude modulated. Clearly, the frequency of 
variation of the amplitude of this resultant wave is 
less than the frequency of variation of the wave 
enclosed by the amplitude envelope. Similarly, the 
velocity of the envelope (v ) is different from 


group 
the velocity of the enclosed wave (v ). However, 


phase 
the 2 are related by 


c? 


v = 
phase Vgroup 


where c is the speed of light in the case of de Broglie 
waves. Since the envelope locates the approximate po- 
sition (due to the uncertainty principle) of the 
particle, the group velocity of the wave must represent 
the actual velocity of the particle, or the particle's 
wave would not be able to keep up with the particle. 


© PROBLEM 969 


Find the radius of the smallest Bohr orbit for the Hydrogen atom. 


Hydrogen atom 





Solution: The Bohr model of the hydrogen atom consists of a single 
electron of charge -e revolving in a circular orbit about a single 
proton of charge te. The electrostatic force of attraction between 
electron and proton provides the centripetal force that retains the 
electron in its orbit (see the figure). 
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Bohr's model assumes that the angular momentum of each orbit is re- 
stricted to integral multiples of Planck's constant divided by 27, 

La =n i . This can be seen by considering the wave nature of the 
electron. In order to have a stable electronic orbit, the matter wave 
of the electron must be stationary around the orbit, as shown in the 
figure. Therefore, the orbit is an integral multiple of the wavelength 
(de Broglie wavelength) à = h/mv , 


2M = nÀ 
n 
or 7 h 
ra ™ 2mmv 
where v is the orbital velocity of the electron. This equation can 
also be written as L 


r = 
n mv 





The electrostatic force on the electron as it moves in the nth circular 
orbit, can be written as 


m? e 
F= e =k e A 
n n 
a mêr =ke . 
n 


This is the centripetal force needed to keep the electron in its cir- 
cular orbit. Bohr's postulate for the quantization of the orbital 
angular momentum is h 
La = mvr a =n on . 
Squaring both sides, we have $ 
2 i 
ove aed oe: 


Now, we form the ratio 














ivi 4 
mra At? ke? 
2 
we get “= re H 
At? ke? 
2 
r = s n? 
ja Ar? kem 
The smallest orbit will have a radius 
px £ 
ti siio 
4T ke? m 


When the numerical values are substituted, we find for the first Bohr 
radius -34 
6.63 x 10 ` J-seq * 


ar? x (9 x 10°m/farad x (1.6 x 107! %coul)? x (9.11 x 1072 kg) 


my 


5.29 x 108 m. 


In Bohr's theory, the electron may revolve only in some one of a number 
of specified orbits. 


© PROBLEM 970 


Calculate the binding energy of the hydrogen atom in its ground 
state. 
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Solution: The potential energy of the electron in the nth Bohr orbit 
is 2 
V =-kS 
n r 
n 


The kinetic energy can be obtained as a function of Ta by using 


Newton's 2nd law. The electrostatic force between the electron and 
the nucleus causes the centripetal acceleration. Therefore 


2 
rem = LE 


a P 
n 
where v is the velocity of the electron, The kinetic energy is 


e 
Ta = mv = 3k ea 
n 
For a circular orbit the kinetic energy is therefore equal to half of 
the magnitude of the potential energy. The total energy (binding 
energy) becomes s 
= i< As Ea 
Ea = Ta + aS av šk E . 
n 
For the first orbit (n = 1), 
a 
&* se) 
4? kme? 
If we use the CGS unit system k = 1. The binding energy for the 
ground state then becomes 





tors aime® _ _ me! 
1 2h? 2? 
(9.1 x 10728, )x (4.80 x 107) °statc 


2x (1.05 x 10°? erg-sec? 


- 2.18 x 107 terg x 





1.60 x 10° erg/eV 


-13.6 eV 


This (negative) energy is the total energy of the state, and so, the 
binding energy (that energy that must be supplied to raise the total 
energy to zero and thereby release the electron) is 13.6 eV. 


@ PROBLEM 971 


At the position xo 7 1 unit on a screen, the wave function for 


an electron beam has the value +1 unit, and in an interval Ax and 


around Xo = 1 there are observed 100 light flashes per minute. What 


is the intensity of flashes at Xo = 2, 3, and 4 units where Y has 


the values +4, +2, and -2 units, respectively? 





Solution: In this problem, one can imagine that we are sending photons 
into an electron cloud, and recording photon-electron collisions (light 
flashes) in order to find the intensity of at various points. 


Wel? represents the probability density for the electron's wave 
function and, the probability of finding the electron in an interval 
Ax about Xo is o)l? Ax . But the intensity of light flashing 


at x, is proportional to LEDES è 


0 
1009 








This is due to the fact that a light flash, as was said above, cor- 


responds to a collision between a photon and an electron. The photon 
rebounds and reaches the observer. The number of flashes per unit time 
at a point therefore, indicates the probability of finding an electron 
at the point. 

Introducing a constant of proportionality A, we can write this relation 


7 (x9) = Al¥(x,)]? ax 


Therefore, 
2 
1(x, > 1)= a oCo : 1) |% ax 
= A|+1|° ax 
= AAx 
= 100 flashes/min 
so that 
AAdx = 100 flashes/min 
Then 


(x, = 2 = A| + 4|? Ax 


= 16AAx 
= 1600 flashes/min 
2 
(x, = 3) = a þ+2 |f ax 
= 4AAx 
= 400 flashes/min 


x, = 4) = Al-2| ax 
(x, = 4) 


= GAAx 
= 400 flashes/min 


Notice that even though (xq) differs in sign for the last two 
cases, the intensity is the same ecause the intensity is proportional 


to the square of the wave function. 


@ PROBLEM 972 





A grain of sand has a mass of 107° gram. Through what 


height must it fall from rest in order to have a kinetic 


energy equal to the energy of a quantum of visible light 


with a frequency of 5 x 1074 sec"? 


: The energy of the quantum is given by the product 
of its frequency, v, and Planck's constant h. 


€ = hy 
6.625 x 10°27 x 5 x 1014 


= 3.31 x 107} erg 


When the grain of sand falls through a height H from rest, 
its final kinetic energy, pa’, is equal to its decrease in 
gravitational potential energy, mg H. 


fav? = mg H 


Therefore mg H hv 
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= hv 
ka 
ae eS 
22 
10°” x 980 


12 


= 3.38 x 107% 


The grain of sand would have to fall through a height of 
only 3.38 x 1071%m. The diameter of an atom is about 
107° om. 

@ PROBLEM 973 


What will be the maximum kinetic energy of the photoelectrons 


ejected from magnesium (for which the work function = 3.7 eV) when 
irradiated by ultraviolet light of frequency 1.5 x 1015 sec"! ? 





Solution: The energy of a photon with frequency 1.5 X 10~ sec is 


€ = hv = 6.6 x 1072? erg-sec) x (1.5 X 10> sec”) 


= 9.9 x 107 erg X t_ T 
1.6x10 “erg 


= 6.2 eV 


The maximum kinetic energy of a photoelectron is obtained from what- 
ever energy is left over after the collision of a photon and surface 
electron has occurred. Since the electron loses energy equal in amount 
to @ while leaving the metal, we may write 
KE = hv - 9 

= 6.2 eV - 3.7 eV 

= 2.5 eV 
© PROBLEM 974 


What is the energy of a photon of blue light whose 


frequency is 7 x 10'* Hz and the energy of a photon for FM 
electromagnetic radiation if the frequency is 110° Hz? 





Solution: We shall use an approximate value for h of 


6.6% 1072" J s. The energy of a light quantum( photon) 
is given by 


E = hf 
where f is the frequency of the light. Therefore, we have 
blue light E = hf = (6.6 x 107°* Js) (7 x 10?* Hz) 
4.6x 107° 9 


FM waves E = hf = (6.6 x 107%" Js) (1 x 10° Hz) 
= 6.6 x 10778 J 


Notice that the higher the frequency of the electro- 
magnetic radiation, the greater the energy of the 
photon. 
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© PROBLEM 975 


Silver, atomic weight 107.9 and density 10.5 gm/cm°, 


has one free electron per atom. Calculate the Fermi 
energy of the electrons. 





Fermi - Dirac 





Solution: The Fermi energy is given by 


_ kame 
Ep = Om [3] (1) 


where V is the molar volume of silver, and N is the number 
of free electrons in 1 mole of silver. 


mass 
volume 


Since density 


molar mass (M) 


density = molar volume (V) 


Hence, M 


ys density 


But M is the mass of an element in atomic mass units. 


Therefore 
v= 107.9 amu 
10.5 g/cm? 


_ 107.9 gauche 
10.5 g/cm 


= 10.26 cm*/mole 
= 1.026 x 1075 m’/mole. 


In order to find N, note that each silver atom con- 
tributes one electron, (that is, its free or valence 
electron). Since there are Avogadro's number, 

(6.02 x 1023) of particles in a mole of a substance, the 
mole of silver will contain 6.02 x 107°? free electrons. 
These electrons are distributed into energy states accord- 
ing to Fermi-Diracstatistics (in other words, each energy 
state can contain only one particle). The energy levels 
are filled by placing the electrons first into the lowest 
energy levels, and then progressively filling the higher 
levels. The highest energy level into which the last e- 
lectron is placed is called the Fermi energy. Substitut- 
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ing the values of N and V into (l) and using the given 
data, 


e = {6.63x107°*J+s)? (3x6.03x10?* elec/mole)?/* 
F (8) (9.11x10~°!kg) (m7x1.026x10-> m’/mole 


8.85 x 107?° Joules 


Since lev = 1.6 x 10472 


_ 8.85.x 10-29 3. | 
ep = T-6 x 10-19 aJev ~ 2°54 ev 


We could interpret this as a maximum kinetic energy of 
the electrons. Then the maximum velocity would be 


k mv? = 8.85 x 107'° J 
wy? 5 E L EE T J 
FLL LOS kg iJi 
= 1.94 x 1032 m?/sec? 

v = 1.4 x 10° m/sec 


= 0.005 c 


where c = speed of light. 
e PROBLEM 976 


In a photoelectriceffect experiment it is tound that for a 
certain metal surface the kinetic energy of an electron 


ejected by blue light of wavelength 4.1 x 107’ mis 3.2 


10°29 J. (a) What is the work function of the electrons 


in the metal? (b) What is the longest wavelength of light 
that will eject electrons trom this surface? 





Solution: (a) Light energy is composed of quanta or pho- 
tons of energy hf. When photons strike the surface of a 
metal, they transmit this energy completely to the elec- 
trons in the metal. The work function E, is the minimum 
energy an electron must acquire if it is to leave the 
metal's surface. The maximum energy of the electrons 
leaving the surface is carried by the surface electrons 
and, by conservation of energy is hf - E,. Non-surface 
electrons have less than this amount because of energy 
losses as they cross the surface. The energy the elec- 
trons have after they leave the metal is in the form of 
kinetic energy. Therefore, 


K= hf - Ey 
To find the frequency of the photon, we use, 


8 
f =C = IX 0S = 7,3 x 1074 uz 


Substituting into the first equation, 
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x 
li 


hf - E, 
3.2 x 107495 = (6.6 x 10743 s) (7.3 x 10"*u2) -E 


J- 3.2 x 107197 = 


E = 4.8 x 10729 


1.6 x 10729 J 


(b) The limiting case occurs when the electron kinetic 
energy is zero. Therefore we set K = 0 to obtain the 
limiting frequency. 


hf -E = 0 
gp” 
w 1.6 x 107199 14 


f= h = = -e= 2.4 x 10 “az 
6.6 x 10> ys 


This corresponds to a wavelength à given by 


8 


a= G= 3% 10 Ws. 1,25 x 107° m 


2.4 x 10t% gz 


@ PROBLEM 977 





The photoelectric work functions for several metals are 
listed below. Calculate the threshold wavelengths for 
each metal. Which metals will not emit photoelectrons when 
illuminated with visible light? 


W- (Joules) 


362.0 2 3 
Chime Oras 
36 .% el OF29 
5.8 x 10719 





Solution: When light with a frequency above some definite 
level (called the threshold frequency) illuminates certain 
metals, it is observed that electrons are emitted. The 
energy of an incident photon is entirely given up to one 
electron of the metal. If this is an interior electron, 

it will travel towards the surface of the metal and, in the 
process, loose energy due to collisions with atoms of the 
metal. In addition, the electrons will loose energy because 
they must overcome the attractive force of the atoms of the 
metal in order to escape from the surface. (The: energy 
needed to overcome this attractive force is called the 
metal's work function, W). Electrons near the surface of 
the metal, however, don't experience the collisions de- 
scribed above, and they can't lose energy due to this 
cause. As a result, these surface electrons will be emitted 
with a higher kinetic energy than the interior electrons. 
Hence, using the principle of conservation of energy, we 
May write, for surface electrons, 


2 + = 
45 MV nax Ww hu, 
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where IV x is the kinetic energy of these electrons. At 


the threshold frequency, vo, the emitted electrons will 
have no kinetic energy. Therefore, 

hu = 0+ W 
or v =f 


The threshold wavelength i» is oUo = C, thus 


h 
ho = qe 


he = (6.63 x 107°" g*s) (3 x 10° m/s) 


1.99 x 10 75 Jem 


o 
ào (meters) do (a) 
je Na er ee 
Cs 6.2 * 10>" 6200 
Cu e ee E os ea 3100 
K 5.5 x Tr? 5500 
zn T E a K; Spe 3400 


The calculated values of \) are shown in the table. To 


o o 
convert to Angstrom units (à), we note that 1A = 107!’ m. 
Hence, dividing each value of Ao (in units of meters) by 


- o 
107}? m will yield A, in units of A. 


Since the range of the visible spectrum is 
o 


o 
4,000 A - 7,600 A, we note that Cu and Zn will not emit 
photoelectrons if illuminated by visible light. 


@ PROBLEM 978 





When silver is irradiated with ultraviolet light of wave- 


length 1000 A, a potential of 7.7 volts is required to 
retard completely the photoelectrons. What is the work 
function of silver? 


_(6.6x107?’erg-sec) x(3x10'* cm/sec) 
(1.0x1075 cm) x(1.6x107~'? erg/ev) 


= 12.4 ev 


Note that if 7.7 eV stops all photoelectrons, it will 
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stop the surface photoelectrons also. Hence we May use the 
photoelectric effect equation, 
á ä 2 

¢ = hu 4s MV ax (1) 

The electron looses kinetic energy and gains potential 
energy as it moves through the retarding potential (similar 
to the conversion of kinetic energy to gravitational po- 
tential energy when an object is thrown up from the ground). 
At plate A, the electron has only kinetic energy. At point 
B, the electron has both kinetic energy and potential e- 
nergy. At plate C, the electron has only potential energy, 
because we are told that a potential of 7.7 volts will 
completely retard the motion of the photoelectrons. Hence, 
by the principle of conservation of energy, we relate the 
energy of the photoelectrons at A and C, or 


hmv ox = P.E. @ C. 


But, by the definition of potential energy, (W), we 
have 


where 1 Vå is the potential difference of the plates, 


and q is the charge transported between A and C (a photo- 
electron, in our case). Hence 


% MV ax = q(Vo - Va) 


Substituting this in (l), we obtain 

> = hv - e(v, - V) (2) 
Putting the given data in (2), 
ọ = 12.4 ev -[(-1) (0 - 7.7)] ev 


where we have used the fact that e = - 1.6 x 107!%c, 
Because 1.6 x 107/97 = 1 ev, 


¢ = 12.4 eV - 7.7 eV = 4.7 ev 


(Note that we have used the fact that the energy of an 
electron that is completely stopped by a potential of 
7.7 volts is just 7.7 electron volts.) 


@ PROBLEM 979 





There are 2N electrons in a one dimensional infinite 
square potential well of size L as shown in the 
figure. What is the energy of the last filled state 


(the Fermi energy) at T = 0°K. The exclusion principle 
forbids the occupation of the same energy level by 
more than two electrons. 


V(x) + 
' 


Nua 


0 L ig 
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Solution: We can find the momenta of the electrons 
in the well from the Schroedinger equation. If 

W(x) is the wave function of the electron in the 
well, then it must satisfy the equation 


2 2 
3 as = + væ | w(x) = E p(x) (1) 


dx 


where E is the energy of the electron. p(x) is non- 
zero only between x = 0 and x = L, since the electron 
cannot escape from an infinitely large potential well. 
The solution of (l) can be obtained if we write it 

as 


2 
Gv,2Mepy=0 for 0 <x <L (2) 
ax? H? 


the solution of (2) is 
w(x) = A cos kx + B sin kx 


where k = 2m . Now, we utilize the condition that 


h2 
v(x) vanishes at the boundries of the potential. 


0. 


ii 


p(x = 0) = p(x = L) 
This gives 
y(0) =A=0 
and w(L) = A cos kL + B sin kL 
= B sin kL = 0 
The last equation shows that 
sin kL = sin nt = 0, Pe eg gatas ig 


Therefore the allowed values of k are such that 


kL = nt 
nt 
Kn= . 


The corresponding energy values are 





p? = 2k? é hê nêr? 
no 2 (4n?)2m L? 
hên? 
8mL? 


(Here we made use of the definition h = h/2mT). 


The energy levels are shown in the figure. We 
can put only 2 electrons in each level, therefore 
at T = 0°K, 2N electrons fill the lowest N levels, 
starting from n = 1. Notice that the level n = 0, 
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which corresponds to zero energy is not allowea on 
the basis of the uncertainty relation. Since 


Ax Ap 2 h, 
for Ax = L, the momentum of the electron cannot be 
strictly zero, but has a spread of 

h 
Ap È? È . 

This corresponds to a non-zero energy even for 
the lowest level. 

The energy of the highest level is 


Nêĉh? h? N 2 
a, ~ Wie» Ie 


We see that the Fermi energy is a function of the 
number of electrons per unit length, N/L. 


© PROBLEM 980 


A l-gram block rests on a frictionless surface and we measure 


the position of the block to a precision of 0.1 mm. What velocity 
have we imparted to the block by the act of measuring its position? 





tp, 


Xo X_+Ax 


x 


Solution: If we try to determine the position of a particle at a point 
x, along the x axis as shown in the figure we find that our 
measurement of the position x, cannot be made as precise as required 
(assuming that it is at rest). As we try to confine the particle to a 
more exact position, we become less certain about whether it really is 
at rest at that position. This is a consequence of quantum mechanics 
and is known as the Heisenberg uncertainty principle. If the uncer- 
tainty involved in the measurement of position is Ax, then the antic- 
ipated uncertainty in the momentum of the particle will be such that 


Ax dp, = h 
where h is Planck's constant. Since Pp, = mV, » we have 


âx mv ~™h 
x 


or i 


m Ax 





Av, 
_ 6:6 x 10° erg-sec 
a g) x (10°? 


= 6.6 xX 10729 cm/sec 


This velocity is so small that we must consider the block to be still 
"at rest". The implications of the uncertainty principle for macro- 
scopic objects are unimportant, but for microscopic objects they are 
crucial, That there is any uncertainty at all in the measurement arises 
from the fact that we can see the block only by virtue of the scatter- 
ing of photons from the block and this process imparts momentum to the 
block. 


ok 
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@ PROBLEM 981 










The energy of an electron in a certain atom is approxi- 


mately 1 x 10 '® J. How long would it take to measure 
the energy to a precision of 1 per cent? 









Solution: The energy uncertainty is (.01)(2 x 10 3% J 
= 1 x 102° J. This means that the measurement of the 
energy of the system will yield a value 1 x 10 -i 


1 x 10 2° J. One form of the Uncertainty Principle re- 

lates the lack of certainty as to what the energy of a 

sistem is (AE), to the length of time needed to measure 
the energy with this degree of accuracy (At). 


h 
AE At = Tr 


where h is Planks constant. We are given AE = 1 x 407° 
J (i.e. the measured value of energy in the system is 
E + AE). Then 


~ h ~ 6.6 x 10 ** J s 


= = = ae £ 
i (AE) (47) at x 10720A (47) Go D $ 





© PROBLEM 982 


Find the minimum energy of a simple harmonic oscilla- 


tor using the uncertainty principle AxAp>fh. 





Solution: Consider a particle of mass m on a spring of 
Force-constant k. The kinetic and potential energies, 
respectively, are, 


N 


K = 4 mv? = 


3 


U = kx? = 5 ma? x? 


LS) 


where p = mv and a = K, The total energy is constant 


(conservation of energy) and is therefore equal to its 
average value. 


2 
E =<E> = P 5 mw «x (1) 


where < >indicates the time average. As a result of 
symmetry with respect to the equilibrium point, < p >and 
<x> are zero. The uncertainty in x and p are defined 
as, 


(Ax) 2 =<(x - <x>)2> = <x? > - 2<x>< X> + <x >? 
nea - <x>* = exes = zis 
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and 


(Ap) 2 =<(p- <p>) ?> = <p*> - 2<p<p> + <p>? 


=<p*> - <p>? = <p*> -0= <p> 


Therefore (l) can be written as, 


Using the uncertainty relation 


Ap Ax> fi 
or 
2 
i $ 
(p) > — 
~ (As) 
the total energy (2), becomes, 
E= dao (ax)? = L (tp)? > r 
2 2m - 2m ( AX) 2 
or 
h? 1 1.2 2 
E> in TS inl ( Ax) 


The value of Ax for which AE is a minimum is given by 
the condition, 


dE =0 
a(l Ax 
Hence, 
2 
A -3 2 a 
-2 ‘es (Ax) + 2 z mw Ax = 0 
2 
m w 
2_ 4 
(Ax) Teme 


@ PROBLEM 983 





An atom emits a photon of green light A = 5200A in T= 2x10 sec. 
Estimate the spread of wavelengths in the photon. 


Solution: The Heisenberg uncertainty relationship for energy and time 
is 
AE AtS H (1) 
1020 





where AE is the uncertainty in the energy of the system we are observ- 
ing, and At is the time interval over which we observe the system. 
Also, t is Planck's constant divided by 27. 

The energy of a photon is given by 


E = hv (2) 
where v is the frequency of the photon. But 
c=va (3) 


where c and A are the speed and wavelength of light, respectively. 
From (3) and (2) h 

E = 3 

À 

Taking the derivative of E with respect to À, 

dE _ -he 

a” E (4) 
Hence Sha 
AE œ = AÀ (5) 


Using (5) in (1) 


(6) 


Therefore, using the given data, 
~ (5200 A)? 
AA> 
(-2) (3.14) (3 x 10°m/s} (2 x 107s) 
Since 1 A= 10 


-7 2 
Ade - 22X10 n): 
(37.68 x 10 m) 
gh as. xv es 
bd > - 7.17 x 107) 3m (7) 


Hence, the spread in wavelength is at least 7.17 X 1071 >m, (We may 


neglect the minus sign in (7), because, looking at (6), it only indicates 
that as At increases, Ad decreases). 
e PROBLEM 984 


If an atom remains in an excited state for 107° sec, 


what is the uncertainty in the energy of that state? 





Solution: To solve this we use the Heisenberg uncertainty 
principle: 


AEAt>h, where h is Planck's constant. 
-27 E 
AE>— 2 E Sta eee = 626% A ezgs 
107° sec 


This is the limit of accuracy with which the energy of 
such an excited atom can ever be measured. It is called 
the energy width of the excited state. 
e PROBLEM 985 


[ Use the uncertainty principle to estimate the kinetic energy of : 
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a neutron in a nucleus of radius 


Re 2K 10 oe s 


Solution; We write the uncertainty principle in the form 
ApAx = h 

Then 
Ax = 2R 


for the neutron can be found anywhere in the nucleus. The Ax given 
expresses this lack of certainty as to where in the nucleus it can be 
found. As a result of the uncertainty principle, the neutron can acquire 
a momentum 








p = Ap 
-B 
~ QR 
2 2 
2 (mv) SÀ h 
The kinetic energy, T= jmv = $=—— = E = — 
8mR 
-27 2 2 
T= (6.63 x 10 = ey os j = 8.22 x 107° erg wee 
(1.67 x 10724em¥ 2 x 107! 3cm) gm-cm 
-5 e 2 
adry S 
a -cm 
sec 
-5 e 2 -5 
= 8.22 x 10° 28 = 8.22 x 10 “erg 
dyne-cm 


© PROBLEM 986 


A car of mass 1 x 10? kg is traveling at a speed of 10 m/s. 
At a certain instant of time we measure its position with a 
6 


precision of 1 x 10 ° m. What is the theoretical limit in 
precision for measuring the speed of the car? 





Solution: The uncertainty principle will be used to find 
the limit of precision of one variable when the precision 
of a complementary variable is given. If Ax is the uncer- 
tainty (i.e., the limit of precision) in the position of a 
particle, and if Ap = mAv is the uncertainty of the momen- 
tum of the particle, then, 


AxAp = AxmAv ~ E 


where h is Planck's constant. Substitution of the given 
values for m, and Ax in the equation gives 


6.6 x10 2S 38 


= h = 
OY = Taa) Fm Qa w” m) (47) 1 x 10° kg) 


This is a very small uncertainty in the speed of the car 
and could never be detected by available measurement tech- 
niques. 


32 


=.5.3 x 10 ““mn/s 


è PROBLEM 987 


? The density of diamond is 3.5 quien” What is the order of magni- j 
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tude of the average velocity and average energy of a carbon atom in 
diamond at absolute zero? 


Solution: Density is defined as 
p = M/V 

where M is the mass in a volume V. Solving for M 
M = gv 


The number of carbon atoms, n, in this mass is M divided by the atomic 
mass of carbon 
te M =- 
(12 amu) (12 amu) 


Hence the volume occupied by 1 carbon atom is 


V_ (12 amu) 
n 9 
V _ (12 amu h66 x 107°” kg/amu 
n 3) 
3.5 kg/m 
v _ 19.8 x 107?” m 
n 3.5 


l = Sx 02n 


Assuming that each carbon atom occupies a cubical volume, the length of 
one side of this cube, £, will be such that 
PESNI A 
2 =1.8x 101% a 
The mass of a carbon atom, m, is 
m = (12 amu) (1.66 x 10°27 kg/amu) 
ma 2x 102° kg 


We may now use Heisenberg's uncertainty relationship to find the aver- 
age velocity of the carbon atom. Since the atom is assumed to be in a 
cubical volume of length 4, the uncertainty in its position is 


Ox =4 


Hence, using the uncertainty relationship (where Ap is the uncertainty 
in momentum and + is Planck's constant divided by 27) 


~t 6.63 x 107 “Js 


p> Te = 
4 (am) (1.8 x 10 10,) 


6.63 X 10734 Nem-s 


11.3 x 10729 m 


Ap > .586 x 10°24 nes 


Ap > 


Ap > 5.86 X 10°27 Nes 
The minimum uncertainty in p is then 


=25 
AP nin = 5.86 X 10 N- 


But Ap = mv » since m is constant. Hence 
min min 


APiin _ 5.86 x 107” Nes 
AV nin a < -26 
2 x 1072" kg 
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Av = 2.93 X 10! m/s 


min 


Ov in” 29.3 m/s 


This quantity gives us an approximate value for the velocity of the 
carbon atom. The average energy is then 


E = įm 
-26 2 
= (%) (, x 10 ke) (29.3 m/s) 
= (1076 kg) (858.5 n? /s? 
= 8.59 x 10°44 Joules 


The zero point energy is the least energy a system can have and occurs 
at absolute zero. It is 


and 2E 


Assuming that the magnitude of Eo is the E calculated above, 


_ (2) (g.59 x 10724 Joules) 


(6.63 x 10°>4 Joules-sec| 


-24 
ou oe, x 10-“*) -1 


6.63 x 10>" 


f 


E = 276% 109 ao 


© PROBLEM 988 


It was once thought that a neutron is made up of an electron 
and proton held together by Coulomb attraction. Assume the 


neutron radius is 10`] m. (a) According to the uncertain- 


ty principle, find Ap for such an electron. (b) The lowest 
average momentum such an electron could have would be AP. 


What would be the corresponding energy? (c) What is the 
electrostatic potential energy of an electron 


10723 cm from a proton? (d) From the calculations in (b) 
and (c) does it appear likely that a neutron could be made 
up of an electron and a proton? 





Solution: (a) The uncertainty principle states that 


Apdx = a , where h is Planck's constant, Ap is the un- 


certainty of the momentum of a particle, and Ax is the un- 
certainty in the position of the particle. If we assume 
that the electron can be found anywhere within the neutron, 
then Ax will be of the order of the neutron radius 


107 m. p can then be found using the uncertainty prin- 


34 


h 6.63 x 10` - - 
AP = a" 6-63 x 10 —_joule-sec = 5.28 x 10 20 kg-m/sec 


47 10 m 


(b) We must find a relation between energy E and 
momentum p. Since 
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m of 
2 0 
= (oa meee 
L-5 
c 
where Mp is the rest mass of the electron, and v its speed, 
we have, upon squaring both sides of the equation, 


E? f = 5 = (mo c?)? 


or Pys +( mo <7? 
= Bo%? +(n, c°)? 


EAE e 
ei e +(m ce’). (1) 


Here, we used the definition of momentum as p = mv. We 
have My = 9.11 x 10772 kg, c = 3 x 108 m/sec and 
-20 


_ Ap 2 5528x140 km _ -20 km_ e 
p= P = os T 2.64 x 10 ae Upon sub 


stitution into (l), the result becomes 


=. -20 k-m 
E = (2.64 x 10 = (3 x 10 5) + 


(9.11 x 107 31 kg) (2 x 108 =)" = 7,46-x 10722 
Since 1 eV = 1.6 x 10°? J 
= 7.46 x 107}? g x ——+S_ 
1.60 x 1077? g 
7 
= 4.67 x 10’ ev. 
(c) By the definition of V 
ve. 10? SaGa. 60 x 10°19 coul Ÿ 
1- (e)(e) _ 5 pe 
k ee 107+ om 
102 cm 
= 2.30 x 107}? J = 2.30 x 107}? g x —__+ 1e 
t40% io 3 


1.44 x 10° ev. 
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(d) No. The energy of the electron is much greater 
than the energy available to bind the electron to the proton 
to form the neutron. 


@ PROBLEM 989 





Suppose that the speed of an electron is 1 x 10° m/s 
and the measurement precision involves an uncertainty 
in speed of 1 per cent. How precisely can the position 
of the electron be simultaneously determined? 








Solution: The uncertainty in speed is 
Av = (.01)Q@ x 108 m/s) = 1 x 10° m/s 


This means that a measurement of the velocity of 


the electron will yield a value 1 x 10 + 1 x 10" m/s. 
The Uncertainty Principle relates the lack of knowledge 
as to where a particle is located (Ax), to the lack of 
knowledge as to what the momentum of the particle is 
(Ap), when both the position and momentum of the part- 
icle are measured at the same time. The relation is 


2 R 
ApAx = mAvAx = r 


where m is the mass of the particle, and h is Planck's 
constant. Since the mass of the electron is 9.1 x 10 3} 
kg, then 


h 


Ax = (Av) 47m 


6.6 x 10 °* 3s 
(1 x 10% m/s) (4) (3.14) @.1x 10°?! kg) 


= 5.8 x 10 9 m 


This uncertainty in position is at least 100 million 
times larger than the size of the electron itself. There- 
fore, the uncertainty principle imposes significant 
limitations on measurement in the atom-sized world. 


@ PROBLEM 990 


A mass of 5 kg hangs on a spring which has a spring constant of 
2 X 107 newtons/m. (a) Calculate the minimum energy of the system. 


(b) By optical methods the position of the mass can be determined to 
within 10-7 m. What is the uncertainty in the velocity of the mass? 





Solution: (a) The natural frequency of the vibrating mass is given 


by 


f 3 } 
x 10 nt/m -1 
= 5 kg = 20 sec 


The zero point energy is the residual energy the vibrating particle 
has at absolute zero. It is given by 


È 4 hf 
= 4. x (6.63 x 10° 


41 
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= 1.05.x 10°" J 


(b) If we equate this to the maximum kinetic energy the vibrating 
particle has (when the elastic potential energy of the particle is 
zero) then 


E = 4 nv 


EAT x 10°? J 
5 kg 


or 


v =2.0X 107)? m/sec 


If the uncertainty in the position is Ax = 1077 m, then, according 
to the uncertainty principle, 





h 
AxAp = on 
h 
“Pp 24x 


where Ap = mv is the uncertainty in the momentum of the particle. 
Therefore the uncertainty in the velocity is 


h 
2TmA x 

g 6.63 X 10°?" J-sec 
on x 5x 107! m-kg 


= 2.1 X 10°28 m/sec 





Av = 


This uncertainty is less than the zero point velocity. Suppose that 
we attempt to measure the velocity by measuring the time required for 
the mass to move through x = 2 X 1077 m. That is, 

-7 
%e_2ZX10 m n 101° sec(about 300 years) 
v -17 
2x 10 sec 


Such a measurment is liable to be interrupted before it is completed. 
@ PROBLEM 991 


t= 


Taking the wave properties of the electron into account, find the 
connection between the errors dp, and Ax when measuring the momentum 


and coordinates of an electron, if Ax is determined by the width d 
of the slit through which the electron beam passes (Figure below). 





at ee P tie: 


Solution: As the electron is passing through the slit, we lose sight 
of it. Therefore its position at the slit has an x-axis uncertainty 


Ax = d. 


As a result of it, the momentum of the electron after it passes through 
the slit can have an x-component 
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Ap. = p sing. 


In order to observe the wave characteristics of the electron, we should 
be able to display its diffraction pattern, Therefore, the slit should 
have a size consistent with the single slit condition for observing the 


first fringes of the diffraction pattern 
À 
sing > a 


where à is the wave length (de Broglie wave length) of the electron. 
had i 
P 


Now we calculate Ax Ap, » to obtain the uncertainty relation for the 
electron; 


Ax Ap, = dp sina 


à h 
zda gm oP pd 
>h. 


@ PROBLEM 992 









A camera photographs a 120-W sodium lamp 100 m away, the film being 
exposed for 1/100s, The aperture of the camera has a diameter of 4cm, 
How many photons enter the camera during the exposure? The wavelength 
of sodium light is 5893 R, and all the energy of the lamp is assumed 
to be emitted as light. 








Solution; The energy possessed by one photon of sodium light is 

E = hf, where h is Planck's constant and f is the photon frequency, 
But c =A f where Nis the wavelength of light and c is the 
speed of light. Therefore, à 


8 - 
hf = h 5 = 6.625 x 10 *4y.5 x ee Pear x10}? y, 


5893 X 10 m 





The lamp consumes 120 J of energy per second. Therefore the number 
of photons emitted per second is 


-1 
n = as = 3.55 x 10% s~! , 
3.37 x 10 295 


These photons are emitted in all directions and 100 m from the lamp 
are distributed evenly over a spherical surface of that radius, The 
number N entering the aperture of the camera per second is thus n 
multiplied by the fraction of this surface occupied by the aperture, 


That is, mr? ) 
N = = 
ATR 


where R is the distance from the lens to the lamp, and r is the 
aperture radius. Then 

22 
T 3 - 

ENL = 3.58 ET a 
47 Xx (100) m 
Thus in 1/100 s the number of photons entering the camera is 3.55 X 109, 
@ PROBLEM 993 


20-1 x 


N = 3.55 X 10 





Use the uncertainty principle to show that the rest mass of 


a photon is zero. 


Solution: Let us assume the photon rest mass My is not 
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zero. The Heisenberg uncertainty principle is PAX > - 
where Py is the x component of the photon momentum. Hence, 


m,vAx > a 
But, for a photon, v = c and 


h 
> 
my = Or (Ax) c" 


Coulomb's law for the force between two charged particles 
is 


kq,q 
gets 
a 


and this force is exerted over arbitrarily large values of 
d. Consider 2 charges separated by a distance equal to the 


diameter of the Milky Way galaxy (1 x 1072 m). According 
to the exchange picture, the electric force between the 
charged particles is achieved by the exchange of virtual 
(unobservable) photons between two electrically charged 
particles. Any measurements made to detect the virtual 
photon's presence would require measurement precisions ex- 
ceeding those permitted by the uncertainty principle. The 
uncertainty in the position of these photons is then the 
distance over which they are exchanged, (in this instance 


1 x 1072 ál for we know that the photons must be somewhere 
between the 2 charges. Thus 


es 6.6 x 1b gs 8 
Tr(AxVe ~ Ta ¢3.34)( x 1022 m\(3 x 10° m/s) 


ee ee eee 


This mass is very much smaller than the mass of any other 
particle and for all practical purposes is zero. The dia- 
meter of the Milky Way does not have to be used, however, 
because according to Coulomb's law, force still exists for 
even larger distances d. The force only vanishes as d tends 
toward infinity, but if the distance becomes very large, so 
does the uncertainty in the position of the photon; hence 
the photon mass must be precisely zero. 


e PROBLEM 994 


Find the number of ways that two identical (= 3) 


n,; = can be distributed in five states (g; = 5) 


according to (a) Bose-Einstein and (b) Fermi-Dirac 
statistics. 





Solution: (a) Bose statistics determine the number of 
distinct ways of placing ni identical particles in g; 


states, where the number of particles ina state is not 
restricted. Consider the system under consideration 
to be a linear array of Gi t ae 1) holes into which 
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123 4 5 States ©: Particle rs 3 'a 8 
ERE *o'ff lo o x x xf 
o o 4s @: Partition 


ah 3 Particles go x x x og 


1 2 3 4 5 
l 9 o © p e ae l Figure A O=Particle Figure B 
o o X=Empty State 


either particles or partitions that separate the states 
can be inserted. Note that there are g; - 1) such 


partitions to separate the entire cell into Ji states. 
The remaining ni holes which are separated into groups 
by these partitions, represent the distribution of the 
particles among the various states (see Fig. a). 

The number of distinct permutations of ni particles 
and Gi = 1) partitions over @, a = 1) holes is 
the same as the number of distinct arrangements of ni 
particles among the Ji states. Now, the number of 
permutations of G; + g; 7 ) distinguishable objects 
is Gi +g, - Eris But, ni particles and si 1 
partitions actually are indistinguishable and we must 


divide the above number by the number of permutations 
of ni particles and by the number of permutations of 


bs 1) partitions. The result gives the number of 
distinct arrangements. 





Substituting the numerical values, 


x, Ene rs 
Nez = zr ar = 29 


Two possible distributions are shown in Fig. a. 





(b) In Fermi statistics a quantum state can contain 
only one particle. As before, we first find the number 
of ways of distributing ns in distinguishable particles 


over g; states. The first particle can be put in any 
of the Ji states, and for each choice of a state, the 
second particle can be put in any of the G; = ) 
remaining states, and so on. The last particle will 


have Gi - ni + l} possible states to choose from. 


The total number of configurations is 


i 
3,6, -) SO FREE Re 


However, the actual indistinguishability of the 
particles requires that we divide out the number of 
identical configurations from this number. ni 


particles give rise to n;! permutations of the part- 
icles among themselves. Thus, we have 
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I 
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FD 
5! 
a Fery ~ 10 


Two possible distributions are shown in Fig: b. 
@ PROBLEM 995 


In an experiment involving the gravitational red shift, 
two identical nuclei are placed at different heights in 
a tower. The nuclei each emit gamma rays. The difference 
in height of the two nuclei is 2.2 x 10° cm. What is 

the fractional difference in the frequency of the y-rays? 





Solution: Consider a photon emitted by nucleus A located 
at the lower gravitational potential. Its energy upon 
emission is 


Ei = hf o 


where h is Plank's constant and fọ is the frequency 


associated with the photon. As the photon rises, it gains 
potential energy. The law of conservation of energy 
demands that the total energy of the photon remain con- 
stant in time. The frequency of the photon must then 
decrease to offset the increase in potential energy to 
maintain the total energy constant. After travelling a 
height H, its energy is 


E2 = hf + mgH 


m is the mass equivalent of its energy which is given 
by Einstein's mass-energy relationship 


_ hf 
= hf 


To satisfy the conservation of energy, we must have 
E, = E2 


hf + nigh 


hf» 


fo 
or r* Lot 


a, E 


= 1+ 280 cm/sec? x 2.2 x 10° cm 
(3. » 164° cm/sec) ? 


i + 2.5 x 20"** 
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The frequencies differ by 2.3 parts in 10!5. This 
minute change in frequency is termed the gravitational 
red shift (for the frequency decreases and shifts towards 
the red part of the spectrum as the light leaves the 
Earth). 


© PROBLEM 996 





A collimated beam of silver atoms emerges from a furnace at 
passes through a circular hole, and falls on a screen lm away. 
that all the atoms travel with the same speed. What size hole 


likely to give the smallest spot size on the screen? The mass 
silver atom is 1.8 x 107g, (See figure). 


— 


Solution: If the hole has a radius a, the uncertainty in the z-co- 
Ordinate of an atom passing through the hole is 2a, Thus 


Az = 2a % 
But if p. is the momentum of the atom in the z-direction, then, at 
the hole, the Heisenberg Uncertainty Relationship yields 


Ap, Az wh 
where Ap, is the uncertainty in the z momentum. But 
= v 
SP. må z 


where Av, is the uncertainty in the z velocity of the silver atoms, 


Hence h 

niv © or la 4 ° 
Thus the atoms have an uncertainty in velocity in the z-direction of 
the order of h/2am. But the velocity in the z-direction is clas- 
sically zero, Hence, the atoms, by quantum-mechanical arguments, 
have velocities around the value h/2am in the z-direction. 

In the y-direction the atoms have a velocity which is assumed for 
simplicity to be the same for all atoms, The average kinetic energy 
possessed by an atom at temperature T is 3/2 kT, where k is 
Boltzmann's constant and T is given in degrees Kelvin. Thus the 
silver atoms of mass m have velocities y given by 


vV, = V3kT/m . 
F 
They traverse the distance y in time t. Since no force acts on 

the silver atoms in the y direction 

y=vt 
or y 

t = y/v 

4 y 


In the same time the maximum distance achieved in the z-direction due 
to the z-velocity of the atoms is, similarly, 
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34 


yv = 
E. A z_ hy J m _ hy /I 66x10 Jssxim 
a = AVX noS aan S Da eo eee x 





= = =I 
3 X 1,8 X 10 “kg X 1.38 X 10 354K deg x 1500 K deg 


35 3.12 x 10° 1? n 





Thus the largest possible distance from the axis at which a silver 
atom can strike the screen is found by observing the trajectory of 
the atom at the top of the hole. The furthest it will travel from 
the center of the hole is 


r=a+z=a + (3.12/a) X io 2 À 
dr. 32 -12 2 
ld 1 “= x 10 mw 5 


and for a minimum of r this quantity must be zero . It can be 
verified that this is a minimum by a second differentiation. 

Thus the radius of the hole which gives the smallest spot on 

the screen is that for which 


° 2 a = 
225 x 10 re S4 = 1 or a = 1.77 X10 6 m. 


a 


In classical physics the spot size would be decreased indefinitely 

by reducing the size of the hole, Because of the wave nature of the 
electron, quantum mechanics does not supply the same answer, After a 
certain point, diminishing the size of the hole increases the size 
of the spot because of diffraction effects produced by the hole on 
the silver atoms, A minimum size of spot therefore results for a 
finite hole size. 


e PROBLEM 997 










Doubly charged o-particles of energy 7.33 MeV are emitted from one 
isotope of thorium, What is the distance of closest approach of such 
an @particle to a gold nucleus? The mass of the @ particle is 6.69 
x 10727 kg, and the atomic number of gold is 79. 









T, >; TRO? 


Solution: The figure shows an energy diagram for the aparticle gold 
nucleus interaction, Initially, we assume the a@particle to be emit- 
ted from the thorium sample with a kinetic energy To: Since the 


thorium and gold nucleus are separated by an effectively infinite 
distance, the o@particle gold nucleus system has no initial potential 
energy (V=0). Hence, the initial energy of the system is totally 
kinetic and 

Ep = To = 7.33 MeV . 
Since energy is conserved, this is the value of E for all time t. 
Looking at the diagram, we see that for a given E, the closest the 
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a@particle can come to the gold nucleus is r, (distance of closest 
approach), This is true because, classically, the particle cannot 
penetrate the potential barrier to the left of r., for, if it did, 
it would have a negative kinetic energy. This can be seen by noting 
that, at any time, the energy of the system can be written 


E=T+V 
or 
TSE-V. 


If V >E, as it is for values of r<r 


o’ then T <0. Note that, 
at r., we may write 


0 
V(r9) =E 
or 
Zee' 
—— = 7,33 MeV 
FX 6 


where Ze is the charge of the gold nucleus, and e' is the charge 
of the a@particle. Since 





1 ev = 1.602 x10 2° J 
š ag ES 
Fee — = 7,33 X 1,602 x10} J = 44,743 10713 g 
r 
o*0 
Hence, aoe Zee' 
9 ane (11.743 x 10 133) 
_ 79 x 1,602 x 10 }°c x 2 x 1,602 x 10 1% 
4nx8.85x10 | C eN lem 7x11.743x10 2° J 


3.102 x 10 24 m. 


© PROBLEM 998 








Consider a system of N particles each of which can 
exist in only two energy levels + £ and - €.If the 
probability of occupying an energy level at temperature 
T is given by 











Do =e” EZT 











where E is the energy of the level, and K is Boltzmann's 
constant, calculate the internal energy of the system. 





Solution: The ratio of the number of particles in 
levels E, = £ and E; = - e is given by 


Ni Py Aa E,/KT 


N3 Pp ae £2/KT 


Py €/KT 


ra P i act f 


~ 2€/KT (1) 


p The total number of particles, N, in the system 
1s constant though each particle can make transitions 
from one level to the other. Substituting the result 


N = Ni + No 
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in (1), we get 


Nee e7 2€/RT 
N2 
Mage bare oe 2e/KT 
No 
giving x = 78 paa ee s 
I+e lt+e 


where we multiplied both the numerator and the de- 


nominator by Ái for the last step. 


Similarly, for Nı/N, we have 


Nı Ni No z 2e/KT e2£/KT 
a 1+ octet 
= 3, 
l +e €/KT 


The internal energy of the system is given by the 
sum of the energies of the particles in each level, 


U= NıEı + N2E2 = Ni€ + N2 (- £) 


e(Nı - N2) = EN (Ni/N - N2/N) 


25, RE e2£/KT 
2e/KT 


l +e 


e7 E/KT _ €/KT 


EN €/KT - £/KT 
e +e 


€N tanh (- £/KT) = - eN tanh (€/KT) 
As T > 0, tanh (e/KT) > 1, and we have 
Uir + 0) =- eN 


This result shows that all the particles occupy the 
lower level at T = 0°K. As T > >, tanh (e/KT) > 0 and 


which shows that both levels are occupied with equal 
probability at T > o°K, i.e. Ni = N2. 


e PROBLEM 999 





A molecule has no net charge, but its charge dis- 
tribution may be equivalent to two charges + q 
separated by a small distance a. Then the molecule 
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is said to be a polar molecule, and to have a dipole 
moment u = qa. 


In an electric field E such molecules, originally 
of random orientation, will tend to align themselves 
either parallel or antiparallel to the field. If 
parallel the potential energy of the molecule is 
- E, if antiparallel + uE. Calculate (a) the ratio of 
the number of molecules in each energy level to the 


total number, (b) the average energy per molecule of a 
system of HCl molecules, if the dipole moment of HCl, 


u, is 3.44 x 10 °° coul-m, and the gas is put into a 
uniform electric field E = 1.5 x 10” V/m, at T = 350 K°. 





Solution; (a) We have a two energy level problem. 
The number of molecules with energies + E and - E 
respectively are 


Ni 1 

— = ~ _2E/KT 

N Lee E/KT 
e2E/KT 


N2 

as F 

N 1+ e?E KT 

where K is the Boltzmann constant. 


UE _ (3.44 x 10 °° coul.m) (1.5 x 107 v/m) 


KT @.38 x 1078? 3/K9 (350 K°) 
1.07 x 10°2 


Since 4E/KT < < 1, we use the Taylor Series approxima- 


tion for e}E/KT 
e}E/KT =z 1+ BE 


KT 
Thus 
Ni 
ARE: ee ee eS 
eer Ft Ure * 
KT 


N2 1 + 2uE 


KT 1 + 0.0214 
eo 2 eae = 0.505 
2+2 a 2 + 0.0214 


(b) If Uis the internal energy of the gas, the 
average energy per unit molecule is given as 


KT 





_ ©) - WE N tanh Lz 
E= N 

or. HE 

uE tanh KT 


For He < < 1, we can use the approximation 
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HE „ pE 
tanh KT KT 

-_ . HE 

Therefore E 2 uE KT 


- @.44 x 10°°° coul.m) @.5 x 107 V/m) 
x 1.07 x 10 2 


*#-§.5 x10 2° 9. 


e PROBLEM 1000 












Suppose that an electron bounces back and forth along the 


x axis in a box of length —" m. (a) What is its lowest 
energy level? (b) What wavelength of radiation would be 

emitted if the electron changed from the n = 2 to the n = 1 
state? 


k— 0°” m AI 
Solution: (a) No external forces act on the electron except 
when it hits the walls and is reflected elastically. There- 
fore, it experiences no loss of energy and its momentum 
while it travels between the walls is constant in magnitude. 
Wilson and Sommerfeld stated a general rule prescribing the 
quantization of a system which undergoes periodic motion. 
This rule is 


fp,da = nh (1) 


where Pg is the momentum associated with the periodic co- 


ordinate q. (In our case, the x position of the particle 
is varying periodically. Hence, q = x.). Also, n is an 
integer, h is Planck's constant, and the integral in (1) 
is evaluated over 1 period of the variable q. (For this 
example, we evaluate (1) over 1 period of x). 

If we consider the electron to be at the left wall at 
the beginning of its cycle, then 


L 0 
fp,ax = | mvdx + | (-mv) dx 
L 
= 2mvL. (2) 


Note that the integral is split into 2 parts because the 
momentum changes direction in 1 cycle of motion. Using (2) 
in (1) 


2mvL = nh 
or p = mv = ah, (3) 


Assuming the electron to be nonrelativistic, its 
energy is 
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2,2 


2 
a = Bh 
E = ymv“ = 5 ae 


The lowest energy level occurs in the n = 1 state. 


2 -34)2 
E, = —— = 6.625 x a0 =a7JOule 
8mL 8( 9.11 x 10 x 10 


6.02 x 10718 joule. 


18 r 


Because 1 joule = 6.24 x 10 V 


-18 18 ev 
E} = (6.02 x 10 jouré) {6.24 x 10 5 


Ey = 37.5 ev 


where v is the photon frequency. 


(b) The energy of the photon is 


2 
hv = E, - EB) = (2? - 1”) 
8mL 
_ (6.625 x 10734 J. 32 
hv = - za (4 - 1) 
(8) (9.11 x 107°} kg) Q074? m°) 
= 18.1 x 107° joule. 
18 
Since 1 joule = 6.24 x 10 ev 
-18 18 ev 
hv = (8.1 x 10 joule) [6.24 x 10 Jois) 
hv = 113 eV 


= 181x 10718 youre. 


From c =vA, the wavelength a is 


a = he _ 6.625 x 10734 (3.0 x 108) 
z 18.1 x 107 


1.10 x 107° » = 110 A. 


è PROBLEM 1001 





When the wavelength of the incident light exceeds 


6500 Q, the emission of photoelectrons from a surface 
ceases. The surface is irradiated with light of wave- 


length 3900 K. What will be the maximum energy, in 
electron volts, of the electrons emitted from the 
surface? 


Solution: Einstein's photoelectric equation relates 





1038 


the energy of the incident quanta to the maximum 
energy of the emitted electrons (= W) by the relation 


hf =h = W+W =Wthfp = W+ h.: 


>ja 


where Wọ is the work function of the surface and ìo 


the cut-off wavelength. Hence the maximum energy of 
the emitted photoelectrons in the problem is 








Pe ee eee Se Ae 
Tek oy 
3.0 x 10° m:s? 2 = - 2 z 
a O rm 6.5x10’m 
a Wri ee 
= 19.8 x 10 Ee ts] J 


a 19.8 * Ite. Ee - ay 
1.6 x 10 *°J/ev 


ae Ge ) 
19.8 x po a yt eV = 1.27 ev. 
1.6 x 10 


@ PROBLEM 1002 


Radioastronomy studies indicate that the clouds of matter 
between stars consist not only of simple atoms but include 
molecules that may contain several atoms. From a region of 
space labeled Sgr B by astronomers, photons are observed 


with a frequency of 1.158 x 10 luz. Determine the rota- 
tional constant B tor this microwave radiation if the tran- 
sition is known to be from the j = 1 state to the ground 
state (j = 0). 





Solution: The rotational energy of a particle in terms of 
its angular momentum L is 


2 
E=—y = BL 
2MR 


where B is a constant. The quantum mechanical expression 
for = is j(j + 1)h4, where ht = > and j takes on positive 


integral values. The letter j also classifies the possible 
rotational energy states of mass M. The energy of the 
upper state must therefore be 


Ey = Bi(j + LA = BL(1 + 1)ħ = 2Bh 


while the energy of the lower state is 
Ey = BO(O + 1)h = 0. 


The energy difference between these two states must equal 
the photon energy hf (conservation of energy): 
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hf = Ey - E, 


where f is the frequency of the observed radiation .Hence 


2B $ 


5 hf 


T 
B =m x 1.158 x 1012 gz. 


3.636 x 1022 pz. 


@ PROBLEM 1003 





Compute the wavelength of the electron matter waves in a Davisson- 
Germer apparatus if the electron velocity is 4.43 x 10 m/s, 





4f4—movable 
detector 





incident A 


electrons 


\ 
intensity distribution of 


reflected electrons 


Davisson-Germer Apparatus 


Solution; According to the de Broglie wave theory of matter, every 
particle has wave-like characteristics. To every particle there is 
associated a wave with wavelength given by: 

pe BL 
~ P” mv * 


For an electron (z mass 9.1 X 1073 kg.) and velocity 4.43 x 10° m/s 
we then have 

6.6 x 1079435 -10 
A= peo = 1.64 x 10 m 


(@.1 x 10°" Kg) (4.43 x 10° m/s) 


The wavelength for a "matter wave" is now called the particles's 
de Broglie wavelength. The Davisson-Germer apparatus is used to ex- 
hibit the interference effects of the electron "matter wave." 


© PROBLEM 1004 












A beam of electrons of kinetic energy T = 5 MeV impinges on 
a single slit of width 1 micron (10 6 m), causing a diffraction pat- 
tern (see figure). Calculate the width of the central maximum at a 
plane 3 m behind the plane of the slit. 

















Solution: According to the de Broglie wave theory of matter every par- 

ticle has wave-like characteristics. Electrons then should display dif- 
fraction effects when passing through a narrow slit, as do light waves. 

The wavelength associated with the moving electron is the de Broglie 


wavelength h 
A= = (1) 


where p is the momentum of the electron and h is Planck's constant. 
The p appearing in (1) is the relativistic momentum of the electron. 
This quantity is related to the energy E of the electron by 


r E p*e? “ no a 


where mo is the rest mass of the electron. The energy E is equal 





to the kinetic energy of the electron, T, plus the rest energy, me? . 
E=T+ me” 
Hence, 2 
(T +m’) =p? +mc* 
T + amc = nee 
Therefore 2 2 
2. T + 2m,¢ T 
p 2 
c 


pe [2 (e+2m,e ) 





c 
Now, me? = (9.31 x 10>" KG Xx 1026 n2/s2) 


= 83.79 x 10`} Joules 
because 1 Joule = 6.24 x 1018 ev 


me” = .5X 10° eV 


iiei a (5x10° ev) (5x10° ev + 1 x 10° ev 


3 x 10° m/s 


/30.0 x 10}? ev? 


3x 10° m/s 


_ 5:48 x 10° eV 


3 x 10° m/s > 
p = 1.83 x 1072 Svs 
m 
34 


\ = hn 663x10 Js 


P4383 x 10°? 2&2 
m 


P 


whence, 


since 1 joule © 6.25 X-10 SteV 





3 


= 3.26 x 10° S 


The diffraction pattern due to the electron waves may be treated as if 
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it were caused by the diffraction of light waves. We may then use the 
formula for the maxima produced by diffracting light rays to analyze 
the maxima produced by electron waves. 
With respect to the diffraction pattern (see the figure), we have 
d=10°m and L=3m. 
o -Mn 226x107 mx 3m 
t d 107° d 


= 6K10 m 





The width of the central maximum will be 2x, = 1.4 X 1076 m, which 


would be difficult to observe. i 
If the electron beam were of lower energy, 50,000 ev 
for example, the central maximum would have a width of 
3.2 x 10° m (0.032 mm), which is more easily measured. 
@ PROBLEM 1005 


Find the first five energy eigenvalues for a hydrogen atom. 
(An equation in which an operation on a function gives a 
constant times the function is called an eigenvalue equation. 
The function is called an eigenfunction of the operator and 


the constant is called an eigenvalue. The Schroédinger 
equation has eigenfunctions which are the possible spatial 
portions of the wave functions and eigenvalues which are the 
possible values of the energies involved.) 





Solution: Quantum mechanics extends classical mechanics 
into microscopic phenomena by taking quantum considerations 
into account. Schroedinger developed a wave equation des- 
cribing both the wave and matter aspects of matter. To 
find the energy values of the eigenstates of hydrogen, con- 
sider the Schroedinger equation expressed in spherical co- 
ordinates. 


v(r,9,%) = R(r) y(6,9). 


In general, the total energy of the hydrogen electron is 

due to its angular momentum (rotation with radius r), its 
linear momentum along the variable radius r, and its 
potential energy due only to its distance r from the nucleus. 
The Schroédinger equation for the radial part R(r) of the 
wavefunction can be obtained at once as follows. The angu- 
lar momentum equals L = mvr. The rotational energy of the 
particle at radius r is 


ia a E)? L 

v = — = . 
ad a m 
Rotational energy, the angular motion of the particle, is 
related to the y(0,¢) part of the wavefunction. The angular 
momentum of the electron in a stable state around the nucleus 
(energy eigenstate) is quantized as 


L? = 2(2 + 1)h? ER L E 


where h is Planck's constant divided by 2r. 
As far as the radial motion along r is concerned, the 
contribution of the rotational motion to the total energy 


L(L+1)h2 
mr 
mr 


of the particle, , depends only on the radial position 
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r. Potential energy can be viewed as any energy which de- 
pends on a distance r and reduces to zero at infinite dis- 
tance. This permits us to consider the energy due to rota- 
tion as a form of potential energy. Hence, the one- 
dimensional radial motion takes place in an effective 
potential (important since it is expressed in terms of only 
one variable r). 


2 
U(r) = LUUR , v(r) (1) 


2m 
er 


where V(r) is the electrostatic potential. 
The radial part of the Schroedinger equation is given 
by 


1 
me x? 


igs 
je 


(r? R') + U(r) R(r) = ER(r) (2) 


NI 
fen 


= 


where E is the total energy (eigenvalue) corresponding to 
dR(r) 
' = 
an orbit (eigenstate) of radius r and R Ae For the 


lowest energy states, let £ equal zero. Also, for an 
electron a distance r from a nucleus of charge Ze, the 
potential energy is 


2 2 
= ~KZe _ -Ke 
U(r) kze ill (3) 


where K is the Coulomb constant and Z = 1 for hydrogen. We 
therefore have 


2 2 
= 
a -2m_E 
Let X -ae (5) 


We assume i is positive since the energy E must be negative 
if the electron is bound to the nucleus. Multiplying (4) 


by 12 /E we have 
2m_Ke 
Sp gee + Spy 5 = Me (6) 
r 


A solution of Eq. (6) has to approach zero as r approaches 
œ since the energy is zero at infinite distance. Rewriting 
the equation, 


on. 2mKe 5 2 
R" + Hee =e F = dR. (7) 
For large r, the terms in parentheses are insignificant and 
we have 
R" = XR (8) 
which is satisfied by 
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~ et (9) 


R 
which goes to zero when r, the distance of the electron 
from the nucleus, is infinite. This solution will be true 
for all r if the terms in parentheses in (7) cancel each 
other. To find the value of } which makes this true, we 
set these terms equal to zero. 


2 
2R' e 2m „Ke R_ ; 
f h r = 
We know that R' = ngar = -ÀR. Therefore we have 
2 
2m_Ke 
-2AR e R 
r+ K nre va 
m Ke? 1 
and ìà = gra = 0.529 A (11) 


since h?/m Ke? ~ 0.529 A is the Bohr radius. Therefore this 


value of A corresponds to the ground energy level (n = 1). 
This minimum energy is found from (5) 


rh? 32 
Ey = “in = -13.6 eV. 
e 


The energy eigenvalues corresponding to the eigenfunctions 


involved in the well-behaved solutions to the radial equa- 
tion (1) are 


Ej 
Ea = ai (12) 


where n is the quantum number. Therefore 


E] = -13.6 ev 
E, = 26 eY = -3.4 ev 
(2) 
gE, = I6 eY = -1.51 ev 
(3) 
-13.6 eV 
E, = HASE = -0.85 ev 
-o 
E, = 36 eV a 20.54 ev. 


(5) 
@ PROBLEM 


The radiation from an x-ray tube operated at 50 kV is diffracted 


by a cubic KCl crystal of molecular mass 74.6 and density 1.99 x 103kg-m73. 


Calculate (a) the short-wavelength limit of the spectrum from the tube, 
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and (b) the glancing angle for first-order reflection from the princi- 
pal planes of the crystal for that wavelength. 






Solution: (a) When an electron passes through a potential difference V, 
it acquires energy eV. If all this energy is used in producing one 
quantum of x-radiation, then hf = eV or f= eV/h, where f is the 
photon frequency. Since À = c/f, where c is the speed of light and 
À is the photon wavelength 
writ Sou SB 
E ev. 


The electron may have lost some of its acquired energy before producing 
the quantum of radiation. The f-value calculated above is thus the 
maximum possible frequency of the x-radiation emitted and À the cor- 


responding short-wavelength limit of the emitted spectrum. The value is 
(< dee | -34 
_ 3.0 x 10 ms X 6.6 X 10 J-s _ 0.248 A. 


1.6 x 107 -2¢ x 5x 10° V 


À 


(b) In order to apply Bragg's law, we must find the separation of the 
principal planes of the KCl crystal. We know that the atomic mass of 
KCl is equal to the sum of the atomic masses of K(35.1) and 
C1(39.1). Its value is then 74.6 amu. Since 1 amu is the gram 
mass of 1 mole of a substance, 1 mole of KCl has a mags of 74.6 g or 
74.6 X 1073 kg. If the density of KCl is 1.99 X 10 kg/m, 1 mole of 
KCl has a volume -3 

y = 24:6 X 10 "kg S 10” e 


1.99 x 10° kg/m? 


Since there are 6 X 1079 molecules in 1 mole, the volume v occupied 


by 1 molecule is 


av (ag _ 3.75 x 107° m® 
6x10 6x10 
v = 6.25 X i0 m? e 


Each molecule of KCl is composed of 2 atoms. The volume, v' per atom 
is then 


v'=ž=313x 7? a 
If we assume each atom to be centered in a cube of side d, then 
na Ce ig e 


or 
d= 3.150 x 102° » 


Thus the linear separation of atoms, i.e., the separation of the 
principal planes, is 


d = 3.150x 10 m= 3.150 A. 


Bragg's law relates the glancing angle to d by the equation 2d sin 6 = 
m\, where m is the order number. Giving à the value calculated 
above, we obtain 


_ md _ (1) (0.248 A) 
sin ð = 24 ~ (2)(3.150 0.0394. 


@= 2.25. 
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@ PROBLEM 1007 





A careful analysis shows that the energy of the photon in 
gamma radiation is slightly less than the difference 
between the energy of the two nuclear states. In the 
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decay, the gamma-ray photon has momentum, which must be 
balanced by a recoiling nucleus. Therefore, the nucleus 
acquires a small portion of the available transition 
energy. Find what fraction of the transition energy is 


acquired by the oo nucleus in the emission of a 


0.22-MeV gamma photon. Assume that the nucleus was 
originally at rest. 





M 

ò nha Qo E, ‚P3 
niaaa Y emission 
Solution: The momenta and the total energies of the 
particles before and after the decay are shown in the 
figure. The rest mass, M, of the potassium nucleus is 
7.1 x 107?® kg. The energy of the photon, Ez in MKS 
units is 


P 


E2 


(2.2 x 105 ev) (1.6 x 107° J/p¥) 
3.5 x 1lo7* J 


The momentum of the photon is given by 


“14 
P2 =o = 3.5.x 107 * J = 1 x 10722 kg m/s 


3 x 10° m/s 


The nucleus was initially at rest (see fig.) There- 
fore, the total momentum of the products after y - 
emission must be zero, as a result of the conservation of 
total momentum. 


ee ae = ty 
Pi + P2 = Pinitial ~ 
or Pi = P2 


The recoil of the nucleus can be treated non-relativistic- 
ally since we don't expect it to acquire a large velocity 
because of its large mass. If the mass of the nucleus is 
M, and its recoil velocity is v, its momentum will be 


Pi = Mv. 


Equating the momenta of the photon and the nucleus after 
the y-emission, we get 


mv = p2 
P2 
or haiara a 


-22 
= bok? x 10 k M/S = 1.6 x 10? m/s 


Teik 19°°" kg 
The kinetic energy of the nucleus is 


K 


4 mv? = (3) (7.1 x 10-25 kg) @.6 x 10° m/s)? 
9,1 i Oy 
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which corresponds to an energy of 0.6 eV. The fraction 
f of energy acquired by the nucleus is 


energy of the nucleus 


. total energy 


eS Se & 
~ K +E, E? 
Since E2} > > K 
as: 107! ev 
22s 10 %eV 


= 2.7 x 107§ 


© PROBLEM 1008 















Starting from Planck's radiation law, show that one can 
obtain Wien's displacement law, Anak T = constant. It is 


known that this constant is equal to 2.891 x 10° nm + K 
deg.Obtain the value of Planck's constant, given that 


Boltzmann's constant is 1.380 x 10 ?? J + K deg !. 


— y= exp (x) 







FIGURE 2 


ee 


FIGURE 1 






i 
\ 
| 
| e— 74. 965 
1 


#5 3. 2 ps | 


Solution: As shown in the figure, the i’ appearing in 


max 
Wien's displacement law is the value of \ at which (A) 
is a maximum. In order to show that Wien's Law follows 
from Planck's radiation law, we calculate the values of 
à for which (A) is a maximum. This will yield the value 


of Aaa as a function T. 


Planck's radiation law connects the monochromatic 
energy density in an isothermal blackbody enclosure with 
the wavelength and absolute temperature T 


7 8ncha 5 
V = Sxp(ch/AkT) -1 ' 


where h is Planck's constant, and k is Boltzmann's 
constant. Thus 


1047 





ay _ _ 40mchA ê 
dr exp (ch/AkT) - 1 


_ 8nchà ë x [-(ch/kTA*) exp (ch/AkT) ] 
[exp(ch/AkT) - 1]? 
€ 8rchà ê - 5 4 (ch/AkT) exp (ch/AkT) ] 
exp(ch/AkT) - 1 exp(ch/AkT) - 1 | 
For maxima or minima of y, dy/dd must be zero. The 
term outside the bracket becomes zero for either A = 0 
or à = œ. Both of these are minima, as can be verified 


by differentiating again. When the expression inside 
the bracket becomes zero, we have a maximum, and for this 


(ch/ AmaxkD exp (ch/ A ‘KT 


exp(ch/i,,,kT) - 1. > 


(Ch/A max D exp (ch/Anax D = 5 exp (Ch/r nax D - 1) 


exp (Ch/r max D 6 = ch/A nax D =5 


or expC ch/) oD =1- ch/5), KT (1) 


This is a transcendental equation, which must be 
solved graphically. Letting 


x=- ch/r axkT 


equation (1) becomes 
x 
exp(x) = 1 + 5 (2) 


In order to find x, we draw a graph of y = exp(x), 
and another graph y = 1 + x/5. The intersection points 
of these 2 graphs are the values of x which satisfy 
(2). From figure (2), we obtain 

x = - 4.965 
as the solution set of (2). 

Thus for a maximum of the radiation curve, 


exp C ch/ A, KT) = 1 - ch/5\_ 1 kT 


and this implies that ch/À naxťT = 4.965. 


REN s 
Amax T = 7.965 k = Const, 


which is Wien's displacement law. 


Experimentally, nax T = 2.891 x 10`? m °K deg. 
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Solving for h 


(4.965 k)( Anax!) 
h = 3 
h = 4:965 k x 2.891 x 10 ° m+ K deg 
c 


_ 4.965 x 1.380 x 10 ?? J + K deg ' x2.891 x 10 ° m'K deg 
2.998 x 10° m+ s'! 


6.607 x 10 °?* J S. 


@ PROBLEM 1009 


Electrons of energies 10.20 eV, 12.09 eV, and 13,06 eV 
colliding with a hydrogen atom, can cause radiation to 


be emitted from the latter. Calculate in each case the 


principal quantum number of the orbit to which the 
electron in the hydrogen atom is raised and the wavelength 
of the radiation emitted if it drops back to the ground 
state. 





Solution: Bohr theory relates the wavelength of the 
radiation emitted by a hydrogen atom to the principal 
quantum numbers of the energy levels involved by the 
equation 


ee 


nf nî 


>| 
| 
w 


Cc 
or f = re Re 
nî nj 








a -2 
r 





where c is the speed of light, f is the frequency of the 
radiation and R is the Rydberg constant. 


The energy of the quantum of radiation emitted is 


# She = Reh (= 4 
nj n3 


(Here, h is PlaneK's constant.) 


This is the energy emitted in the form of a quantum 
of radiation when the electron drops from the orbit 
characterized by the quantum number nz to that character- 


ized by the quantum number n,. If the electron is raised 
from the orbit with quantum number n, to the orbit with 
quantum number nz, it must absorb an equal amount of 


energy. 
Before being struck by an electron, a hydrogen atom 
will be in the ground state with n, = 1. It is,in any case, 


true that if n, had a value higher than 1, then E, the 


absorbed energy, could not be greater than 3.40 eV, the 
limiting energy for n, = 2. Thus, if E has the values 


10.20 ev, 12.09 eV, and 13.06 eV, the atom absorbing 
these energies from the incoming electrons, then 


E = Rch E e. 
nf, naija 
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E = (1.097 x 107 m7!) (2.997 x 10° m = s7™?) 
(6.625 x 107?" g » s) jt - 
ne. ny 
E = 


= pans x roit kw tg 
nj n 


Since the given energies are calculated in terms 
of electron volts, we transform 2.178 x 10-'* J into ev 
noting that 


1 J = 6.242 x 10'® ev 


= | 
-n | 
an | 
nn |e 
— 


whence E = (2.178 x 107!® J) (6.242 x 10'® ev/J)* 


bls lL 
n? n3 





E ( 13.60 eV) 





Assuming that nı = 1, and using the given data, we 





obtain 
A} BO. 20° 3 a 
h z 5] san3. 60 A pr, naya 
n2 
4) 1209 8 A 
k z # <eo 3 dr n= 
n2 
1) 1-08. 24 A 
k c 4 lay Se 4 orny 5 


We interpret these results to mean that an incident 
electron, of energy 10.20 eV, will cause the hydrogen atom 
electron to jump from n = 1 to n = 2, and similarly for 
the other 2 cases. 


In dropping back to the ground state, the wavelength 
emitted in the three cases will be given from the original 
equation quoted. Thus 








+=R Ce a 

nî 
1 _ aljas 3B aig 
in [2 E 4 or A= 3R 
l- - l| = 8R paa 
T= R [2 3) soco or A= aR 
i etl «2 ara 
FTR [2 z] = “25 OF harid He FER 

whence 
2 4 =9 
= = 121.57 x 10 m 


3 x 1.097 x 107 m`! 
i « oe H 199. 57 a A 
8 x 1097 x 10m 
1050 


n 


EE OE eee 


i =< ee = 94.97 * 10-2 m 


24 x 1.097 x obm? 
e PROBLEM 1010 







Show that Wien's law and the Rayleigh-Jeans law are 
special cases of the Planck radiation formula. 








Solution: The monochromatic energy density within an 


isothermal blackbody enclosure is given by Planck's 


relation 
_ - 8qchì- 5 
e TTAN - 2 (1) 


where A is the wavelength of the radiation, h is the 
Planck's constant, and T is the absolute temperature of 
the blackbody. The Rayleigh-Jeans law was found to con- 
form to experimental data for low frequencies (or large 
wavelengths) - Making the approximation in (1) that A 

is very large, then ch/AkT is small and exp (ch/AkT) 

can be replaced by the first two terms in the expansion 
of that function in terms of powers of its exponent. 
Subsequent terms in the expansion will be so small as 
to be negligible. Hence 


ch ch 
exp GS) - 181+ yep 7 7 XRT" 


AKT _ 


y œ 8nchr7> x = 8nkTA~", 
ch 





which is the Rayleigh-Jeans law. 


Wien's Law diverges from the experimental data in 
the realm of large wavelengths. Hence, in the limit of 
small wavelengths, (1) should approach Wien's Law. 


For small à, ch/AkT is large, and exp (ch/AkT) 
> > 1. Hence, 


exp (ch/AkT) - 1 = exp (ch/AkT). 
Therefore, (1) becomes 


"= 8nchr~ 5 
= exp (ch/AkT) 


which is of the form of Wien's Law 
Ci 


gen cchi ia 
jj Co/AT 


jet Ee 


with Ci = 8nch, c2 = ch/k. 
o PROBLEM 1011 













Show that the energy eigenvalues Ey’ of a particle moving 





between impenetrable walls is given by the relationship 








where h is Planck's constant, m the particle mass, L the 
distance between the walls, and n = aoe Waa seb 





TIN Sie ea ee 
Solution: In order to find the energy eigenvalues, we 
must, in general, solve Schroedinger's Equation. Since 
our problem is one dimensional, this equation reduces to 


-ħ2 92 


2 


<Æ 
& 


zz t Vy = ih% (1) 





3 
@ 


where m is the mass of the particle we are studying 


i = y- 1, his Planck's constant over 27, and V is the 
potential that m is subject to. ¥ is the wave function 
which describes the motion of the particle and it is 
generally a function of x and t. In order to solve (1), 
we use the method of separation of variables, and express 
Y as the product of 2 functions, one with only a time 
dependence, and the other with only a spatial depend- 
ence. Hence, 


Y = y(x) $(t) (2) 
Substituting (2) in (1) 
ait a. 
Ro gaz [ve eo] + V veo oct) 
= in Fe [vo o(t)] 


-n? d? y(x) Rieke d_$(t) 
Bm o(t) STE + V Al vox) = in yey) SHE) 


Dividing both sides by ¥ = y(x) o (t) 


-ħ? _1 d? p(x) i 1. AEE) 
2m y(x) - ENE ae (3) 


Note that if v is a function of x alone, the left 
side of (3) is also a function of x alone, and the right 
side is a function only of t. The only way a function of 
x can equal a function of t is if both functions equal 
the same constant K. Hence, we separate (3) into 


-ħê 2 da? plx) 
2m Hix) ae oan K (4) 





j taa ait) ži 
in yer ~e 2K (5) 


Remember that this is true only if V is time in- 
dependent. We first solve the differential equation 
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in (5). Rewriting this equation 


K 
d o(t) _ = 
“ae ae 
a g(t) _ K 
or oy = if dt 
K 
d o(t) _ 
| 88 -i| e 


K 
ln o(t) = th t+. G 


where C is a constant. Taking the exponential of both 
sides 


(i + c] k 
P if sigh t/if (6) 


But ef is a new constant. Letting 


e =A 


we may write (6) as 


kt/ih _ -iktsh i 


g(t) =Ac Ae 


Equation (7) may be written in terms of sines and 
cosines since 

e ** = cos x - i sin x 
Hence, $(t) =A [cos Kt/h - i sin Kt/h| 


and ¢(t) is an oscillatory function of time with fre- 
quency wo = K/h. The energy of particle is 


E = hv 
_ 215 _ E 
and olin, thw È 


But the only physical interpretation wọ can have is 
that it is the particle's frequency. Hence 


W = Wo 
or FTE 
and E = K. (8) 


Putting (8) in (5) 


ih d ¢(t) p 
o(t) dt 


og. a A 
or iħ Je o(t) =E o(t) (9) 





Equation (9) is an eigenvalue equation, since an 
operator (ih d/dt) acts on a function (o(t)) and gives 
back the function multiplied by a constant (E). The 
constant E, is called the eigenvalue of ¢(t). 


Now that we have found K, we may rewrite (4) as 


- Ff? 1 da? w(x) 














im HO ee 
-ħ? 1 a? p(x) 
or 2m W(x) ee =E-V 
2 2 
+h? a v(x) 2 wy — By yi) (10) 
2m dx? 


The real problem is to solve (10) for the given V. 
A particle moving between impenetrable walls is a 
picturesque way of describing a particle in an infinite 
potential well. (See figure.) We may describe this V by 


o, x <0 


< 
il 
oO 
` 
o 


< X 


[a 
t 


Hence, within the well, V = 0 and (10) becomes 


2 
L + pa v(x) = 0 
dx 


This is the equation of simple harmonic motion, and 
has the general solution 


v(x) = B cos | x + C sin (2) x (11) 


In order to "taper" (11) to the problem at hand, 
note that 


y(0) = 0 
(12) 
y(L) = 0 
since, if the potential is infinite at these points, we 
cannot expect to find the particle there. Using (12) in 
(11) 
v(O) = B= 0 


wv (L) B cos (am L + C sin =] L= 0 


Hence C sin (4=] L = 0 


C cannot be 0, otherwise p(x) = 0 for all x, and this 
is a trivial solution. Therefore, it must be that 
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sin [=] L=0 


or LYME Z nr te EK eee (13) 


h 
Note that if n = 0 in (13), this implies that E = 0, 
always. Again, (11) would be a trivial solution for this 
case, since B = 0. Hence, 


2 2 2 2 2 
n? r? h _ eh on 2s. 


E = ———— = — n= 


L? 2m 8mL? 


These are the energy eigenvalues of a particle in 


an infinite square well. 
@ PROBLEM 1012 


Use the quantum aspect of light to derive the formula for 
the Doppler effect. Assume that the light source moves 
with a nonrelativistic velocity with respect to the 


observer. 





Mv a 
(DP Ts 
~ 

~ 


ERRE A 


Solution: Let M be the mass of the source and v its 
velocity. In order to emit photons, the atoms of the 
source must initially be in excited states. If the inter- 
nal energy of the excited source is E, the total energy 
of the source before emission is 
Zal 2 
E = 5 Mv + E. 
When a photon is emitted, the internal energy changes 


by an amount hvo where Vo is the frequency of the photon 


observed by the source. The source suffers a recoil as a 
result of emission and acquires a new velocity v'. By 
the law of conservation of energy, 


3 Mv? +E= ł mv'2 + E' + hv (1) 


where v is the frequency of the photon as measured by the 
observer. 


From the figure, we write the conservation of the 
momentum in directions parallel and perpendicular to v 
oe Mv = Mv' cosa + By cosé. (2) 


0 = Mv' sina + hy sine. (3) 


Since E' =E- hvo’ (1) can be written as 
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Mv? = Mv'? + 2h( v - Vo): (4) 
Rewriting (2) and (3) as 
Mv'cos a= My - hy cos 6 


Mv' Sin a = he Sin 6 


and squaring both sides 


A 
Mĉ?y' 2 cos? a= My? + a cos? 0 - 2Mv hy cos 0 
Cc 
2 2 
M2y'2 gin’ a= E sin? (:] 
c 
and adding the two, we get 
2.2 
2 Foes R22 h'v“ _ hv 
M“v = Mv“ + ae, di 2Mv z cos 6. (5) 


ç 
Here we made use of the trigonometric identity cos? 6 + 
+ sin? 0 = 1. Combining (4) and (5), we have 


2.2 
2. pe see Ei h“v hv 
Mv” = Mfy* -= 2hM(v - Vo) = Mv" + Pa - 2Mv |= cos 8 
2.2 
hv h“v 
or 2hM(v -v - 2Mv — cos 6 + = 0. 
( o) € c? 


If the mass M is sufficiently large, we may neglect the 
last term in the preceding equation, 


2hM( v -vo ) = 2Mv Be Cos 6 


v 
v= o 


giving de e ae Cos 9 
c 





Therefore, the frequency of the emitted light gets 
smaller as the source moves faster with respect to the 
observer. 
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CHAPTER 34 


RADIATION 










Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 1059 to 
1080 for step-by-step solutions to problems. 


Radiation is pervasive in the world around us in various forms: light 
(4000 - 8000 A photons), radio waves, black-body photons, cosmic ray 
particles, etc. Many forms of radiation, expecially particles, follow an 
exponential law 


dN/dt = - AN 


where à is the decay constant. This says that the differential number of 
particles decaying in time t in radioactive decay is proportional to the 
number of particles present. Integrating, we find N = N,e™ as shown in 
Figure 1. Hence, the number of particles not decayed varies exponentially 
with time t. 


This exponential decay can be related to the half-life t,„ since 
is 
N al 2=N of s 
Using the natural logarithm gives 
ti. = In2/X 


Furthermore, differentiation of the exponential law gives R = R,e™ for the 
decay rate, where R, = NÀ. 


In a typical nuclear reaction I + T > R + E where an incident particle 
interacts with a target particle to produce an emitted particle and a 


Figure 1 Figure 2 
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residual particle, one can define a Q-value 
Q =(m + m,-m,- m,)c’. 


If Q > 0, then the reaction is exoergic; for Q < 0, it is endoergic or requires 
energy. This approach is useful in the radioactive decay of one particle by 
taking m, = 0. 


Nuclear reactions also involve a Coulomb barrier due to the charge z,e 
and z,e of the incident and target nuclei, respectively. The Coulomb 
barrier is just that potential energy one needs to overcome to get the nuclei 
Just touching 

Ue = ZZ,e7/(r, + ry) 
where e? = 1.44 MeV — fm in atomic and nuclear units and r = 1.2 A" is 
the nuclear radius. 


The penetration of radiation also follows an exponential type decay 
law 


dI/dx = - ux 


which relates the intensity of radiation to the position x within a slab of 
absorbing material (see Figure 2). Here, u is the absorption coefficient. 
Integration gives I = Ile 
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Step-by-Step Solutions to 
Problems in this Chapter, 
“Radiation” 












A sample of a radioactive material contains one million 


radioactive nuclei. The half-life is 20 sec. How many 
nuclei remain after 10 sec? 





Solution: We will employ 2 methods of solution. One will 
e very physical, and the other will be more mathematical. 

Suppose that after every 10 sec period, a fraction f of 

the number of nuclei present at the beginning of the period 

remains at the end of the period. 


Then, at time t = 0 sec there are 10° nuclei. At time 


t = 10 sec there are 10° f nuclei. At the end of the next 
10 sec a fraction f of these remain. Therefore, at time 


t = 20 sec there are 10° nuclei. But 20 sec is the half- 
life, during which half the nuclei disintegrate. 


Therefore 
£? =} 
£ = 0.707. 


The number of nuclei remaining after 10 sec is 10° x 0.707 
or 707,000. 


Now, we set up a differential equation describing the 
process of radioactive decay. It is observed that the 
rate of decay of nuclei is proportional to the number of 
nuclei present, or 


on 
T= AN (1) 


where the minus sign indicates that the number of nuclei 
is decreasing with time. We may write (1) as 


aN 
N 


= -\dt. 

Integrating both sides of this equation, 
QnN= -At + c. 

Taking the exponential of both sides: 


ja e Atte £ a Ane 


Because ef is only a constant, we replace it by A 
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N(t) = Ae (2) 
Assume that at t = 0, we have No nuclei. Then 


N(t = 0) = Aetia 


No =A. 
Therefore, from (2), 


N(t) = Noe *, (3) 


We also know that after 20 sec, we have ł the original 
number of nuclei, No/2- Hence 


N 


a -(20 sec)’ _ “o 
N(20 sec) = Noe = 3 
ör — -(20 sec) i " 5 
2= @ (20 sec))- 


Taking the logarithm of both sides, 
2n 2 = (20 sec). 


Therefore 


A= [pokes] tn 2. 


Substituting this in (3), we obtain 
| 
= &n 2)/t 
N(t) = Noe l aT | 


6 
Hence, after 10 sec, assuming No = 10 nuclei, 


- zs |n 2|10 sec 
(10° nuclei)e | peg 


N(10 sec) = 
6 -5in 2 
N(10 sec) = (10° nuclei)e 
1 
6 Qn 22 
N(10 sec) = (10° nuclei)e 
But e% a X. Then 


a, 
N(10 sec) = (108 a. z ) 


6 P 
10° nuclei) = 0.707 x 10° nuclei. 


v2 


N(10 sec) 
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@ PROBLEM 1014 


The half-life of radon is 3.80 days. After how 


many days will only one-sixteenth of a radon sample remain? 





Solution: A half-life of 3.80 days means that every 3.80 
days, half the amount of radon present decays. Since one- 
sixteenth is a power of one-half, this problem can be solved 
by counting . After 3.80 days, one-half the original sample 
remains. In the next 3.80 days, one-half of this decays so 
that after 7.60 days one-fourth the original amount remains. 
After 11.4 days, one-eighth the original amount remains, and 
after four half-lives (15.2 days), one-sixteenth the original 
amount remains. 

As an alternate solution, the formula for decaying 
matter can be used. 


à is an experimental constant which can be determined 


from the half life. Therefore, for = = $, 


0 
N 
ln = = -At 
No Qs) 
in z in 2 0.693 
\ = ea See ee. 9 109 /day: 
© ay) © ay) 3.80 days 


We want N/Ny = 1/16 ett = e70.182t. 


-0.182t 


ln 1/16 = -2.77 


€ 


15.2 days. 
@ PROBLEM 


A solution containing radiophosphorus, po which is a B-emitter 


with a half-life of 14 days, surrounds a Geiger counter which records 
103 counts per minute. If the same experiment is performed 28 days 
later, what counting rate will be obtained? 





Solution: The number of radioactive atoms still present after time t 
is given by the radioactive decay formula 


-At 
N = Noe (1) 
The number of atoms present after one half-life (T) of p32 is, by 
definition, No/2> whence N 
N(T) =N SRT 2O 
of 2 
or 
À 
e T 2 


Taking the logarithm of both sides of this equation 
At =Rn 2 
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or 


h=+in2 (2) 
Using (2) in (1) E 
EE S E 4n 2) 
0 
Hence, the decay rate is (t ) 
aN er 2) ztn2 
dt ~ i pee (3) 
At t = 0, E ( 1 
a afidi 2) N (4) 
Fd T 0 
Rewriting (3) using (4) ( fan 2) 
NaN) 7 (5) 
dt \ae 


t=0 
At the beginning of the 28 days, the decay rate is 
5) = 10° counts/min. 
t=0 


At t = 28 days, 


zZ 


28 days be À 


14 days 


ON -= (103 NDE ( 


dt 


x = a0? EPren C 4n 2) 


-2 
s = (10? counte/miay(e" s ) 


dn x 
e =x , whence 


d 


x = ao? counte/atayi2’*) 


But 


dN 
= 250 counts/min. 


Note that the time involved is two half-lives. Thus the final count- 
ing rate will be (į) =% of the initial counting rate. 


How much energy is required to break up a C}? nucleus 
into three a particles? 





Solution: This reaction is 
c}2 + Hë” + Be? 
Be® + 2He" 


Energy is required since the mass of the three a 
particles is greater than the mass of the C)? nucleus. 


This is so because the C!? nucleus can be considered to 
be a system of bound a particles, and work must be done 
(energy must be added) to break up a bound system into 
its constituent parts. The additional mass of the 
products comes from energy-mass conversion. To find the 
additional energy required, calculate the change in 
mass. By definition, the atomic mass of C!? is 12 AMU 
(exactly). And, 


3 x m(He") = 3 x (4.002 603 AMU) = 12.007 809 AMU 
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Therefore, the energy required is 
[3 x m(He*) - mc?) | a 


(12.007 809 AMU - 12 AMU) x c? 


€ 


(0.007 809 AMU) x (931.481 MeV/AMU) 


7.274 Mev. 












The gold leaves of the machine in the figure periodically 
diverge and then collapse. Describe how this perpetual- 
motion machine operates and explain why it is not a 

perpetual-motion machine. 


=Earth 
Solution: Radium atoms are radioactive and have a half- 
life of 1,622 years. For radium 





226 222 4 
ggka—> gefn + oHe (1) 


The alpha particle (the SHe nucleus) with 2 quanta of 


positive charge, is ejected with a kinetic 

energy of 4.77 MeV and escapes from the surface of the 
metal. Therefore, if a piece of radium is placed on an 
electroscope stem, the electroscope becomes negatively 
charged. This is due to the fact that only a part of the 
radium atom is emitted as an alpha particle. The num- 
ber of electrons around the radium nucleus remains the same. 
Thus, for each alpha particle that escapes 2 quanta of ne- 
gative charge are left on the electroscope mount and gold 
leaves. As radium atoms decay, the leaves slowly diverge 
due to the mutual repulsion of the negative charge on the 
two foil strips. At the instant they touch the grounded 
metal surface of the container, the negative charge mi- 
grates from the leaves. The gravitational forces cause the 
leaves to collapse to their original position. The leaves 
immediately begin to diverge again, repeating the cycle over 
and over until there are no more radium nuclei present. 
Since the half-life of radium is 1,622 years, the machine 
would "run" for many years without any apparent slowing 
down. From today's perspective, though, we see that the 
energy source is derived from the nuclear energy released 
in the nuclear reaction described in (1). This energy is 
converted to mechanical motion of the gold leaves. There- 
fore, the device is not a perpetual-motion machine. 
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A sample of gold is exposed to a beam of neutrons, and 
the reaction Au'®’ + n = Au??? + y absorbs 10° neutrons 


per second. Au??? emits $-particles and has a half-life 


of 2.70 days. How many atoms of Au??? are present after 
2 days of continuous irradiation? 





Solution: At any instant during the irradiation, the 


increase in the number of Au!*® atoms in unit time will 
be the number being produced less the number disintegrat- 
ing. Thus, if à is the decay constant for the 8 decay, 


aN/dt = 10° s } = AN. 


This follows because the reaction occurs once for every 
neutron (n) absorbed. If 10° neutrons are absorbed per 


second, 10° Au??? atoms (as well as 10° y ray photons) 
are produced per second. 


a , an ‘ 
— = at —————— = dt (1) 
10° s ! - AN 10° s ! - AN 
0 0 


196 


there being no atoms of Au present at time t = 0 


when the irradiation starts. 
Letting 
u = 10% s ' - AN 
du = - i aN 


Since u = 10° s_' when N = 0, and u = 10° s`! - AN when 
N = N, (1) becomes 





and 3 state se sexp ts Ne) 


10& s } 


6 alle 
N = 0 [1 - exp(- At) ] (2) 
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Note that in general, the equation of radioactive 
decay is 


N = No Zant 


if No is the original number of atoms which are de- 
caying. After one half life (t), No/2 atoms are left and 


_ No -AT 
N (tT) at 2 
or 2=e 


Hence At = ln 2 and id = + ln 2. Using this fact in 


6 can! 
a= u T ) (t) [ \ tp - an 21t) | 


where t is the half-life period of the f-activity. 
After 2 days, 


_ (10° s_') (2.7 days) 4 _ (1n 2) (2 days) 
N= "1 6552) | oP GT aay } | 


Since 1 day = 86,400 secs 


_ (10°) (86,400) T: o aS 
N EEEREN E exp | EFSA 2) | 


1.35 x 10!! atoms. 


(2) 


zZ 
ll 


What is the height of the Coulomb barrier for an a 


particle and a Pb?’ nucleus? Use nuclear radius 
R =~ 1.4 A?/? x 107!3cm where A is the mass number. 





Energy 
— _ 


Ei (r) 


Potential Well as a 
Function of Radius 


Solution: Within the nucleus there is an attractive 
nuclear force which is short range. This force is much 
larger than the repulsive Coulomb force between the 
protons, but it is effective only within the nuclear 
radius R. Therefore a particles within a nucleus are 
in a potential well consisting of a nuclear potential 
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(negative since the force is attractive) for radius 

r < R and a Coulomb potential (positive since the force 
is repulsive) for r > R. This is shown in the diagram. 
For the alpha particle to escape the nucleus, it must 
acquire an energy greater than the Coulomb potential 
barrier Eo: The maximum repulsion between two nuclei 


occur when they are just touching. If they were any 
closer, the nuclear force would overcome the Coulomb 
repulsion force and the nuclei would attract and fall 
into each other. The maximum Coulomb potential Eo 


occurs when the nuclei repulsion is at a maximum. 
Therefore, the Coulomb barrier Eo is just the electro- 


static potential energy between the two nuclei when the 
distance between their centers is equal to the sum of 
their radii (that is, when they are just in "contact"). 


Rpp =i. 4x (206) 1/3x10 -! 3cm R= 1.4x(4)!/3x107!? cm 


We 


1.4 x 5.91 x 10"%*®cm © 1.4 x 1.59 x To em 


lo 


8.2 x 107}? cm = 2.2 x 107'3 cm 


Electrostatic potential energy is 


where qı and qz are the charges and r the» distance 


between them. The charge on each of the nuclei is equal 
to the number of protons Z they contain, multiplied by 
the charge e on a proton. Therefore 


= (Ze) pb x (Ze) , 
Rep * a 
v 82e x 2e 
(8.2 x 10723 cm) + (2.2 x L0 4 cm) 


164e? 
10.4 x 10> cm 


Ile 


Now, the square of the electronic charge can be expressed 
as e? = 1.44 x 107}? Mev-cm. Thus, 


v _164 x (1.44 x 107}? Mev-cm) ¥ 22,7 MeV 
G 10.4 x 107}? cm 


This energy is large compared to the kinetic energy of 
œa particles emitted from radioactive nuclei. 


A hospital receives and puts into storage a batch of 
100 mCi of radioiodine which has a half-life of 8 


days. For how long can the batch be kept in storage 
and still provide a therapeutic dose of 12 mCi-hr? 








Solution: The decay of a radioactive sample is 
governed by the relation 


N = No et 


where \ is the decay constant, Nọ is the initial number 
of atoms in the sample, and N is the number of atoms 
remaining after time t. Hence, the number of atoms, N', 
which have decayed is 


ee hoes ee ee on) 


The activity I of the sample is defined as the number 


of decays per unit time, or 


= Bor eee 
I= at ANo e AN 


Defining the initial activity I, as 


Io = ANo 


we may write 


I = Io a At 


A "dose" D of the radioactive substance represents a 
certain number of decays of the parent element. A dose 
administered from time t to time t' has the value 


t 
D = To | e At dt. 
t 


If the radioelement may be left in an implant for a 
long period, t' can be made to tend to infinity. 
This will give us the maximum value of D. 


tc! 
— -ìt 
D at = Lim Io | e dt 
t'>% 
t 
Let u= - At du = - A dt 
or t=- u/ì dt = - du/i 
Then, when t = t, u = - At, and when t = t', u =,- At'. 
Therefore 
-At' 
Prax = Lim Ig e? (- du/a) 
t' +0 
-ìt 
-At' 
I, | : 
D =- Lim — e du 
max tiso x a4 





0 u 
Daa = - Lim PE |- | 
' 
t' +œ = at 


s Io -Xt' =t | 
D = =- Lim — e -e 
max t' À [ 
Io -ìt 
D = — e 
max N 
1n2 


Since A = 
T 


IoT 


$ -ìt 
Diax " Inz °® 


where t is the half-life of radioiodine. Thus, if 


D at = 12 mCicrhr, 
i _ 100 mCi x 8 x 24 hr _~ìt 
12 mCishr = = Te CO8g% ss - e . 


et = 4.327 x 107", or exp (- snd) = 4.327 x 10°. 
Solving for t 


_ t lIn2 


= = 1n (4.327 x 107“) 


or t = zp z In G.327 x 10°*) 





į = 1 log[1/(4.327x 10°") ] 


log 2 


8 x 3.3638 
0.3010 


days = 89.4 days. 


The batch may thus be kept in storage for 89.4 days. 


A neutron decays into an electron, a proton and an 


antineutrino. Calculate the kinetic energy shared by the 
electron and the antineutrino. 





Solution: The neutrino and antineutrino are particles 
which have a negligibly small and possibly zero mass. They 
can carry energy and momentum, and presumably travel with 
the speed of light. The neutrino is different from the 
photon in that the photon has spin fi and the neutrino 

spin fi/2. 


We will make the calculation in atomic mass units. 
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(a.m.u.) Since 


1 kg = 6.024 x 107® amu 


m, = 1.67 x 10°?’ kg 


=(1.67 x 10-27 kg) (6.024 x 1026 ama) 


= 1.007593 amu 


Similarly, 


m” 1.008982 amu 


a 0.000549 amu 


where Ma ma’ Mo are the masses of the proton, neutron 
and electron, respectively. 


The reaction occurring is 
n°+ e7! + pt! + ¥? 


where n°, e~!, pt! and 7° are the symbols for a neutron, 
electron, proton and antineutrino, respectively. Since 
we want to calculate the kinetic energy shared by the 
electron and antineutrino, we apply the principle of con- 
servation of relativistic energy and obtain 


mc2=mc2+mc2+me*7+T +T +T 
n e mR, 0 e P = 6 
Y Y 
where To’ Tp and T_, are the kinetic energies of the 
electron, proton add antineutrino respectively, and 
mC r mc*, mc’, m_e? are the rest energies of the 
Y 


neutron, electron, proton and neutrino. But 


= 0. Also, the proton remains at rest after 
Y 
the decay, and, therefore, TD = 0. Hence, 


- - 2 = = 
Mi Mo m )e To ih; Tao T 


Using the previous mass calculations 


T (.000840 amu) (9 x 10! m?/s?) 


(.000840 amu) (1.66 x 10717 kg/amu) (9 x 1016 m?/s”) 


1.26 x 107 Joules 
Since 1 Joule = 6.24 x 10!° ev 


T 7.86 x 10° ev 


and this is shared by the electron and antineutrino. 
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What is the expression that corresponds to the case of 
positron decay? 





ion: For a particular mass number A, only one 

element with this mass number is stable. If an atom of 
a different element has this mass number, it will decay 
into the stable atom. A nucleus that has less protons 
than the stable nucleus has less charge than the stable 
one. It therefore undergoes g- decay. This results in 
the formation of a proton which increases the charge 
of the atom and the ratio of Z (proton) to A. 

n+ pte +v 
If the nucleus has an excess of protons, it converts 
them to neutrons in a process known as gt or positron 
decay. 

+ 


> nte + 
Pp Ve 


In the above processes the electron (or positron) and 
the neutrino Ve created are immediately ejected from 


the nucleus. 


The positron decay of a nucleus (Z, A) forms the 
nucleus (Z - 1, A). Originally, we have a nucleus plus 
Z atomic electrons with a total (that is,atomic) mass 
m (Z,A). In the decay process, a positron is emitted 
and a nucleus with atomic number Z - 1 is formed. Since 
the nuclear charge has decreased by one unit, one of the 
original Z atomic electrons is superfluous and is shed. 
Therefore, the final system consists of a nucleus (Z - 1, 
A) plus Z - 1 atomic electrons, together with the emitted 
positron and the excess electron. The total mass of the 
final system is m(Z - 1,A) + m(pt) + m(e~), or 
m(Z - 1,A) + 2m since a neutrino has no mass. Hence, 
the total available energy for positron decay is found 
from the amount of mass converted to energy. 


{in (za) - [mz - 1,A) + 2m, ]) x c? 
[m(z,a) - m(z - 1,a) | x c? = 2m c? 


Eg+ 


Am x c? - 2m c? 


and the maximum positron kinetic energy is 2m c? = 


1.02 MeV less than the mass-energy difference between 
the parent and daughter atoms. 


R OBL AA 


What is the available energy for the q decay of 


Po? 1 09 





Solution: Some unstable nuclei, especially those with 
mass numbers above 200, spontaneously emit helium 
nuclei (a particles). Emission of an a particle by a 
nucleus decreases the original nuclear charge particles 


1070 





Z (protons) by two and decreases the original mass 
number A (protons plus neutrons) by four. 


A-4 4 
NZ > Nz _ 2 + He, 


If ND has a greater mass than the combined mass of 


A- 4 


Ny - 2 and Hes then it is unstable and can decay by the 


emission of an a particle. The available energy for 
the a-decay process is given by the mass available for 
mass-energy conversion. 


Alpha-particle emission from Po?!’ leaves Pb?°%. 
Therefore, the pertinent masses are: 


m(Po?2!°) = 209.98287 AMU m(Pb2°®) = 205.97447 AMU 
m(He*) = 4.00260 AMU 
m(Pb2°®) + m(He*) = 209.97707 AMU 


The available energy ea is: 
6. = [m(Po??®) - m(Pb?°°) - m(He*) | x c? 


(209.98287 AMU - 209.97707 AMU)x c? 


M 
i] 


(0.00580 AMU) x (931.481 MeV/AMU) 


5.40 Mev 


Actually, this decay energy is shared by the a 


particle and the Pb?°® nucleus (because the linear mo- 
menta of the two fragments must be equal and opposite). 


Consequently, the a particle emitted by Po?!” has a 
kinetic energy of 5.30 MeV and the recoil Pb*°® nucleus 
has a kinetic energy of 0.10 MeV. 


PROBLEM 


A uranium nucleus under certain conditions will spontan- 
eously emit an alpha particle, which consists of two pro- 
tons and two neutrons. If the nucleus was initially at 
rest and the speed of the emitted alpha particle is 


2: F 107 m/s, what is the "recoil" speed of the nucleus? 
-25 


The nuclear mass is 3.9 x 10 kg and the alpha-particle 


missi ig 6. 95m rota! kg. 





Q oH o— 
=0 Po Pi 
Initial Picture Final Picture 
Usec+x 
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Solution: The "nuclear" force responsible for the particle 
emission is not explained, but this information is not 
needed if it is recognized that the total momentum of the 
system is zero. The mass of the recoiling nucleus m, = 


3.9 x 1072" kg; the mass of the alpha particle m, = 
-27 
6.7 x 10 


v = 2 x 107 m/s are the known observables. 


kg; and the velocity of the alpha particle 


As shown in the figure, the momentum of the initial 
state is zero, since the uranium atom is initially at rest. 
Therefore, the vectorial sum of the momenta of the frag- 
ments in the final state is also zero. (We are viewing the 
a-decay of the uranium atom from the center of mass frame 
of the motion.) 


The speed of fragment x is expected to be smaller than 
that of the a-particle since x is more massive than a. 
Both speeds are therefore non~relativistic and we are 
allowed to use the non-relativistic formulae. From the 
conservation of momentum, we have 


PaP e 0 
& 


£ 
Fi + P, ==-0 
or mV + mV} = 0 
Therefore m 
T WUE 
1 mı 7 


We see that vi and a have opposite directions. The magni- 


tuđe of v, is 





1 
m5V -27 7 
vy = ee (6.7 x 10 kg )(2 LOL IERE dee 
1 eat e d E kg 


After emission, the alpha particle and nucleus move apart 
as free particles according to Newton's first law because 
the force causing the separation quickly becomes negligible. 


If the "average" alpha particle speed is 1.3 x 107 m/s 


within the nucleus of 35u, how many collisions will the 


particle make with the barrier each second? Also determine 
how many years are required before the average alpha 
particle escapes from the uranium nucleus. One year is 


approximately 3.1 x 10’s. Only one out of 1038 collisions 
with the barrier results in the escape of an alpha particle. 





Solution: As a result of the very strong nuclear attrac- 
tion, an a particle in the nucleus is like a particle in 
a deep well. The attractive barrier that confines the @ 
particle to the nucleus is actually a "potential well," as 
shown in the figure. As long as the particle doesn't have 
sufficient kinetic energy, according to classical physics 
it can not get out of this potential well. However, quan- 
tum physics states that even if the particle is not ener- 
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Potential 


Radial distance from 
the center of the 
nucleus. 





Potential Well 


getic enough, there is a finite probability of escape from 
the well. In fact, it was quantum physics that explained 

the radioactive emission of certain particles from nuclei, 
in which tremendous nuclear forces bind the nuclear matter 
together. 

We can assume that the diameter, 2Ro: of the nucleus 
is representative of the distance L the particle travels 
between collisions with the walls of the well. Therefore, 
the distance L is 

L = 2Ry = (2)(9 x 10715 E E EET E 
The number of times the alpha particle encounters the bar- 
rier each second, N, can be calculated since we know the 
average speed of the particle between collisions. If a 
distance of L meters must be traversed to make one colli- 
sion, then the total number of collisions taking place in 
one second is 


= F 
N= i = 1.3 x 10- %/s = 7.2 x 107° collisions/s 
1.8 x 10 a 


We are told that 1038 collisions must occur on the average 
before an alpha particle tunnels through the barrier. The 
time t required for an % particle to escape is 


38 


$e on collisions _4, 4,10!’ 5 
AE e a2 collisions/s 
The average time for escape, t,may be written as 
17 
t=. EE = 4.5 x 10° years. 


ge aed 107 g/year 


n° is bombarded with neutrons, and a particles are observed to 
be emitted. What is the residual nucleus? 





Solution: Only œ particles (helium nuclei) are observed to be emit- 
ted in the reaction. The reaction can be described as follows: 


10. lit {A 4 

58 + on 7%) + ple 
where the superscript gives the mass number A. It is the total number 
of protons and neutrons in that nucleus. In a nuclear reaction the 
total nucleon number and the total charge is conserved, therefore the 
mass number A of the unknown nucleus must be such that 


10+1=A+4, 
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Hence A = 7. 


The subscripts refer to the atomic numbers, total number of protons in 
each nucleus. Since the above reaction involves protons and neutrons 
only, the protons carry the total charge. The conservation of total 
electric charge in that case reduces to the conservation of the total 
number of protons. Therefore, 


5+0=2Z2+2 
or Z= 3. 


The nucleus with A = 7, Z=3 is tht 5 


@ PROBLEM 1027 





The maximum permissible dosage for scientific workers using Y- 
radiation is 6.25 milliroentgens per hour. What is the safe working 
distance from a 20-Ci source of cobalt-60 which has a dose rate of 27 


roentgens (R) per hour at a distance of lm? If the source is used in 
a lead container which reduces the Y-radiation emitted to 1%, how much 
closer can the scientists work? 


Solution: The radiation from the source is emitted uniformly in all 
directions. Hence at any distance r the radiation is passing through 
an area 4Tr® . The intensity of radiation per unit volume thus de- 
creases as r increases according to an inverse-square-power law. The 
diminution of the intensity of the Y-radiation due to absorption in the 
air may be neglected in comparison with this inverse-square-law effect. 
Hence if r is the safe working distance, 


I(r 0 


Ir ) i pa 


where I(r) is the intensity at a distance r from the source, and 
(ro) is the value of the intensity at rọ. Hence 


I(r 
070 
far I(r) 


t Rt) 
r= 0 I(r) 


But we know that when rp = lm, I(r) is 27 roentgens/hr. Hence, if 
I = 6.25 milliroentgens/hr at r, 


ws ao Poe 


6.25 X 10> r/hr 


or 
7x 10 
r pea, lm = 65.7 m. 


If the lead container cuts the radiation to 1% of its former value, 
then by the same arguments, the new safe working distance r, is given 


1 
by r 
:. =% ] t 
1 0” I(r) 


) is now 27 x 1072 roentgens/hr, 


Note that only (r ro) is changed. Ur 
ano [27 x Te 
r= (1m) 6.25 = 6.57 m 





© PROBLEM _ 1028 








The dirt floor of the Shanidar Cave in the northern part 
of Iraq has been examined. Below the layer of soil that 
contained arrowheads and bone awls was a layer of soil 
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that yielded flint tools and pieces of charcoal. When 
the charcoal was examined it was discovered that in 1l 
kg of carbon, approximately 9.4 x 10? carbon-14 nuclei 
decayed each second. It is known that in 1 kg of carbon 














from living material, 1.5 x 10" disintegrations of 
carbon-14 occur each second. Use these data to calculate 
when people of the stone age culture occupied the cave. 








Solution: The number of nuclei of a radioactive 
Substance at time t, is given by 

N(t) = No eo ** 
where Nọ is the number of nuclei at t = 0, and A 
is the decay rate per nucleus. The half-life, T, is 
defined as the time required for the exponential 
factor to equal %; 


me 
T= x Sh. 2 


Therefore, we can also write (1) as 


—(t/T): In 2 


o° 


=n, eff ()t/T 


N (t) 


S/T 


No (3) 
Initially, there were No = 1.5 x 10% radioactive 


carbon atoms decaying per second in a kg. of carbon, 
when carbon was part of a living material. The measured 
number of disintegrations per 1 kg. of carbon is found 
to be N = 9.4 x 102 per second. From (2) 


a4 ee ao ee des 
2 
as | ag 


or = z 
an 
Since (%)* = = , we have 
16 
ts 4.7. 


The half-life of carbon-14 is 5730 years. There- 
fore the tree was burned 
t = 4 x (5730 years) = 2.3 x 10" years ago. 
@ PROBLEM _ 1029 


The mass absorption coefficients for the Ky and Kg radiations 
of silver are 13.6 a“. and 58.0 ag when palladium is used as 
an absorber. What thickness of palladium foil of density 11.4 PATRE 
reduces the intensity of the Ky radiation to one-tenth of its incid- 
ent value? What is then the percentage reduction in the intensity of 


the Ko radiation? 


Solution: The relation which describes the absorption of x-radiation 
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is I= IEY? A 


Solving for z (which locates a point inside the absorber) 


or 9 
z=- 2 dn Ł 
5 0 
I T 
z= A ln 2. zie In ae 4 
W I bP I 


where w is the linear absorption coefficient, He the mass absorption 


coefficient, p the density of the absorber and I. the intensity of 


0 
the incident radiation. If the Ky radiation is to be reduced to one- 
tenth of its incident value, the thickness required is 
z= — nr OSS Qn 10 = 1.49 x 10°* ca; 
13.6 cm +g X 11.4g-cm 


For the Ke radiation with this thickness of absorber, 


3 


l a expl-58.0cm eg | x Igal a xakda 1057em ) 


Io 
= expl-0,85) = 5.28 X 10 7s 


tan E 
i 


I É 
x 100 =(1 - F>) x 100 =(1 - 5.28 x 107°) x 100 
o 


Io - I 


0 





xX 100 = 99.995% 
0 


which is the percentage reduction in the intensity of the Kp radiation. 
© PROBLEM 1030 


A thickness of 48 cm of ai*? reduces the intensity of Y-rays from _ 
Thc" to 1% of its original value. The density of aluminum is 2.65 g-cm `. 


What is the mass absorption coefficient involved and the atomic cross 
section for this process? 


Solution: The relation involving intensity I and linear absorption 
coefficient p is I= Ie" , where I, is the incident intensity 





0 0 
of the radiation. Solving for p , 
4n + = -Mx 
0 
1 I 
H=- zin T 
or I 
fa è 0 
Vo x 4n I 
Knowing that 1(48 cm) = 1% Iy = .01 Ip x 
1 Io 1 
Pod? panem Sub OLED ankSsbare PO” 


0 
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4.605 -1 
es = 0 
ee 959 cm 


But, if Me is the mass absorption coefficient and p the density of 
aa then p = WP OF 

_ e _ 0.0959 cm + 
e245 65 g°cm 


A volume of aluminum obtained by taking 1 om” of the surface area and 

a length of 48 cm perpendicular to this removes 99% of the photons 

from a Y-ray beam incident at right angles on the surface area. This 
volume is 48 cm” and has a mass of 2.65 g-em™3 x 48 m3. The number of 
moles in this mass is thus (2.65 X 48g)/27 g-mole”* (where 27g is 

the mass of 1 mole.of Al2’.), and thus contains [(2.65 x 48/27 mole X 
6.02 X 1023 mole~+] atoms, bringing in Avogadro's number. 





p = 0.0362 aag 3 


If each atom for this purpose has an effective area Ọ (effective in 
the sense that this is the available target area that the atom provides 
for an incident Y-ray), 9 is the atomic cross-section for the process, 
and the projected area of all atoms on the surface must make up 99% of 
the surface area. This follows because 99% of the incident Y radia- 
tion is scattered by the A127 atoms. 


3 


2 
2.65 X 48 x 6.02 x 10 99 2 
2.65 x 48 x 6.02 x 10°" , | 99. 
27 o = 100 XI cms 
Eei E in SS Fe lg 


2.65 x 48 X 6.02 x 107° 


@ PROBLEM 1031 
When a uranium nucleus Bei captures a neutron, fission 


occurs. If one of the fission fragments formed is the 
krypton nucleus eRe, identify what nuclei are formed 
as the krypton decays to the stable nucleus 12Mo by a 
succession of §-decays. 

Solution: When a nucleus of atomic number Z and atomic 
weight A decays into another nucleus by emitting an 


electron, the atomic weight of the new nucleus has the 
same A but its atomic number is Z + 1, 


A = = (1) 
- ia” E SEEN Cs 


Nucleus X has charge +Ze, where e is the unit charge. 
The charge of Y is + (Z + l)e and that of the electron 
is - e. The neutrino (ve) is a chargeless particle. 
Therefore the total charge of the decay products is 

+ (Z + De + (- e) + 0 = + Ze 


This is equal to the charge of the initial particle, 
due to the law of conservation of charge. 


By using the decay equation (1) and the periodic 


table, we find the following intermediate decays for 
the transition 
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36 42 

sone + 35Rb +e +, Rb-rubidium 
3>Rb > ssr +e ey. Sr-strontium 
Le > tor ¥ A Y -yittrium 
aay > coat teta, Zr-zirconium 
Han > 23Nb Kert Me Nb-niobium 
4;Nb > 12M0 +e + Ve Mo-Molybdenum 


There are No = 107° uranium-238 nuclei in a sample. 
(a) What is the number of uranium nuclei remaining in the 


sample after 108 years if the decay rate per nucleus, i, 


is 5 x 107-8 sec ? (b) What is the half-life of 
uranium? 





Solution: 


(a) It is known that each nuclear disintegration takes 
place independently of any of the others. The radio- 
active decay rate therefore involves only the instantane- 
ous number N(t) of the decaying nuclei present; 


dN (t) 


— = A N(t) (1) 


where the constant of proportionality à, is known as 
the decay rate per nucleus. 


The solution of (1) is known to be 


At 


N(t) = No e (2) 


where Nọ is the number of nuclei at t = 0. 


There are approximately 3.1 x 10’ sec in one year, 
therefore 10° years equals (10° years) x (3.1x 10’ sec/year) 
= 3.1 x 10!5 sec. The number of uranium atoms remaining 
at the end of this period is 


w= 10227 g7G siao sec~') x (3.1 x 10'* sec) 


25 . .-0.0155 _ 4925 
e = 


mT: 1025 x 0.984 = 9.84 x 1074 


which is practically the original number. 
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(b) The half-life, T, is defined as the time after which 
the number of radioactive nuclei has decreased to half 
its original value. From equation (2) 


% No = No bapa or * = eg At 
giving lin% = - 1n? = = AT, 
T= 2. __0-7 ____ = 1.4 x 101” sec. 


1.4 x 10!” sec 
3.1 x 10’ sec/year 





= 4.5 x 10° years. 


If a rock sample is found to contain approximately 


214 
84 


U, what is the half-life of polonium. 


1 polonium atom Po for every 8.7 x 107° uranium 


238 


nuclei 92 





Solution: Each decaying uranium atom produces one 
polonium nucleus along the decay chain. Let Nu denote 


the number of uranium atoms decaying slowly (the half- 
life of 2385 is Ts 4-5 x 10? years), and Ny that of 
its decay product polonium. The rate of change of a 


consists of two parts. One of these is the rate of increase 
of Po-nuclei as a result of the decay of U-atoms; 


aN aN 
Kp = =- E = N d 
dtji dt U u 


where Au is the decay rate of uranium per nucleus. The 


enormousness of the ratio of U-atoms to Po-nuclei shows 
that the decay rate of polonium is much greater than 
that of uranium. Since uranium decays very slowly, we 
may regard the rate an ,/dt as substantially constant 


over a long period of time. 


The number of the Po-nuclei decreases aS a result 
of the decay of Po. This decay rate is given by 


aN 
na 
dt 


= A_N 
2 PP 








where Xp is the decay constant of polonium. The total 


rate of change of the polonium nuclei is 








aN aN aN 
aar o e o a a e a 
av 
= tant - A_N 1 
or constan pp (1) 
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For times sufficiently larger than the life-time of 
polonium, the rate of change of the polonium population, 
due to uranium decay, will be negligible, and the rate 
of change of the polonium population is dominated by 
the fast decay of polonium. This can also be seen from 
the solution of (1). Let us write (1) as 








aN À, N 
=-) IN - - a. 
dt 
P Pp p 
AUN 

If we define N' = No = as Ga , then 

dan' d oe 

Par = ae @, - constant) = -Æ 

Gn? _ & ' 

or at = on . 


This is the same as the decay equation for a radioactive 
material. Its solution, therefore is 





e midis 
N'(t) = Nil, a: 
AN d,,N 
or N (t) - 4 = |N. - 5 i as; 
P Pp P p jt=0 





Because of its very slow decay, Ny is approximately the 


initial number of uranium atoms. Since there are no 
polonium atoms initially, No = 0 at t = 0. We have 


Àn N 
N (t) =- 1 @- eÀ. 
p Àp 





When t is large, i.e., tA w Soy e7 Pt becomes 


negligible; 


ANa 
No con é 
p 
The half-life is defined as 


(2) 





T= ł iadd, 


therefore the half-life of polonium from equation (2) is 


N N 

1 w in 2 p 
T == I1n 2 & = = T 
Pp Àp Na Ày Na U 


= — b nucleunai bo niin (gysiimt iQ *oyeats) 


8.7 x 107° nuclei 


5 x -107!* year 


(5 x 107? year) x (3.1 x 10’ sec/year) 


1.6 x 107" sec. 
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CHAPTER 35 


X-RAYS 







Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 1083 to 
1092 for step-by-step solutions to problems. 


X-rays are but one small part of the electromagnetic spectrum. The 
wavelength of x-rays ranges roughly from 10” to 10° mor .01 Å to 100A. 
The corresponding frequency is v = c/d or from about 10'* to 10” Hz. 
The energy is found from E = hv = he/A = 12.4 keV-Å/à and ranges from 
0.1 to 1000 keV. There is thus some overlap with ultraviolet at the lower 
energy (100 eV) and y-rays at the higher energy (1 MeV). All of these are 
electromagnetic waves or photons. 


One way to produce x-rays is with an electron gun. Basically, the 
electron is accelerated with a potential difference V and most of the 
acquired kinetic energy then converted into x-ray energy via collision with 
a target. Hence, eV = 1/2 mv? = hv can be used to find the minimum 
required voltage V. 


Recall from Bohr theory (see ATOMIC STRUCTURE) that the photon 
energy in an H-like atom transition is 


E = 13.6Z eV (1m? - 1m?) 
or the wavelength is given by 
Ih = RZ’ (1/n? - 1/n?), 
where Ris the Rydberg constant 1097 IÅ. For x-rays, we must change this 


equation since in general the atom has other electrons and the x-ray arises 
from an inner shell transition. The new equation is 


1/ = RZ? (Lh? - 1?) 


where Z œ is the effective central charge taking into account screening 
effects. For example, Z = Z — 1 and n,= 1 is appropriate for Ka x-rays. 
Moseley’s law states that the x-ray frequency is proportional to the 
elements atomic number v is proportional to z — z,,, Hence, the emitted or 
absorbed x-rays may be used to identify the element. 


X-rays are also commonly used in the Compton effect (see QUANTUM 
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MECHANICS). Recall that the Compton shift of a scattered photon is AX 
=A- = 2), sin? (0/2). The Compton effect is relativistic in origin, and so 
one must use relativity in solving problems with it. 


Bragg’s law states that for monochromatic x-ray scattering from a 
cubic crystal, constructive interference occurs when 


2-dsin 0-=nA-—n=1,;-2; 3% 


dis the interplanar spacing and 0 is the angle of incidence (measured from 
the atomic plane). For example, for n = 1, given Mand 9, one can easily find 
d. 
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Step-by-Step Solutions to 
Problems in this Chapter, 
“X-Rays” 


© PROBLEM 1034 


It is desired to produce penetrating x-rays of wavelengths 


about 0.20 A. What is the minimum voltage at which the x- 
ray tube can be operated? 





o Volts V Volts 
a b 


ina 
@ 


® o— F 


uel 
ox 


Lip 


Solution: An x-ray tube accelerates electrons through a 
potential difference. In order to see how this occurs, let 
us refer to the figure. The net force on an electron 
emitted from plate A is, by definition of electric field 





—> 


F = eE 


where e is the signed charge of an electron, and E is the 
electric field intensity. Hence, the work done by this 
force (since it is the resultant force on the electron) is 
equal to the change in kinetic energy of the electron 


b 
2 ne mas 
Va = | E-e Ua 


a 


N= 


v2 = 
b 


N= 


e e 


Assuming that the initial velocity, va of the electron is 
zero, 


b 
imove = | eE • dr 
a 
b 
1 gre = a? 
5m, =e l Es idE 
a 


Replacing the signed number e by - |el (since e < 0), we may 
write 


b 

1 2 => —_ 

5m,V,, = -le| | E «dr = |el(¥,- Yd 
a 
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Hence 


Mev, = lel(Vy = Ya) 


Assuming that a. = 0 volts 


2 
M5 lelV,,- 


If all the energy of the electron when it reaches point b 
is changed into the energy of an x-ray photon, we obtain 
x 2 
5mV, = lelV,, = hv. 
hv 


Hence Vmin = Ter’ 
Vp is the minimum voltage needed to produce x-rays of fre- 
quency’. (Only those electrons which give up all their 
energy to the x-ray photons will produce x-rays). 
v ——hv 
bmin Te] 
But v= £ 


where c = speed of light and X is the x-ray wavelength. 


= _he 
Vpmin ~ TeTx 
Vomin = 6263% 107>* _joule-sec 0x 10° m/sec = 62, 000volts 
1.60* 10719 coul 0.20* 10710m 


@ PROBLEM 1035 


Estimate the minimum voltage needed to excite K radiation 
from an x-ray tube with a tungsten target, and calculate 


the wavelength of the Ky line. 





Solution: Moseley found experimentally that the x-ray 

line spectrum varies in a regular way from element to 
element, unlike the irregular variations of optical spectra. 
This regular variation occurs because characteristic x-rays 
are due to transitions involving the innermost electrons 

of the atom. Because of the shielding of the other elec- 
trons the inner electron energies do not depend on the com- 
plex interactions of the outer electrons, which are respon- 
sible for the complicated optical spectra. Also, the inner 
electrons are shielded from the interatomic forces respon- 
sible for the binding of the atoms in solids, According to 
the Bohr model of the atom, the energy of an electron A 
the first orbit is proportional to the square of the nuc- 
lear charge. Mosely therefore, reasoned that the energy, 
and thus the frequency, of a characteristic x-ray photon 
should vary as the square of the atomic number of the 
element. He plotted the square root of the frequency of 
particular x-ray lines versus the atomic number Z of the 
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element.He found that his curves could be described by the 
general equation, f= a2 (Z - b) 2 


Where f is the frequency of the x-ray and A and b are 
constants for each line. One family of lines, called the 
K-series, has b=l. If the bombarding electron in an 
x-ray tube knocks an electron from the n=l inner orbit of 
a target atom out of the atom, photons are emitted corres- 
ponding to transitions of other electrons to the vacancy 
in the n=l orbit. The lowest frequency line corresponds 
to the lowest energy transition, from n=2 to n=l. This 
line is called the Ką line. Bohr's relation for the 
frequency of a photon emitted from a one electron atom is, 


y= z2 21m et X al (2) 
4nE h n n z 
( S 2 1 


The energy E of a photon is given by hf. Using Z - 1 
in place of Z in eq (2) so as to fit the form of Moseley's 
equation (1) tor the K-series, we find, 


2 4 
27 m e 
E = hf = E E E 5 er 1 2 
(0) no ny 


For K radiation to occur, an electron must be knocked from 
the n = 1 orbit to infinity (n, =). This is the minimum 


energy that must be transmitted to the atom for K radiation 
and is, 


| 
27 me 2 7X 
Eionization oain a (2, Teh? (4 = 1) 
(47,) h 


-18 


= 2.18x 10 (z - 1)? joules 


= 13.6 ev (Z - iy- 


For tungsten, Z = 74, and the energy input required is 


(13.6 ev ) (73)? = 72,800 ev. So the anode must be at 
least 72,800 volts above the cathode potential. The first 
line in the K series of tungsten has a wavelength given by 
E = hf. But fa = c and 


Ka 
x fet (oe A 2 toina 
E = hf =y = 13.6 ev (Z 1) ae > 
Ka 1 2 
y= 52625 * 10734 4oule-sec (3.0 x 108 m/sec 
Ka 


(13.6 * 1.60 x 10” joule) (73) “(1 - 1/4) 


0.21 x 10°29 m= 0.21 A 
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© PROBLEM 1036 


An x-ray tube with a copper target is found to be emitting lines 
other than those due to copper. The Ky line of copper is known to 


have a wavelength of 1.5405 x and the other two Ky lines observed 


have wavelengths of 0.7092 A and 1.6578 A. Identify the impurities, 





Solution: According to Moseley's equation for Ky radiation, 


pone ae 3]. 
1 2 


Thus, if A is the wavelength of CuK, radiation and L and Ao 
the wavelengths of the two unknown Ky radiations, then 


e Cz- 1)? _ 0.70924 
Wa Ri bape: i 
@,- 1) 1.5405 A 


But for copper Z = 29. Therefore 


Z, - 1 = 28&/1.540570.7092 = 41. 


1 


Zi = 42, and we know that the impurity is molybdenum, Similarly, 
Zo - 1 = 28/1.5405/1.6578 = 27. 
Zo = 28, and we know that the impurity is nickel, 


è PROBLEM 1037 


In an experiment, x-rays of frequency f are scattered by the 
electrons in a block of paraffin, It is found that the x-rays scat- 


tered at an angle of less than 90°, have a wavelength f', greater 
than f. Interpret this result in terms of a collision of a photon 
with an electron, 






98 


g 


After collision 


Before collision 


Solution; The collision is shown in the diagram. The photon is scat- 
tered through an angle 0, and the electron through an angle 9 The 
momentum of the photon is given by the de Broglie relationship. 


h hf 
peru 7 using Af=c 


As in all collision problems, the law of conservation of momentum 
may be applied to this collision. The momentum of the photon- 
electron system, then must remain constant throughout the collision. 
Since momentum is a vector quantity, (having both direction and mag- 
nitude) we must resolve the momenta of the electron and photon into 
x and y components. Conservation of momentum can then be applied 
as follows: 

hf hf' 


—= = —-0os 0 + mv cos ¢ (x component) (1) 
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asin @ = mv sin ọ (y component) (2) 


The law of conservation of energy can also be applied to the collision 
analysis because the collision is elastic. The total energy of the 
electron-photon system must then remain constant throughout the col- 
lision. Or 


hf + mc" = hf' + mc” (3) 
where mo is the rest mass of the electron, And m is the new 
relativistic mass My 

= Š v= 6 
V 2 


c 


It incorporates the kinetic energy the electron has, after the col- 
lision. 

The angle can be eliminated by squaring (1) and (2) and 
adding. Then 2 





£ hf' ) 22 2 
— - — cos 0) =mvy cos 9 
c c 
2512 
= : sinð = maye sin? 
c 
nh? 2 22 2 2 
ae +t" - 2ff' cos 8) = mv (cos p+ sin*9 
c 
=e n? (2? + e? - 2ff' cos o) = navo (4) 
for cos o + sin» =1 
Next the energy equation is squared to obtain 
[nee -2') + me” De (5) 
Consider now the quantity 
24 2 2 2 22/2 2 
mec -mvc =cmi(c -v (6) 
We know that 2 
2 mo 
T OAAS 
1-v/c 
Thus 


( 2 p 22 
m({c -v)=mc 
(0) 
and (6) simplifies to moc’. Therefore by subtracting (4) from (5) 
we obtain 


[nce - f') + mye |” = 4G + r? - 2ff' cos 8) = nEn # - ’) = mac s 


Simplifying this equation gives the result 
2hm,¢” (£ -f') - an722' (1 - cos 6) = 0 
ii m an £- f' 
1 - cos 0 = _—_ (7) 
h ff" 





Using the relationship Af = c, equation (7) is reduced to 


mc 
1 - cos @ = —— O-N (8) 


This process of scattering of photons is known as the Compton effect, 
and is a clear indication of an instance in which a wave motion be- 
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haves like a particle. Notice that the change in wavelength depends 
only on the angle of scattering 0 and is independent of the wave- 
length itself. The quantity 


h ° 
= — = 0.0242A 
my¢ 


is known as the Compton wavelength. 


@ PROBLEM 1038 





(a) Establish the numerical relationship between the 
frequency V, in sec’ of an emitted x-ray and the minimum 
voltage V applied to an x-ray tube. 


(b) What is the minimum voltage which must be applied to 
the x-ray tube to produce x-rays of wavelength 107° cm? 


Solution, (a) The minimum potential required to boost the 
speed of the electron between the plates of an x-ray tube, 
to a value sufficient to excite the target atoms on the 
screen, is determined by the wavelength of the emitted 
photons (x-rays). The kinetic energy of the electron 
should therefore be at least as large as the energy of the 
outgoing photon. 

The electron, when moving between the plates, acquires 
the kinetic energy 


KE = eV 


where V is the voltage across the tuve. 


KE = V(volts) x 1.60 x 107}? joule 


= 1.60 x 101% y erg. 


(this could also have been obtained directly from the 


knowledge that 1 eV is 1.60 x 10" +4 erg.) Therefore, the 


minimum energy of an electron being equivalent to its 
minimum frequency multiplied by Planck's constant h, we 
find 
m = -12 
E = hv, = 1.60 x 10 vV 


-12 
1.60x10 V -1 
= ere aor 8 
6.625x 10 
14 = 
VU, = (2.41x10 V)s . 
This is the required relationship between Vg and V. 
(b) A wavelength, i, of 1078 cm corresponds to a frequency 


v= 


>ja 


10 


oo Lo 
= ec 


107 
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= 3.x 1018 sect, 


In order to produce this frequency, the voltage across the 
tube must be at least 


v = z 
Seats? See 
min 2.41 x 107“vs 


18 
= eee. 
2.41 x 101% 


= 12,500 volts. 


At a temperature of 18° C a beam of diffracted mono- 
chromatic x-rays is observed at an angle of 150.8° 
to the incident beam after being diffracted by a 
crystal with cubic structure. At a temperature of 
318°C the corresponding beam makes an angle of 
141.6° with the incident beam. What is the mean co- 
efficient of linear expansion of the crystal in the 


given temperature range? 





Solution: If a beam of monochromatic x-rays is 
deviated by an angle ¢ after diffraction from a set 
of crystal planes, it is seen from the diagram that, 
if 0 is the glancing angle of the x-rays on this 
set of planes, 


20 + (180 - $) = 180° or o6= $ _ 


When the temperature is 18°C, the appropriate 
interplanar spacing is d, and the glancing angle for 
diffraction from this set of planes is 150.8°/2 = 
75.4°. 


Bragg's Law is 


mA = 2d sin 0 


where m is the order number, d is the interplanar 
spacing, à is the x-ray wavelength and 6 is the 
angle the incident x-ray beam makes with the atomic 
plane from which it is reflected (see figure). Thus 
2d sin 75.4° = mi. 


When the temperature is 318°C, the interplanar 
spacing has increased to d', and the glancing angle 
has dropped to 141.6°/2 = 70.8°. Thus 2d' sin 70.8° 
= mA, the wavelength and order of diffraction being 
unchanged. Hence, 


a! _ sin Isao 
a sn oe 
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But d' = d(1 + a x 300 C deg), where a is the mean 
coefficient of linear expansion at right angles to 
the set of planes considered. Since the crystal is 
cubic, the coefficient of linear expansion is the 
same in all directions. 


s"- 1 + 300 C deg x a = 1.024. 
: = 0.024 _ sy Aan. 
a> % a = 30 C eg 8.3 x 10 per C deg 


© PROBLEM 1040 





A 100-keV X ray is Compton scattered through an angle of 90°. What 
is the energy of the X ray after scattering? 


photon 
vV 





vV 
Fig. l: Compton Effect Fig. 2 Pe 


Solution: When X-rays pass through a crystal, some of the X-rays knock 
electrons out of the crystal. The scattering of electromagnetic waves 
(light, X-rays, etc.) by the electrons in solids can be considered to 
be a collision between a photon of energy hv and an electron (Fig. 1). 
The electron absorbs some of the energy of the incident photon and the 
scattered photon therefore has less energy and thus a lower frequency 
v'. The collision is elastic, hence total energy as well as total 
momentum is conserved during the collision (Fig. 2). Hence, 


EP 4 E briek ee? 
p 3 pen + 7 r 
The expressions for energies and momenta are 
hv hv' oa ha 
Passeqa? de we? Pa SEF 
gPh mc 


2 Ph _ . pela el e 
i e a a RT Se ae EF 


where m, is the rest mass of the electron, B =< - Conservation of 


momentum is shown schematically in Fig. 2. Using the law of cosines 
for the triangle in the figure, 


= 2 - . 
P, = Py + PE - 2PiPe cos 8 ; 


adding and subtracting the quantity 2P Pg on the right hand side, we 
have 


Pe ü (P; a Pe} + 2p;P,(1 - cos 6). 


The expression for the electron energy is modified to eliminate fp 
from the expression for Convepience s 
c 


of 
el x e 
(e$ 7 1- e 


4 2 
or we mv 
(ap sagt =e ) 2 
e 1-P \A-F 
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therefore 
el r3 4 2.2 
(E° i fc tE. 


From conservation of energy 
E fe t Pa 
Pye + mc Pc + ae + Pc 
- fea ve 
ae oF ae 2 
ac re (P; Pe) ¢ + m,¢ e 


Squaring both sides, we obtain another expression for se 
e 


P= (Py - Pe) + 2mc(Py - Pe) 


Equating the two expressions we obtained for P ; 
e 


(Pi - Pef + 2PyP(1 - cos 0) = (Pp, - Pe) + 2m c(P; - Pg) 


or - = = 
P,Pe(1 - cos 8) m c(P; Py) > 
' 
Now, we substitute ix and = for Py and Pr respectively; 
mc 
e 





vv'(l = cos 0) = => (v -v7'), 


and divide both sides by vv' to obtain Compton's equation 


E E ee | 
hv' Ww mie (1 - cos 8) 


Using the values mc = 511 keV and cos 90° = 0, we find 


hed ae > ea 
hv’ * 100 keV * SIl keV 
or 
(100 keV) x (511 keV) _ 51100 pey = 
(100 keV) + (S11 kev) ` 611 “eV 84 keV 


The electron, of course, carries off the remainder of the incident 
energy: 


hv' 


KE = 100 keV - 84 keV = 16 keV 


© PROBLEM 1041 


X-radiation of wavelength 0.8560 Ê is scattered from a carbon 
target. Calculate the change in wavelength produced for radiation 


scattered at 90 , and the energy and direction of the corresponding 
recoil electrons. (See figure). 


h/X 
h/A 


Solution: In a Compton collision, an x-ray is incident on an unbound 
(free) target electron, and a collision takes place. After the col- 
lision, the electron is scattered, but it is observed that the scattered 
x-ray has a wavelength, A', which is different than the wavelength, À, 
of the incident x-ray. (Because of the observed particulate behavior 

of the x-rays, this experiment gave further support to the photon theory 
of light), The resulting change in wavelength is given by the formula 

29 


h 
A'- A= 2 0 sin 7? 
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where © is the angle of scatter, m is the electron rest mass, c is 
the speed of light and h is Planck's constant. If 6 is 90 
-34 


hi) = Nw Be N A FEO 
mc 9.108 x 107 2*kg x 2.998 x 105m-s7! 
= 0.0242 A. 


The energy given to the electron is therefore equal to the loss of energy 


of the photon. 10 
B=} 10 
Jes X 2.998 x 10 ms ` x 


10 
“ie we, 34 _ 10 
E= ky - h fr = 6.625 x 10 0.8560m aaa 


= 6.377 x 10°” 4, 
In order that momentum may be conserved in the collision (see figure), 
the electron must have a momentum in the initial direction of h/A and 
a momentum of h/A' at right angles to this. The tangent of the angle 
Ø at which the electron is scattered is the ratio of the latter momen- 
tum to the former, since these momenta are equal to the components of 
the electron's momentum in the two mutually perpendicular directions. 


Hence 
= b/A' _ A _ 0.8560 Å _ 
tan @ n/A x = 078802 0.9725. 


D = 4412'. 
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CHAPTER 36 


NUCLEAR REACTIONS 









Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 1095 to 
1116 for step-by-step solutions to problems. 


The nucleus is the heart or seed of the atom. It consists of Zprotons and 
N neutrons. The binding energy of the nucleus is 


BE = (931.50 A, — 938.28 Z — 939.57 N) MeV 


where A „is the atomic mass of the nucleus in amu (= A, the elemental 
atomic mass since m is small) and the coefficients of Zand N are the masses 
of the proton and neutron, respectively. The binding energy is that amount 
of energy one must provide to break up the nucleus into its constituent 
parts. If one plots the binding energy per nucleon versus the number of 
nucleons A =N + Z, then one obtains the nuclear saturation curve of figure 
1 where | BE/A | = 8 MeV for heavy nuclei. 


Generally, the existence and nature of nuclei is both relativistic and 
quantum mechanical. However, sometimes one can approach a problem 
with classical methods. For example, the nucleus has energy levels just as 
the atom does. Hence, in undergoing a transition from a level E, to a level 
E, aphotonor y-ray could be emitted with energy E=hv=E,-E, Sas Pure 
2. Ta this emission, the photon carries momentum p, = E/c. By apaganudtion 
of momentum, the nucleus must recoil with momentum Pp = P, and recoil 
energy Ep = P’, /2m,. This recoil energy is minimized (E, = 0) in the 
Mossbauer effect where the mass is effectively the lattice mass. 


Photons are also emitted when two particles annihilate. For example, 


Figure 1 
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in positron-electron annihilation, the reaction is e+ + e — 2y. The pro- 
duction of at least two photons is necessary to satisfy momentum conser- 
vation since e.g. in the center of mass frame the electron and positron total 
momentum is zero whereas the momentum of a single photon can never be 
zero. Positron-electron pair production y — e* + ecan take place in the field 
of a nucleus and the minimum photon energy is just twice the electron 
mass 2 x 0.511 MeV = 1.022 MeV. 


Mass is also converted into energy routinely in the nuclear fission of a 
heavy nucleus to produce two lighter nuclei plus thermal energy. The 
amount of energy produced is found form the Q-value of the reaction (see 
RADIATION). The energy is used to boil water and turn turbines, thereby 
producing electricity at nuclear power plants. Nuclear fusion occurs in the 
sun and on a limited basis in accelerators and test reactors here on earth. 
In fusion, two light nuclei e.g. 


2 3 4 1 
iH + 1H > gle + oD 
are combined to form a heavier nucleus plus other particles. Again, the 


positive Q-value results in produced energy in the form of kinetic energy 
(thermal) or photons. 


Fix. ® E @———— 
| a © Py O Ph 
© f ©) ©) 


Figure 2 
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Step-by-Step Solutions to 
Problems in this Chapter, 
“Nuclear Reactions” 





© PROBLEM 1042 


What is the binding energy of the lithium nucleus? 


Solution: The binding energy is the energy released when 
a nucleus is formed; it is what holds the nucleus together. 
We would have to add this energy again in order to break 
up the nucleus. The source of this energy, released when 
the nucleus was destroyed, is in the form of a mass loss 
in the nucleons. Therefore, by comparing the "standard" 
mass of all the nucleus, (protons and neutrons) and the 
actual mass of the nucleus, we can calculate the mass 
defect - the amount of mass converted into energy in the 
formation of the atom. Einstein's theory tells us that 
mass and energy are equivalent. Since there are 931 Mev 
(energy) per 1 amu (mass) we can claulate the energy 
released in the destruction of the nucleus. 


In the isotope Lı} there are 3 protons and 4 neutrons 
(7-3). So 


z= 3, A = 7, M= 7.01822 


where z is the atomic number, A the mass number, and M 
the atomic mass of Lithium. 


Therefore, mass defect 


[3(1.00814) + 4(1.00898) - 7.01822] 


[ (3.02442 + 4.03592) - 7.01822] amu 


[7.06034 - 7.01822] 


0.04212 amu 
Converting mass to energy:binding energy in Mev 


931 x mass defect 


931 x 0.04212 in amu 


= 39.2 Mev 
@ PROBLEM 1043 


What is the total binding energy and the binding energy per nucleon 


of the nucleus of „,Cr2 which has a mass of 51.95699 amu? 





Solution: The nucleus of Cr is made up of 24 protons and 52 - 24 = 
28 neutrons. The combined mass of the particles making up the Cr nucleus 
is thus 
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Im = 24 x 1.00819 + 28 x 1.00893 = 52.4460 amu, where 


we used the facts that the mass of a proton is 1.00819 amu, and that the 
neutron mass is 1.00893 amu. The mass defect or the difference in the 
mass of the constituent particles of oie and an atom of 24° 


is 52.44660 - 51.95699 = 0.48961 amu. The binding energy is, from 
Einstein's mass-energy relation, 


2 
(mass defect) c 


E = 
e 3 
E = (.48961 amu) (9 x 10!5m*/s”) 
Since T ama = 2.67 X 10” KE aoe 
E = (,48961 amu)(1.67 x 10-2” amu/kg)(9 x 1026 m*/s”) 
E = 7.36 x 10+} Joules 
But 1 eV = 1.602 x 107}? Joules 
and ( -11 ) 
ma 7.36 X 10 pes etek i 10° eV 
(1.602 x 10 Joules/eV) 
The binding energy per nucleon is thus 
8 
texo ek L g.g% 106 ev. 


© PROBLEM 1044 


A nucleus of mass M emits a y ray of energy È . The 


nucleus was initially at rest . What is its recoil 
energy after the emission? 





Solution: From momentum conservation we have 


0 Tp t Phuc 


In addition we know that E = hu = hc/A and by the 
deBroglie relation p = h/a. Therefore we have E = pe 
and Py = E,/c. Hence, 


E 


ak 


[Phuc] = 
The recoil energy is given by 


2 2 

K = ik Myv? = Mév? = (Mv)? = Phuc _ = Ey 
nuc 2M 2M 2M 2 
2Mc 


The last equality involves substituting E,/c for p 





nuc’ 


We have assumed that the recoil velocity may be treated 
as nonrelativistic. 


© PROBLEM 1045 





If one atom of hydrogen (mass 1.673 x 10727 kilogram) 
unites with one atom of lithium (mass 11.648 x 10727 


kilogram) to form two helium atoms (mass 6.646 x 10727 
kilogram each), how much kinetic energy in joules is 


released in this nuclear reaction? How Many atoms of 
hydrogen would have to be transformed to generate 9.8 


joules (9.8 joules of work are done when 1 kilogram of 
mass is raised 1 meter)? 
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Nm 
O nn 


Solution: The energy released in this reaction manifests 
itself as a loss of mass in the final product. This means 
that there must be a difference between the mass of the 


reactants and products, and this mass difference appears 
as energy. 


The mass of the products, one atom of hydrogen and 
one atom of lithium, is equal to the mass of two helium 
atoms plus the mass difference. 

l hydrogen atom + 1 lithium atom 
= 2 helium atoms + AM 


1.673 x 10 77 kg + 11.648 x 10°27 kg 
= 2(6.646 x 1072kg + AM 
Whence 
AM = 0.029 x 10 27 kg 


From Einstein's relation AE = AMc? we find 


AE = 0.029 x 10 77 kg x (3 x 10° m/sec)? 


0.26 x 10 ° joules 


The number of hydrogen atoms required for 9.8 joules 
is 


N = 9.8 joules 
0.26 x 10 ° joules 


38 x 10° atoms approximately. 


© PROBLEM 1046 


The masses of H? and 2He* atoms are 1.00813 amu and 


4.00386 amu, respectively. How much hydrogen must be 
converted to helium in the sun per second if the solar 


constant is 1.35 kWem 2 and the earth is 1.5 x 10° km 
from the sun? 





Solution: The energy falling on a l-m? area at the 
distance of the earth from the sun, in 1 second,is 
1.35 x 10? J. The total energy radiated from the sun 
is thus 

E = (1.35 x 103 J+s } )4nr? 


where 4nr? is the area of a sphere centered at the sun, 
with radius r equal to the separation distance of the 
earth and sun. 


E = 1.35 x 102 Jem 2 x 4n x 1.5? x 107? m? 


3.821% DOART 
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If four atoms of hydrogen combine to give one atom 
of helium, energy is released. This follows because the 
rest mass energy of 4 hydrogen atoms is greater than that 
of 1 helium atom. From Einstein's mass-energy relation, 
this excess rest mass energy must be released as energy 


every time 4,H' atoms combine to form 1 2He* atom. 
The energy released is then 


E' = ((4 x 1.00813 - 4.00386) amu )c? 


But 1 amu = 1.66 x 10 2’kg, whence 


E' = ( (4.03252 - 4.00386)amu )(1.66 x 10° ?7kg/amu ķ% 
(9 x 10$ m?/s?) 
E' = (.02866)(14.94 x 10 1! J) 


E' = 4.27 x 10 !?? J 


Hence, for every 4 1H! atoms used, an amount of energy 
equal to E' is released. 

The number of hydrogen atoms converted per second 
to produce the energy radiated by the sun is thus 


n= 4 x (E/E'), and the mass of hydrogen converted per 
second is 


M =n x (mass of 1 ,H! atom) 
Noting that 1 ,H’ atom has a mass 


m = 1.00813 amu 


4Em 


we find M=n*x*me= E7 


m = {4) (3.82 x 107° J)(1.00813 amu) 
(4.27 x 10 3? 3g) 


Using the fact that 


l amu = 1.66 x 10 27 kg 


m = (4) (3.82 x 107° J) (1.00813 amu) (1.66 x 10°27 kg/amu) 
(4.27 x 10 173) 


= 
ll 


5.99 x 10}! kg 
@ PROBLEM 1047 


gay much energy is released in the fission of 
P? 


Solution, Fission can be induced by adding energy to the 
nucleus in the form of the binding energy of a captured 


neutron. A typical fission reaction involving 
y235 is 
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y235 +n? Bal?9 + Kr?> + 2n. 


Though the total number of protons and neutrons remains the 
same, the mass diminishes. The missing mass, arising from 
neutrons decaying into protons and electrons, is converted 
into energy. 

The amount of mass-energy that is converted to kinetic 
energy in the fission process is approximately 200 MeV per 
nucleus. (This is only about 0.1 percent of the total mass- 
energy of a uranium nucleus; the other 99.9 percent remains 
in the masses of the neutrons and protons and is therefore 
not available for conversion into kinetic energy.) In 


1 kg of u25 there are approximately 2.5 x 1074 atoms. 
Therefore, the total energy release is 


(200 Mev) x (2.5 x 1024) 


m 
li 


= 5.0 x 107° Mev 


6 


(5.0 x 1076 Mev ) x (1.6 x 10° ergs/Mev ) 


= 8.0 x io” ergs. 


We can convert this into another popular unit by noting 
that the explosion of 1 ton of TNT releases approximately 


4.1 x 10° ergs. Thus, the fission of 1 kg of u?35 releases 
an amount of energy 
8.0 x 102° ergs 
e = = œ 20 kilotons TNT. 


4.2: * 210 ergs/ton TNT 
This is approximately the size of the original atomic bomb 


of 1945. 
@ PROBLEM 1048 


How much energy would be released if deuterium could be 
made to form helium in a fusion reaction? 





gee Oh 
40 f: pi 
Solution: The difference in the mass of the helium nucleus, 
and the two deuterium nuclei, is the mass defect, Am. 


Mie T 2Mo4 = Am 


Noting that 1 atomic mass unit (a.m.u.) equals 

1.66 x 107?’ kg, we may express all masses in terms of 

a.m.u.'S. 
Moy = 2.01419 amu 
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Mie = 4.00278 amu 


Thus 
Am = 0.0256 amu. 


This mass loss resulting from the fusion of the two 
deuterium nuclei into a helium nucleus, is converted into 
energy and released during the fusion process. 


2 
B= “Yime® 3 x 108 neter) 


(.0256 amu) x ( F 


2 


) 
-27_kg 16 M- 
(.0256 amu) (1.66 x 10 ta) (9 x 10 | 


a 
N 


(The unit of Am was changed to kilograms to be compatible 
with the MKS system being used.) Hence 


E = Amc? = .383 x 10`}! Joules 
@ PROBLEM 1049 


Calculate the minimum photon energy (in electron volts) required to 


create a real electron-positron pair. Express all numbers to four signi- 
ficant figures. 





Solution; The rest mass-energy E of an electron or positron is 


E= me = (9.110 x 1079 1kg] (2.998 x 10°m/s) ? = 8.188 x 10°! 43 


If the created pair of particles possess no kinetic energy, then by the 
conservation of energy, the photon energy EY must be equal to the sum 


of the rest mass-energies of the two particles: 
E, = 2E = 1.638 x 107435 


Since 1 eV = 1.602 x 10729 


-13 
E, AA DE T S X10 = 1.022 x 10°ev 


1.602 x 10°) 9f/ev 


This energy is the minimum or threshold energy required for creation of 
the electron-positron pair. Photons with this much energy are from the 
x-ray or gamma-ray region of the electromagnetic spectrum. 

Note however, that although we have satisfied the conservation of 
energy in our analysis, we have not satisfied the conservation of momen- 
tum. The photon has an initial momentum, but the electron and positron 
have no final momentum, since we have required them to be at rest, Hence, 
the energy of the incoming photon must be greater than 1.022 x 10°ev, 
since, in any practical experiment, some agent must carry away momentum 
(and energy) at the end of the reaction. This is why pair production 
cannot occur in a vacuum. 


J, the required energy may be written 


© PROBLEM 1050 








The two protons in a helium nucleus are separated by 


about 2 x 107'* m. Calculate the electrostatic potential 
energy and thus estimate the fractional change in the mass 
of heliwm. 








Solution: The electrostatic potential energy of a system 
of two charges separated in space by a distance R is 


1100 


4142 ; 
Ear where K is a constant having the 
wae 
value 9 x 10° = k 
c? 





For two protons separated by 2 x 107!5 m, the 
potential energy is 


9 Nem? 
a ae cz |(1.6x 10-'9 c)? 


(25 x=50: S m) 


y = 


1.15 x 10 '3 Joules 


< 
1i 


By E = mc”, this energy is equivalent to a mass 


L oa 


Am = m? 
16 
9 x10 S2 


Am = 1.28 x 107*° kg 
Am represents a mass increase of the helium atom 


due to electrostatic potential energy. 

In calculating the mass of a helium atom, we may 
neglect the mass of the electrons, because they have a 
small mass when compared with the nuclear components of 
the atom (protons and neutrons). Hence, the mass of the 
helium atom is approximately equal to the mass of the 
helium nucleus. 

The helium nucleus consists of two protons and two neutrons 
of total mass 


(2 x 1.672 X 10°” + 2.x 1.675 x 107?7)kg 


m 
= 6.69 x 107*” kg 


The fractional change in mass of the helium nucleus is 





-30 a 
Am , 1.28 e E A E 10°. 


m 6.69 * 107?” 
e PROBLEM 1051 


Find the Q value for the disintegration 


144 cet4o, 


Nd > ste" + 


60 58 





Solution: Q represents the amount of energy released as a 
result of the conversion of mass to energy. To find the 
amount of mass converted, find the difference in the amount 
of mass of the reactants and the products. 

From the tables of isotope masses, in atomic mass 
units, 


4 


144 _ 
He 4.00387 goNd = 143.95556 


cel4° — 139.94977 Products 143.95364 
58 143.95364 Am ° 


1101 


a 


12 
The atomic mass unit is b of the mass of a C atom 


and is equal to 1.66 x 10727 kg. To findAm in kg, it has 
to be multiplied by one amu. 


18 


Q =Amc? = 2.87 x 10718 joule 


= (0.00192 amu) x (1.66 x 10727 kg/amu) 


x (3-0 x 108 m/sec 2, 


Since very small energies are involved, when dealing 
with atoms, energies are expressed in electron volts. Con- 
verting joules to MeV, 


16 


= 2.87 x 10 joule = 1.79 ev. 


1.6 x 10 ~° joule/ev 
@ PROBLEM 1052 


If a nuclear reactor is designed to deliver 1 MW. of heat 
energy continuously, how many fission events must occur 


each second to sustain this power level? How much 
uranium-235 would be consumed each year? 





Solution: It is known that the amount of energy released 
per fission event is about 200 MeV. In joules, this 
energy becomes 


8 1 11 


E= (2.0 x 10° ev) x (1.6 x 107) gyev) = 3.2 x 107! g, 


The total number, n, of nuclei undergoing fission each 
second to produce 1 MW = 10° W of power is 


ne Power = 1.0 x 10° J/sec 
Energy per fission 


3.2 x 10 ~~ J/nuclei 


Sek X 1026 nuclei/sec. 


Since 


l year 365 days/year x 24 hrs/day x 60 min/hr x 60 sec/min 


ZaskeX 107 sec., 


le 


the total number N of uranium-235 atoms consumed in one 


year is 
7 
N = G.1 x 10 sec/year) x 3.1 x yote nuclei/sec) 
> 23 
= 9.6 x 10 nuclei/year. 


The mass m of one uranium-235 atom is approximately 


2 
m = (2.35 x 10 nucleons) x (average mass of one nucleon) 
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(2.35 x 107 nucleons) x (1.67 x 10727 kg/nucleon) 


3.92 x10 ig; 


The total mass M of uranium fuel consumed in one year is 


2 


z 
Ii 


mn = (3.92 x 10729 kg/atom) x @.6 x 1077 atoms/year) 


3.8 x 1072 kg/year. 
@ PROBLEM 1053 


Consider the decay of the positively charged pion, 
+ i 
T . Pion > muon + neutrino. The energy equivalent of 


the mass of the pion is about 140 MeV, and the muon 


and neutrino produced in the decay have rest masses 
corresponding to energies of 106 MeV and zero, respect- 
ively. How much kinetic energy is available to the 
particles created in the decay? 


Solution: The difference of the energy equivalents 
of the masses of the pion and its decay products is 


140 MeV - 106 MeV = 34 Mev. 


Let us consider the frame of reference in which 
the pion was at rest. The total energy of the system 
is given by the energy equivalent of the pion mass. 
After the decay, the total mass of the decay products 
is less than the pion mass. The principle of con- 
servation of energy requires this mass difference to 
be transformed into another form of energy, hence the 
two daughter particles (muon and neutrino) share it 
as kinetic energy. 


@ PROBLEM 1054 


At a particular time, No atoms of a radioactive 


substance with a disintegration constant i; are 
separated chemically from all other members of the 


radioactive series. At what time thereafter is the 
number of radioactive atoms of the daughter product, 
with disintegration constant \2,a maximum? 


Decay I Decay II 
Daughter Daughter 
A, 4 Az 2 


Solution: The figure shows the situation described. 
At t = 0, we isolate No atoms of a radioactive ma- 





terial. This is the parent substance. As time progresses 
the parent undergoes decay I, and becomes daughter 
product A. Similarly, daughter A decays into daughter 

B. Our problem is to find out at what time the number 

of atoms of daughter A is a maximum. 


Let us first look at decay I. It is observed 
experimentally that the rate of decay of any radio- 
active element is proportional to the number of 
atoms available for decay at a particular time t. 
Hence, 


1103 





GN (t) 
ae N(t) 





This can be written as an equation if we insert a 
constant of proportionality, A. In the case of radio- 
active decay, à is called the disintegration constant. 
Hence, 


aN(t) _ _ 
= = A N(t) 





where the minus sign indicates that the number of 
radioactive atoms of the parent element, N(t), is 
decreasing with time. Applying this equation to the 
decay of the parent to daughter product A, we obtain 


ani (e) ==) Ny N (t) (1) 


where A, is the disintegration constant for decay I, 
and Ni(t) is the number of parent atoms at any time t. 


Now, daughter product A gains radioactive atoms from 
decay process I, but also loses atoms due to its own 
decay. Hence, the time rate of change of atoms of 
daughter product A is given by 


GN 2 (t AN ; (t) 

Se) = - MK) L ect) (2) 
where A2 is the disintegration constant for decay 
II, and N2(t) is the number of atoms of daughter A 
at time t. (Note that we use - GN; (t)/dt in (2) be- 


cause the number of atoms gained by daughter A from 
decay I is greater than zero, but dN; (t)/dt < 0, 


from (1).) Using (1) in (2) 
Nate) = ay Milt) - Az No (t) (3) 


Solving the differential equation in (1) will give 
us N, (t) 


daN: (t) 


W(t) = os Ay dt 
Ni (t) AN; (t) t 
or Witty Seth, dt 
No 0 


where we assume that 


Ni(t) = No at t= 0 
Ni (t) = N; (t) at. sbi 
N: (t) 
Then 2N: (t) | = LS AE 
[No 
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and a Mt) 


n No ae Ait 


Taking the expotential of both sides of this equation, 
we obtain 


witey = h, et (4) 


Inserting (4) in (3) 


GN2 (t =t 
Mit) = Ar Note tT = Xe Nalt) 
or SpE + Xo No(t) = ANo e Mit 


Multiplying both sides by eñt 


ed2t AN 2 (t) Àt 


dE + À2 e No (t) = Ay No e fre “Ai)t 


PA Se [e> Na (t) | = A, No e(ì2 “A, )t 


Solving this differential equation 


d [er Na (t)| = à; No e (rz - ài)t dt 


and | d he Na (t) | = à; No | e 2 =e dt 





e2® y(t) = i a | e2 ET ne - ,)dt 
ke An 
N z 
at qopepen Ababa 2. Arlt cope (5) 





à27À1 


where C is a constant of integration. Noting that, at 
t = 0, there are no daughter atoms of type A, we can 
write 








N2 (0) = 0 
à No n 
and N;(0) = PRSA +C=0 
— — Ai_No 6 
Hence, C= ees (6) 


Inserting (6) in (5) 


e:t Na (t) = As ao efA2 TALE L 1) 
2 1 
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Solving for N2 (t) 


À N “Ait -ìt 
N2 (t) = Pue ti [e “ 


type 
This gives us the number of daughter atoms of ty 
Aas a suno Tion of time . This is a maximum when 


dN2(t) _ 9 
~ dt 
Ai N -Àt “rot z 
Then aN; (t) a gee |- fie bis Pie 


This equation is zero when 


Ar —(Az = àı)t 
or i © 
2 


Solving for t 


Ay 

— =z = - t = (A; = Ag2)t 

jA is (A2 Ai) ( 1 2) 

or t a y £ aE (7) 


> 


Ai = A2 n r2 


Hence, N2(t) is a maximum at the time given by (7). 
@ PROBLEM 1055 


Analyze the reaction where two neutral pions are created from the 


annihilation of a neutron-antineutron pair. Assume that the neutron 
and its twin were initially at rest (see figure). 





Before anti-neutron After i 


neutron 2 pions 


Solution: We wish to analyze the annihilation of a neutron-antineutron 
pair. We may relate the energies and momenta of the products of the 
annihilation to the energies and momenta of the neutron-antineutron 
pair by the laws of conservation of energy and momentun. 

Initially, the neutron and antineutron are at rest, and therefore, 


have only rest energy. Furthermore, the neutron and antineutron have 
equal masses, and 


2 = 
2m c Er + Fn (1) 


where "n", "m", “n," refer to the neutron and 2 pions respectively. 


Applying conservation of momentum, 


O=p +p, (2) 
T m 


since the neutron and antineutron are initially at rest. But, relati- 
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vistically, 


l- v/c 


where v is the velocity of the particle whose 
moment 
measure, and mọ is its rest mass. By (2) ti ae to 





“on, at “Ton, %9 
(3) 
1- v/c 1 - v/c 
But m, =m and 
om, on, , 
v -v 
1 2 
ee, 5 (4) 
tag 1 - 9! 


Taking the dot product of each side of (4) with itself, we hav i 
v. V= (v)(v) cos © = v) ’ e (since 


i % 
(1 - Ze) (1 2 4/¢) 
“hae 
1° Li Ze) 
4b - we) - 40-44) 


vr, (5) 


Therefore, the magnitudes of vy, and v, have the same value, say v. 
Using (2) and (3) 

m v m v 

on OT, 

1 4 2 

1-v/c l -v/c 
Hence the momenta of the 2 pions are equal and opposite. From (1), we 
may calculate the kinetic energies of T (Ta ) and T (Ta ). Noting 

1 2 

that the energy of any particle equals the sum of its rest energy and 


kinetic energy, we may write 


2 
a T4 
E (DE o a 


(6) 








0 = 


With (1) 


2m Ê = Ê +T + +T 
n ah T ei 7, 


But ™, = r, and 
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a N O Ťėş Oü 


2m o? - 2m_c* = Th + Ta, (7) 


The mass-energy of the two neutrons is 


E = amc = (2) (1.67 x 1072kg) (3 x 108n/s)? = 3x10 
n 


10, 


The rest mass-energy of the two neutral pions is 


= -11 
Eg 7 2m =, (2) (2.4 x 10 28kg) (s x 10°m/s)? = 4.3 X 10 “J 
Therefore X 5 
t. +r. =3x 107207 - 0.43 x w0 
T T 
1 2 
T +I = 2.57 x 107193 (8) 
T. T 
1 2 
To find how this energy is divided among the pions, note that 
m? 


E = 


JEFE 


where v is the velocity of the particle whose energy we wish to 
measure. Hence 





m, c 
E. = a 
"i 1- v/e 
2 
Mon © 
2 
E = 
2 l1- z/c 


mo g 
= 2 2 
nc +f =m ce + T 
a 1 h m" 
and 
T =T . 
Tu a 
Using (8), -10 
boak Ank I 
1 2 


@ PROBLEM 1056 







1r 4 14 1 
In the reaction 5B + Me = qN + o” , the masses of the boron 


and nitrogen atoms and the a-particle are 11.01280 amu, 14,00752 amu, 
and 4.00387 amu, respectively. If the incident Q@-particle had 5,250 
MeV of kinetic energy and the resultant neutron and nitrogen atom had 


energies of 3.260 MeV and 2.139 Mev, respectively, what is the mass of 
the neutron? 










Solution: We may apply the principle of conservation of total energy 
to this reaction. The total energy of the reactants is the sum of 
their rest mass energies iven by Einstein's mass-energy relation, 
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Te 2 
E est = me ) and their kinetic ee Hence, 
E react = me + mE + Ta (1) 


where B and œ stand for the boron and œ particle respectively. 
m stands for rest mass, and T for kinetic energy. (Note that the 


boron is initially at rest). Similarly, the total energy of the 
products is 


E = 2 +m 6? T T 
prod "y s ae (2) 


where N and n stand for the nitrogen and neutron, respectively. 
Then, equating (1) and (2) by the principle of conservation of total 
energy 


2 +m on +T = z? +m es +T 
R: a a7 y n 


N j Ta 


Solving for ma 


(@, + my - me” + o Tw 
b Ss ots Ma a Ee 





m 
c n 
T -T,-T 
m = ( +m -~ ) £ 2 N n) 
n mg Q my e? 
Substituting the given data 
m, = (11.01280 + 4.00387 - 14.00752) amu 
+ (5.250 - 2.139 - 3.260) Lad (3) 
c 
Now, S 
1 Mev = 10° ev = (10°)(1.602 x 10°» g/ev) 
1 MeV = 1.602 x 10}? 5 
and -13 
1 MeV _ 1.602 x eT Anaa E 
c 9 X 10 m /s 


Since 1 kg = 6.024 x 1026 amu 


te = G.78°% 107° kg) (6.024 x 1076 =) 


1 MeV _ -3 
ee 1.072272 x 10 amu 


c 
Then, (3) becomes 


-3 
m = 1.00915 amu - (.149) (1.072272 X 10 amu) 


= 1.00899 amu 


5 
l 


e PROBLEM 1057 






Calculate the mass of the light isotope of helium from 
the following reaction, which has a Q-value of 3.945 MeV: 












sLi® + ,H' = 2He* + zer. 


The masses in amu of ,H', 2He", and 3Li® are 1.00813, 
4.00386, and 6.01692, respectively. 











Solution; In the reaction 3.945 MeV of energy is 
released. By Einstein's mass energy relation 
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E = mc?, 


this energy is equivalent to a mass whose value is: 


m- E 3.945 x 108 ev 
c? 9 x 103° m?/s? 
Since l ev = 1.6 x 10 !° Joules 


m = (3-945 x 10° ev) (1.6 x 10°? Joules/eV) 


9 x 10! m?/s? 


m = 7.013 x 10 3° kg 
Converting this to atomic mass units by noting that 
l kg = 6.024 x 107° amu 


we obtain 


m = (7.013 x 107?’ kg) (6.024 x 1026 amu/kg) 


m = 4.23 x 10`? amu 


m -00423 amu 


This must be the difference in mass between reactants 
and products, or 


=” Mreact. T ™orod. (1) 


The sum of the masses of the initial particles is 


Mreact. 7 1-00813 + 6.01692 = 7.02505 amu (2) 


But 


M rod. = m i Mie (3) 


Using (3) in (1) 


m= Mreact. a ~ Mhe 
Hence, Mie = Mice. T my 7m 
Using (2) 


Mie = 7.02505 amu - 4.00386 amu - .00423 amu 


3.01696 amu 


THe 


This must be the mass of an atom of the light isotope 
of helium. 


© PROBLEM 1058 





A deuterium atom moving with kinetic energy of 0.81 x 
10°*? J collides with a similar atom at rest. A nuclear 
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inelastic reaction takes place and a neutron is observed 
to be emitted at right angles to the original direction 
of motion. Determine its kinetic energy, given that the 
other product of the reaction is an atom of the light 

isotope of helium and that the rest masses of a neutron, 
a deuterium atom, and a light helium atom are 1.6747, 

3.3441, and 5.0076, respectively, in units of 107?’ kg. 





Solution: Before doing this problem, we must see if it 
IS necessary to use relativistic considerations. The 


total relativistic energy of a particle is the sum of its 
rest mass energy and itS relativistic kinetic energy, or 


E = mc? +T 


where mọ is the particle's rest mass. Hence, 


T = E - moc? 


moc*/V1 - v?/c? 


But E 


where v is the particle's velocity. Therefore, 


T = moc? a ae 
41 - v?/c? 


Solving for v/c, 


ee ee 1 


2 
= Jl - v?/c? 














2 
T + a 
For the incident deuterium atom, 


als 
l 


n 1 - (O2 10.77 kg x 9 x 10'® m?/s*) 2 
.81 x 10-}? J + (3.3441 x 10-27 kgx9x10!6m?/s?°) 


or = 5.382 x 107" 


Since this is very small, the problem is extremely non- 
relativistic. We now proceed with a classical analysis of 
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the collision. 


Looking at the figure, we may write the following 
2 equations from the principle of conservation of momentum. 


MV = M,v2 cos () (1) 
mV = M,v2 sin 0 (2) 


Since the collision is inelastic, we must account for the 
fact that energy, Q, is gained or lost in the reaction. 
Hence, the principle of conservation of energy yields 


k mv? +Q=% mvi + & mv (3) 
If Q > 0, energy is released in the reaction, and is 
absorbed as kinetic energy by the reaction products. Now 


we solve for v, in terms of Q. 


First, square (1) and (2), then add 


2 





maV = mav? cos? 9 
, — 2.22 boo 
+ movi = mV2 sin^ 90 
Eya tvi a wiwi 
mpy + mV? myy? 
‘ mv? + movi 
or EE (4) 
-H 
From (3) mv = 2Q + mv? - mV? (5) 
1 


Combining (4) and (5) 
22 2r 2 
A may + a al | 
My 


2Q + mpy’ - mv? = 
or 2Qm,, + mp m,.v? - mmivi = miv? + mivi 


(mi + mm, vf = 20m, + (mm, - mê jy? 
, _ 22m + m(m, -m v? 


Finally, vi 
MaMa * My 


Q m, +k mv? - 
ana yayi = OH t A oY nohia Pad (6) 


(m, + mg) 


This is the neutron kinetic energy. 





Now, note that in (6), we have an unknown variable, 
namely, Q. 


But, we can obtain Q by noting that the only 


1112 


mechanism which can be responsible for Q is a difference 
in mass between the products and reactants of the 
collision. This follows from Einstein's mass-energy 
relation, since a mass difference Am is equivalent to 

an energy 


E = (Am)c? (7) 


Now, the mass entering the reaction is the sum of the 
masses of the incident and target deuterons, or 


2 mp (8) 
The sum of the masses of the products is 


m + m 
n H 


Hence, Am ma + My - 2 mp 


Am [1.6747 + 5.0076 - 2(3.3441)] x 107?7 kg 


Am = 59 x 107°! kg 
Now, Q=E= (59 x 107°?! kg)(9 x 10'® m?/s”) 


G = 5.34 ¥ 104 T (9) 
Inserting (9) and the given data in (6), we obtain 


2+, 
k vie 


(5.31x1071 3g) (5.0076x10~2 kg) +(.81x107} J) (5.0076-3. 3441 KIO" Ky, 
(1.6747 + 5.0076) x 107?’ xg) 


_ 26.5904 x 107"° + 1.3474 x 10t J 
6.6823 x T0327 


a- 1809 z rori T 


© PROBLEM 1059 


Given the rest masses of the various particles and nuclei involved 
in the fission 


1 35 141 92 1 
o? + pE 5622 + 36% + 390 > 


calculate the energy released in ergs and electron volts. 





Solution; The nuclear masses will be quoted in qomic mass units or u. 
The atomic mass unit is 1/12 of the mass of a 6° atom. The reaction 


is 
1 EEE: 141 92 1 
o? + oo 5654 + 36%" + 397 
The masses of the reacting particles are 
Mass of neutron, or? = 1.0087 u 
Mass of Ol as = 235.0439 u 
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Combined mass of reactants = 236.0526 u 
The masses of the products are 
141 


Mass of „,„Ba 140.9139 u 


56 


Mass of 368° 


Mass of three neutrons, 3n} = 3.0261 u 
Combined mass of products = 235.8373 u 


92 


91.8973 u 


The mass of the reactants is greater than the mass of the products by 
0.2153 u. Hence, if all this mass is converted to energy, we have, by 
Einstein's mass energy relation, an equivalent amount of energy of 


E = m = (0.2153 u)c* 
But, lu. = 1.66 x 10°? gm 


E = (0.2153 u) (.66 x 107*4 gm/u) (9 x 10° cai /8?) 
= 3.27 x 10° fée 
1 


But 1 erg = ET SS | | eV and 
1.6 x 10 
-4 


3.21 10 er 
;* -12 
1.6 x 10 ““erg/eV 


= 2.01 x 10° ev (1) 
The energy released in the fission of one uranium 235 nucleus is 201 MeV. 
Conventional fuels and conventional explosives release their energy by 
means of chemical reactions. The energy liberated in a chemical reac- 
tion is due to a readjustment of the behavior of electrons in atoms and 
molecules. A good idea of its order of magnitude may be obtained by 
comparing the E calculated above with the energy needed to re- 
move an electron from a hydrogen atom(the ionization energy of 
hydrogen). 


Ionization energy of hydrogen = 2.18 x io 8 sxe 


_ 2.18 x 1071} 


1.60 x 10°12 
= 13.6 eV (2) 


Comparing equations (1) and (2) we see that the fission of one nucleus 
of uranium 235 releases about ten million times as much energy as a 

chemical reaction between one or two atoms. One pound of uranium re- 
leases as much energy as several thousand tons of a conventional fuel. 


© PROBLEM 1060 


eV 






When lithium is bombarded by 10-MeV deuterons, neutrons are 
observed to emerge at right angles to the direction of the incident 
beam, Calculate the energy of these neutrons and the energy and 
angle of regoil of the associated beryllium atom, Relevant masses in 
amu are: 






n = 1,00893, git? = 7.01784, au = 2.01472, and gpe® = 8.00776, 


Solution; Since the deuteron's kinetic energy is much smaller than 
its rest mass energy (œ 1876 MeV), the collision is non-relativistic, 
The equation governing the reaction is 


git” 4 H? 1 8 


(0) 










Porat wr 
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The sum of the masses of the initial atoms is 9.03256 amu, and of the 
final atoms 9.01669 amu. The difference in mass, 0,01587 amu, appears, 
by Einstein's mass-energy relation, as 


E = (.01587 amu)c” 
amount of kinetic energy. Hence, 
E = (.01587 amu) (1.66 x 10°7"Kg) (9 x 10°° m/s”) 
E = 14.77 MeV 


Since total energy (that is, rest mass energy plus kinetic energy) 
is conserved in the reaction, the final products have a combined 
kinetic energy of 

(10 + 14,77)MeV = 24.77 Mev . 


When we remember that the momentum of a particle p is related to 
its kinetic energy E by the relation p = »/2nE, then the principle 
of conservation of momentum, applied in the initial direction and at 
right angles to it, gives the following equations, in self-explanatory 
notation: (see figure) 


JE = Jae cs ° (1) 


and 
JANEN = [mos sin 0 (2) 
2 Ep + angy = hy © 
It was also shown above that 
Ey = Eg = 24,77 MeV. (4) 
Solving (4) for Ex 
Ey = 24,77 MeV - ER (5) 


Using (5) in (3) 


Pay + My(24.77 MeV) ~ 2m, = AE, 


Solving for Eg 


e (m + m) = mE, + m,, (24.77 MeV) 


m Ep + (24.77 Mev) 
To seco T 
_ (2.01472 amu) (10 MeV) + (1.00893 amu)(24.77 MeV) 
E, = — -8.00776 amu + 1.00893 amu 


peo ae = 5.01 MeV 
-O1 amu 


or 





whence 


Using this in (5) 


Ea = 24,77 MeV - 5.01 MeV = 19.76 MeV 
Further, we obtain for the angle of recoil (using (1) and (4) 
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Gus N_ (1.00893 amu)(19.76 MeV) 
—s mi / (2.01472amu) (10 Mev) 


c 


= /.9895 = .9948 


Hence, 9 = 44°50' , 
@ PROBLEM 1061 


| verify that the fusion of four protons releases approxi- 
mately 25 MeV for the proton-proton fusion cycle. 


Solution: The fusion of two hydrogen atoms produces one 
deuterium atom 





1 i 2 + 
1# + 74 > 1# +e + Ver (1) 
The fusion of deuterium with hydrogen produces the helium 


atom 


1 2 3 

1H + 1# ae 2He +X (2) 
Finally, the fusion of helium with helium gives 

3 3 4 1 1 

He + He ia gle + 14 + 1#- (3) 


The chain of events (1), (2) and (3) is known as the 
proton-proton cycle,which is one of the schemes offered to 
describe the conversion of hydrogen into helium 
in stars. 


If we multiply equations (l) and (2) by two and sum 
the resulting equations and (3), we get 


21H + 214 — 27H dal 2vo 
21H + 2?H —23He + 2y 
3He + He — $He + iH + iH 
oly + 27H + 23He > 27H + 27H + 23He + tue + 2e% + 2v, + 2y 


1 4 + 
or 41H — „He + 2e + 2Vo + 2Y 


Before the reaction the total nuclear mass is: 


4 x (Atomic mass of hydrogen) = 4 x 1.0073 amu 
= 4.0292 amu 
After reaction the total mass is 
Atomic mass of fie + 2 x (mass of positron) 
= (4.0015 + 2 x 0.0011) amu = 4.0026 amu 


The energy released in the fusion reaction is equivalent 
to the difference in mass: 


4.0292 - 4.0026 = 0.0266 amu 


Mi 
= (931 ZV ) (0.0266 amu) = 25 Mev. 
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CHAPTER 37 


SPECIAL ADVANCED PROBLEMS 






Basic Attacks and Strategies for Solving 
Problems in this Chapter. See pages 1118 to 
1169 for step-by-step solutions to problems. 






For solving other problems and advanced problems, one should first 
use any of the methods from the previous chapters. These include Newton’s 
three laws, Maxwell’s equations, relativity, quantum mechanics, and the 
four laws of thermodynamics. Also of great utility in attacking a problem 
are the conservation laws: mass, momentum, angular momentum, energy. 


One possible advanced topic is that of alpha decay. One begins the 
problem with the one dimensional Schroedinger equation 


~ A? /2m a widr? + Vy = Ey. 


In the WKB approximation, one tries y = eS as a solution and neglects 
S7. Let 


k(r) = ~/ 2m(V(r)-E)/A. 


Then, upon substitution, one finds S(r) = f k(r) dr. Alpha decay is similar 
to barrier penetration with the barrier that of the Coulomb potential V(r) 
= 2Ze?/r. The transmission probability is 
-2 f k(r) dr 
T =ypy*=e ; 
The transmission probability is related to the half life by t, = 10” /T sec. 


Another advanced topic involves the Lagrange equations. The La- 
grangian of a particle is L = T — U. Lagrange’s equation states 


dL/ dq — d/dt (@L/ ðq) = 0 


for any variable q. For example, consider the simple harmonic oscillator. 
The kinetic energy is KE = 1/2 mx? and the potential energy is U = 1/2 kx’. 
Thus the Lagrangian is L = 1/2 mx? - 1/2 kx”. Lagrange’s equation is then 
aL/ax - d/dt (@L/ax) = 0 or -kx — d/dt (mx) = 0. We thus obtain the 
standard EOM for SHM mx + kx = 0 without using the concept of force! 


1117 





Step-by-Step Solutions to 
Problems in this Chapter, 
“Special Advanced Problems” 





BASIC KINETICS AND KINEMATICS 
© PROBLEM 1062 


In the two pulley systems shown in Fig. la, determine the 
velocity and acceleration of block 3 when blocks 1 and 2 


have the velocities and acceleration shown. 





v,72 ft/sec 


aj=1 or 





v= 3ft/sec | 





2 

a= 2 ft/sec f fig.1b 

fig: 14 

Solution: Figure lb defines the positions relative to 


the fixed pulley A needed to solve solve this problem. 


! 
The lengths of the cord are assumed to be constant and 
the section of cord over the Pulleys to remain constant, 
thus yielding the following constraint equations 


Yr + Yo Biy (a) 
(Ya SR) PY Se RE, 

OE ICY ah YEN Oy, eK i (b) 
Differentiating each equation (a) and (b) twice yields: 


yi ky, = 0 (c) 
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Yi tyy 2% (a) 


Ye + Ys - 2¥, F 0 (e) 
Yo + ¥3 - 2¥,, #350 (£3 


These equations lead directly to the desired solutions 
upon substitution of the information from Figure la. If 
it is supposed that down is positive, then 


vi = yi = - 2 ft/sec, v2 = Yo = 3 ft/sec, 

(g) 
ay = Vi =] ft/sec’, a2 = Vo =- 2 ft/sec’. 
First solve (c) and (d) to find the motion of pulley 

B. 
- 2 ft/sec + Yp = 0 
Yg = 2 ft/sec (h) 


1 ft/sec? + Ys = 0 


a - 1 ft/sec”. (i) 


Now using (g), (h) and (i) in equations (e) and (f), 
it is possible to obtain the desired results: 


3 ft/sec + y, - 2 (2 ft/sec) 


0 


y3 = 1 ft/sec 
- 2 ft/sec? + |, - 2 (- 1 ft/sec”) = 0 
y; = 0 
Thus, block 3 is moving down with a constant velocity 


va a 1 See © PROBLEM 1063 


A braking device in a rifle is designed to reduce recoil. 
It consists of a piston attached to the barrel. The 
piston moves in a cylinder filled with oil. When the 
shot is fired the barrel and the piston recoil at an 
initial velocity Vo. The oil under pressure passes 


through tiny holes in the piston causing the piston and 
the barrel to decelerate at a rate proportional to their 
velocity a = -kv. Express (a) v in terms of t, (b) x in 
terms of t, (c) v in terms of x. Draw the corresponding 
motion curves. 
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PISTON 


OIL 
Fig. 1 


Solution: (a) The basic definition of acceleration is 


_ dv 


a= - (a) 


Substituting the expression given for the accelera- 
tion yields 


-kv = 3. (b) 


Rearranging to separate variables yields 


a 
-kdt= =a (c) 


Now it is possible to integrate equation (c) to get 


t v 
-k| af a 
0 Vo 
tokteRol 57 R (a) 


If antilogs of equation (d) are taken,we arrive at 
the desired form 


y = Va e (e) 


This curve is shown in Figure 2. 
v 


Yo 


o 
Fig. 2 t 


(b) Again, starting with a basic definition, this time 
for v, we have 


_ ax 
P aoe (£) 


Substitution of the expression (e) into (f) yields 


-kt _ dx 
iSi muge 
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Vo ae dt = dx. (g) 


Integrating (g) 
C x 
Vo | a e dt 
0 0 


ul 
Say, 

Q 

*“ 





t 
J sie 
= (e7*t -e°) =x, 
x= we (1 - ey, (h) 





Fig. 3 


(c) Part c may be done in two ways: 


Using the chain rule for differentials, equation (a) 
may be rewritten 


_ dv _ dx dv _ y av 
a= ae ~ at dx “dx ° (i) 
Substituting a = - kv in equation (i), we get 

oy ae 
kv =v i 
QV. = 
or ax k, 
dv = - k dx. 


Integrating to solve yields 
v- Vo = = kx 
or V = Vo = kx. 


As an alternate method, equations (e) and (h) can be 
combined. From (e) we know 


a Mnosdts 
Vo k; 


Substituting for the exponential in (h) yields 
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mt Ds a a 
x k [2 z) 


or kx Vo ~= Vv 
or v = Vo -= kx. 


This curve is illustrated in Figure 4. 


v 
Yo 
o v 7 
Fig. 4 2 

3 k 


© PROBLEM 1064 


Two blocks, A and B, are attached by a cord wrapped around 
a frictionless, massless pulley, C. The coefficient of 
friction between each block and the horizontal platform is 


0.3. Block A weighs 10 lb, block B weighs 20 lb. If the 
platform rotates about the vertical axis shown, determine 


the angular speed at which the blocks start to slide radi- 
ally. 













LLL LLM 
WZZZZLLLL LLL 





To 


NSSS N 


LLL 


Solution: The two blocks will start sliding radially when 
the centrifugal force on B is sufficient to overcome (a) the 
force of friction between block B and the table and (b) the 
tension in the cord which is equal to the centrifugal force 
on block A plus the force of friction between block A and 


the table. Using the formula for centrifugal force; 
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and for friction: Fr, = uW, 


where W is the weight of a block, w is the angular velocity, 


r the radius, g = 32 ft/sec *, the acceleration due to gravity, 
and u the coefficient of static friction, we can write the 
desired equation as: 


sa Wg +b Wont oa 


where the subscripts A and B refer to the two blocks. 








W, w? r W. wr 
B B A A 
5 - 5 =u (Pa + Mal 
2 
w* iW, rp -~ W, T ) 
B B A” Are 
g =u (wa + wa) 





Substituting the numerical values, yields 


> yR AOR 207. PT . , 
w= $e a She ¥7.2 = 2.68 radians/sec. 


ENERGY METHODS 
@ PROBLEM 1065 


A slender homogeneous bar, shown in Figure l, is 4 ft long 
and weighs 1.2 lb. A spring is attached to it as shown, 
3 ft from the lower end which is hinged. When the bar is 


in a vertical position the spring is compressed 0.12 ft. 
The bar is released from rest. What should the spring con- 
stant be if the bar comes to rest when it just reaches the 
horizontal position, Figure 2? 





1123 








ft 


@1.2ft 


1 


3 it 


2 ft 


Fig. l 





Solution: The system is conservative since only spring and 
gravity forces are acting, and if the hinge is assumed to 
be frictionless. We therefore use the principle of conser- 


vation of mechanical energy, i.e., 


(KE) + (PE), = (KE) 5 + (PE) 5 


(Bar in vertical (Bar in horizontal 
position, 1) position, 2.) 


Further, since the bar is at rest in both positions, 
the above equation reduces to 
= 1 
(PE), = (PE), (1) 
The potential energy of the system is the sum of that 
of the spring and the gravitational potential energy. Poten- 
tial energy of a spring is 5 K 6? where K is the spring con- 


stant and 6 its extension or compression. In position l, 
ô = 0.12 ft. Thus the free length of the spring is 1.2 


+ 0.12 = 1.32 ft. In position 2, the length of the spring 
is (4.27 + 37)'/? = 5.16 ft. Thus 6, = 5.16 - 1.32 = 3.84 ft. 


The gravitational potential energy of a mass m is mgh where 
h is the height of its center of gravity above the datum. 
Let us assume the datum to be the horizontal plane passing 
through the hinge at O. Thus the total potential energies 
in the two positions are: 


(PE), = ž K (0.12) + (1.2) (2) 
= 0.0072 K + 2.4 ft-lb 

i 

2 


K (3.84)? + (1.2) (0) 
7.378 K £t-lb. 
Substituting these values into equation (1) yields 
0.0072 K + 2.4 = 7.378 K 
or K = 0.3256 lb/ft. 


(PE) 5 
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Note that this is not the equilibrium position. The 
bar will oscillate. The bottom position will be an amplitude 
extreme, where the bar is momentarily at rest. To consider 
the equilibrium position we need to use force equilibrium. 


e PROBLEM 1066 


A child of mass m sits in a swing of negligible mass suspen- 
ded by a rope of length L. Assume that the dimensions of 
the child are negligible compared with 2. His father pulls 
the child back until the rope makes an angle of one radian 
with the vertical, then pushes with a force F = mg along 

the arc of the circle, releasing at the vertical. 


a) How high up will the swing go? 
b) How long did the father push? 


Compare this with the time needed for the swing to reach the 
vertical position with no push. 








Solution: The father does work in pushing the swing. The 
work done increases the total energy of the swing and child 
as the swing moves from its initial position, ðo = 1 radian, 





to the vertical position where the father stops pushing. 
From that point on, total energy of the swing and child re- 
mains constant. 


Work done by the father is found from 


w= [#F-az- | Far cose (1) 


where r is the distance along the path. 
285 
W= mg cos (0°) dr = mghO> . (2) 
0 


(a) Now we can use conservation of energy to find how 
high the swing goes. (Let the potential of the swing and 
child be O at the vertical position where the father lets 
go.) 


(PE at 95) +W=PEat9 =E = constant (3) 


total 


mg (2 - & cos 69) + mgłlOo =mg (£ - & cos 6) 
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mg& (l - cos 0o + 89) 


mgg (1 - cos 9) 
l1 -0.54 +1 =1- cos 6 
cos 6 = 0.46 
8 = 63° above the horizon. 


b) We need to find the tangential acceleration of the 
velocity of the swing at the bottom of its arc, which can 
be found by a second application of the conservation of 
energy principle as follows: 


PEt 9 + W = KE =E 


at bottom total (4) 


mg& (1 - cos 6) + mgl@> = 3 mv? 


mge (1.46) + mgt = 3 mv? 
v? = 2 gk (2.46) = 4.92 gh (5) 


Application of Newton's Law allows us to find the 
tangential acceleration, ap 


IF,, = ma 


T T 


mg + mg sin 6) = ma,, (6) 


But mg sin 68), the component of gravity in the tangen- 


tial direction, does not stay constant. It gets smaller 
as the angle decreases. Thus, the tangential acceleration 
is not constant. We can obtain an approximate solution by 
integrating the gravity force between O and 6), and using 


that equivalent force. 
8 9 
| mg sin 0 d 6 
(0) 


65 = 1 rad 


- mg cos 6 
(0) 


[- 0.54 + 1] mg 


0.46 mg (7) 


Substituting this value for mg sin 6») in Equation (6) 
yields 


mg + 0.46 mg = mam 


a 


T 1.46 g. 


Now to find how long the father pushed write 


an =z, = 1.46 g 
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v £ 
| av = 1.46 g | dt 
oO o 


Vv 


E E 


Using the value of v from Equation (5) yields 
Er 4.92 gh 
t= “eo 9 


Jı 
t =1.52 3° 


The force decelerating the child will be the gravity 
force. This force will be of the magnitude given in equa- 
tion (7). Writing F = ma, 


0.46 mg ma 
a= 0.46 g. 
The time will again be given by 


Vv 


wie k 


If there is no push, conservation of energy yields a 
velocity of Y 2 gk (1 - cos 69). Substituting this in equa- 
tion (8) yields 


eta z ©: 46) 
sie fA, 





t 


ANGULAR MOMENTUM 
© PROBLEM 1067 


A particle of mass m is released from rest at point a in Fig. 1 
falling parallel to the (vertical) y-axis. (a) Find the torque 
acting on m at any time t, with respect to origin O. (b) Find 


the angular momentum of m at any time t, with respect to this 
same origin. (c) Show that the relation T = dl/dt yeilds a 
correct result when applied to this problem. 





Solution: (a) The torque is given by T = r x F, its magnitude 
being given by 


t = YF Bind. 
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r sin® = b and F = mg so that 


T = mgb = a constant. 





F(= mg), p(= mv) 
Figure 1 


Note that the torque is simply the product of the force (mg) 
times the moment arm (b). The right-hand rule shows that T 
is directed perpendicularly into the figure. 

(b) The angular momentum is given by l = r x p, its 
magnitude being given by 


1 = rp sind. 


r sin® = b and p = mv = m(gt) so that 


1 


mgbt. 


The right- hand rule shows that 1 is directed perpendicularly 
into the figure, which means that l and T are parallel vectors. 
The vector 1 changes with time in magnitude only, its direction 
always remaining the same in this case. 

(c) Since dl, the change in 1, and T are parallel, we can 
replace the vector relation T = dl/dt by the scalar relation 


T = dl/dt. 
Using the expression for T and 1 from (a) and (b) above 
a im 
mgb = at (mgbt) = mgb, 
Which is an identity. Thus the relation T = dl/dt yields 
correct results in this case. Canceling the constant b out 


of the first two terms above substituting for gt the equiva- 
lent quantity v, 
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2 (mv) 
mg = ae 


Since mg = F and mv = p, this is the familiar result F = dp/dt. 
Thus, relations such as T = dl/dt, though often vastly useful, 
are not new basic postulates of classical mechanics but are 
rather the reformulation of the Newtonian laws for rotational 
motion. 

Note that the values of T and 1 depend on choice of origin, 
that is, on b. In particular, if b = 0, then T = O andl = 0. 


© PROBLEM 1068 


Show that the angular momentum of a particle about a point 0 
will be equal to zero if any one of the following conditions 


applies 
(a) 
(b) the particle is at point 0 


(c) È is parallel (or anti-parallel) to xr 


-> 
P 


Solution: In general, for a particle of mass m and velocity 





v= (vı + v2 s] + v3 k) located a distance r from point 0, 
m 
Ý 


H-> b> 


A a > > > 
= (x, Sake SS Ns ge k); angular momentum L =r xm V. 


In scalar form, this equation becomes L = r m v sin 9 
where 6 is the angle between X and v. 


a) P=mv. If È=0 thenmv must be 0. 
L =r (0) sin 6 
L = 0 


b) If the particle is located at point 0 then r=0 
and r = 0. 


(0) (m v) sin 6 = 0 
L=0 


c) If is parallel or anti-parallel to r then V is 
parallel or anti-parallel to Ý since Ē has the same 


1129 


direction as v because m is a scalar. If ¥ is 
parallel or anti-parallel to T then 9 = 0° or 180°. 
In either case, sin 0 = 0. 


rmv (0) = 0 


L=0 
© PROBLEM 1069 


In Figure 1, a small object of mass m is attached to a light 
string which passes through a hollow tube. The tube is held 
by one hand and the string by the other. The object is set 

into rotation in a circle of radius rı with a speed vı. The 


string is then pulled down, shortening the radius of the path 
to r2. Find the new linear speed vz and the new angular speed 
w2 of the object in terms of the initial values vı and w; and 
the two radii. 





Figure 1 





Solution: The downward pull on the string is transmitted as 
a radial force on the object. Such a force exerts a zero 
torque on the object about the center of rotation. Since no 
torque acts on the object about its axis of rotation, its 
angular momentum in that direction is constant. Hence 


initial angular momentum = final angular momentum, 
mviırı = Mvo2re, 


and 
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r 
ss fy Aami a) . 


Since rı > r2, the object speeds up on being pulled in. 
In terms of angular speed, since vı equals wırı and v2 


equals W2Yr2, 


mr), 201 = mr2 “We 


and x 2 
W2 = cot Wi, 
2 


so that there is an even greater increase in angular speed 
over the initial value. 


© PROBLEM 1070 


A particle of mass m is attached to the end of a string and 
moves in a circle of radius r on a frictionless horizontal 
table. The string passes through a frictionless hole in the 
table and, initially, the other end is fixed. 


a) If the string is pulled so that the radius of the circular 
orbit decreases, how does the angular velocity change if it is 
Wy when r = r? 


b) What work is done when the particle is pulled slowly in 


from a radius ro to a radius r /2? 





Fig. 1 


Solution: a) In this problem, no external torques act on the 
particle, therefore, angular momentum is conserved. Angular 


> 
momentum, L, equals r x mv and, for this problem, L = mr? w 


. . . . > > 
since the motion is circular and rw = v. 


If the strings length is altered from a to r, the angular 
rotation changes from Wo to w. 
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However, L = L, (angular momentum is conserved) and it 
2 


follows that mr’w = mro? wos 


Rearranging the above expression and dividing by m yields 


2 2 
r 27 w 
ws eb See ön _|*o ü 
taper aL 7 
£ r o 


b) The work done shortening the string is equal to the 
integral of the tension in the string times an infinitesimal 


distance integrated over the total length change. Mathemati- 
cally, this is written as 
Yo/2 
W= T > dr 
7 
o 
where W is work and T is tension. 


The tension in the string is merely the centripetal force 
in this problem. 


mrw*dr. 


r/2 
Integrating, W= Í 


r 
o 


Using the expression for w from part a), 


r /2 e ie 2 
gi 2 
ro 
{2 


= 
i] 
F 
€ 
N 
| ! | w 
Nje 
— 
a 
——— 
= 
o 
DS 
N 
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The negative sign indicates that the work is done on the 
particle, which is as it should be. 


e PROBLEM 1071 


A small ball swings in a horizontal circle at the end of a 
cord of length &%, which forms an angle 6: with the vertical. 
The cord is slowly shortened by pulling it through a hole in 
its support until the free length is 22 and the ball is moving 


at an angle 62 from the vertical. a) Derive a relation between 
kis &2, 91, and 82. b) If £, = 600 mm, 6; = 30° and, after 
shortening, 92 = 60°, determine 2&2. 


T 
~ n 
n 
F =mv 2 
c nm /Y 
——> n 
edhe 
7 
: m 
`“ n7 g 


` 
SO a - 


Vv 
n 








Solution: In the system shown, Rn is the cord length, am is 
the cone angle cut out by the cord as it revolves, Fa is the 
distance from the mass to the axis of rotation, and Yn is the 
velocity of the mass. 

To find the relationship between 21, %2, 9; and 82 when 
the cord is shortened from k, to %2, one should first analyze 
a free body diagram of the particle. 


Since the particle is in a circular motion, the inward 
component of T must supply the centripetal force, m vi/t a: 


m n 
Tha sin jan = z (1) 
n 





Also, the vertical component of T must balance the weight. 


T cos a, =emg (2) 
Dividing (1) by (2) yields: 


m vn vn 
Oa i Rca ke (3) 
Sh te 


Tan 6. = 
n 


; One more relationship is needed to solve the problem. 
Since no external torques act on the system, angular momentum 
L is conserved. 
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Lpac® L2 
m ri Vi = Mmr? V2 


Yi Vi = r2 V2. (4) 


If one rearranges (3), 


3 St: e es 
gr, tan on = Xn Mae (5) 
From (4), it follows that (rı vı)? = (r2 v2) (6) 


Combining (5) and (6), g rı? tan 6; =g r2? tan 02. (7) 


Finally, from geometry, P” Aa sin 4 (8) 


Using this relation in (7) and dividing both sides by g pro- 
duces the desired result. 


(2, sin 6,)* tan 6; = (£2 sin 02)? tan 62. 


In this problem, 2, = .6m, 6,= 30°, 62= 60° 
Solving for £2 yields 
; (2; sin 6,)* tan 6, 


Ro = 
sin 6,3 tan 02 


2, sin 6; ,/taner 
ho = “Sin 02 tan 62’ 
and substituting in the numbers yields 


da -6 m (sin 30°) 3;/tan 30° 
aa sin 60° tan 60° 


-6 m (.5) s/ .58 


(.87) Lads 
= .24 m. 


e PROBLEM 1072 


The pendulum in figure 1 consists of a homogeneous prismatic 
bar of mass m and length 4, which hangs at rest on its fric- 
tionless suspension O. A spherical pellet of mass m travels 
with a horizontal velocity n and strikes it in the middle. 


Immediately after the impact, the pellet moves with velocity 


v, to the right and the pendulum begins to rotate about O 
with initial angular velocity w. Solve for v, and w in terms 
of v, for the cases in which the collision is: 1.) completely 
elastic, and 2.) completely inelastic. 
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Fig. 1 


Solution: Since not only the normal force, but also the . 
reaction at O, becomes large during the impact, the principle 
of impulsive forces is useless for the determination of v, 
and w. However, here we can apply the principle of impul- 
sive moments about O. 


The angular momentum about O of the system of two 
bodies before the impulse originates from the pellet alone. 
It is normal to the plane of motion and has the magnitude 


r 8: 
H =mzv (1) 


ol 


The total angular momentum immediately after the in- 
pulse has the same direction and the magnitude 


1 Eee ni 
H  =mZv, + “> ¥. (2) 


The second term in equation (2) is the angular momen- 
tum of the bar, Iw, where I is the moment of inertia of the 
bar about O, which is equal to me?/3. 


Since no external forces that have a static moment 
about O become large during the impulse, we have Ho, = Hoo! 


or substituting the values from (1) and (2), 


g me? 
2+% v=mý v. (3) 


If the impulse is elastic the kinetic energy of the 
system is conserved. Thus we have 


M 2 

= 57 Via (4) 
Hence, by (3) and (4) we have the following equations 

for the determination of v, and w: 


Vart FLOR Vie ss +3 & w v’. 


-nN 


In addition, we have the requirement that (2/2)w > v,. 
The solution yields 
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v 
w = 12 T and v, =- 3 Vie 


Thus, both bodies move after the impulse, and in such 
a way that the speed of the pellet relative to the pendulum 
if v, = £/2w - V, = V, to the left. The velocity of the 


pellet relative to the pendulum is reversed. 
If the pellet remains imbedded in the pendulum, the 


impulse is completely inelastic. Then, instead of (4), we 
have the condition 


v, = Su. (5) 


and, from (3) and (4) it follows that 


= he 3 
w= 7? and v, = 7 Vie 


© PROBLEM 1073 


A gyroscope consists of a uniform circular disk of mass 
M = 1 kg and radius R = 0.2 m. The disk spins with an an- 


gular velocity w = 400 sec}. The gyroscope precesses with 


the axes making an angle of 30° with the horizontal. The 
gyroscope wheel is attached to its axis at a point a dis- 
tance 2 = 0.3 m from the pivot which supports the whole 
structure. What is the precessional angular velocity? 








Solution: First, establish the general formula for regular 
precession. Refer to the figure. |L| = Iw for a symmetric 
object spinning around its symmetry axis. The torque T 
from the weight is mg sin aj this is directed perpendicu- 
lar to the plane containing L and the vertical axis, ac- 
cording to the rule for a vector cross product. In a time 
ât the torque effects a change AL = Tt = mgg sin adt in 
the angular momentum, also perpendicular to L. Thus, after 
At, the angular momentum will have changed its direction; 
the horizontal component will have moved by an angle 

A0 = NAt. (QR is the precessional_ angular velocity.) There 
is no change in the magnitude of È since its increment A 


\ 
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is perpendicular. Comparing the arg length to radius in 
the circle described by the tip of L, the result is 

A® = AL/(L sin a); L sina is the radius of this circle. 
Thus, Q = A6/At = (1/L sin a) (AL/At). Substituting the 
above expressions for L and AL gives 


Q = 1ftw sin a) (mgt sin adt/At) = mgt/ (Iw). 


2 
For the uniform disk we have I = gar’, so 2 = 2gh/(R°w). 


Use g = 9.8 m/s*, R= 0.2 m, w = 400 sl, 2= 0.3m. All 
these are mks units. Then, 


=) 
Q = 2+9.8 + 0.3/[(0.2)7 + 400] ~ 0.368 8. 


Note that the precessional angular velocity does not depend 
on the mass of the disk nor on the angle that its axes makes 
with the horizontal. 


© PROBLEM 1074 





The rate of steady precession ¢ of the cone shown about the 
vertical is observed to be 20 rpm. Knowing,that r = 100 mm 
and h = 200 mm, determine the rate of spin » of the cone 
about its axis of symmetry if B = 135°. 








Fig. 1 Fig. 2 


Solution: Choose a coordinate system i, 3. k which is fixed 
In the cone with k along the axis of symmetry. K is a unit 
vector fixed in space along the vertical. The cone has 
radius,r, h ight h, and its center of mass is located a dis- 
tance a = ak from 0 on the symmetry axis. The cone pre- 
cesses about the vertical with a constant angular velocity 
p = ġ. The spin aboyt the s etry axis is s = ý. 

From figure 1, K = sin ßi + cos ®k. The angular momen- 
tum vector lies in the x, z plane. 


> A a 
w = w,i + sk. 
The center of mass, C, rotates about ù with a velocity 


A =o xae= (wf + sk) x ak = -au,3. 
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In the fixed system, C r : 
velocity Y ' otates around the vertical with 


ve = pk x &@ = (p sin gi + p cos Bk) x ak 


= -ap sin 85. 


oe both velocities are for the same point, a comparison 
gives 


w =P sin 8B. 


The only force acting ọn the top is the weight Ñ= mgk. 
It produces a torque, T, about 0 of 


?=äxW=akx mgk = ak x mg(sin B1 + cos Bk) 
= amg sin 89. (1) 
The angular momentum is given by 
i= TW i + I sk. 
L also lies in the x, Z plane and rotates with it about the 


vertical. From Newton's Second Law T= gt, the rate of 
i of a fixed vector in a rotating coordinate system is 
a: * 4 x Å. In this case 


T= pk x= p(sin Bi + cos Bk) x (pi + 18k) 


= (p71, cos ß sin 8 - pI,s sin B)j. 


Comparing this with equation (1) and substituting in 
w =P sin B gives 


amg sin 8 = PI, cos ß sin B - psI, sin 8B. 


Solving for the spin gives 
pI, cosß 
x 
— at ° (2 
z Piz ; 
Next, determine the moments of inertia. For the right 


çircular cone shown in Figure 2 the center of mass is at 
Z = h/4 and the moments of inertia are 


E e. m 2 2 
I, Torr and Tye = zg (3R + 2h"). 


For this problem we need IL the moment of inertia about 
the x-axis through the vertex. To obtain this use the 
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parallel axis Theorem, I) = I, + mr? where r is the perpen- 
dicular distance between the parallel lines through 0 and C. 


2 

2 h 

Io = L ar] = L. -e 
2 


9.2 ye a 
Lk = To + nro = To + goh = Ty yeh + Temh 
lex 2 32 1.2 1.2.3 2 2 
= IL, + 3mh = FgmR + yh + smh FMR + 4h%). 


2 
so, 1,/1, = 2 3/20m(Ry + aht) + 4h Ha + afè 91. 
E co ia mR 


Fig: 3 


oT 


For this problem p = 20 rpm=0.33rad/sec, R= 10 cm, h= 


20 cm, B= 135° and a = h - qh =3h= 15 cm. Substitu- 
tion of these values into equation (2) gives 


2 
s= = 1 + a{ 22] cos 135° - —15_cm_980 cm/sec a sec 
10 T rad/sec To (10 cm) 


= -18.88 rad/sec - 155.97 rad/sec 
= -174.85 rad/sec = -1670 rpm. 


This is the angular velocity of the cone about its symmetry 


xis. The negative sign means 8 points in the negative 
direction. 


e PROBLEM 1075 





A spinning target in a shooting gallery is dynamically equiv- 
alent to two thin disks of equal mass, m, connected by a 
light bar. The radius of the disks is a = 400 mm and the bar 
has a length 2a = 800 mm. The target is initially rotating 
about its' axis of symmetry with a rate wọ = 40 rpm. A bul- 
let of mass mp = m/100 and traveling with a velocity vo = 100 
m/s relative to the target, hits the target and is embedded 
in point C. Determine (a) the angular velocity of the target 
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immediately after collision, (b) the precession of the ensu- 
ing motion, (c) the rates of precession and spin of the ensu- 
ing motion. 








Fig. 1 Fig. 2 


Solution: We need the principal axes of the target to 
solve this problem. With the simplifying assumption that 
the bullet does not change the principal axes, note that 
the x,y,z axes shown are the principal axes. 


r _ Lo 2 
1 Iz = zma . 
Find I' = L" Iy by use of the parallel-axis theorem. The 


moment of inertia of the disk with respect to an axis through 
it, parallel to the x or y axis in the figure, is 


lmr? Since the mass of each disk is (5m) and the distance 
from the parallel axis to the axis in the figure is a, the 


moment of inertia of one disk is 


I'=I,=1, 7 (gm) a? + (5m) a’, 


Due to symmetry, it is possible to multiply by two to find 
the Moment of Inertia of the total system. 


I' = Lk = Iy = 2 |p Gma? + (gm) a7] = gma? 


The total angular momentum of the target-bullet system 
is conserved during collision and remains constant during 
the ensuing motion. Taking moments about the coordinate 
origin G yields 


A, = -aj x mpvok + Iwok 


Aig = -MpVpai + Iwok. (1) 


Now determine the angular velocity after impact by invoking 
the conservation of Hoge Using 


Ê = K,w,i + TywyJ + Tw ike 


the result is 
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E 
“MpVo2 = I'wy = FMA vy 


ove Sa 
x 5 ma’ 





' w, = 0; 
= Iw,” 
Iwo = Iw, 


Uz = Woe 





n 4 MoV 
ais 2% + wok: (2) 


While this equation is correct it is not very helpful since 
the body axes x,y,2 are moving in space in an unknown way. 
For the target considered, 


wg = 40 rpm = 4.19 rad/sec, m,/m = 1/100, 
a= 0.400 m, Vo = 100 m/sec; 


we find a, = -2 rad/sec, Wy = 0, E 4.19 rad/sec. 


This gives 


W= da + w = 4.64 rad/sec = 44.3 rpm 


-W 
with angle y = arctan -> = 25.5° to the z-axis. (Figure 2). 
The angle 6 shown in fig. 2 is between the precession axis 


and the z-axis. (Ho is fixed in space; the target wobbles 
around it.) 


MV 2 2MoVo 
6 = arctan a = arctan “Tan, 
0 = 50.0°. 


Figure 3 shows w, the space and body cones and $ and v 
which, added vectorially, must equal w. Using the law of 


sines, 
w E e Å . 
ltal = latl = lart 
w = $ = Ñ 
Sin 0 sin Y Iny j 
This gives 


3 = 24.9 rpm, } = 24.0 rpm. 
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@ PROBLEM 1076 


A spacecraft, with a mass m = 2000kg, rotates with an angular 

velocity of w = (0.05 rad/s)i + (0.15 rad/s)j. Two small jets, 
located at points A and B, are turned on in a direction paral- 
lel to the z-axis. Each jet has a thrust of 25N. The radii of 


gyration of the spacecraft are Ke = kz = 1.5m and k. = 1.75m. 
y 


Determine the required time of operation for each jet, so that 
the angular velocity of the spacecraft reduces to zero. 








Fig. 1 


Solution: Choose a coordinate system fixed in the body such 
at the rockets at A and B lie in the x, y plane and the 

origin is at the center of mass. The positions of A and B 

are Ir) and lo respectively. Qualitatively, what happens is 


both the rockets oppose the original motion about the y 
axis but B will increase the original motion about the x- 
axis while A will oppose it. Thus, A will have to be fired 
longer in order to compensate for the increase about the x- 
axis due to B. The torque, t, produced by A and B is 


+ + + > 
Tg = Ty x Pi = YF} - *iFiY 
(1) 

+ > 

ta = FAX È, = “yFoi - xF J. 
From Newton's Second Law, Tt = Ia where I is the moment of 
inertia and a is the angular acceleration. In components 
this becomes 

> > 

t= Tot + Tya,3 + Ilalk (2) 


where Ty Iy and I, are the moments of inertia about the 


X, Y, Z axes. Comparing equations (2) and (3) gives 
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due YoF 5 du XF, aun 
a” = = -= -CQ ; gS = -C,}} =z 0 
x i Ty. 1 Iy 2 dE 
(3) 
B B 
dw YF) dw xF] dw, 
ger me oy tS ed ae” 


These equations can be integrated directly to give 


A A a 
Aw, = -C ta ; dwy = “Cot, + Wz constant 

(4) 
B 


hw, 


= Cat, ; Awy = -C4tg ; we = constant 
where Aw = w(t) = w(0) is the change in angular velocity 
about each axis due to firing the ro: kets. 
Since initially w = 0.2 rad/sec + 0.1 rad/sec 3; 
w, (0) = 0, the constants in equation (4) must also be zero. 


Since we want the final angular velocity to be zero, the 
sum of the initial angular momentum plus the additional in- 
crements about each axis must be zero. So, 


A B 
w0 + Aw, + hw, = 0 


yo + wy + duy = 0. 


Substitution from equation (3) gives 


City Te 00 
Cot, + Cat = “yo 
These are two simultaneous equations in the unknowns t and 


A 
tp From the theory of equations, the solutions are 


Wyq ~C3 
t, = l = lic wW + Cw 
A’ "E T4" xO 32yo 


w Cc 
Wr (5) 


l 1 
B F = F(Cp%J0 T C200? 
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For this problem x, = 2.5m, Y, = 4m, xX, = 4 m, Y = 2.5 m 


3 = = 
m= 2x10 kg, Fy = F, = 25 ny Ki = kz = 1.5 m and Ry = 1.75 m. 


From equation (3) the C values are 


Cc, = yoF,/I, - n 2 = 0.0139 TaT 
2 x 10 kg(1.5m) sec 

Cy = x2F2/Iy = n 35n = 0.0163 #4 
2 x 10°kg(1.75m) sec 

c} = ¥iF\/1, - aA = 0.0222 #3 
2 x 10` kg(1.5m) sec 

w= x,F)/I, tel Ain ea = 0.0102 a 
= 2 x 10° kg(1.75m) sec 


4 
A CC, + CoC, = 0.000503 rad/s . 


Substitution in eq. (5) gives the times 


e = Saxo * C3“yo _ 0.0102 x 0.05 + 0.0222 x 0.15 
A 5 0.000503 


= 7.634 sec. 


ks Sanyo - C20%x0 _ 0.0139 X 0.15 - 0.0163 X 0.05 
B 0.000503 


= 2.525 sec. 


Thus, it is necessary to fire A approximately three times as 
long as B in order to stop the capsule's rotation. This agrees 
with our initial qualitative remarks regarding the motion. 


ELECTROMAGNETICS 
@ PROBLEM 1077 


A copper strip 2.0cm wide and 1.0mm thick is placed ina 
magnetic field with B = 1.5T, as in Figure 1. If a current 


of 200 A is set up in the strip, what Hall potential differ- 
ence appears across the strip? 





Solution: The Hall electric field is given by 


zu. 
Ey ne ’ 
but 
Y r E i _ GNo 
“a” i-i ae S$ oP te 
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where h is the thickness of the strip. Combining these 
equations gives 


cs iB _ (200 A) (1.5 T) 
xy neh (8.4 x 10°°/m’) (1.6 x 10 °°C) (1.0 x 107°m) 





= 2.2 x 1075y = 22yV. 





(b) 
Figure 1 


These potential differences, though quite measurable, are not 
large. 


© PROBLEM 1078 


In Figure 1 assume that B = 2.0 T, 1 = 10cm, and v = 1.0m/s. 
Calculate (a) the induced electric field observed by S' and 
(b) the emf induced in the loop. 
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(b) Figure 1 


Solution: (a) The electric field, which is apparent only to 
observer S', is associated with the moving magnet and is given 
in magnitude by 


E = vB 
= (1.0 m/s) (2.0 T) 
= 2.0 V/m. 


(b) Observer S would calculate the induced (motional) emf 
from 
€ = Blv 
(2.0 T) (1.0 x 107}m) (1.0 m/s) 
= 0.20 V. 


Observer S' would not regard the emf as motional and would 
use the relationship 


€ = El 
= (2.0 V/m) (1.0 x 107!m) 
=0.20 V. 


As must be the case, both observers agree as to the numerical 
value of the emf. 


@ PROBLEM 1079 


Figure 1 shows a flat strip of copper of width a and negligi- 
ble thickness carrying a current i. Find the magnetic field 


B at point P, at a distance R from the center of the strip, 
at right angles to the strip. 





Solution: Subdivide the strip into long infinitesimal fila- 
ments of width dx, each of which may be treated as a wire 
carrying a current di given by i(dx/a). The field contribu- 
tion dB at point P in Fig. 1 is given, for the element shown, 
by the differential formula for a long cylindrical wire, 
which is 
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ap = HO dd. Ho ilax/a) 
27 x 27 R sec 0 


Note that the vector dB is at right angles to the line marked 
Ka 





Figure 1 


Only the horizontal component of dB, dB cos 0, is effec- 
tive, the vertical component being canceled by the contribution 
associated with a symmetrically located filament on the other 
side of the orgin. Thus B at point P is given by the (scalar) 
integral 


w 
i] 


dB cos 0 = - cos ĝ 
f ji Hol (dx/a) 


2TR sec 8 


Moi dx 
2maR |sec70 ` 


The variables x and ð are not independent, being related by 
x = R tan 0 


or dx = R sec’@ að. 
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Bearing in mind that the limits on 6 are ttan”! (a/2R) and 
eliminating dx from this expression for B, 


_ Hoi R sec’ d0 


B = Mak sec*6 
i +tan~/a/2R š 
— Hol = Hol apn 
~ 21a q= ta œn JR ` 
-tan”}a/2R 


At points far from the strip, a/2R is a small angle, for which 
tanla ~ a. Thus, as an approximate result, 


pz voi ya). bo i 

Ta |2R 27 R’ 

This result is expected because at distant points the strip 
cannot be distinguished from a cylindrical wire. 


e PROBLEM 1080 






What must be the width a of a rectangular guide such that 
the energy of electromagnetic radiation whose free-space 
wavelength is 3.0cm travels down the guide (a) at 95% of 
the speed of light? (b) At 50% of the speed of light? 















Solution: The group speed is given by: 
bY 2 
Yor = 0.95c = c 1 - (a š 


Solving for a yields a = 4.8cm; repeating for Yor = 0.50c 
yeilds a = 1.7cm. 
If À = 2a, then on = 0 and energy cannot travel down 


the guide. For the radiation considered in this example 

à = 3.0cm, so that the guide must have a width a of at least 
4 x 3.0cm = 1.5cm if it is to transmit this wave. The guide 
whose width we calculated in (a) above can transmit radiations 
whose free-space wavelength is 2 x 4.8cm = 9.6cm or less. 


e PROBLEM 1081 


An observer is at a distance r from a point light source 


whose power output is Po. Calculate the magnitudes of 
the electric and the magnetic fields. Assume that the 


source is monochromatic, that it radiates uniformly in 
all directions, and that at distant points it behaves 
like the traveling plane wave of Figure l. 
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z Figure 1 


Solution: The power that passes through a sphere of 
radius r is (5) (4mr*), where S is the average value of 
the Poynting vector at the surface of the sphere. This 
power must equal Po, or 
Po = S4tr?. 
From the definition of S 
S= (=) š 
Ho 
Using the relation E = cB to eliminate B leads to 
= eer 3 
Sis 5. 
Hoc 
The average value of E? over one cycle is 4E* , Since E 


varies sinusoidally. This leads to 


g? k 
Po (2) (41r de 


E = 1 /PoWoc 
m E 2T 





or 


For Po = 10°W and r = 1.0m this yields 


= ea (10W) (4T _x_10~’Wb/A-m) (3 x _10°m/s 
m (1.0m) 2m 
= 240 V/m. 


The relationship En = cB leads to 
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E 
=- m_ _240 V/m _ = 
Ba c 3x 10m/s ex 10 T 
Note that Ea is appreciable as judged by ordinary laboratory 


standards but that Ba 0.008 gauss) is quite small. 


OPTICAL DIFFRACTION AND INTERFERENCE 
@ PROBLEM 1082 


In double-slit Fraunhofer diffraction what is the fringe 
spacing on a screen 50cm away from the slits if they are 
illuminated with blue light (À = 480nm = 4800 A), if d = 


0.10mm, and if the slit width a = 0.02mm? What is the 
linear distance from the central maximum to the first 
minimum of the fringe envelope? 





Solution: The intensity pattern is given by Ig = T, (cos 
g)? (S= )?, the fringe spacing being determined by the 


interference factor cos7B. The position of the first mini- 
mum of the fringe enevelope is given by 
Ay = AD 
d ’ 


where D is the distance of the screen from the slits. Sub- 
stituting yields 


-9 -2 
Ay = (480 x 10~°m) (50 x 107*m) 


= -3 me 
0.10 x 10` 3m 2.4 X 1073m 2.4mm. 


The distance to the first minimum of the envelope is 
determined by the diffraction factor (sina/a)? in 


2 [sina \ 2 ; es . A 
Ty = I, (cosB) Ie - The first minimum in this factor 
occurs for Q = T. 
The angle is given by: 
Ta 


a= pW sinô 


i aÀ _ À _ 480 x 1079m _ 
siaaa af 0.02 K 10 a P24; 


This is so small that it is assumed that 0 = sinð = tan, or 


y = D tanð = D sin® = (50cm) (0.024) = 1.2cm. 
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There are about ten fringes in the central peak of the fringe 
envelope. 


© PROBLEM 1083 


How many fringes are formed per millimeter if light beams 


of wavelength 632.8 nm intersect at an angle of 5°? 





Fig. L 





Sclution: Figure 1 shows the two monochromatic beams of 
the same wavelength and inclined to each other at an angle 
8. These two beams interfere on the photographic plate HH', 
producing bright and dark lines. Since the beam (1) is 
seen to be in constant phase across the surface of the 
hologram plane, the interference pattern,or fringes,will 

be separated by an amount Ay, whenever the path difference 
between the two beams is one wavelength 


From the triangle CPP', 


pty CB. cma 
sinô ppt iy 
Therefore, 
= À 
Aye Sind ° 


Hence the number of fringes per mm is equal to 


1 sind 
Ay (mm) X (mm) 


gin 5° 
6.328 x 107° 
1 


138 (mm) ` 
© PROBLEM 1084 


Two glass plates are nearly in contact and make a small 
angle 6 with each other. Show that the fringes produced 


by interference in the air film have a spacing equal to 
4/26 if the light is incident normally and has wavelength A. 





Solution: Let 0 be the angle between the two glass plates 
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d2 


Xı nr 
X2 


and let xy and X3 be the distances from the edge of the 
wedge of two consecutive fringes, as shown in the figure. 


If dq, and d, denote the air gaps for these two fringes, 
then 
= 1 
2d, nA (1) 
and 
2d, = (n+1)ì (2) 


where \ is the wavelength and n is an integer. Subtracting 
(1) from (2) 


Q 
Q 


From the figure, tané = Lr - Assuming 6 to be very 


1 


N 


small, the approximation tan = 6 can be made. Therefore, 


do - a) = 0(x2- x) 


0x (4) 
where 

w= la = x) 

Substituting for d, - dy into equation (3), 

20x = A 
Then, 

weil. 

are ii 

@ PROBLEM 1085 





Monochromatic light of wavelength 400mu from a distant 
point source falls on an opaque plate in which there is a 
small circular opening. As a screen is moved toward the 
plate from a large distance away, the Fresnel diffraction 
pattern on the screen first has a dark center when the dis- 
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tance from plate to screen is 160cm. Find the diameter of 
the central disk in the diffraction pattern if a lens of 
focal length 160cm is placed just to the right of the 
circular opening. 


LATE WITH SMALL 
CIRCULAR OPENING 


ENS(F=160 cm) 


SOURCE OF LIGHT 
— — 


@— oo 


> 160 cm 
Pig. al SCREEN 
Solution: We have a circular aperture illuminated by 
coherent light from a source infinitely distant from the 
aperture. This implies that all points on the aperture 
are in phase with all other points. We now place a screen 
an infinite distance from the aperture and slowly move it 
towards the aperture observing the center spot of the 
screen. At some distance the path length from the light 
at the circumference of the aperture will be just one 
wavelength out of phase with light from the center of the 
aperture, which can be represented algebraically as 

Ry = Ro + à in figure (2). We have learned from our study 





of diffraction that this is just the condition for des- 
tructive interference. Now if we move the screen closer 
to the aperture, the center of the screen will have a 
bright spot when the path difference between a circum- 
ferential ray and a central ray is 3\/2 and dark when 
there is a 2A path difference, etc. Each of the path 
differences defines the edges of Fresnel zones. 


Aan, R 
„amres r 
Y RADIUS OF PATTERN 


CENTRAL RAY, Ro ON THE SCREEN 


Looking at figure (2) for our problem when Ro is 160cm, r 


Fig. 2 


will just be the outer radius of the second Fresnel zone. 
From figure (2), 


2 


Re = Reo +r (1) 
oO 


2 
i 


R + because there is destructive (2) 
1 9 interference at Ro = 160cm. 


and R 


Substituting for Ry in equation (1) yields 
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2 2 2 2 
+ = + 
R + 2AR À R E 


The RŽ terms cancel, and so, 


2 2 
r = 2AR, + i 
or 
ees 
r= vd” + 2AR5 
. [(400x107 9m) ? + 2x 400 x 107°m x 1.6m|!/? 
-3 
w TLS x 10 m, (3) 


which is the radius of the aperture. If we now place a 
160cm focal length lens on the screen side of the aperture, 
the lens will convert an infinite distance on the screen 
side to a point 160cm from the aperture (as in figure tL) Ja 
Stating it another way, the screen at 160cm from the 
aperture with a 160cm focal length lens will produce a 
Fraunhofer diffraction pattern of the source. Now from 
any standard optics text Fraunhofer diffraction of a 
circular aperture is 


a2 ik L-24 me 





where d is the diameter of the central disk; l is the dis- 
tance from the aperture; \ is the wavelength of the light 
used and r is the radius of the aperture. Now solving 

for the diameter of the central disk we have 


_ £x 1.22 xd 
r 


6m, à = 400x10 mant E3s1.13x10 `m. 


ll 
= 


where L 


-9 
Hence org 1.6m x 1.22 x 400 x 10 “m _ 6.91 x Tv tet 


1.13 x 10 “m 


@ PROBLEM 1086 





A Young's experiment is set up with the following charac- 
teristics: Monochromatic source (id = 0.55u), slit 
separation d = 3.3 mm, distance from slits to screen 
D = 3m (see figure). 

1) Calculate the fringe spacing. 

2) Place a sheet of glass with plane parallel faces and 


thickness e = 0.01 mm in front of slit F}. 
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a) Determine the direction of the displacement of 
the fringes and the formula giving the relationship for 
their displacement. 

b) Knowing that the fringes are displaced by 
4.73 + .01 mm find the index of refraction of the glass 
and its error. 








Solution: Here we need to concentrate on the interference 


between two slits. From a standard optics text we find 
that the intensity of the interference pattern on N slits 
is, 
as Io sin2Né 
i ee ie 
N“ sin’é 


where Ty is the initial intensity; I is the intensity at 
the screen; N is the number of slits; and 6 is given by, 


6 = M sin 0 (2) 


where à is the wavelength of coherent monochromatic 
light from the source; d is the slit separation, and 6 
is the angle between the normal to the slit system and 
the point on the screen. For small angles, sind = x/D 
where x is the distance from the center of the screen to 
a point at which we wish to measure the intensity and D 
is the distance from slits to screen. 


Substituting into equation (2) gives the result 


_ 1a x 
ô = ~ D (3) 


For two slits N = 2. Substituting this into equation (1) 
we realize we can expand the sin? 25 term because, 


sin 26 = 2 sinô cosé. (4) 
Squaring both sides results in, 


sin? 26 = 4 sin’ cos*é . (5) 


Substituting this into equation (1) and cancelling terms, 


Ii= I cos7é 5 (6) 


(e) 


1155 





The fringe spacing i is the distance between two maxima 

or two minima. We therefore let i = x, - x, and ô = T. 
3 i 2 1 

Applying equation (3), 


_ Wat 
regy (7) 


Solving for i, 


AD 
E * (8) 


Substituting the given values for A, D, and d into 
equation (8), 


. _ (55 x 107) (3) 


š 4 


=5 x10 M . (9) 


se © TO 


Now we insert a sheet of glass of thickness 0.01 mm 
and index of refraction n in front of one of the slits. 
The light of this slit will now travel a different optical 
distance to a position x on the screen. Initially before 
the glass plate was inserted in front of the slit, the 
path difference was, 


— eee ee eS oe (10) 


Biv Fi Ey 2 T 


The glass plate will add an additional path difference 
(n-1)e so the new path difference is, 


=x + + (n-l)e (11) 


so,the new ô for a maximum will be pid (p being an integer) 
or, 


pA =x à + (n-l)e . (12) 
Solving for x, 

x= i (pà - (n-1)e) (13) 
so the shift in fringes will be the change in x: 

ax = - È (n-1)e . (14) 
To measure the index of refraction we solve for n: 

n=1-7@ . (15) 


So we do the measurement as follows. Observe the 
fringe system with no glass plate, record the positions x 
of the maxima, then insert the glass plate, record the new 
positions of the maxima and determine the shift Ax of the 
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maxima. In our problem Ax = -4.73 mm,substituting values 
into equation (15), 


0.55 x 107° (-4.73) 


n=l- 
059 1072 


= 1.5203 , (16) 


To determine the error in n we want to look at the 
relationship d(Ax)/Ax. Differentiating equation (15) we 
have 


xine 
dn = - ye d(hx) . (17) 


Solving equation (14) for - a 





ie ’ 
N. = SL 
Substituting for - È in equation (17), 
zi A d (Ax) 
dn = (n-1) AAT. S 
Substituting values A 
= 2x10 4 =3 
dn =: 0:5 =i 957 = 2 x 10 Pr 


so n = 1.520 + 0.002. 
© PROBLEM 1087 


Calculate, approximately, the relative intensities of the 


secondary maxima in the single-slit Fraunhofer diffraction 
pattern. 





Solution: The secondery maxima lie approximately halfway 
between the minima and are found from 


a = (m+ yhte “m=,1,2,3,.... 


Substituting into the formula for intensity in single-slit 
diffraction yields 


=z | Sin(m +») |? 
EERI eap] i 


which reduces to 
1 


I 
e 
In (m+ &) 1 š 
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This yields, for m = 1,2,3,.-.--, Ip/1, = 0.045, 0.016, 0.0083, 


etc. The successive maxima decrease rapidly in intensity. 


DOPPLER EFFECT 
© PROBLEM 1088 


A laser emits a monochromatic light beam, of wavelength à, which falls 


normally on a mirror moving at velocity V. What is the beat frequency 
between the incident and reflected light? 





Solution: When a source of light is in motion relative to an observer 
or vice versa, the light waves exhibit a change in frequency as seen by 
that observer. This phenomenon is known as the Doppler effect, and the 
Doppler shift for light is given as 


c + v 
Vobserved TY - (1) 
+v 


c 





where y is the frequency of the light in an inertial frame of refer- 
ence, v is the speed of the source relative to the observer, and c 

is the speed of light. In this problem v is the speed of the mirror. 
Let us choose the mirror to be moving away from the laser, so that it 
absorbs the light as if it were an observer moving away at speed vj; 

it then re-emits the light as if it were a source moving away at speed 
v. In both cases the source and observer are separating from one an- 


other, so E wW 
, the frequency decreases o get V sdrvëd < v , we need 


the lower signs in equation (1). 
Now,when the mirror absorbs the light, we have 


fse - v 
Vabsorbed i etv (2) 


Similarly, when it re-emits the light, the frequency shift is given by 


m =y ceveywer-v (3) 
emitted absorbed | ay € F z $ 


The beat frequency is the difference in frequencies between the in- 
cident and reflected light: 





Vbeat = ee Vemitted 





b 4 c- z) 

Vbeat 7 V v( cty, 
C- v 

yf = €+ z] 


2v ] 
X ctv. 


or 2y ] 
Vbeat ALet+v 





~ ~ 
= 


when v << c, then c+v=c. In this case Veg x s 
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© PROBLEM 1089 


The Milky Way galaxy rotates once in 200 million years, and our sun is 
located about 30,000 light years from the galactic center. As a result, 
the earth is moving through space relative to the other galaxies. What 
is the observed Doppler shift in A of the hydrogen line of 6563 A 

for light coming from other galaxies? Consider two cases: a) The line 


of observation is in the direction of the earth's motion; b) The line 
of observation is perpendicular to the direction of the earth's motion. 
Ignore other causes of observed Doppler effects. 





Solution: The relativistic Doppler shift is given by the expression 
to y/o 
kí W 1+ u/c 


Multiplying both the numerator and denominator by the factor „1 - u/c , 
one obtains the expression 





1- u/c 
v=v r 


2 
1- (u/c) 
where wv’ is the observed frequency of light of frequency y in the 


frame of reference of the source; u is the relative source-observer 
velocity, and c is the speed of light. 

For case (a), the light is travelling parallel to the earth's 
motion, and u is given by u = RQ, with R = 30,000 light-years, 
and 


2n 





Q= rad/year, 
200(10°) 
Thus, 
wi ee light-years (rad/year) 
200(10°) 


= 9.425410" "Yc (where c represents the speed 
(2) = 9.425G07*). 
c 


Now since u << c, v’=y {1 - (u/c)}, or, since v’ = c/A’ and 
v =c/dX (A = the wavelength of light), 


of light) or 


l1 


‘ 


~+ {1 - (u/e)}, with A= 6563A . 
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Thus, à = 6569.2 A, or AX= A’ -2A= 6.24. 


b) Where the line of observation is perpendicular to the direction of 
the earth's motion, the observed frequency shift, which is purely a 
relativistic effect, is called the transverse Doppler effect. The 
frequency shift is given by the expression 


vev [1 - (u/c)? ]*. 


The derivation of this effect is indicated in the figure. The generalized 
Doppler shift is given by 


-v Pewee 
pai a 1 - (u/c 
where, as indicated, the observer (on the earth) is located at point P 


at rest in the unprimed coordinate system, and the source of light is 
at rest in the primed system. For transverse observation, 


e=5> 
cos g’ = =- > i 
paana lule 
Thus, vey 1 aoa =y’[l - (u/e)2]” 


- \u/c 
or 


= Ł [1 = (u/c) 1°, with (u/c) = 9.425(10""). 
r 


ie 


Thus, À = 6563.003A , or jd = 0.003 A, 


TRAVELING AND STANDING WAVES 
© PROBLEM 1090 


(a) The maximum pressure variation P that the ear can tolerate 
in loud sounds is about 28 N/m? (=28 Pa). Normal atmospheric 
pressure is about 100,000 Pa. Find the corresponding maximum 
displacement for a sound wave in air having a frequency of 


1000 Hz. 

(b) In the faintest sound that can be heard at 1000 Hz the 
pressure amplitude is about 2.0 x 1075 Pa. Find the correspond- 
ing displacement amplitude. 





Solution: (a) The pressure amplitude is given by: 


P 
Ym 7 kpov š 
The speed of sound in air is,v = 331 m/s so that 


2T 2TV 2m x 10° ay 
k = = = = = — = -1 
x a 331 m 19m. 


The density of air Oo is 1.22 kg/m?. Hence, for P = 28 Pa 
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28 


a= «a5 
Ya ~ (19) (1.22) (331). 7 Tet x 107m. 


The displacement amplitudes for the loudest sounds are about 
107`m, a very small value. 


(b) From YaF P/kpov?, using these values for k, v, and 
Po, with P = 2.0 x 1075 N/m’, 


Ya Z 8 x 107!}?m = 107!!n. 


© PROBLEM 1091 


A transverse sinusoidal wave is generated at one end of a 
long horizontal string by a bar which moves the end up and 
down through a distance of 0.50cm. The motion is continuous 
and is repeated regularly 120 times per second. 

(a) If the string has a linear density of 0.25kg/m and is 
kept under tension of 90 N, find the speed, amplitude, fre- 
quency, and wavelength of the wave motion. 


(b) Assuming the wave moves in the +x-direction and that, 
at t=0, the end of the string described by x=0 is in its 
equilibrium position y=0, write the equation of the wave. 

(c) As this wave passes along the string, each particle 
of the string moves up and down at right angles to the direc- 
tion of the wave motion. Find the velocity and acceleration 
of a particle 2.0 ft. from the end. 





Solution: (a) The end moves 0.25cm away from the equilibrium 
position, first above it, then below it; therefore, the ampli- 
tude >M is 0.25%. 


The entire motion is repeated 120 times each second so 
that the frequency is 120 vibrations per second, or 120 Hz. 

The wave speed is given by v = 17,96 But F = 90 N and 
u = 0.25kg/m, so that 


_ [90 N 
‘sae a 


v/V, so that 


The wavelength is given by À 


x 19 m/s 


2:320 vib/son too 


(b) The general expression for a transverse sinusoidal 
wave moving in the +x-direction is 
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y= Ymi” (kx - wt - >). 
Requiring that y = 0 for the conditions x = 0 and t = 0 yeilds 
O= y,Sin(-9), 


which means that the phase constant > may be taken to be zero. 
Hence for this wave 


y= Ypsi” (kx - Wt), 


and with the values just found, 


y. 0.25cm, 


2T T = 
à= lém of k= = an = 0.39cm-?, 





v = 19m/s = 1900cm/s or w = vk = (1900cm/s) (0.39cm™') 
740s7} = 740Hz, 


the equation for the wave is 
y = 0.25 sin(0.39x - 740t) 


where x and y are in centimeters and t is in seconds. 


(c) The general form of this wave is 


y= Y mS$” (kx - wt) = Yni” k(x - vt). 


The v in this equation is the constant horizontal velocity of 
the wavetrain. It is not the velocity of a particle in the 
string through which this wave moves; this particle velocity 
is neither horizontal nor constant. Each particle moves 
vertically, that is, in the y-direction. In order to deter- 
mine the particle velocity designated by the symbol u, con- 
centrate on a particle at a particular position x-that is, x 
is now a constant in this equation-and see how the particle 
displacement y changes with time. With x constant 


< a á 
u= ra Ynt cos (kx Wt), 


in which the partial derivative dy/dt shows that although in 
weneral y is a function of both x and t, assume that x remains 
constant so that t becomes the only variable. The accelera- 
tion a of the particle at this (constant) value of x is 


3y 9 
a= Jt = T -Y „2? sin (kx - wt) = -w°y. 
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For a particle at x = 62cm with 


Yp = 0-25cm, k= 0.39cm-!, w= 740 sq}, 


a cos (kx - Wt) 

or u= -0. 25 (740) cos | (0.39) (62) - 740) +} = -185 cos (24 - 740t) 
and a= -wy 

or a=-(740) 70.25 sin{ (0.39) (62) (740) t] =-13.7x10"sin(24-740t) 
where t is expressed in seconds u in cm/s and a in cm/s’. 


POLARIZ ATION e PROBLEM 1092 


Describe the polarization state of the following waves: 


En £ E, sin [2m(z/d - vt)] 


3 E, cos [27 (z/À vt)]. 


î E, sin [2n(z/A vt) ] 


sin [21(z/A vt - 1/8)]. 
sin [21(z/d vt) ] 


[2m (z/À vt)]. 





> 
Solution: 1) The two components of En are 


Ex = E, sin gE - ve}, EY = 5 cos 2 (f - ve}. 


t=7/e eo 


+ — 
X +t=0 t=7/4 t=37/4 t=T/e 


Fig. 1 
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These are actual components of a real vector, not phasors, 
so we want to construct the resultant at various times and 
also some convenient place like z = 0. 








1 
t 0 1/4 1/2 31/4 t/a (t = =) 
E; 0 -E, 0 E, -E,/v2 
/ 
E, Eo 0 -E, 0 +E W2 


The resultant vector is simply a vector of length E, rotating 
counterclockwise. The polarization is circular. 


Pace ge te 


Fig. 2a 


r To 


2) The components of the given vector are 


Ex = E, sin [-{ + ve) 
=È, si z -1 
EY = E, sin [i + vt 1) 


Again we consider the point z = 0 and follow the resultant 
as time progresses. 


t 0 t/8 21/8 31/8 4t/8 51/8 61/8 
Ey 0...tB sin 7. Eg, E,sin i 0 -E,sin ; -E, 
: T : A 
EY -E,sin q 0 +E,sin 4 Es E Sin Ş 0 -E,sin 3 


The locus of the end of Ehemmitant is an ellipse at 45 de- 
grees to the axes, as shown in figure 2b. 
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To find the semi-major axis, look at the time when Ex = 
EY: this is halfway between t = 0 and t = T/8: t = T/16. 


Hence 


E 


x E, sin (3) , Ey = E, Sin (7) : 


E 


r = Eo sin (ġ ) YZ = 0.542E, 


To find the semi-minor axis, which is 1/4 later, 
t = t/16 + t/4 = 5T/16. So we have: 


E, = Eo sin (3) , E, = Esin (#) ; 


3T 


Ep = Eo sin (7) = 1.31 E5 à 


yY 


ANNS 


3) The components of Èr are 


. i x 3 

Ex E, sin gi v] . 
; Zz 

y -E Sin [2x(z - v] 2 


As before, z = 0 is most convenient point. 


E 


t 0 t/8 t/4 31/8 41/8 51/8 
ks ee ee 


E 0 Esin Eo +E,sin 0 -E,sin 


E 0 -Eosin =E, -E,sin E,sin 


eja ela 
eja ela 
° 

ela Bla 


Thus the polarization is linear, along a line at 45 degrees 
to the axes. It has amplitude E,//2 . 
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© PROBLEM 1093 


1) Two linearly polarized waves are in phase, but have 
different amplitudes. At x = 0 


=f Ay cos 2mvt + Ĵĵ By cos 27mvt, 


= Ĉĉ A, cos 2nvt + 39 B, cos 2rvt. 


Show that En = Ey + É, is also linearly polarized, and find 


its polarization direction. 
2) Two circularly polarized waves (a right and a left) can 
be added to form a linearly polarized wave: At x = 


; = î E, cos 2mvt + §j Ey sin 2nvt, 


È, = Î E, cos (2mvt + a) - § E, sin (2mvt + a). 


Show that Ep is linearly polarized, and find its polariza- 
tion direction. 


3) An elliptically polarized wave is written (at z = 0) as 


Én = fA sin 2nvt + 9 B cos 2nvt. 


Show that this can be decomposed into a linearly and a 
circularly polarized wave. 





Fig. 2 








A A x 


Solution: 1) E 


1 = (fA, + §B,) cos 2nvt, 


tj 
li 


2 = (4A, + ĴĵB,) cos 2nvt. 


Now, add the components of Ej and E, together to find the 
expression for Ep Then, En = {î (A) + A,) + j(B, + B,)} cos 2tmvt 


The point here is that the quantity in { } just specifies 


a vector, and the time variation is the same for all parts 
of it. So the vector lies along a line and changes size, 
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but not direction. Therefore, E_ is linearly polarized. 


T 
In the case of circular polarization, this is not true, 
since the x and y components vary differently in time, one 
being large when the other is small. 


2) Left: E] = GE, cos 2mvt + jE, sin 27vt, 


Right: E, = fE, cos (2mvt + a) - jE, sin (27vt + a). 


Ep = îE o {cos 2nvt + cos(2mvt + a)} + §E.{sin 2mvt - sin(2nvt + of 
cos(2mvt + a) = cos(2mvt + S n z) 


Using one of the double angle formulas, we find 


cos (2Tmvt+a) = cos (2Tvt + 5) cos 5 - sin (2mvt + 5) sin 5 
= cos (2mvt + 5) cos 5 - (sin 2myt cos 5 + cos 2nmvt sin 5) sin 5 


where we have made use of the formula 

sin (x + y) = sin x cos y + cos x sin y. 

Then, cos (2Tmvt + a) 

= cos (2Tvt + 5) cos 5 - sin 2īvt cos 5 sin 5 - cos 2nmvt sin? 5 
Therefore, cos 2Tvt + cos (2Tvt + a) 

= cos 27mvt + cos (27mvt + 5) cos 3 - sin 27vt cos 5 sin = 


- cos 2īvt sin? 5° 


2 


Substituting 1 - cos” 5 for sin 3 in the preceding expres- 


sion yields the following result: 


cos (2mvt)+ cos (2mvt + a) = cos (2mvt)+ cos (2mvt + 5) cos 5 


- sin (2t1vt) cos $ sin Š + cos (2nvt) cos? 


2 
The cos (27vt) terms cancel one another, and so, 


3 - cos (2Tvt). 


cos (2mvt) + cos (27vt + a) 


= cos (2nmvt + 5) cos 5 + cos 3 [cos (2Tvt) cos 5 


- sin (2nmvt) sin 3 fe 


By applying the double angle formula cos (x + y) = cos X COS y 
- sin x sin y, we have the result that cos (2mvt) + cos (2mvt+ a) 


i] 


2 cos (2mvt + 5) cos 5- Similarly, sin (2mvt) - sin (2mvt + a) 


2 sin cos (27vt + P- 


ei 
2 


1167 


Therefore, 


Ep 


2iE, cos [anve + A cos 5 + 25E, sin $ cos (2rve + 3) 


2E, [: cos 5 + J sin A cos [anve + $). 


Since the two components are in phase, we can add them 
in a vector diagram: Ey is a vector of magnitude 


2A cos {2nvt - (o,/2)} at an angle of 172 to the y axis. 
Notice that we can see some easy limiting cases in the 


first two lines: If æ = 0 the y components cancel out, 
while the x components add to E,, = 12E, cos (2mvt) (a = 27 just 


T 
multiplies everything by -1). Ifa = 1/2, we get Ep = 
T a : T T 
2E5 (î cos z+ j sin p cos (2nvt + p 


= V2E,(i + ĵ)(cos 2mvt cos 7 
z T. 
- sin 2tmvt sin 3) 
= E,(î + 9) (cos 2mvt - sin 2nvt) 


linearly polarized at 45 degrees. 


Fig. 3 





3) E =fAsin 21mvt + JB cos 2Tvt. 
First take out a circularly polarized part: 


Eo = fA sin 2mvt + JA cos 2nmvt. 


What is left is Elin 


wave. To show that the original wave is elliptically polar- 
ized, draw the vector at various times, as shown in the figure. 


= (B - A) cos 2mvt, a linearly polarized 


RESISTIVE CIRCUITS 
© PROBLEM 1094 


In the circuit shown in Fig. l, find v, and the voltage v 


across both sources if is is given as 12A. 
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Fig. 1 s Fig. 2 tő 


Solution: In Fig. 2 observe that 
i = is + 0.6v; = i: + ic. 


Since i, and i2 both flow through a branch with the same 
equivalent resistances, they must be equal. Thus we have 


i= i, + 0.6v, = 2i, = 2i2. 


We can write vı = i1R where R = 2-2. Since i = 2i, 
we have 


i, = ķi = (ig + 0.6 vı) 
vı = i,R= klis + 0.6v,)R 


Substituting 2-2 of R and 12A for ig, solve for vi 


" 


Vi HEZ + 0.6v1) 2 


Vy 12 + 0.6v; 
0.4 vy, = 12 


giving vı st = 30V. 


v is found by calculating i and the equivalent 
resistance Bag across the terminals of the two sources. 


From Fig. 3 we find v=R i = 7.5(30) = 225V. 


Peet fT 
> 1 3 i=30A 
Ba caw Fig. 3 
Š Dn am 


12A 12A + 18A 
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Bacon, F. T., 794 
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Barometers, 416, 453, 519 
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theorem, 427 
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model, 583, 910, 924, 969, 
1035 
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Charle's law, 504 
Circuit, 668, 768, 769 
AC, 766 
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LR, 697 
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Magnetic, 734 

Parallel, 667 

Tuning, 778 

RC, 692,695 

Resistive, 682 
Circular, 338 
Circular wire loop, 755 
Cloud chamber, 522 
Rotating coils, 756 
Toroidal coil, 705 
Collision, 275, 296, 299, 301-32, 

472,938 

cylinder, 493 

elastic, 305,310,315 

inelastic, 317, 326, 329 

particles in, 332 


Component method, 11 
Compressibility, 355, 356 
Compression, 38 
Compton, 1040 

collision, 1041 

effect, 1037, 1040 

wavelength, 1037 
Conduction, 549 

heat, 537 
Conductivity-thermal, 538, 540-5 
Conductor-spherical, 592 
Consumption, rate of, 132 
Contact angle, 422, 424 
Continuity, equation of, 433-5 
Continuity, law of, 437 
Contour, 760 
Conversion formula, 440, 441 
Correction of rest mass, 953 
Cost, 650 
Coulomb, 552, 576-87, 596-7, 699, 

721,993 

attraction, 988 

barrier, 1019 

force, 598 
Critical angle, 859-62, 869 
Crystal structure, 913 
Current, 643-6, 652-6, 668-84, 

696, 773, 789-94 

alternating, 659, 762, 771 

induced, 736, 750 

peak, 798 

time dependent, 761 
Curvature, center of, 846 
Curvature, radius of, 165, 854 
Cyclotron, 713, 715-17 
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Damping factor, 380 
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DC source, 768 
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Debye equation, 469 
Decay, 1014, 1047, 1053 
constant, 1020 
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1020, 1033, 1054 
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Deflection, 631 
full-scale, 655, 670 
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Degree of freedom, 534 
Density, 32, 135, 140, 150, 393- 
404, 414-5, 817, 918, 987 
atomic, 919 
electromagnetic energy, 810 
liquid, 392 
relative, 401, 413 
water, 512 
Deuterium, 1048 
Deuteron, 965, 1060 
Deviation, 909 
Dew point, 520 
Dielectric, 613-618 
coefficient, 617, 693 
constant, 588 
strength, 557, 613 
Differential equations, 378, 1011, 
1013 
Differential hoist, 292 
Diffraction, 901, 906, 1004 
Diffraction grating, 905, 907 
Diffraction pattern, 902, 903 
Diode, 659 
Dipole, 594 
Dipole moment, 594,999 
Disintegration, 1054 
Disintegration constant, 1054 
Displacement, 5, 66-8, 370, 381 
displacement current, 633, 
638, 574 
displacement ratio, 261 
displacement-time curve, 65 
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displacement law-Wien's, 
1008 

Distance, 12, 16, 56, 71, 131 
average, 488, 493 
nearest approach of, 926, 997 

Doppler effect, 832, 840, 841, 842, 
1012 

Dot product, 324 

Double slit, 892 

Dynamics, 96-218 


Earth's rotation, 341 
Earth satellite, 147 
Echo, 826 
Echo-sonar, 868 
Efficiency, 261, 289-295, 529-38, 
548, 657, 774-6, 789, 790, 795 
carnot engine, 530 
heat engine, 533 
thermal, 530 
Effort, 289-92 
Eigenfunctions, 1005, 1011 
Einstein's mass-energy relation, 
955, 1043, 1045, 1046, 1057, 
1058, 1060 
Einstein postulates, 931 
Elastic, 828 
Elastic spring, 222 
Elasticity, 818 
Electric field, 550-660, 719 
Electric and magnetic fields, 719 
Electric field, definition of, 760 
Electric field intensity, 550,594, 
599, 607, 610, 630, 735 
Electric field strength, 560 
Electron, 625, 960, 961 
collision frequency, 916 
conduction, 632 
drift of, 637 
valence, 637 
Electron-positron pair, 1049 
Electron transition, 922 
Electron volt, 262, 616, 619 
Electron volt-joule conversion, 
760 
Electroplating, 634, 635 
Electroscope, 1017 
Electrostatic, 550-618 
Elevator, 125, 127 
Elongation, 347 
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Emf, 680, 698, 754, 756, 795 
back, 746 
counter, 787 
definition of, 760 
induced, 741, 748-755, 761, 
798 
self induced, 739 
Emission, 1044 
Emissivity, 547 
Energy, 219-279, 527-536, 780- 
798, 1042-1061 
average, 379, 987 
binding, 603, 962,970, 1042, 
1043 
conservation of, 234, 315, 
327, 377, 473, 479, 773, 1056 
electrical, 690, 785, 786 
electron, 1038 
equipartition, theorem of, 
534 
Fermi, 959,975 
fractional loss, 308 
gravitational, 276,277 
heat, 270, 464, 467, 473, 479, 
485, 525 
internal energy, 531, 532, 
534 
kinetic energy, 225-277, 294- 
336, 946-7, 1044-1060 
kinetic and potential, 270, 
362, 388 
maximum transfer in colli- 
sion, 310 
quantum of, 961 
radiated, 546 
recoil, 1044 
relativistic, 946, 965, 1058, 
1060 
rest mass, 929, 946, 966, 
1056, 1060 
rotational, 191, 206, 248, 250 
thermal, 548 
threshold, 604, 962, 1049 
total, 235, 279, 362 
zero point, 987, 990 
Energy density, 564 
Energy dissipated, 561, 698 
Energy eigenvalues, 1011 
Energy level, 924, 999, 1000, 1002 
Energy-mass, 1016 
Energy quantization, 974 
Energy stored in capacitor, 612, 
691 
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Engine, 294 
reversible, 529, 536 
heat, 530, 533 
Entropy, 523, 524, 525, 526, 536 
Equilibrant, 37 
Equilibrium, 22-55, 119, 266, 287, 
349, 398, 587 
Equilibrium of forces, 708 
Equilibrium-rotational, 42,50 
Equilibrium-translational, 50 
Equipartition, 500 
Error, percentage, 655 
Euler equations, 344, 345 
Exchange picture, 993 
Excited state, 984 
Expansion, 508 
expansion, coefficients of, 
449, 455 
expansion due to tempera - 
ture, 445 
expansion-linear, 446-457 
expansion of air, 509 
expansion of gases, 503,516 
expansion -thermal, 448-456 
Explosion, 325 
External, 326 


Fahrenheit, 440, 441 

Fahrenheit and Celsius tempera- 
ture scales, 442 

Faraday's law, 736, 748-761 

Fermat's principle, 845 

Field, 584, 592 

Field, induction of, 754 

Field intensity, 588 

Field strength, 570 

Film-thin, 890 

Fission, 1031, 1047, 1052 

Flow of incompressible fluids in 
pipes, 436 

Fluid flow, 431, 435 

Fluid statics, 410 

Fluid, viscous, 429 

Flux, 750, 752, 754 
density, 638, 700, 722, 738 
intensity of, 575 
luminous, 887, 888 
magnetic, 703, 734, 741, 751, 
755,.756, 759, 760, 761 
magnetic lines of, 700 
photon, 992 
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radiant, 887 

Flywheel, 250, 346 

Focal length, 829, 846-53, 872-85 

Focal point, 829, 846 

Force, 22-55, 96-218, 296-343, 
408 -427, 576-618 
average, 269, 318, 320 
balancing of components, 27 
buoyant, 398, 403, 404, 406, 
425, 639 
centripetal, 144-5, 158-175, 
242-5, 711-720 
constant, 361 
Coriolis, 196,216 
electric, 627 
electromotive, 558, 751, 757, 
761 
electrostatic, 576, 578, 596- 
8, 604, 609, 639, 993 
electrostatic and gravitation 
al, 629 
external forces, 39, 265, 324 
fictitious, 213,214,215 
frictional, 46-55, 113, 202, 
258, 270, 282, 284, 287, 290 


gravitational, 79, 81, 101, 117, 
137, 144-51, 264, 389, 593, 597 


magnetic, 707, 714, 721-31 
magnetomotive force, 732, 
734 

normal, 202, 258, 268, 282 
nuclear, 604, 1019 

on a charge, 584 


on a wire, 724-5, 729-30, 738 


on an electron, 607 

on current carrying wires, 

723 

reaction, 104 

restoring, 361, 367, 369 

resultant, 99, 112, 131, 173, 

577 

retarding, 114 

variable, 266 

viscous retarding force, 639 
Force-time diagram, 316 
Forces, intermolecular, 498 
Forces, vector addition of, 117 
Frame of reference: 

accelerated, 211, 385 

inertial, 162,218 

noninertial, 213,214, 215 
Fraunhofer diffraction, 901, 902, 

904 
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Free-body diagram, 44, 125 
Free fall, 56-83, 137, 264, 272 
Free fall equation, 211 
Freezing, 487 
Frequency, 362, 370, 383, 809-35, 
890, 956 
angular, 362,370, 379, 381, 
807 
beat, 839 
natural, 379, 990 
of oscillation, 365,375, 382 
oscillator, 717 
of revolution of an electron, 
924 
resonance, 778 
threshold, 963 
vibrational of molecules, 
391 
wave, 800 
Friction, 46-55, 100, 104, 120, 
128, 167, 209, 268, 317, 470 
coefficient, 52, 100 
equilibrium with, 274 
kinetic, 54, 55, 121, 123 
rolling, 282 
sliding, 50, 51, 53, 243, 258, 
284 
starting, 46 
static, 47, 48, 121, 167, 195, 
387 
static and kinetic friction, 49 
Frictionless, 208, 265 
Fringes, 891, 897 
Fringes-interference, 895 
Fundamental, 839 
Fundamental note, 815, 817 


Galilean transformation, 336, 
937, 949 
Galvanometer, 660, 670, 671 
Gamma-radiation, 1007, 1027, 
1044 
intensity of, 1027, 1030 
Gas, 458, 506, 523 
at constant volume, 534 
diatomic, 534 
electron, 959 
equation, 419, 517, 532 
expansion, 517 
ideal, 493-518, 522, 528, 
532, 534 
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universal constant of, 505 
Gas law, 417, 490, 519, 520, 532 
Gas molecule, diameter of, 498 
Gas thermometer, 521 
Gauge pressure, 494, 507, 514 
Gauss's law, 554, 555, 559, 563, 
567, 571, 574, 575, 613-5 
Gaussian surface, 554,555, 614 
Geiger counter, 1015 
Generator, 795 
Germanium crystal, 962 
Glancing angle, 1039 
Gradient, potential, 606, 607, 559 
Gradient, pressure, 397 
Grating formula, 905, 907 
Gravitation, 389 
gravitation, universal law 
of, 135, 143, 153, 279 
Gravitational attraction, 139, 
596, 599, 602 
Gravitational fields, 141, 251, 
337 
Gravitational red shift, 955, 995 
Gravity, 149,272 
Gravity, center of, 33 
Gyrofrequency, 718 
Gyroscope, 346 


Half life, 692, 1013, 1014, 1015, 
1018, 1032 
Half-wave plate, 811 
Harmonic, 839 
Harmonic, simple, 382 
Harmonics, 817 
Heat, 254, 461, 471, 478, 532, 534, 
536, 647 
capacities, 480, 482 
condition of, 541 
conducted, 537 
flow of, 481, 541 
latent, 470, 538 
law of, 549 
quantity of, 523 
rate of transfer, 543 
Heat of fusion, 473,474, 475 
Heat of melting, 472 
Heat of vaporization, 531 
Helium, 502, 1050 
Helmholtz, 706 
Hoist, 293 


Hooke's law, 267, 361, 366, 367, 
375, 379, 380, 391 
Horsepower, 281,285, 294 
Huygen's principle, 891, 903 
Hydraulic press, 356, 420, 421 
Hydrodynamics, 437 
Hydrogen, 597 
Hydrogen atom, 583, 712, 924 
Hydrogen fuel cell, 794 
Hydrogen spectrum, 922 
Hydrostatics, 437,512 


Dluminance, 888, 889 
Tlumination, 886 
IMA, 290 
Image, 847, 878, 882 
distance, 873 
real, 876, 881, 885 
virtual, 847, 849, 850, 853, 
873, 874, 876, 881, 884 
Impedance, 747, 764-778 
Impulse, 203, 303, 309, 316, 319, 
320 
Incidence, angle of, 844, 861 
Incline, 44, 243, 271, 288 
Inclined plane, 246, 289, 290 
Incompressible liquid, 433 
Induced, 551 
Induced electric field, 759 
Inductance, 696, 697, 737, 767, 771 
Inductance-mutual, 749 
Inductance-self, 739, 744, 746 
Induction, 756 
Induction-electromagnetic, 758 
Induction-magnetic, 706, 717, 730, 
734-745 
Inductor, 765, 768,770, 771 


Inelastic, 309, 321, 332 
Inertia, 818 
Inertia-rotational, 152, 190, 247, 
248, 340 
Inertial coefficients, 180 
Insulating material, 545 
Integral-definite, 74 
Integral-line, 760 
Intensity, 836, 971, 1029 
electric, 556, 565-575, 590, 
606, 614, 618, 639 
field, 756 
luminous, 887, 888, 889 
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magnetic, 733 
radiation, 666 
Interfere, 901 
Interference, 836, 890, 892, 893, 
894, 897, 906 
constructive, 890, 896 
destructive, 890, 896, 898, 
900 
double slit, 891, 893, 894, 906 
pattern, 895, 896 
single slit, 903 
Interferometer, 897 
Irreversible, 529 
Isothermal, 509 
Isovolumic process, 534 


K radiation, 1035 

K-alpha line, 1035 

K-alpha radiation, 1036 

Kelvin degrees, 494 

Kelvin temperatures, 504 

Kilowatt-hour, 654 

Kinematics, 56-95, 102, 107, 113, 
128, 148, 240, 377, 621 
angular, 73, 172, 192 
equations, 71, 75, 95, 142, 
206, 630 
equations for constant accel- 
eration, 92, 93, 116, 143, 217, 
274 
rotational, 179, 184 

Kinetic theory, 495, 500, 534 

Kirchhoff, 784 
current law, 674, 678, 686 
node equation, 676 
voltage law, 674, 686, 696 

Kundt's tube, 838 


Lattice, 913 

Length contraction, 931 

Lens, 878, 880, 881, 882, 884, 909 
concave, 874, 880, 884 
converging, 875, 876, 885 
convex, 872, 878, 880 
divergent, 884 
eye, 879 
objective, 879 

Lens formula, 882, 883 
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Lenz's law, 736, 750, 751 

Lift, 434 

Light, 855 

Light, velocity of, 855, 858, 890, 
933, 935, 949 

Line of action, 50 

Line of charge, 565 

Linear absorption coefficient, 
1029, 1030 

Linear differential equation, 696 

Linear expansion, 453, 454 

Linear expansion, coefficient of, 
899, 1039 

Linear expansivity, 445 

Linear molecules, length of, 925 

Lorentz contraction, 928, 937, 951 

Lorentz equations, 949 

Lorentz transformation, 937, 945, 
950, 952 

Loudspeaker, 788 


MA, 289 
Mach number, 827, 842 
Magnet, 699 
bar, 702 
Magnetic field, 701-756 
Magnetic field of a long wire, 703 
Magnetic flux density, 757 
Magnetic lines of force, 723 
Magnetic moment, 660, 699, 710 
Magnetic pole, 699, 702, 721 
Magnification, 853, 873, 876, 877, 
878, 881, 883, 885 
Magnifying power, 877 
Magnitude, 15,17 
Magnitude and phase of the im- 
pedance, 777, 779 
Magnitude of vectors, 3 
Mass, 814,915,917, 1051 
absorption coefficients, 1029. 
1030 
atomic, 911, 1016 
atomic unit, 917,923, 1051 
center of, 32, 180, 182, 203, 
279, 332, 415 
density of, 206, 919 
distributed, 202 
earth, 139 
electron, 920 
equivalent, 954,955 
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fractional change in, 923 
fractional change in helium, 
1050 
reduced, 279, 391 
relativistic, 930, 943 
spectrometer, 640, 714 
variable, 333 
Mass-energy, 923 
Mass -energy conversion, 934, 
936, 1023 
Mass -energy equivalence, 942 
Mass -energy relation, 717, 932, 
954, 1047 
Maximum, central, 1004, 904 
Maxwellian distribution, 496 
Mean free path, 492, 493, 508 
Mean free time, 493 
Mean specific heat capacity, 469 
Measurement precision, 989 
Mechanical advantage, 291, 421 
actual, 291 
imaginary, 291 
Mechanical equivalent of heat, 
462, 463, 484 
Melting, 396, 472 
Mercury column, 416 
Microphone, 788 
Microscope, 877 
compound, 881 
Millikan oil drop experiment, 
610, 611, 639 
Minimum, 900, 901, 902 
Minimum size of planet for re- 
taining oxygen, 499 
Mirror, 844, 854 
concave, 846, 847, 850, 851, 
852, 853 
convex, 848 
plane, 843 
spherical, 829 
Mirror formula, 854 
Molar heat capacity at constant 
pressure, 534 
Molar specific heat, 534 
Molecular weight, 507, 923 
Molecules, 490 
polar, 999 
size of, 488 
stable, 391 
Moment, 33-45, 130, 168, 195, 204 
Moment arms, 28 
Moment of inertia, 130, 177-82, 
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192-210, 232, 250, 341-5 
Momentum, 296-343, 432, 964, 
988, 1041 
angular, 187, 189, 192, 194, 
196, 197, 199, 210, 338-343, 
344, 346, 373, 924, 926 
change in, 303, 319 
conservation of, 296-343, 
1024, 1044, 1049, 1055, 1058, 
1060 
linear momentum, 308, 322 
photon, 953 
total momentum, conserva- 
tion of, 1007 
transverse momentum, 299 
Moseley, 1035 
equation, 1036 
Motion, 57, 269, 338, 382 
accelerated, 59 
angular simple harmonic, 
387 
circular, 144, 154, 159, 160, 
175, 358 
damped harmonic, 386 
equation of, 345, 807 
free fall, 89 
harmonic, 367, 368, 369, 379 
in electric field, 622 
linear, 64 
of charge, 622 
orbital, 169 
pendulum, 239 
periodic, 1000 
perpetual, 1017 
projectile, 90, 91,93, 95, 134 
rotational, 193, 208, 244, 343 
simple harmonic, 360, 361, 
370, 377, 378, 381, 384, 385, 
1011 
translational, 208 
uniform circular, 157, 158, 
161, 163, 164 
Motor, 787 
Motor, electric, 785 
Motor, starter, 789 


Neutron, 988 
Neutron-antineutron pair, 1055 
Neutron decays, 1021 

Neutron, mass of, 1056 
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Newton's laws, 22 
Newton's first law, 26, 111, 119 
Newton's law of cooling, 539 
Newton's law of universal grav- 
itation, 138, 143, 149, 389, 596 
Newton's second law, 96-218, 279, 
379, 389, 398, 403, 406, 432, 
597, 630, 711 
analogue of, 196 
rigid body analog of, 130, 
202, 249 
system of variable mass, 132 
Newton's third law, 26,51, 104, 
107, 126, 127, 406, 432, 470, 576 
Newton's rings, 896, 899 
Nitrogen, 335 
Nodes, 834, 837-9 
Nuclear radius, 1019 
Nucleus, 918 


Object, 882 

Object distance, 873 

Objective, 877 

Ohm's law, 556, 644-9, 669-81, 
767, 776, 784, 792 

Ohm's law, magnetic analogue of, 
734 

Oil drop, 639 

Optical center, 878, 880 

Optical length, 858 

Optical path difference, 898 

Orbit, 961 
circular, 144,170,175 

Oscillation, 403 
small, 363,378 

Oscillator, harmonic, 365, 375, 
383, 388-91, 982 

Oscilloscope, 607 

Overtones, 839 


Parallel-axis theorem, 130, 182, 
359 

Parallel connection, 651, 674, 
677, 694 

Parallelogram method, 11 

Path difference, 900 

Peak value, 779 

Pendulum, 241, 368, 369, 457 
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ballistic, 326, 327, 331 
compound, 385 
conical,171 
ideal, 372 
physical, 359 
simple, 239, 364, 371 
tension, 376 
Performance, coefficient of, 535 
Period, 145, 147, 358-78, 383-8 
natural, 367 
small oscillation, 372 
vibration, 361 
Permeability, 700, 703, 733, 750, 
808 
constant of, 740 
relative, 733,734 
Permittivity, 618, 808 
of free space, 694 
relative, 618 
Perpendicular-axes theorem, 182 
Phase, 766, 897 
Phase angle, 769 
Phase change, 473, 890, 898, 900 
Phase difference, 901, 903 
Phase opposition, 777 
Phase shift, 768, 772, 836 
Photoelectric effect, 963, 973, 
976, 977, 978 
Photoelectric equation, 1001 
Photoelectrons, 973,978, 1001 
Photometer, 889 
Photon, 337, 604, 955-7, 964, 974, 
976, 983, 992, 995, 1007, 1049 
Photoneutron effect, 604 
Pions, 1055 
Planck's constant, 914, 983, 987, 
1008 
Planck's radiation law, 1008, 1010 
Plane-=inclined, 54, 105, 117, 120, 
123, 230 
Plane grating, 908 
Plane-polarized light, 811 
Plane wave, 903 
Poiseuille's law, 436 
Polarity, 648 
Polarization, 812 
Pole, 699 
Polonium, 1033 
Position, 89 
Positive-ray parabolas, 735 
Positron decay, 1022 
Potential, 207, 553, 557, 562, 582, 
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586, 614, 656, 675, 773, 791, 
1011 

Potential difference, 556, 582, 
605, 616, 620, 625, 673, 687, 
752 

Potential of a sphere, 562 

Potential energy, 207-224, 327-9, 
391, 578, 595, 955 
Coulomb's law, 603 
electrostatic, 988, 1019, 1050 
gravitational, 222, 243, 260, 


972, 326. 
gravitational and electro- 
static, 600 
spring's, 243 
Power, 273, 280-8, 312, 478, 548, 
651, 677, 772, 780-3, 932, 964 
Power, average, 796, 798 
Power, electrical, 657, 784, 789, 
790 
Power, mechanical, 281, 287, 789 
Power factor, 796 
Power of a heater, 483 
Poynting vector, 810 
Precess, 346 
Precision, 981 
Pressure, 408-35, 488-516 
absolute, 413 
air, 510 
atmospheric, 416, 519 
constant-pressure process, 
528 
definition of, 395, 511 
hydrostatic, 412 
partial, 417 
Principal axis, 344, 880 
Principal focus, 880 
Prism, 870, 871, 909 
Process, 509 
Projectile, 92 
Projection, angle of, 91 
Proper lifetime, 945 
1-MeV proton, 709 
Proton-proton fusion cycle, 1061 
Pulley, 115,291 
Pulley, small frictionless, 118 
Pyknometer , 392 
Pythagorean theorem, 91 


Q, 380 


Q-value, 1057 
Quantization, 1000 
Quantum, 623, 960 

of man-sized or larger 

objects, 967 

of particle motion, 967 
Quantum mechanics, 1005 
Quantum number, 1009 

principal, 924 
Quantum statistics, 994 


Radiation, 549, 666, 1013-1033 
Radiation, electromagnetic, 809 
Radiator, ideal, 547 


Radio star, 900 
Radio telescope, 900 
Radio waves, 778 
Radioactive, 1017, 1028, 1054 
Radioactive material, 1013 
Radioactivity, 1013, 1017 
Radius of gyration, 133, 181, 191, 
248, 249 
Radius, turning, 165 
Range, 90, 92 
Ray diagrams, 844, 846, 872 
Rayleigh-Jeans law, 1010 
Reactance, 764, 765, 767, 768, 
769, 771, 777, 779 
Reactance, capacitive, 763 
Reactance, inductive, 737, 747 
Reaction: 
chemical, 323 
fusion, 1048 
nuclear, 1026, 1045 
nuclear inelastic, 1058 
thermonuclear, 936 
Reactor, nuclear, 1052 
Recoil, 304, 313, 330 
Reference, accelerated, 129 
Reflection, 843-854 
angle of, 844 
law of, 845, 870 
specular, 845 
total internal, 859 
Refraction, 855-869 
angle of, 861, 864, 870 
Refractive index, 855-7, 859, 
862-3, 865, 867, 869, 871, 
896, 898 
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Refracting surface, spherical, 
866 

Relative humidity, 520 

Relativistic, 631, 928-955 
equation for relative velocity, 
941 
expression for the kinetic 
energy, 947 
mechanics, 949 
particle, 938 
velocity addition, 940 
velocity transformation, 948, 
950 

Relativity, 930, 935, 939, 955, 966, 
1004 
Galilean, 217 
special, 929, 931, 937, 940, 
943, 945 

Relaxation time, 632 

Reluctance, 732, 734 


Resistance, 641-686, 696, 767, 771 
coefficient of, 665 
equivalent, 676, 681, 684, 686 
external, 674 
internal, 648, 674 
parallel, 676 
series, 675 

Resistivity, 641-686 

Resistor, see Resistance 

Resistor, shunt, 670 

Resolution, angular, 895 

Resonance, 777, 837 

Rest mass, 942 

Rest mass of photon, 993 

Resultant, 11, 15, 19, 37 

Right hand rule, 703, 727, 736 

Rocket, 333 

Rolling, pure, 203 

Rolls, 199, 208, 232 

Rolling without slipping, 201, 
204, 209 

Root mean square (RMS), 776, 
779, 796, 798, 762 
speed, 496 

Rotation, 184, 209, 210 
dynamics, 204 
instantaneous, 201 
period of, 145, 146 

Rowland ring, 732, 733 

Rutherford scattering, 927 

Rydberg constant, 1009 
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Satellite, 144 

Scalar product, 3 

Schroedinger equation, 979, 1005 

Screw jack, 261 

Separation of variables, 1011 

Series, 677, 767 

Series, Balmer, 922 

Series connection, 651, 674 

Shear modulus, 351 

Sines, law of, 23 

Slipping, 195, 202, 203, 205, 207, 
208 

Slit-thin, 901 

Snell's law, 812, 856, 857, 862, 
864, 865, 867, 869, 871 

Solar constant, 547, 810, 1046 

Solar energy, 548 

Solenoid, 743, 749, 759 

Solenoid switch, 697 

Solid angle, 887 

Sound, 823, 824, 826, 830, 833 

Sound, speed of, 823, 825-8, 841 

Source, AC, 768 

Specific gravity, 394, 401, 413, 
414 

Specific heat, 471, 473, 475, 477, 
479, 480, 482-4, 486, 501, 522, 
525, 526, 539, 654 

Specific heat capacity, 466, 478 

Spectrum, 905, 907 

Spectrum, visible, 908 

Speed, 19, 56, 57, 86 
angular, 250 
average, 61, 62, 77, 493 
most probable, 496 
of electromagnetic wave, 808 
relative, 941 
R. m. s., 491, 495 
rotational, 186, 191 
terminal, 621 

Sphere, 568 

Spring, 124, 220, 222, 362, 365, 
375, 378 

Spring constant, 220, 267 

Statics, 24, 25, 31, 34, 35 

Stefan's law, 547, 549, 666 

Stoke's law, 429, 639 

STP, 508 

Strain, 348, 349, 352, 353, 449 

Strain-tensile, 347 

Stress, 348, 352, 353, 449 
longitudinal, 347 
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shearing, 351 
Supercooled water, 487 
Superposition, 804 
Surface tension, 422-6, 
Susceptibility, 618 
Symmetrical top, 344 
Symmetry, 570 
Synchrocyclotron, 943 
Synchronization of clocks, 933 
Systems, 217 

center of mass, 332 

closed, 752 

rotated coordinate, 3 


Tackle, 45 

Tank, 778 

Telescope, 879 

Temperature, 419, 440, 441, 444, 
448, 459, 466-8, 475, 480, 494, 
507, 537, 548 
absolute, 504, 505 
coefficient of resistance, 
663, 685 
dependence of resistance, 
664 
of sun's surface, 547 

Tension, 24-6, 38, 115, 118, 120, 
125, 157, 244, 817, 818, 820 
string, 813, 814, 816 

Thermal conductivity, coeffi- 
cient of, 537 

Thermal expansion, coefficient 
of, 448 

Thermodynamic isobaric process, 
534 

Thermodynamics, first law of, 
534 

Thermodynamics, second law of, 
531 

Thermometer, 444 

Thermometric property, 521 

Thomson's apparatus, 735 

J.J. Thomson's experiment, 719 

Thrust, 281 

Time average, 388 

Time constant, 692 

Time dilation, 944, 945, 952 

Toroid, 744 

Torques, 28-45, 184-197, 344-6, 
660, 731 
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external, 39, 344, 345 
Torricelli's theorem, 430 
Torsional constant, 660 
Trajectory, 218, 627 
Transformer, 773-6 
Transistor amplifier, 788 
Transition, 924 
Transmission cables, 793 
Transmission line, 773 
Transverse deflecting field, 630 
Transverse electric field, 631 
Triple point of water, 444 
Tunnelling through barrier, 1025 
Turntable, 188 


Uncertainty, 984, 989 
in position, 986 
of momentum, 986 
Uncertainty principle, 980-90, 
993, 996 
Uniform, 57 
Uranium, 1031, 1033 
Uranium-238, 1032 
Uranium nuclei, 1032 


Van der waals equationof state, 
498 

Vaporization, 483 

Variation of mass with velocity, 
939 

Vector, 1,3, 13, 15, 16, 17, 18, 19 
displacement, 7, 10 
resultant, 7 
unit, 3 

Vector addition, 1, 2, 8,9, 23, 768, 
769, 772 

Vector diagram, 85 

Vector product, 3 

Vector subtraction, 12 

Velocities, addition of, 14, 20, 
21, 84-6, 940 

Velocities, group, 968 

Velocity, 13-21, 56-95, 225-251, 
296-343 
angular, 144, 154-6, 172, 184, 
192, 195, 198, 200, 203, 205, 
206, 208, 218, 248, 345, 358 
average, 59, 65, 68, 82, 83, 
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490, 987 
change in, 69 
drift, 636, 637 
escape, 151,251, 499 
exhaust, 132 
in a string, 821 
instantaneous, 68, 69 
of gas molecules, 499 
of sound, 501, 837, 838 
of waves, 835 
phase, 968 
relative, 14,212 
resultant, 17,18 
square of average, 497 
terminal, 639, 429, 114 
Velocity-time curve, 66,77 
Venturi meter, 437 
Vibrations, longitudinal, 815 
Vibrations, simple harmonic, 811 
Virial theorem, 277 
Viscosity, 436, 639 
Viscous medium, 114 
Voltage, 560, 643, 645, 777 
instantaneous, 766,779 
terminal, 674 
Voltmeter, 670, 671, 679, 683, 776, 
779, 796 
Voltmeter, AC, 779 
Volume, 356, 419, 447, 494, 498, 
504, 508, 509 
Volume expansion, 453 
Volumetric expansion coeffi- 
cient, 447, 451-2, 456 


Water-displaced, 402 
Wattmeter, 796 
Wave equation, 1005 
Wave function, 971, 1011 
probability, 971 
Wave motion, 799, 1037 
power and intensity in, 803 
Wave number, 807 
Wave pulse, 806 
Wave speed, 807 
Wavelength, 799-842, 890, 956, 
960, 967, 1009 
cut-off, 1001 
radiation, 1000 
sound, 833 
spread of, 983 
Waves, 800, 807, 842 
compression, 802, 803 
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electromagnetic, 810 
longitudinal, 819 
matter, 1003 
oscillating, 801 
plane, 810, 903 
radio, 809 
resultant, 807 
simple, 807 
sound, 822, 825, 833 
spherical, 836 
standing, 804, 815, 834, 838 
transverse, 805, 819 
Waves, ina wire, 819 
Weight, 135,580 
apparent, 146 
atomic, 912 
density, 355 
Well-infinite square potential, 
979 
Wheatstone bridge, 685 
Wien's law, 1010 
Wilson and Sommerfeld, 1000 
Wire, straight, 701 
Wires, vibrating, 820 
Work, 252-279, 280-295, 534, 
536, 553, 561, 600, 604, 625, 
647, 650, 752 
by a gas, 511, 532 
external, 265, 531 
internal, 265 
total, 528 
Work-energy theorem, 191,274, 
329, 331, 366, 437, 625 
Work function, 963, 973, 976, 978, 
1001 
photoelectric, 977 
Work input, 289 
Work output, 289 


X-radiation, 1041 

X-ray, 1006, 1034, 1037, 1038, 
1040 

X-ray diffraction, 1006 

X-ray line spectrum, 1035 

X-ray tube, 1034 

X-rays, diffracted monochromatic 
1039 


Young experiment, 891, 895 

Young's modulus, 347-9, 352, 
353, 382, 407, 449, 802, 815, 
819, 828 


